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In this paper, a 4D fractional-order centrifugal flywheel governor system is proposed. Dynamics including the multistability of the
systemwith the variation of system parameters and the derivative order are investigated by Lyapunov exponents (LEs), bifurcation
diagram, phase portrait, entropy measure, and basins of attraction, numerically. It shows that the minimum order for chaos of the
fractional-order centrifugal flywheel governor system is q� 0.97, and the system has rich dynamics and produces multiple
coexisting attractors. Moreover, the system is controlled by introducing the adaptive controller which is proved by the Lyapunov
stability theory. Numerical analysis results verify the effectiveness of the proposed method.

1. Introduction

,e centrifugal flywheel governor system is a device for
automatically adjusting and controlling the speed of the
engine. It has opened the precedent of modern automatic
control, marked the birth of modern automatic control
technology, and been widely used in modern industry.
When the centrifugal flywheel governor system is dis-
turbed, the velocity of the system will change suddenly
and the chaotic vibration will be produced [1, 2]. In order
to make the centrifugal governor system run stably and
play a good role in practical application, it is necessary to
study the chaotic dynamics law when the system is dis-
turbed and how to control the chaotic motion to the stable
state.

In recent years, the research on chaos and control of the
centrifugal flywheel governor system has attracted wide
attention of scholars [3–14]. For example, Zhang et al. [3]
studied the evolution from Hopf bifurcation to chaos of the
centrifugal flywheel governor system subjected to external
distance. Gou et al. [4–9] analyzed the chaos forming process
of the centrifugal flywheel governor system by the bifur-
cation diagram, the phase portrait, and Poincare map and
controlled the chaotic behavior to the steady orbit by linear

and nonlinear feedback control methods. Zhang et al. [10]
studied complex dynamical behavior of a class of the cen-
trifugal flywheel governor system and proposed a parametric
open-plus-closed-loop approach to control chaos motion to
any desired periodic orbit. Rao et al. [11] investigated the
global structure of nonlinear response of mechanical cen-
trifugal governor and found a new type of mixed-mode
oscillations in the periodic response. Luo et al. [12]
addressed chaos suppression of the mechanical centrifugal
flywheel governor system with output constraint and fully
unknown parameters via adaptive dynamic surface control.
Aghababa et al. [13] derived an adaptive robust controller to
suppress the chaos of nonautonomous centrifugal flywheel
governor systems in a given finite time effectively by using
the adaptation laws and Lyapunov control theory. Zhang
et al. [14] studied the Hopf bifurcation of the typical au-
tonomous and nonautonomous centrifugal flywheel gov-
ernor system and discussed the reason of chaotic oscillation
of the system.

As far as we know, the fractional-order derivative has
been proposed for more than 300 years. It becomes to be a
research hotspot in the nonlinear research field. Unlike
the integer-order differential operator, the fractional-or-
der differential operator can effectively describe the
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physical process with historical memory effect, for in-
stance, Caputo definition and Riemann–Liouville defini-
tion [15]. ,ose fractional calculus have been widely used
in theoretical analysis and engineering. Specifically, they
have been used in different research fields such as
quantum mechanics, electromagnetic oscillation, system
control, material mechanics, and other fields [16–19].
,erefore, it is of great theoretical significance to intro-
duce fractional calculus into the study on chaos and
control of the centrifugal flywheel governor system. For
example, Ge et al. [20] determined the existence of chaos
in the fractional-order autonomous and nonautonomous
nonlinear centrifugal flywheel governor system by using
the bifurcation diagram and phase portrait and realized
chaos control of the system by the linear feedback control
method. But, the research on chaos and control of the
fractional-order system needs to be further expanded, and
this study provides a useful reference for the further re-
search of the fractional-order centrifugal flywheel gov-
ernor system.

In this paper, chaos and its adaptive control of the
fractional-order centrifugal flywheel governor system are
studied. ,e outline of this paper is given as follows. In
Section 2, the fractional-order centrifugal flywheel governor
system is introduced. In Section 3, dynamics of the integer-
order centrifugal flywheel governor system are investigated
numerically by the bifurcation diagram, LEs, the phase
portrait, and the basins of attraction. In Section 4, the
adaptive control formula is derived and the chaos control of
the system is realized by simulation. In Section 5, the results
are summarized.

2. The Fractional-Order Centrifugal Flywheel
Governor System

,e mechanics model of the centrifugal flywheel governor
with external disturbance is depicted in Figure 1, where l,
m, r, and ϕ represent the length of the rod, the mass of the
fly ball, the distance between the rotational axis and the
suspension joint, and the angle between the rotational axis
and the rod, respectively. ,e motor drives the flywheel to
rotate with angular velocity ω. ,e flywheel is joined to the
axis through a gear box, so the axis rotates with angular
velocity nω. n is the proportional coefficient, k is the
stubborn coefficient of the spring, and g is the gravitational
acceleration. Ignoring the mass of the pipe and casing and
assuming that the damping coefficient at the joint of the rod
head and the ball is c, the motion equation of the system is
given by [10, 14]

2 ml
2€ϕ − mrlη2 cosϕ − 2k + mη2 l

2 sinϕ cosϕ

+(2kl + mg)l sinϕ � −c _ϕ.
(1)

For the rotational machine, the net torque is the dif-
ference between the torque Q produced by the engine and
the load torque QL, which is available for angular acceler-
ation, which is

J
dω
dt

� Q − QL, (2)

where J is the moment of inertia of the machine. As the angle
ϕ varies, the position of the control valve which admits the
fuel is also varied. ,en, equation (2) can be written in the
form:

J _ω � c cosϕ − β, (3)

where c> 0 is a proportionally constant and β is an
equivalent torque of the load. Let
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(4)

and change time scale τ �Ωnt; let φ � dϕ/dτ, x� ϕ, y�φ, and
z�ω, then equation (1) can be written as the standard form
of the three-dimensional autonomy system:

_x � y,

_y � dz
2 cosx + e + pz

2
 sinx cosx − sinx − by,

_z � s cosx − F.

⎧⎪⎪⎨

⎪⎪⎩
(5)

,e above system (4) is proposed with the assumption
that the load torque is constant. When the load torque is not
constant, it can be represented by a constant term F and a
Hamiltonian term α sin(σt), where F, α, and σ are constants.
,en, (4) can be written as

_x � y,

_y � dz
2 cosx + e + pz

2
 sinx cosx − sinx − by,

_z � s cosx − F − α sin(σt).

⎧⎪⎪⎨

⎪⎪⎩
(6)

Let σt � w, we can get _w � σ and then equation (6)
becomes

_x � y,

_y � dz
2 cosx + e + pz

2
 sinx cosx − sinx − by,

_z � s cosx − F − α sin(w),

_w � σ.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(7)
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By introducing the fractional-order derivative to system
(7), the fractional-order centrifugal flywheel governor sys-
tem is obtained, and it is defined by

D
q
t0

x � y,

D
q
t0

y � dz
2 cosx + e + pz

2
 sinx cosx − sinx − by,

D
q
t0

z � s cosx − F − α sin(w),

D
q
t0

w � σ,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(8)

where D
q
t0
is the q-order Caputo differential operator [21,

22]. ,e Caputo fractional-order derivative definition is
given by

D
q
t0

x(t) �

1
Γ(1 − q)


t

t0

_x(τ)

(t − τ)
dτ, 0< q< 1,

_x(t), q � 1,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(9)

where q ∈R+ and Γ (·) is the Gamma function.

3. Multistability Analysis

In this section, the bifurcation diagram, LEs, phase portrait,
and the basins of attraction are employed to investigate the
dynamics of the fractional-order centrifugal flywheel gov-
ernor system. In the following analyses, we fix the system
parameters d� 0.08, p � 0.01, e� 0.5, b� 0.4, F� 1.942,
α� 0.4, and σ � 1.0 and select parameter s as the argument
variable. ,e system is numerically solved by the predictor-
corrector algorithm [23–25]. ,eMatlab source code named
“FDE12.m” of the predictor-corrector method can be
downloaded online [26]. ,emethod of using “FDE12.m” to
solve the fractional-order system is described in detail in
reference [27]. ,e detailed numerical solutions and how to

compute LEs of the fractional-order system can be obtained
according to reference [28]. ,e predictor-corrector algo-
rithm is an effective method to solve the fractional-order
partial differential equation. For example, Oskouie et al. [24]
used the predictor-corrector algorithm to solve the frac-
tional viscoelastic Bernoulli nanobeams differential equation
and investigated the effects of fractional derivative order,
surface parameters, and others factors on the nonlinear time
response. He et al. [25] investigated a fractional-order mi-
croscopic chemical system by the predictor-corrector
algorithm.

3.1. Bifurcation Analysis. Dynamics of the system with the
variation of g and q are analyzed by means of bifurcation
diagram, LEs, and phase diagrams. Four cases are
investigated.

3.1.1. Case 1. Fix s� 10 and vary the derivative order q from
0.94 to 1 with the step size of 3×10−4. Set the initial con-
dition as [x0, y0, z0, w0]� [0.005, 0.005, −0.1, 0.1] and [0.5,
0.005, −0.1, 0.1]. ,e bifurcation diagram and LEs of the
fractional-order centrifugal flywheel governor system are
illustrated in Figure 2. In Figure 2(a), blue points represent
xmax for the initial values [x0, y0, z0, w0]� [0.005, 0.005, −0.1,
0.1] and red points for [x0, y0, z0, w0]� [0.5, 0.005, −0.1, 0.1].
But. Figure 2(b) only shows LEs for [x0, y0, z0, w0]� [0.005,
0.005, −0.1, 0.1]. It can be seen from Figure 2 that the system
is chaotic when q> 0.963, and for other values of q, the
system is convergent. ,rough LE curves in Figure 2(b), we
can see that when q ∈ [0.963, 0.97], the system is not chaotic.
But, when q> 0.97, the system always has a positive Lya-
punov exponent, which shows the system is always in a
chaotic state. In addition, the complexity of the system
increases with the increase in derivative order q. ,erefore,
for the fractional-order centrifugal flywheel governor sys-
tem, the LE curve is more accurate in describing the state of
the system than the bifurcation diagram. It can well describe
the process of transition from period to chaos. Figure 3(a)
shows that when [x0, y0, z0, w0]� [0.5, 0.005, −0.1, 0.1], the
minimum order for chaos of the system is increased but the
shape of the bifurcation diagram keeps unchanged which
means the initial condition will affect the dynamics of the
system. ,e periodic circles for q� 0.94 and 0.968 and
chaotic attractors for q� 0.972 and 0.99 are shown in Fig-
ure 4. It can be seen that the result of phase portrait analysis
is consistent with the result of dynamic characteristic
analysis, and the chaotic attractors show obvious chaotic
characteristic.

3.1.2. Case 2. Fix q� 0.98; let the parameter s vary from 2 to
18 with the step size of 0.08, and the initial condition also be
[x0, y0, z0, w0]� [0.005, 0.005, −0.1, 0.1] and [0.5, 0.005, −0.1,
0.1], and then dynamical analysis results are shown in
Figure 4. In Figure 4(a), blue points represent xmax for the
initial values [ x0, y0, z0, w0]� [0.005, 0.005, −0.1, 0.1] and red
points for the initial values [x0, y0, z0, w0]� [0.5, 0.005, −0.1,
0.1]. But, Figure 4(b) only shows LEs for [x0, y0, z0, w0]�
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Figure 1: ,e mechanics model of the centrifugal flywheel gov-
ernor system.
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[0.005, 0.005, −0.1, 0.1]. It shows in Figure 4 that the system
is chaotic for s ∈ [3.5, 13.5] and [2.9, 3.1] and is convergent
for other values of s. In addition, when s ∈ [6, 10], the
complexity of the system is relatively large. Figure 4(a) shows
that when [x0, y0, z0, w0]� [0.5, 0.005, −0.1, 0.1], the larger
complexity interval is reduced, which means that the system
will produce the coexistence attractors with different initial
conditions.

3.1.3. Case 3. Let the parameter s ∈ [3, 15] and derivative
order q ∈ [0.96, 1]; divide the parameter space into a
150×150 grid. As with above cases, the initial condition is
given by [x0, y0, z0, w0]� [0.005, 0.005, −0.1, 0.1]. ,en, the
maximum Lyapunov exponent-based contour plot in the
parameter plane s-q is shown in Figure 5. It can be seen that
the chaotic region is mainly observed in the area located in s
∈ [4.8, 10] and q ∈ [0.98, 1]. In this area, the system has
relative larger maximum Lyapunov exponents with lager q.
In addition, when s ∈ [5, 7.8] and q ∈ [0.995, 1], the value of
maximum Lyapunov exponents is bigger. Finally, it also can
be found out that the minimum order for chaos is about
q� 0.927.

3.1.4. Case 4. Fix q� 0.98 and s� 10, and the initial values
are [x0, y0, z0, w0]� [x0, 0.005, −0.1, 0.1] and x0 ∈ [0, 2]. ,e
bifurcation diagram of the fractional-order centrifugal fly-
wheel governor system is shown in Figure 6(a). Similarly,
when [x0, y0, z0, w0]� [0.005, y0, −0.1, 0.1], y0 ∈ [0, 2]. ,e
bifurcation diagram of the system is plotted in Figure 6(b). It
can be seen that when the initial condition changes, the
complexity and state of the system are affected. In addition,
different initial value components have different effects on
the dynamics of the system. For Figure 6(a), the periodic
state can be found at x0 �1. For Figure 6(b), the complexity is
significantly different when y0 �1.21.

3.2. Basin of Attraction. ,e coexisting attractor is an im-
portant feature of chaotic systems, which has been studied by
many scholars. For example, Lai et al. [29–31] used the
dynamic evolution with respect to parameters and initial

conditions to illustrate the existence coexisting attractors
and presented the circuit implementation of the coexisting
attractors for some chaotic systems.,e basin of attraction is
an effective tool to analyze multistability and the phe-
nomenon of the coexistence of attractors [32].

In this paper, the method used is presented. For the
proposed system, there are four state variables x, y, z, and w.
,us, four time series are obtained, and they can be defined
as x(n); y(n); z(n); w(n); n � 1, 2, 3, . . . , N , where N is
the length of the time series. ,en, the position of the
attractor is defined by

P � [x, y, z, w], (10)

where the mean values of each time series are used. ,e size
of the attractor is given by

S � Sx, Sy, Sz, Sw , (11)

where Sx � max(x) − min(x), Sy � max(y) − min(y),
Sz � max(z) − min(z), and Sw � max(w) − min(w). Sup-
pose that there are two chaotic attractors, and their time
series are defined by x(n); y(n); z(n); w(n); n � 1, 2, 3,

. . . , N} and x(n); y(n); z(n); w(n); n � 1, 2, 3, . . . , N}. ,e
error between the positions of the two attractors is given by

e1 �
1
4

�����������������

(x − x)
2

+ (y − y)
2



+ (z − z)
2

+ (w − w)
2 .

(12)

while the error regarding the size of the attractors is defined
by

e2 �
1
4

���������������������������������������

Sx − Sx 
2

+ Sy − Sy 
2

+ Sz − Sz 
2

+ Sw − Sw 
2



.

(13)

In this paper, we set a parameter error to decide whether
the obtained attractor is different with existing ones or not.
Namely, if both e1> error and e2> error, the obtained
attractor x(n); y(n); z(n); w(n); n � 1, 2, 3, . . . , N  is a
new attractor. Otherwise, it is not a new attractor. In this
paper, the value of error is set as 50. ,e flow chart for basins
of attraction is shown in Figure 7.
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Figure 2: ,e dynamics of the fractional-order centrifugal flywheel governor system vary with derivative order q. (a) Bifurcation diagram.
(b) Lyapunov exponent spectrum.
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Fix s� 10 and the initial values are set as [x0, y0, z0, w0]�

[x, y, −0.1; 0.1]. Variables x and y change from −1 to 1 with
the step size of 0.01. ,en, the basins of attraction in the x-y
plane with different values of q are shown in Figures 8(a)–
8(c). Similarly, fix s� 5, other conditions remain unchanged,
and the responding basins of attraction in the x-y plane with
different values of q are shown in Figures 8(d)–8(f). Dif-
ferent colours in Figure 8 represent different attraction
fields, so we can see from Figure 8 that when the initial value

of the system changes, the fractional-order centrifugal fly-
wheel governor system shows coexisting attractors, and with
the increase in derivative order q, the frequency of coexisting
attractors increases gradually, but the range and shape of the
different attractors remain basically unchanged.

Fix q� 0.98, s� 10, the initial conditions are given by [x0,
y0, z0, w0]� [0.005, 0.005, −0.1, 0.1], [0.5, 0.005, −0.1, 0.1],
and [0.58, 0.005, −0.1, 0.1], and corresponding coexisting
attractors are shown in Figures 9(a)–9(c). When q� 0.99 and
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Figure 4: Phase diagrams with different derivative orders: (a) q� 0.94; (b) q� 0.968; (c) q� 0.972; (d) q� 0.99.
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Figure 3: ,e dynamics of the fractional-order centrifugal flywheel governor system vary with parameter s; (a) Bifurcation diagram. (b)
Lyapunov exponent spectrum.
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s� 5, coexisting attractors for the initial conditions [x0, y0, z0,
w0]� [−0.9, 0.1, −0.1, 0.1], [−0.9, 0.82, −0.1, 0.1], and [−0.9,
0.82, −0.1, 0.1] are shown in Figures 9(d)–9(f ). Figure 9
shows that when the initial value of the system changes, the
attractor of the system shows various states such as chaos,
period, quasichaos. In addition, different kinds of chaotic
attractors of the same state directly verify the simulation
results as shown in (Figure 8).

4. Adaptive Control of Chaos

,e process of controlling a chaotic system to a stable state is
called chaotic control. At present, the main method of
controlling fractional-order chaotic systems is to extend the
control method used in integer-order chaotic systems to
fractional-order chaotic systems.,emainmethods of chaos
control include: parameter perturbation method [33],
feedback control method [34], adaptive control method [35],
and neural network method [36]. In this section, the chaos
control of the fractional-order centrifugal flywheel governor
system is realized by using the adaptive control method. ,e
adaptive chaos control formula is derived, and the numerical
simulation of chaos control effect is shown.

4.1.AdaptiveChaosControl Scheme. Consider the controlled
chaotic system as follows:

D
q
t0

x � y + u1,

D
q
t0

y � dz
2 cosx + e + pz

2
 sinx cosx − sinx − by + u2,

D
q
t0

z � s cosx − F − α sin(w) + u3,

D
q
t0

w � σ + u4,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(14)

where x, y, z, and w are state variables and u1, u2, u3, and u4
are external active control inputs. ,en, the adaptive control
system can be defined by

u1 � −y − k1x,

u2 � −dz
2 cosx − e + pz

2
 sinx cosx + sinx + by − k2y,

u3 � −s(t)cos x + F + α sin(w) − k3z,

u4 � −σ − k4w,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(15)
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Figure 5: ,e chaos diagram of the maximum Lyapunov exponent contour plot in the s-q parameter plane.
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where k1, k2, k3, and k4 are positive gain constants.
Substituting (13) into (12), the closed-loop system is ob-
tained as

D
q
t0

x � −k1x,

D
q
t0

y � −k2y,

D
q
t0

z � (s − s(t))cos x − k3z,

D
q
t0

w � −k4w.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(16)

Define the parameter s estimation errors as

es(t) � s − s(t). (17)

Using (15), we can simplify (14) as

D
q
t0

x � −k1x,

D
q
t0

y � −k2y,

D
q
t0

z � es(t)cosx − k3z,

D
q
t0

w � −k4w.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(18)

Differentiating (15) with respect to t, we obtain

D
q
t0

es(t) � −D
q
t0

s(t). (19)

,e Lyapunov function is defined by

Set system
parameters

e1 > 50
and

e2 > 50

Find a new attractor

N

Y

Start

End

Save the size and position of
the attractor

Compute position error and size
error of the attractors, e1 and e2

Set system initial
conditions

System variables
[x, y, z, w]

Compute the position and
size of the attractor

Compute the position and
size of the attractor

Set system initial
conditions

System variables
x, y, z, w~ ~ ~

Figure 7: ,e flow chart for basins of attraction.
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V x, y, z, w, es(  �
1
2

x
2

+ y
2

+ z
2

+ w
2

+
1
a

e
2
s , (20)

where a is a positive convergence factor, the controlling
convergence rate of parameter estimation error. Differen-
tiating V, we obtain

V x, y, z, w, es(  � −k1x
2

− k2y
2

− k3z
2

− k4w
2

+ es z cosx −
1
a

D
q
t0

s .

(21)

In view of equation (19), we take the parameter update
law as

D
q
t0

s � az cosx. (22)

From the formula derivation process above, it can be seen
that the controlled chaotic system (12) is globally and expo-
nentially stabilized by the adaptive control law (13) and the
parameter update law (20). By substituting the parameter
update law (20) into (19), we obtain the time-derivative of V as

V x, y, z, w, es(  � −k1x
2

− k2y
2

− k3z
2

− k4w
2
. (23)

Equation (21) demonstrates that the Lyapunov function
V is positive definite on R8. According to Barbalat’s lemma
[37], the closed-loop system (19) is globally exponentially

stable for all initial conditions [x0, y0, z0, w0] ∈R
4. ,is

completes the proof.

4.2. Numerical Analysis. Fix q� 0.99, s� 10, in order to
better demonstrate the effect of chaos control, the initial
conditions are set to a large values as [x0, y0, z0, w0]� [1, −2,
2, 4], and then phase portraits of the fractional-order cen-
trifugal flywheel governor system are shown in Figure 10.
We can see that the system is chaotic under these conditions.
Let k1 � k2 � k3 � k4 �10, the convergence factor a� 20, the
initial value of parameter s is s0 � 4, and the chaos control
results of the system are shown in Figure 11. It can be seen
that the chaos control of the fractional-order centrifugal
flywheel governor system is successfully realized by the
adaptive control method. In 1.5 s, each state component of
the system is controlled to the stable state, and the estimation
error of parameter s approximates the target value.

In order to further analyze the relationship between the
convergence factor a and the estimation error es, the esti-
mated error curves of the parameter s with different con-
vergence factor a are obtained in Figure 12. It shows that
with the increase in the convergence factor a, the estimation
error es of parameter s converges faster and faster. When a is
greater than or equal to 50, the system approaches the target
value within 1 s.
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5. Conclusions

In this paper, dynamics and adaptive control of the frac-
tional-order centrifugal flywheel governor system are in-
vestigated. By numerical simulation, the bifurcation
diagrams and LEs of the system with different parameters
are obtained.,e dynamic behavior of the system shown by
these two kinds of graphs is in a good agreement, and the
LE curve can well describe the process of transition from
period to chaos. Coexisting attractors of the system are
observed by drawing the basin of attraction, and the
attractors with different initial conditions verify the sim-
ulation results of the basin of attraction. ,e adaptive
control algorithm designed in this paper effectively realizes
the chaos control of the system, and the estimation error es
of parameter s converges faster and faster with the increase
in the convergence factor a.
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