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Evolutionary algorithms based on hypervolume have demonstrated good performance for solving many-objective optimization
problems. However, hypervolume needs prohibitively expensive computational effort. *is paper proposes a simplified
hypervolume calculation method which can be used to roughly evaluate the convergence and diversity of solutions.*emain idea
is to use the nearest neighbors of a particular solution to calculate the volume as the solution’s hypervolume value. Moreover, this
paper improves the selection operator and the update strategy of external population according to the simplified hypervolume.
*en, the proposed algorithm (SHEA) is compared with some state-of-the-art algorithms on fifteen test functions of CEC2018
MaOP competition, and the experimental results prove the feasibility of the proposed algorithm.

1. Introduction

Multiobjective optimization problems (MOPs) have been
applied in numerous real-world applications. A minimized
MOP which often has two or three objectives can be defined
as follows [1]:

minF(x) � f1(x), f2(x), . . . , fm(x)( ,

s.t. x ∈ Ω,
 (1)

where Ω⊆Rn is an n-dimensional decision space;
x � (x1, . . . , xn) ∈ Ω is an n-dimensional decision variable;
F: Ω⟶ Rm (m � 2 or 3) contains m interconflicting
objective functions.

In the last few decades, multiobjective evolutionary al-
gorithms (MOEAs) [2–5] are proposed to solve MOPs.
However, when solving MOPs with more than three ob-
jectives which can also be recognized as many-objective
optimization problems (MaOPs) [6], these MOEAs en-
counter challenges. First of all, the proportion of non-
dominated solutions in candidate solutions rises steeply with
the increasing number of objectives, which severely dete-
riorates the selection pressure toward PF. Secondly, the size

of population cannot be arbitrarily large in consideration of
computational efficiency. But limited number of solutions is
probably far away from each other in high-dimensional
objective space, causing the offspring to stay away from
parents. Lastly, the computational complexity of perfor-
mance metrics grows exponentially with the increasing
number of objectives.

To solve these problems, there are three main categories
of many-objective evolutionary algorithms (MaOEAs). *e
first category is based on the modified dominance rela-
tionship [7–9] to enhance the selection pressure to PF. *is
kind of idea has been widely employed and proved con-
siderable improvement. However, these approaches need
more efforts in designing diversity maintenance mechanism
to ensure diversity.

*e second category uses decomposition-based method
to solve MaOPs. *e main idea is to decompose a many-
objective optimization problem into a set of subproblems
and optimize them collaboratively. *e most representative
algorithms are MOEA/D [10] and its variants [11–13]. And
there are also some other methods based on decomposition
such as MOEA/D-M2M [14] and DBEA [15] [16–18]. *ese
approaches are adept in diversity maintenance and avoiding
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local optimum but ineffective to address highly irregular
PFs.

*e third approach is indicator-based evolutionary al-
gorithms. Indicators such as hypervolume [19] weigh both
convergence and diversity of solutions to enhance the se-
lection pressure and guide the search to PF. IBEA [20], SMS-
EMOA [21], and HypE [22] are three classical indicator-
based evolutionary algorithms. Unfortunately, the compu-
tational cost becomes excessively expensive because of the
high computational complexity.

So the key question is how to reduce the computational
complexity and keep the advantages of the hypervolume
indicator at the same time. *e major contributions of this
paper can be summarized as follows.

(1) A simplified hypervolume calculation method is
proposed to roughly evaluate the convergence and
diversity of solutions

(2) To enhance the quality of offspring, a new selection
operator based on the simplified hypervolume is
proposed to choose excellent parents

(3) *e simplified hypervolume together with non-
domination is used in the new update strategy of
external population to store solutions with good
convergence and diversity

In the remainder of this paper, Section 2 describes the
proposed algorithm. *en, Section 3 mainly presents ex-
perimental results and related analysis of the proposed al-
gorithm. At last, conclusions are given in Section 4.

2. The Proposed Algorithm

A simplified hypervolume-based evolutionary algorithm for
many-objective optimization (SHEA) is proposed to solve
MaOPs. *e core part of this paper is a new hypervolume
calculation method to roughly evaluate the convergence and
diversity of solutions. Furthermore, this new hypervolume is
used to improve selection operator and update strategy.

2.1. Simplified Hypervolume. To get the hypervolume value,
the normalized population P is sorted by each objective
function value. For each solution of each objective function
value sequence, the reference point is the maximum of the
two points on either side of the particular solution.

*ereafter, the volume between the particular solution
and the reference point is calculated. As for the boundary
solutions, just calculate the volumes between these boundary
solutions and its adjacent solutions and remove the terms
when the objective function value of xi is boundary value. So
the calculation formula of v

j
i is (2). Figure 1 shows the

calculation of v
j
i , and to make it easier to understand, the

MOP in Figure 1 has only two objectives.
*en, the minimum of the particular solution’s volumes

for all objectives is kept as the hypervolume value (3):

v
j
i �

���������������������


k∈L

fk r
j
i  − fk xi(  + z ,L



(2)

shv xi(  � min
1≤j≤m

v
j
i , (3)

where z is a small positive number,
L � k | fk(xi)≠ max fk(x)|x ∈ P  , r

j
i (i � 1, . . . , N; j �

1, . . . , m) and v
j
i (i � 1, . . . , N; j � 1, . . . , m) are reference

point and volume of the ith solution for the jth objective.
When xi is sparse which means the adjacent solutions

are far from xi, v
j

i is large. As for convergence, when each
function of xi is small which means xi is far from rj

i , v
j

i is
large. So, the convergence and diversity of xi are better when
shv(xi) is larger.

2.2. Selection Operator. *e new selection operator aims to
choose parents with good convergence and diversity to
generate high quality offspring in differential evolution [23]:

DE
xi + F xr1

i − xr2
i( , rand≤CR,

xi, rand>CR,
 (4)

where xr1
i (i � 1, · · · , n) means the ith dimension of xr1 in

decision space; CR is crossover rate; and xr1
i andxr2

i are
selected in T nearest neighbors of solution x.

*e new selection operator calculates the non-
dominated neighbors’ hypervolume and retains the top H
solutions. To accelerate convergence, xr1

i selects the min-
imum solution of Tchebycheff function in H retained
solutions:

minimize
x∈Ω

g
te

(x | λ, z) � max
1≤i≤m

λi fi(x) − zi


 , (5)

where λ � (λ1, . . . , λm)T is a given weight vector and z �

(z1, . . . , zm) is a reference point with
zi � min fi(x) | x ∈ Ω .

*en, randomly choose xr2
i in neighbors except for xr1

i .
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Figure 1: vj
i calculation: the shadow is volume between xi and the

reference point rj
i on objective j.
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2.3. Update Strategy of External Population. *e external
population is adopted to store solutions with good con-
vergence and diversity. *e solutions with smaller hyper-
volume values of the nondominated solutions of population
are deleted to maintain the number of the external pop-
ulation. And to retain diversity, m solutions in external
population are selected in boundary solutions; others come
from intermediate solutions.

2.4. Steps of the Proposed Algorithm. SHEA works as follows
(Algorithm 1):

To update the population, the solutions in set O are
sorted by nondomination and kept in set SP from the first
nondomination rank to the last until the total number of SP
is bigger than N. *en, the cosine of solutions in SP and
weight vectors are calculated to classify each solution into
the corresponding weight vector according to the maximum
cosine. For each weight vector λi, when solutions in this kind
are not empty, save the solution with minimum Tchebycheff
function of modified version:

minimize
x∈Ω

g
te

x | λi
, z  � max

1≤j≤m

fj(x) − zj





λi
j

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
. (6)

Otherwise, find the solution with the minimum Tche-
bycheff function in SP.

In the proposed algorithm, 2N + EN solutions (pop-
ulation, offspring, and external population),

B(i) (i � 1, . . . , N), andN weight vectors need to be stored,
so the space complexity is O((2N + EN)∗ tn) + O(N∗T) +

O(N∗m) � O(N2) (in this paper, n, T, m<N<EN≤ 2N).
*erefore, the space complexity of SHEA is O(N2). *e
major computation of the proposed algorithm contains the
selection operator and the update strategy of external
population. Both of them use the simplified hypervolume,
which needs O(N∗ n) basic operations (i.e., +, −, ×, ÷, and
comparison). So, the selection operator needs O(N∗ n)

basic operations to calculate the simplified hypervolume
and O(N∗T) basic operations to choose parents. To up-
date the external population, at most O((EN + N)∗ tn)

basic operations are needed. Furthermore, the update
strategy of population also needs no more than O(2N∗N)

basic operations. Altogether, the computational complexity
of SHEA is O(N∗ n) + O(N∗T) + O((EN + N)∗ n) + O

(2N∗N) � O(N2).

3. Experimental Study

3.1. Experimental Settings. In this section, the proposed
algorithm is compared with four state-of-the-art algorithms
such as NSGAIII [16], MOEA/DD [24], KnEA [25], and
RVEA [26] on fifteen many-objective benchmark functions
(MaF) from CEC2018 MaOP competition [27]. Each
problem is tested for 5, 10, 15 objectives. NSGAIII [16]
supplies and updates well-spread reference points adaptively
to maintain the diversity among population members.
MOEA/DD [24] exploits the merits of both dominance- and

Input:
MaOP(1)
A stopping criterion
N: the number of weight vectors
EN: the number of external population
T: the number of weight vectors in the neighborhood of each weight vector, 0<T<N

H: the number of the solutions with largest hypervolume selected in neighbors, 0<H<T

λ1, λ2, · · · , λN: a set of N uniformly distributed weight vectors
Output: External population EP

Initialization: Generate an initial population O � x1, x2, . . . , xN  randomly; set EP � O; determine Z � (z1, . . . , zm) by a problem-
specific method; determine T closest weight vectors to each vector B(i) � i1, . . . , iT , (i � 1, . . . , N)

While the stopping criterion is not met do
Calculate the proposed hypervolume of nondominated solutions.
For i � 1, . . . , N do

if rand< J then
E � B(i)

else
E � O

end if
Choose xr1

i and xr2
i from E according to the selection operator in Section 2.2.

Use xr1
i and xr2

i to generate offspring xnew, and set O � O∪xnew.
Use xnew to Update Z: For j � 1, . . . , m, if zj <min fj( xnew) | xnew ∈ O , then set zj � min fj( xnew) | xnew ∈ O .

End for
Set EP � EP∪O.
Use the updated strategy to update O.
Use the updated strategy of external population of Section 2.3 to update EP.

End while

ALGORITHM 1: *e framework of the algorithm SHEA.
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Table 1: *e mean and standard deviation values of IGD obtained by SHEA, NSGAIII, MOEA/DD, KnEA, and RVEA while “+,” “�,” “−”
mean SHEA is better than, the same as, and worse than the compared algorithms.

Problem SHEA NSGAIII MOEA/DD KnEA RVEA

MaF1-5 1.1614e − 1
(1.32e− 3) 2.0830e− 1 (1.00e− 2) + 3.0206e− 1 (1.07e− 2) + 1.3136e− 1 (1.91e− 3) � 3.2908e− 1 (6.21e− 2) +

MaF2-5 9.6828e− 2
(2.82e− 3) 1.3012e− 1 (2.56e− 3) � 1.3665e− 1 (3.72e− 3) � 1.3734e− 1 (3.62e− 3) � 1.2736e− 1 (1.42e− 3) �

MaF3-5 6.5417e− 2
(2.81e− 3) 9.7048e− 2 (1.52e− 3) � 1.1693e− 1 (1.75e− 3) + 1.6971e− 1 (9.55e− 2) + 8.0906e− 2 (6.70e− 3)

�

MaF4-5 1.8707e + 0
(4.09e− 2) 3.2220e+ 0 (5.56e− 1) + 7.7080e+ 0 (2.14e− 1) + 2.9005e+ 0 (2.52−1) + 4.8145e+ 0 (1.30e− 0) +

MaF5-5 1.8660e + 0
(3.63e− 2) 2.5845e+ 0 (1.15e+ 0) + 6.1823e+ 0 (1.00e+ 0) + 2.6408e+ 0 (8.04e− 2) + 2.3218e+ 0 (3.07e− 1) +

MaF6-5 3.9514e - 3 (4.97e - 4) 4.9054e - 2 (9.12e− 3) + 7.6075e− 2 (4.42e− 3) + 8.0721e− 3 (2.28e− 3) �
9.6534e− 2 (3.42e− 2)

+

MaF7-5 2.7153e − 1
(9.43e − 3) 3.4413e− 1 (1.20e− 2) + 1.7891e+ 0 (8.07e− 1) + 3.2757e− 1 (8.09e− 3) + 4.4844e− 1 (1.10e− 3) +

MaF8-5 8.9494e − 2
(2.04e − 3) 2.1547e− 1 (2.19e− 2) + 3.3063e− 1 (3.61e− 2) + 2.9874e− 1 (8.77e− 2) + 4.8799e− 1 (8.73e− 2)

+

MaF9-5 9.3455e − 2
(3.24e − 3) 6.5706e− 1 (1.32e− 1) + 2.5294e− 1 (1.34e− 2) + 5.6348e− 1 (1.82e− 1) + 3.6742e− 1 (7.00e− 2)

+

MaF10-5 5.9695e− 1
(6.92e− 2)

4.2888e − 1 (3.81e − 3)
−

5.4591e− 1 (3.64e− 2)
−

5.1174e− 1 (7.85e− 3)
−

4.3054e− 1 (4.90e− 3)
−

MaF11-5 9.5446e− 1 (1.30e− 1) 4.6337e− 1 (1.69e− 3)
−

5.7805e− 1 (9.69e− 3)
−

5.7122e− 1 (2.10e− 2) −
4.4446e − 1 (8.16e − 3)

-

MaF12-5 1.0185e + 0
(1.27e − 2) 1.1183e+ 0 (4.00e− 3) + 1.2858e+ 0 (1.43e− 2) + 1.2609e+ 0 (1.70e− 2) + 1.1224e+ 0 (2.51e− 3) +

MaF13-5 1.0079e − 1
(3.64e − 3) 2.9677e− 1 (5.22e− 2) + 2.4087e− 1 (2.54e− 2) + 2.2221e− 1 (2.01e− 2) + 6.6957e− 1 (1.36e− 1) +

MaF14-5 5.7391e− 1 (1.04e− 1) 7.9085e− 1 (3.74e− 1) + 3.8193e − 1 (8.93e − 2)
− 7.6615e− 1 (2.77e− 1) + 7.1001e− 1 (2.02e− 1) +

MaF15-5 8.3177e− 1 (3.31e− 2) 1.0511e+ 0 (4.49e− 2) + 5.9102e − 1 (4.35e − 2)
− 3.4169e+ 0 (1.84e+ 0) + 6.1117e− 1 (4.50e− 2) −

MaF1-10 3.0459e− 1 (1.30e− 2) 3.1563e− 1 (7.02e− 3) � 4.8879e− 1 (4.58e− 2) + 2.4052e − 1 (2.33e − 3)
− 6.6423e− 1 (8.71e− 2) +

MaF2-10 1.9990e− 1
(4.87e− 3) 2.3692e− 1 (2.48e− 2) + 2.9196e− 1 (7.15e− 2) + 1.6521e − 1 (7.85e − 3)

= 4.8292e− 1 (1.82e− 1) +

MaF3-10 8.3915e − 2
(2.62e − 3) 9.3337e− 1 (3.12e+ 0) + 1.1204e− 1 (1.03e− 3) � 1.1840e+ 9 (5.06e+ 9) + 9.8006e− 2 (5.33e− 3)

�

MaF4-10 9.3360e+ 1
(3.79e+ 1) 1.2678e+ 2 (6.34e+ 0) + 4.3124e+ 2 (1.96e+ 1) + 7.1006e + 1 (6.77e + 0)

− 2.3329e+ 2 (5.10e+ 1) +

MaF5-10 6.0339e + 1
(6.65e + 0) 1.1938e+ 2 (2.75e− 1) + 2.9174e+ 2 (7.70e+ 0) + 8.1774e+ 1 (5.26e+ 0) + 1.0827e+ 2 (1.73e+ 1) +

MaF6-10 3.9073e − 3
(3.35e − 4) 2.1879e− 1 (4.79e− 2) + 1.2060e− 1 (8.53e− 3) + 8.4648e+ 0 (7.78e+ 0) + 3.3999e− 1 (2.44e− 1)

+

MaF7-10 9.6508e− 1 (1.66e− 2) 1.1620e+ 0 (7.18e− 2) + 2.7026e+ 0 (3.72e− 1) + 9.4855e − 1 (1.01e − 2) = 2.4904e+ 0 (3.56e− 1)
+

MaF8-10 1.3864e − 1
(3.50e − 3) 4.6344e− 1 (6.16e− 2) + 9.1389e− 1 (2.39e− 2) + 2.6509e− 1 (3.86e− 2) + 1.0244e+ 0 (2.14e− 1) +

MaF9-10 8.9161e− 1
(1.92e− 1) 9.5771e− 1 (3.22e− 1) + 5.9743e − 1 (2.33e − 3)

− 8.5718e+ 1 (6.92e+ 1) + 1.1161e+ 0 (2.69e− 1) +

MaF10-10 1.2266e+ 0
(7.28e− 2)

1.0965e + 0 (4.85e − 2)
− 1.2608e+ 0 (2.88e− 2) � 1.2117e+ 0 (5.05e− 2) � 1.1948e+ 0 (1.04e− 1) �

MaF11-10 4.2556e+ 0
(6.29e− 1) 1.3422e + 0 (1.50e − 1) - 1.4289e+ 0 (1.06e− 2)

−

1.3490e+ 0 (4.51e− 2)
−

1.3839e+ 0 (4.88e− 2)
−

MaF12-10 4.3224e + 0
(5.40e − 2) 5.1072e+ 0 (1.42e− 1) + 6.0813e+ 0 (2.79e− 1) + 5.2874e+ 0 (6.12e− 2) + 4.8913e+ 0 (4.87e− 2) +

MaF13-10 1.6901e − 1
(1.21e − 2) 4.1263e− 1 (6.56e− 2) + 4.4820e− 1 (3.29e− 2) + 2.1228e− 1 (2.37e− 2) + 9.3878e− 1 (2.89e− 1)

+

MaF14-10 8.7548e− 1 (1.52e− 1) 1.4523e+ 0 (5.34e− 1) + 5.3428e − 1 (6.22e − 2)
− 1.7663e+ 2 (2.00e+ 2) + 6.6978e− 1 (5.91e− 2)

−

MaF15-10 2.0029e+ 0 (1.32e− 1) 3.0468e+ 0 (4.38e+ 0) + 1.0133e + 0 (6.38e − 2)
− 1.9364e+ 1 (8.54e+ 0) + 1.0594e+ 0 (4.47e− 2)

−
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decomposition-based approaches to balance the conver-
gence and diversity of the evolutionary process. KnEA [25] is
a knee point-driven EA to solveMaOPs. RVEA [26] adopts a
scalarization approach named angle-penalized distance to
balance convergence and diversity.

All of these fifteen test problems for each algorithm
mentioned above are run on PlatEMO [28], and average data
is given over 20 independent runs. In the proposed algo-
rithm, the size of external population EN is about 2N;
crossover probability of SBX operator is 1; the size of T is
0.1N; J is 0.9; CR is 0.5, and F is 0.5. And other settings are
the same as the standard of CEC2018 MaOP competition
[27]. *e algorithms are run on a PC with Intel Core i5-
3210M (2.50GHz for a single core andWindows 7 operating
system) by using MATLAB language.

3.2. Performance Metrics. Comparison experiment employs
inverted generational distance (IGD) [29] to judge the
performances of these algorithms:

IGD P, P
∗

(  �
x∗∈P∗d x∗, P( )

P∗| |
, (7)

where P∗ is a set of points uniformly sampled over the true
PF, P is the population obtained from MOEAs, and
d(x∗, P)is the Euclidean distance between x∗ and its nearest
neighbor in P.

IGD can comprehensively measure the convergence and
diversity of population, and when IGD value is smaller, the
population is closer to Pareto fronts. For each problem,
around 10000 points on Pareto fronts are uniformly sampled
to calculate IGD. Besides, in the sense of statistics com-
parison experiment, use Wilcoxon rank-sum test [30] whose
significance level is set 0.05 to compare algorithms’ mean
IGD.

3.3. Comparative Studies. Table 1 shows the mean and
standard deviation of IGDs which are given by the five
MaOEAs on 5, 10, 15 objectives test problems over 20 in-
dependent runs. And the best performance for each test
problem is marked in bold while “+,” “�,” “-” mean the
proposed algorithm is better than, the same as, and worse
than the compared algorithms.

On all forty-five problems in Table 1, SHEA statistically
outperforms the compared algorithms on 21 problems,
which reveals the good performance of the proposed al-
gorithm in the form of IGD. NSGAIII, MOEA/DD, KnEA,
and RVEA have better behavior than SHEA respectively on
four, four, nine, five problems and SHEA does better than
NSGAIII, MOEA/DD, KnEA and RVEA on thirty-two,
twenty-nine, twenty-five, and thirty problems.

In fifteen MaFs, there are 8 problems (F1, F2, F4, F5, F7,
F8, F9, and F15) that have partial PFs. *e PF projections of
these problems do not fully cover the unit hyperplane. *e

Table 1: Continued.

Problem SHEA NSGAIII MOEA/DD KnEA RVEA

MaF1-15 4.1181e− 1 (1.89e− 2) 3.3510e − 1 (7.36e − 3)
− 6.3920e− 1 (4.13e− 2) + 3.3929e− 1 (3.83e− 2)

−

7.3558e− 1 (5.35e− 2)
+

MaF2-15 2.2440e− 1 (1.08e− 2) 2.4645e− 1 (2.39e− 2) � 3.1534e− 1 (3.10e− 2) + 1.9241e− 1 (5.26e −3) � 7.8173e− 1 (8.16e− 2) +

MaF3-15 1.0297e− 1
(2.22e− 2) 1.7607e+ 0 (4.79e+ 0) + 1.1719e− 1 (1.28e− 3) � 2.2295e+ 9 (4.30e+ 9) + 9.6650e−2 (7.32e−3) �

MaF4-15 1.8657e+ 4
(6.70e+ 4) 4.5055e+ 3 (4.36e+ 2) − 1.5432e+ 4 (2.45e+ 3) −

1.7224e + 3 (2.01e + 2)
− 7.7257e+ 3 (1.96e+ 3) −

MaF5-15 2.2259e+ 3
(4.00e+ 2) 3.1331e+ 3 (3.77e+ 1) + 7.3038e+ 3 (6.71e+ 1) + 2.0495e + 3 (8.e + 1) − 3.2985e+3 (2.82e+ 2) +

MaF6-15 4.5840e − 3
(7.29e − 4) 3.7141e− 1 (1.41e− 1) + 1.6153e− 1 (3.43e− 3) + 4.8429e+ 1 (9.21e+ 0) + 1.9771e− 1 (1.17e− 1) +

MaF7-15 1.7351e + 0
(4.48e − 2) 7.7037e+ 0 (9.37e− 1) + 3.3764e+ 0 (7.80e− 2) + 2.4545e+ 0 (2.36e− 1) + 4.3845e+ 0 (1.58e+ 0) +

MaF8-15 1.6721e − 1
(2.97e − 3) 4.0978e− 1 (4.32e− 2) + 1.5460e+ 0 (2.82e− 2) + 1.9336e− 1 (8.95e− 3)� 1.1960e+ 0 (1.92e− 1) +

MaF9-15 2.0922e − 1
(1.44e − 2) 2.2160e+ 0 (4.13e+ 0) + 1.3164e+ 0 (2.41e+ 0) + 5.2669e− 1 (4.32e− 1) + 1.6125e+ 0 (3.85e− 1) +

MaF10-15 1.7186e+ 0 (6.28e− 2) 1.6348e+ 0 (8.58e− 2)
−

1.9986e+ 0 (4.06e− 2) + 1.6232e + 0 (5.10e − 2)
− 1.7417e+ 0 (9.08e− 2) +

MaF11-15 8.8230e+ 0 (1.22e+ 0) 1.8586e+ 0 (8.91e− 2) − 2.1955e+ 0 (6.49e− 3) −
1.7816e + 0 (6.20e − 2)

− 1.9469e+0 (8.30e− 2) −

MaF12-15 8.4176e+ 0 (1.66e− 1) 8.8410e+ 0 (9.87e− 2) + 1.1457e+ 1 (3.64e− 1) + 7.3382e + 0 (1.38e − 1)
− 9.1349e+ 0 (6.05e− 2) +

MaF13-15 1.8693e− 1 (1.01e− 2) 3.8155e− 1 (1.01e− 1) + 6.1376e− 1 (1.12e− 1) + 1.5808e − 1 (1.46e − 2) � 1.3296e+ 0 (4.18e− 1) +

MaF14-15 2.1776e+ 0 (9.69e− 1) 1.4120e+ 0 (7.14e− 1) −
4.4791e − 1 (7.87e − 2)

− 4.2956e+ 1 (4.09e+ 1) + 7.8507e− 1 (2.14e− 1) −

MaF15-15 4.3682e+ 0
(9.00e− 1) 7.6508e+ 0 (1.22e+ 1) + 1.1636e+ 0 (4.10e− 2) − 1.4233e+ 2 (2.31e+ 1) + 1.1431e + 0 (3.90e − 2)

+/−/� — 32/9/4 29/12/4 25/11/9 30/10/5
*e bold values indicate best performance.
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mean IGDs of SHEA are smaller than those of NSGAIII,
MOEA/DD, KnEA, and RVEA on twenty-two, nineteen,
sixteen, and twenty problems, separately. And for 6 prob-
lems (F3, F10, F11, F12, F13, and F14) with PF projection
fully covering the unit hyperplane, there are respectively
eleven, eleven, twelve, twelve problems that the mean IGDs
of SHEA are smaller than those of NSGAIII, MOEA/DD,
KnEA, and RVEA. As for the problem F6 whose PF is
degraded, SHEA is superior to NSGAIII, MOEA/DD, KnEA,
and RVEA on three problems in the form of IGD. All of
these comparison results mentioned above indicate the best
overall performance of SHEA on most problems and prove
the excellent performance of simplified hypervolume in
estimating convergence and diversity.

4. Conclusions

To simplify the calculation of hypervolume, a new simplified
hypervolume is proposed to roughly estimate the conver-
gence and diversity of solutions; then the new method is
used in the selection operator and the update strategy of
external population. And the proposed algorithm indicates
good performance according to comparing experimental
results with four state-of-the-art algorithms.
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