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In this paper, we use the �xed-point index and nonnegative matrices to study the existence of positive solutions for a system of
Hadamard-type fractional di�erential equations with semipositone nonlinearities.

1. Introduction

In this paper, we study the existence of positive solutions for
the following system of Hadamard-type fractional boundary
value problems:

DαDαξ(t) � f1 t, ξ(t), δξ(t), − Dαξ(t), η(t), δη(t), − Dαη(t)( ), t ∈ (1, e),

DαDαη(t) � f2 t, ξ(t), δξ(t), − Dαξ(t), η(t), δη(t), − Dαη(t)( ), t ∈ (1, e),

ξ(1) � δξ(1) � δξ(e) � 0, Dαξ(1) � δDαξ(1) � δDαξ(e) � 0,

η(1) � δη(1) � δη(e) � 0, Dαη(1) � δDαη(1) � δDαη(e) � 0,




(1)

where α ∈ (2, 3], Dα is the Hadamard fractional derivative
of order α, δ � t(d/dt) (i.e., if u is ξ or η, then
δu(t) � t(d/dt)u(t);
δu(1) � limt⟶1+t(d/dt)u(t) � (t(d/dt) u(t)|t�1) etc.), and

the nonlinearities fi(i � 1, 2) satisfy the semipositone
condition:

(H0) fi ∈ C([1, e] × R6
+,R), and there existsM> 0 such

that

fi t, x1, x2, x3, y1, y2, y3( )≥ − M, for t, x1, x2, x3, y1, y2, y3( ) ∈ [1, e] × R
6
+, (2)

where R+ � [0,+∞) andR � (− ∞,+∞), i � 1, 2.
Fractional problems arise in many applications in aero-

dynamics, signal and image processing, biophysics, blood �ow

phenomena, etc. (see, for example, [1–37] and the references
therein). In [1], the authors used the Krasnoselskii–Zabreiko
�xed-point theorem to study the existence of positive solutions
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for Riemann–Liouville-type fractional boundary value
problems:

Dα
0+Dα

0+u � f t, u, u′, − Dα
0+u( , t ∈ [0, 1],

u(0) � u′(0) � u′(1) � Dα
0+u(0) � Dα+1

0+ u(0) � Dα+1
0+ u(1) � 0,

⎧⎨

⎩

(3)

where f has a semipositone nonlinearity, i.e., it is bounded
below and can be sign-changing, and in [2], the authors used
the Guo–Krasnoselskii’s fixed-point theorem to investigate
the existence of positive solutions for fractional multipoint
boundary value problems:

Dα
0+u(t) + f(t, u(t)) � 0, 0< t< 1,

u(0) � u′(0) � · · · � u(n− 2)(0) � 0,

D
p
0+u(1) � 

m

i�1
aiD

q
0+u ξi( ,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(4)

where the nonlinear fmay have singularities on the time and
the space variables.

Coupled systems of fractional-order differential equa-
tions have also been investigated by many authors (see
[7–22, 25–36] and the references therein). In [7], the authors
used coincidence degree theory to establish an existence
result for a coupled system of nonlinear fractional differ-
ential equations:

Dα
0+u(t) � f t, v(t), D

β− 2
0+ v(t), D

β− 1
0+ v(t) , 0< t< 1,

D
β
0+v(t) � g t, u(t), Dα− 2

0+ u(t), Dα− 1
0+ u(t)( , 0< t< 1,

⎧⎪⎨

⎪⎩

(5)

with the multipoint boundary conditions:

u(0) � 0, Dα− 1
0+1u(0) � Dα− 1

0+1u(η), u(1) � 
m1

i�1
αiu ηi( ,

v(0) � 0, D
β− 1
0+ v(0) � D

β− 1
0+ u(ξ), v(1) � 

m2

i�1
βiv ξi( .

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(6)

-ere are a few results in the literature on Hadamard-
type fractional differential equations (see [23–36]). In [23],
the authors used fixed-point methods to obtain some ex-
istence theorems for Hadamard-type fractional boundary
value problems:

− Dαu(t) � f(t, u(t)), t ∈ [1, e],

u(1) � δu(1) � δu(e) � 0,
 (7)

where f grows superlinearly and sublinearly at infinity and
can be sign-changing. -e authors in [24] studied positive
solutions for the p-Laplacian Hadamard fractional differ-
ential equations with integral boundary value problems:

Dβ φp Dαu(t)( )  � f(t, u(t)), 1< t< e,

u(1) � u′(1) � u′(e) � 0,

Dαu(1) � 0,

φp Dαu(e)( ) � μ
e

1
φp D

α
u(t)( 

dt

t
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(8)

where f has a (p − 1)-superlinear and (p − 1)-sublinear
nonlinearity. In [25], the authors studied fractional im-
pulsive Cauchy problems:

HDα
1+ u(t) � f(t, u(t)), α ∈ (0, 1), t ∈ (1, e]\ t1, t2, . . . , tm ,

Δu ti(  � HJ1− α
1+ u t+

i(  − HJ1− α
1+ u t−

i(  � pi, pi ∈ R, i � 1, 2, . . . , m,

HJ1− α
1+ u 1+( ) � u0, u0 ∈ R,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(9)

where HDα
1+ denotes the left-sided Hadamard fractional

derivative and the nonlinearity f satisfies a Lipschitz con-
dition, and in [26], the authors studied positive solutions for
the system of Hadamard fractional differential equations
involving coupled integral boundary conditions:

Dβu(t) + f1(t, u(t), v(t)) � 0, 1< t< e,

Dβv(t) + f2(t, u(t), v(t)) � 0, 1< t< e,

u(1) � v(1) � u′(1) � v′(1) � 0,

u(e) � 
e

1
h(s)v(s)

ds

s
,

v(e) � 
e

1
g(s)u(s)

ds

s
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(10)

where the nonlinearities fi(i � 1, 2) grow superlinearly and
sublinearly.

Motivated by the above, in this paper, we study the
existence of positive solutions for the system of Hadamard-
type fractional differential equation (1). -e nonlinearities
fi(i � 1, 2) can be sign-changing and can depend on the
unknown functions and their derivatives. We use some
appropriate nonnegative matrices to characterize the cou-
pling behavior for the nonlinearities fi(i � 1, 2), and the
nonlinearities fi(i � 1, 2) can grow superlinearly and
sublinearly.

2. Preliminaries

For details about Hadamard fractional calculus, see the book
[37].
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Definition 1. -e Hadamard derivative of fractional order q
for a function g : [1,∞)⟶ R is defined as

D
q
g(t) �

1
Γ(n − q)

t
d
dt

 

n


t

1
(log t − log s)

n− q− 1
g(s)

ds

s
, n − 1< q< n, (11)

where n � [q] + 1, [q] denotes the integer part of the real
number q, and log(·) � loge(·).

Now, we establish Green’s functions associated with the
system of (1). In order to do this, we first consider the
following auxiliary problem:

DαDαx(t) � f t, x(t), δx(t), − Dαx(t)( ),

x(1) � δx(1) � δx(e) � 0,

Dαx(1) � δDαx(1) � δDαx(e) � 0,

⎧⎪⎪⎨

⎪⎪⎩
(12)

where α and δ are as in (1), and f ∈ C([1, e] × R3
+,R) sat-

isfies the following semipositone condition:
(H0)′-ere exists M> 0 such that f(t, x1, x2, x3)≥ − M,

for (t, x1, x2, x3) ∈ [1, e] × R3
+.

Let − Dαx(t) � y(t) for t ∈ [1, e]. -en, from Lemma 2.3
of [36], we have

x(t) � c1(log t)
α− 1

+ c2(log t)
α− 2

+ c3(log t)
α− 3

−
1
Γ(α)


t

1
(log t − log s)

α− 1
y(s)

ds

s
,

(13)

where ci ∈ R, i � 1, 2, 3. -is, together with the boundary
conditions x(1) � δx(1) � δx(e) � 0, implies that

x(t) �
1
Γ(α)


e

1
(log t)

α− 1
(1 − log s)

α− 2
y(s)

ds

s

−
1
Γ(α)


t

1
(log t − log s)

α− 1
y(s)

ds

s

� 
e

1
H1(t, s)y(s)

ds

s
,

(14)

where

H1(t, s) �
1
Γ(α)

(log t)α− 1(1 − log s)α− 2 − (log t − log s)α− 1, 1≤ s≤ t≤ e,

(log t)α− 1(1 − log s)α− 2, 1≤ t≤ s≤ e.

⎧⎪⎨

⎪⎩
(15)

Let

H2(t, s) � δH1(t, s) �
α − 1
Γ(α)

(log t)α− 2(1 − log s)α− 2 − (log t − log s)α− 2, 1≤ s≤ t≤ e,

(log t)α− 2(1 − log s)α− 2, 1≤ t≤ s≤ e.

⎧⎪⎨

⎪⎩
(16)

-en, we have

δx(t) � δ
e

1
H1(t, s)y(s)

ds

s
� 

e

1
H2(t, s)y(s)

ds

s
. (17)

-erefore, substituting x and δx into problem (12), we
have

− Dαy(t) � f t, 
e

1
H1(t, s)y(s)

ds

s
, 

e

1
H2(t, s)y(s)

ds

s
, y(t) ,

y(1) � δy(1) � δy(e) � 0.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(18)

From (13) and (14), we see that problem (18) is equiv-
alent to the following Hammerstein-type integral equation:

y(t) � 
e

1
H1(t, s)fs, 

e

1
H1(s, τ)y(τ)

dτ
τ

,

· 
e

1
H2(s, τ)y(τ)

dτ
τ

, y(s)
ds

s
.

(19)

Lemma 1. Let φ(t) � log t(1 − log t)α− 2, t ∈ [1, e]. 6en, the
functions Hi(i � 1, 2) have the following properties:

(i) Hi ∈ C([1, e]2,R+), i � 1, 2,

(ii) For all t, s ∈ [1, e], the following inequalities hold:

(log t)
α− 1φ(s)≤ Γ(α)H1(t, s)≤φ(s), (20)

(α − 1)(α − 2)(log t)
α− 2

(1 − log t)φ(s)≤Γ(α)H2(t, s)≤ (α − 1)(log t)
α− 3φ(s). (21)
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Lemma 1 (ii) is a direct result of [1, Lemma 4], so we omit
the proof.

Lemma 2. Let κ1 � (αΓ(α − 1))/Γ(2α), κ2 � 1/(α(α − 1)Γ
(α)), κ3 � ((α − 1)(α − 2)Γ(α))/Γ(2α), and κ4 � (Γ(α − 1))/
(Γ(2α − 2)). 6en,

κ1φ(s)≤ 
e

1
H1(t, s)φ(t)

dt

t
≤ κ2φ(s), for s ∈ [1, e],

κ3φ(s)≤ 
e

1
H2(t, s)φ(t)

dt

t
≤ κ4φ(s), for s ∈ [1, e].

(22)

-ese inequalities can be deduced from Lemma 1 (ii), so
we omit the proof.

Let w(t) � M 
e

1 H1(t, s)(ds/s), where M is defined in
(H0)′. -en, w satisfies the following boundary value
problem:

− Dαw(t) � M,

w(1) � δw(1) � δw(e) � 0.

⎧⎪⎨

⎪⎩
(23)

In what follows, we consider the following boundary
value problems:

− Dαy(t) � F t, 
e

1
H1(t, s)(y(s) − w(s))

ds

s
, 

e

1
H2(t, s)(y(s) − w(s))

ds

s
, (y(t) − w(t)) ,

y(1) � δy(1) � δy(e) � 0,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(24)

where

F t, x1, x2, x3(  �
f t, x1, x2, x3(  + M, t ∈ [1, e], forxi ≥ 0, i � 1, 2, 3,

f(t, 0, 0, 0) + M, t ∈ [1, e], for else cases.
 (25)

-en, F ∈ C([1, e] × R3
+,R+), and we have the following

lemma.

Lemma 3

(i) If y∗ is a solution of (24) with y∗(t)≥w(t), t ∈ [1, e],
then y∗ − w is a positive solution of (18)

(ii) If y∗ is a solution of (18), then y∗ + w is a solution of
(24)

Proof. Let y∗ be a solution of (24) with y∗(t)≥w(t),

t ∈ [1, e]. -en, we substitute y∗ − w into problem (18) and
obtain

− Dα y∗ − w( (t) � f t, 
e

1
H1(t, s) y

∗
− w( (s)

ds

s
, 

e

1
H2(t, s) y

∗
− w( (s)

ds

s
, y
∗

− w( (t) ,

y∗ − w( (1) � δ y∗ − w( (1) � δ y∗ − w( (e) � 0.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(26)

Considering (23), we have

− D
α
y
∗
(t) + D

α
w(t) + M � f t, 

e

1
H1(t, s) y

∗
− w( (s)

ds

s
, 

e

1
H2(t, s) y

∗
− w( (s)

ds

s
, y
∗

− w( (t)  + M,

− D
α
y
∗
(t) � F t, 

e

1
H1(t, s) y

∗
− w( (s)

ds

s
, 

e

1
H2(t, s) y

∗
− w( (s)

ds

s
, y
∗

− w( (t) .

(27)

-is, together with y∗(1) � δy∗(1) � δy∗(e) � 0, im-
plies that (26) holds, and y∗ − w is a positive solution of (18).

Substitute y∗ + w into (24), and we get
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− Dα y∗ + w( (t) � F t, 
e

1
H1(t, s)y∗(s)

ds

s
, 

e

1
H2(t, s)y∗(s)

ds

s
, y∗(t) ,

y∗ + w( (1) � δ y∗ + w( (1) � δ y∗ + w( (e) � 0.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(28)

Considering (23), we have

− D
α
y∗(t) − D

α
w(t) � f t, 

e

1
H1(t, s)y∗(s)

ds

s
, 

e

1
H2(t, s)y∗(s)

ds

s
, y∗(t)  + M,

− D
α
y∗(t) � f t, 

e

1
H1(t, s)y∗(s)

ds

s
, 

e

1
H2(t, s)y∗(s)

ds

s
, y∗(t) .

(29)

-is, together with y∗(1) � δy∗(1) � δy∗(e) � 0, im-
plies y∗ + w is a solution of (24). -is completes the proof.

From (13) and (14), we also find that problem (24) is
equivalent to the following Hammerstein-type integral
equation:

y(t) � 
e

1
H1(t, s)F s, 

e

1
H1(s, τ)(y(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(y(τ) − w(τ))

dτ
τ

, (y(s) − w(s)) 
ds

s
. (30)

Let E ≔ C[1, e], ‖y‖ ≔ maxt∈[1,e]|y(t)|, andP ≔ y ∈

E : y(t)≥ 0,∀t ∈ [1, e]}. -en, (E, ‖ · ‖) is a real Banach
space and P a cone on E. -en, E × E is also a Banach space,

equipped with the norm: ‖(u, v)‖ � max ‖u‖, ‖v‖{ }, where
‖u‖ and ‖v‖ are norms in E. From (30), we define an operator
A : P⟶ P as follows:

(Ay)(t) � 
e

1
H1(t, s)F s, 

e

1
H1(s, τ)(y(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(y(τ) − w(τ))

dτ
τ

, (y(s) − w(s)) 
ds

s
, y, w ∈ P.

(31)

Note that our functions H1, H2, F, andw are continu-
ous, so the operator A is a completely continuous operator.
Moreover, if there is a y ∈ P, a fixed point of A, and
y(t)≥w(t), t ∈ [1, e], then we have that y(t) − w(t) is
a positive solution of (18). From (12) and (18), we have
x(t) � 

e

1 H1(t, s)(y − w)(s)(ds/s) is a positive solution of
(12). -erefore, in what follows, we study the existence of
fixed points of the operator A, which are greater than w. □

Lemma 4. Let P0 � y ∈ P : y(t)≥ (log t)α− 1‖y‖,∀t ∈
[1, e]. 6en, A(P) ⊂ P0.

-is is a direct result from (20) in Lemma 1, so we omit
its proof.

Note that our aim is to find a fixed point of A, which is
greater than w. If there is a y ∈ P such that Ay � y, and
y(t)≥w(t), t ∈ [1, e], then if ‖y‖≥M/((α − 1)Γ(α)),
Lemma 4 enables us to obtain

y(t) − w(t)≥ (log t)
α− 1

‖y‖

−
M

Γ(α)


e

1
(log t)

α− 1
(1 − log s)

α− 2ds

s
≥ 0.

(32)

Consequently, if A has fixed point y ∈ P with
‖y‖≥M/((α − 1)Γ(α)), then y(t)≥w(t), t ∈ [1, e], and
x(t) � 

e

1 H1(t, s)(y − w)(s)(ds/s) is a positive solution of
(12).

Lemma 5 (see [38]). Let E be a real Banach space and P
a cone on E. Suppose that Ω ⊂ E is a bounded open set and
that A : Ω ∩P⟶ P is a continuous compact operator. If
there exists a ω0 ∈ P\ 0{ } such that

ω − Aω≠ λω0, ∀λ≥ 0, ω ∈ zΩ ∩P, (33)

then i(A,Ω∩P, P) � 0, where i denotes the fixed-point index
on P.
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Lemma 6 (see [38]). Let E be a real Banach space and P
a cone on E. Suppose that Ω ⊂ E is a bounded open set with
0 ∈ Ω and that A : Ω ∩P⟶ P is a continuous compact
operator. If

ω − λAω≠ 0, ∀λ ∈ [0, 1],ω ∈ zΩ ∩P, (34)

then i(A,Ω∩P, P) � 1.

3. Positive Solutions for (1)

From Section 2, let − Dαξ(t) � u(t), − Dαη(t) � v(t), and
then, we should consider the following system of Hadamard-
type fractional boundary value problems:

− Dαu(t) � F1t, 
e

1
H1(t, s)(u(s) − w(s))

ds

s
, 

e

1
H2(t, s)(u(s) − w(s))

ds

s
, u(t) − w(t),


e

1
H1(t, s)(v(s) − w(s))

ds

s
, 

e

1
H2(t, s)(v(s) − w(s))

ds

s
, v(t) − w(t)

− Dαv(t) � F2t, 
e

1
H1(t, s)(u(s) − w(s))

ds

s
, 

e

1
H2(t, s)(u(s) − w(s))

ds

s
, u(t) − w(t),


e

1
H1(t, s)(v(s) − w(s))

ds

s
, 

e

1
H2(t, s)(v(s) − w(s))

ds

s
, v(t) − w(t)

u(1) � δu(1) � δu(e) � v(1) � δv(1) � δv(e) � 0,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(35)

where

Fi t, x1, x2, x3, y1, y2, y3(  �
fi t, x1, x2, x3, y1, y2, y3(  + M, t ∈ [1, e], for xj, yj ≥ 0, i � 1, 2, j � 1, 2, 3,

fi(t, 0, 0, 0, 0, 0, 0) + M, t ∈ [1, e], i � 1, 2, for else cases.
 (36)

We define some operators as follows:

B1(u, v)(t) � 
e

1
H1(t, s)F1s, 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

, u(s) − w(s),

· 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

, v(s) − w(s)
ds

s
,

B2(u, v)(t) � 
e

1
H1(t, s)F2s, 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

, u(s) − w(s),

· 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

, v(s) − w(s)
ds

s
,

B(u, v)(t) � B1, B2( (u, v)(t), for u, v ∈ P, t ∈ [1, e].

(37)

-en, if there is a (u, v) ∈ P such that B(u, v) � (u, v)

with ‖u‖, ‖v‖≥M/((α − 1)Γ(α)), i.e., (35) has a solution
(u, v) with u(t), v(t)≥w(t), t ∈ [1, e], and thus,
(ξ(t), η(t)) � (

e

1 H1(t, s)(u(s) − w(s))(ds/s), 
e

1 H1(t, s)

(v(s) − w(s))(ds/s)) is a positive solution for (1) and
t ∈ [1, e].

Now, we list our assumptions for the functions Fi(i �

1, 2) as follows:

6 Complexity



(H1) -ere exist aji, bji ≥ 0 and lj > 0(j � 1, 2,

i � 1, 2, 3) such that

F1 t, x1, x2, x3, y1, y2, y3( 

F2 t, x1, x2, x3, y1, y2, y3( 
 ≥

a11x1 + a12x2 + a13x3 + b11y1 + b12y2 + b13y3 − l1

a21x1 + a22x2 + a23x3 + b21y1 + b22y2 + b23y3 − l2
 , ∀ t, x1, x2, x3, y1, y2, y3(  ∈ [1, e] × R

6
+,

(38)

and the coefficients aji, bji(j � 1, 2, i � 1, 2, 3) satisfy

κ1 a11κ1 + a12κ3 + a13( < 1,

κ1 b21κ1 + b22κ3 + b23( < 1,

det
κ1 b11κ1 + b12κ3 + b13(  κ1 a11κ1 + a12κ3 + a13(  − 1

κ1 b21κ1 + b22κ3 + b23(  − 1 κ1 a21κ1 + a22κ3 + a23( 
 > 0.

(39)

(H2) -ere exists Qi(t) in [1, e] such that


e

1
φ(t)Qi(t)

dt

t
<

M

(α − 1)
,

Fi t, x1, x2, x3, y1, y2, y3( ≤Qi(t),

∀ t, x1, x2, x3, y1, y2, y3(  ∈ [1, e] × 0,
M

(α − 1)Γ(α)
 

6

,

i � 1, 2.

(40)

(H3) -ere exist aji,
bji ≥ 0 and lj > 0(j � 1, 2,

i � 1, 2, 3) such that

F1 t, x1, x2, x3, y1, y2, y3( 

F2 t, x1, x2, x3, y1, y2, y3( 
 ≤

a11x1 + a12x2 + a13x3 + b11y1 + b12y2 + b13y3 +l1

a21x1 + a22x2 + a23x3 + b21y1 + b22y2 + b23y3 +l2

⎛⎝ ⎞⎠, ∀ t, x1, x2, x3, y1, y2, y3(  ∈ [1, e] × R
6
+,

(41)

and the coefficients aji,
bji(j � 1, 2, i � 1, 2, 3) satisfy

κ2 κ2a11 + κ4a12 + a13( < 1,

κ2 κ2b21 + κ4b22 + b23 < 1,

det
1 − κ2 κ2a11 + κ4a12 + a13(  − κ2 κ2b11 + κ4b12 + b13 

− κ2 κ2a21 + κ4a22 + a23(  1 − κ2 κ2b21 + κ4b22 + b23 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦> 0.

(42)
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(H4)-ere exists Qi(t) in [1, e] and t0 ∈ (1, e] such that


e

1
φ(t)Qi(t)

dt

t
>

M

(α − 1) log t0( 
α− 1,

Fi t, x1, x2, x3, y1, y2, y3( ≥ Qi(t),

∀ t, x1, x2, x3, y1, y2, y3(  ∈ [1, e] × 0,
M

(α − 1)Γ(α)
 

6

,

i � 1, 2.

(43)

Let Bρ � u ∈ P : ‖u‖< ρ  for ρ> 0. -en, we have Bρ �

u ∈ P : ‖u‖≤ ρ  and zBρ � u ∈ P : ‖u‖ � ρ .

Theorem 1. Suppose that (H0) to (H2) hold. 6en, (1) has at
least one positive solution.

Proof. For convenience, letM � M/((α − 1)Γ(α)). We next
show that there is a R1 >M such that

(u, v)≠B(u, v) + λ ϕ0, ϕ0( ,

for (u, v) ∈ zBR1
∩ (P × P), ∀λ≥ 0,

(44)

where ϕ0 ∈ P0 is a fixed element. Suppose not, i.e., suppose
there exist (u, v) ∈ zBR1

∩ (P × P), λ0 ≥ 0 such that

(u, v) � B(u, v) + λ0 ϕ0, ϕ0( . (45)

Combining this and Lemma 4, we have

u, v ∈ P0. (46)

Using (45), we obtain

u(t) � B1(u, v)(t) + λ0ϕ(t)≥B1(u, v)(t),

v(t) � B2(u, v)(t) + λ0ϕ(t)≥B2(u, v)(t),

t ∈ [1, e].

(47)

From (H1), we have

u(t)

v(t)

⎛⎜⎜⎝ ⎞⎟⎟⎠≥


e

1
H1(t, s)a11 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

+ a12 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

+ a13(u(s) − w(s))

+ b11 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

+ b12 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

+ b13(v(s) − w(s)) − l1
ds

s


e

1
H1(t, s)a21 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

+ a22 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

+ a23(u(s) − w(s))

+ b21 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

+ b22 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

+ b23(v(s) − w(s)) − l2
ds

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (48)

Multiplying by φ(t) and integrating from 1 to e, Lemma
2 enables us to obtain


e

1
u(t)φ(t)

dt

t


e

1
v(t)φ(t)

dt

t

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≥

κ1 a11κ1 + a12κ3 + a13(  
e

1
(u(t) − w(t))φ(t)

dt

t
+ κ1 b11κ1 + b12κ3 + b13(  

e

1
(v(t) − w(t))φ(t)

dt

t
−

l1Γ(α − 1)

α2(α − 1)Γ2(α)

κ1 a21κ1 + a22κ3 + a23(  
e

1
(u(t) − w(t))φ(t)

dt

t
+ κ1 b21κ1 + b22κ3 + b23(  

e

1
(v(t) − w(t))φ(t)

dt

t
−

l2Γ(α − 1)

α2(α − 1)Γ2(α)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(49)
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-is implies that

κ1 b11κ1 + b12κ3 + b13(  κ1 a11κ1 + a12κ3 + a13(  − 1

κ1 b21κ1 + b22κ3 + b23(  − 1 κ1 a21κ1 + a22κ3 + a23( 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦


e

1
v(t)φ(t)

dt

t


e

1
u(t)φ(t)

dt

t

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤

κ1 κ1 a11 + b11(  + κ3 a12 + b12(  + a13 + b13(  
e

1
w(t)φ(t)

dt

t
+

l1Γ(α − 1)

α2(α − 1)Γ2(α)

κ1 κ1 a21 + b21(  + κ3 a22 + b22(  + a23 + b23(  
e

1
w(t)φ(t)

dt

t
+

l2Γ(α − 1)

α2(α − 1)Γ2(α)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≔
N1

N2

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦.

(50)

Solving this matrix inequality, we have


e

1
v(t)φ(t)

dt

t


e

1
u(t)φ(t)

dt

t

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≤

κ1 a21κ1 + a22κ3 + a23(  1 − κ1 a11κ1 + a12κ3 + a13( 

1 − κ1 b21κ1 + b22κ3 + b23(  κ1 b11κ1 + b12κ3 + b13( 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

det
κ1 b11κ1 + b12κ3 + b13(  κ1 a11κ1 + a12κ3 + a13(  − 1

κ1 b21κ1 + b22κ3 + b23(  − 1 κ1 a21κ1 + a22κ3 + a23( 

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

N1

N2

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦. (51)

Consequently, there exist N3,N4 > 0 such that


e

1
v(t)φ(t)

dt

t


e

1
u(t)φ(t)

dt

t

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
≤

N3

N4

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦. (52)

Note (46) and we have

‖v‖

‖u‖

⎛⎝ ⎞⎠≤

N3Γ(α + 1)Γ(α − 1)

Γ(2α)

N4Γ(α + 1)Γ(α − 1)

Γ(2α)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (53)

Choose R1 > M, ((N3Γ(α + 1)Γ(α − 1))/Γ(2α)), ((N4Γ

(α + 1)Γ(α − 1))/Γ(2α))}. -en, (44) holds. Lemma 5 gives

i B, BR1
∩ (P × P), P × P  � 0. (54)

Next, we prove that

(u, v)≠ λB(u, v), for (u, v) ∈ zBM ∩ (P × P), ∀λ ∈ [0, 1].

(55)

Suppose not. -en, there exist (u, v) ∈ zBM ∩ (P × P),

λ1 ∈ [0, 1] such that

(u, v) � λ1B(u, v). (56)

-is implies that

‖u‖≤ B1(u, v)
����

����,

‖v‖≤ B2(u, v)
����

����.

(57)

However, from (H2), we have

B1(u, v)(t) � 
e

1
H1(t, s)F1s, 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

, u(s) − w(s),

· 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

, v(s) − w(s)
ds

s

≤
1
Γ(α)


e

1
φ(s)Q1(s)

ds

s

<
M

(α − 1)Γ(α)
.

(58)
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Note that from (H2), we have ‖u‖ � M/((α − 1)Γ(α)).
Hence, we obtain ‖B1(u, v)‖< ‖u‖. Similarly,
‖B2(u, v)‖< ‖v‖. -is is a contradiction. As a result, (55)
holds. From Lemma 6, we have

i B, BM ∩ (P × P), P × P(  � 1. (59)

From (54) and (59), we have

i B, BR1
\BM ∩ (P × P), P × P  � i B, BR1

∩ (P × P), P × P 

− i B, BM ∩ (P × P), P × P( 

� 0 − 1 � − 1.

(60)

-erefore, the operator B has at least one fixed point on
(BR1

\BM)∩ (P × P). -us, (1) has at least one positive so-
lution. -is completes the proof. □

Theorem 2. Suppose that (H0), (H3) and (H4) hold. 6en,
(1) has at least one positive solution.

Proof. We first show that there is a R2 >M/((α − 1)Γ(α))

such that

(u, v)≠ λB(u, v), for (u, v) ∈ zBR2
∩ (P × P), ∀λ ∈ [0, 1].

(61)

If this claim is false, there exist (u, v) ∈ zBR2
∩ (P × P),

λ2 ∈ [0, 1] such that

(u, v) � λ2B(u, v). (62)

Lemma 4 implies that

u, v ∈ P0. (63)

Moreover, from (H3), we have

u(t)

v(t)

⎛⎝ ⎞⎠≤


e

1
H1(t, s)a11 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

+ a12 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

+ a13(u(s) − w(s)) + b11

· 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

+ b12 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

+ b13(v(s) − w(s)) +l1⎤
⎦ ds

s


e

1
H1(t, s)a21 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

+ a22 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

+ a23(u(s) − w(s)) + b21

· 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

+ b22 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

+ b23(v(s) − w(s)) +l2⎤
⎦ ds

s

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(64)

Multiply by φ(t) on both sides of the above and integrate
over [1, e] and use Lemma 2 to obtain


e

1
u(t)φ(t)

dt

t


e

1
v(t)φ(t)

dt

t

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤

κ2 κ2a11 + κ4a12 + a13(  
e

1
(u(t) − w(t))φ(t)

dt

t
+ κ2 κ2b11 + κ4b12 + b13  

e

1
(v(t) − w(t))φ(t)

dt

t
+

l1Γ(α − 1)

α2(α − 1)Γ2(α)

κ2 κ2a21 + κ4a22 + a23(  
e

1
(u(t) − w(t))φ(t)

dt

t
+ κ2 κ2b21 + κ4b22 + b23  

e

1
(v(t) − w(t))φ(t)

dt

t
+

l2Γ(α − 1)

α2(α − 1)Γ2(α)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(65)

-is implies that

1 − κ2 κ2a11 + κ4a12 + a13(  − κ2 κ2b11 + κ4b12 + b13 

− κ2 κ2a21 + κ4a22 + a23(  1 − κ2 κ2b21 + κ4b22 + b23 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦


e

1
u(t)φ(t)

dt

t


e

1
v(t)φ(t)

dt

t

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤

l1Γ(α − 1)

α2(α − 1)Γ2(α)

l2Γ(α − 1)

α2(α − 1)Γ2(α)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (66)
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Solving this matrix inequality, we obtain


e

1
u(t)φ(t)

dt

t


e

1
v(t)φ(t)

dt

t

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

≤

1 − κ2 κ2b21 + κ4b22 + b23  κ2 κ2b11 + κ4b12 + b13 

κ2 κ2a21 + κ4a22 + a23(  1 − κ2 κ2a11 + κ4a12 + a13( 

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦

l1Γ(α − 1) / α2(α − 1)Γ2(α)( 

l2Γ(α − 1) / α2(α − 1)Γ2(α)( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

det
1 − κ2 κ2a11 + κ4a12 + a13(  − κ2 κ2b11 + κ4b12 + b13 

− κ2 κ2a21 + κ4a22 + a23(  1 − κ2 κ2b21 + κ4b22 + b23 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (67)

Note that u, v ∈ P0, there exist N5,N6 > 0 such that

‖u‖

‖v‖

⎛⎝ ⎞⎠≤

N5Γ(α + 1)Γ(α − 1)

Γ(2α)

N6Γ(α + 1)Γ(α − 1)

Γ(2α)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (68)

ChooseR2>max M,((N5Γ(α+ 1)Γ(α − 1))/Γ(2α)),((N6

Γ(α + 1)Γ(α − 1))/Γ(2α))}. -en, (61) holds. From Lemma 6,
we have

i B, BR2
∩ (P × P), P × P  � 1. (69)

Next, we prove that

(u, v)≠B(u, v) + λ ϕ1, ϕ1( ,

for (u, v) ∈ zBM ∩ (P × P), ∀λ≥ 0,
(70)

where ϕ1 ∈ P is a fixed element. Suppose not. -en, there
exist (u, v) ∈ zBM ∩ (P × P), λ3 ≥ 0 such that

(u, v) � B(u, v) + λ3 ϕ1, ϕ1( . (71)

-is implies that

‖u‖≥ B1(u, v)
����

����,

‖v‖≥ B2(u, v)
����

����.
(72)

However, from (H4), we have

B1(u, v) t0(  � 
e

1
H1 t0, s( F1s, 

e

1
H1(s, τ)(u(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(u(τ) − w(τ))

dτ
τ

, u(s)

− w(s), 
e

1
H1(s, τ)(v(τ) − w(τ))

dτ
τ

, 
e

1
H2(s, τ)(v(τ) − w(τ))

dτ
τ

, v(s) − w(s)
ds

s

≥
log t0( 

α− 1

Γ(α)


e

1
φ(s) Q1(s)

ds

s

>
log t0( 

α− 1

Γ(α)

M

(α − 1) log t0( 
α− 1.

(73)

Note that from (H2), we have ‖u‖ � M/((α − 1)Γ(α)).
Hence, we obtain ‖B1(u, v)‖≥B1(u, v)(t0)> ‖u‖. Similarly,
‖B2(u, v)‖> ‖v‖. -is has a contradiction, and thus, (70)
holds. From Lemma 5, we obtain

i B, BM ∩ (P × P), P × P(  � 0. (74)

From (69) and (74), we have

i B, BR2
\BM ∩ (P × P), P × P  � i B, BR2

∩ (P × P), P × P 

− i B, BM ∩ (P × P), P × P( 

� 1 − 0 � 1.

(75)

-erefore, the operator B has at least one fixed point on
(BR2

\BM)∩ (P × P). -us, (1) has at least one positive so-
lution. -is completes the proof. □

Let α � 2.5. -en, we have κ1 � 0.09, κ2 � 0.2, κ3 �

0.004, κ4 � 0.44, M/((α − 1)Γ(α)) � 0.502M, and 
e

1 φ(t)

(dt/t) � 0.27.

Example 1. Let a11 � 50, a12 � 1000, a13 � 2, b21 � 52, b22 �

1002, b23 � 2.2, a21 � 140, a22 � 2900, a23 � 15, b11 � 130,

b12 � 2800, b13 � 12, and
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F1 t, x1, x2, x3, y1, y2, y3(  � (2005)
− c1M

1− c1 50x1 + 1000x2 + 2x3 + 130y1 + 2800y2 + 12y3( 
c1 ,

F2 t, x1, x2, x3, y1, y2, y3(  � (2064)
− c1M

1− c1 140x1 + 2900x2 + 15x3 + 52y1 + 1002y2 + 2.2y3( 
c2 ,

(76)

for (t, x1, x2, x3, y1, y2, y3) ∈ [1, e] × R6
+, where c1, c2 > 1.

-en, we have

κ1 a11κ1 + a12κ3 + a13(  � 0.945< 1, κ1 b21κ1 + b22κ3 + b23(  � 0.98< 1,

κ1 b11κ1 + b12κ3 + b13(  κ1 a11κ1 + a12κ3 + a13(  − 1

κ1 b21κ1 + b22κ3 + b23(  − 1 κ1 a21κ1 + a22κ3 + a23( 




�

3.141 − 0.055

− 0.02 3.528




> 0.

(77)

Moreover, note that when (t, x1, x2, x3, y1, y2, y3) ∈
[1, e] × [0, (M/((α − 1)Γ(α)))]6, we have Fi ≤M, i � 1, 2.
Consequently, if we choose Qi(t) ≡M, t ∈ [1, e], i � 1, 2,
then

e

1 φ(t)Qi(t)(dt/t)<M/(α − 1).

Note that we have

lim inf
a11x1+a12x2+a13x3+b11y1+b12y2+b13y3⟶+∞

F1 t, x1, x2, x3, y1, y2, y3( 

a11x1 + a12x2 + a13x3 + b11y1 + b12y2 + b13y3

� lim inf
a11x1+a12x2+a13x3+b11y1+b12y2+b13y3⟶+∞

(2005)− c1M1− c1 50x1 + 1000x2 + 2x3 + 130y1 + 2800y2 + 12y3( 
c1

a11x1 + a12x2 + a13x3 + b11y1 + b12y2 + b13y3
� +∞,

lim inf
a21x1+a22x2+a23x3+b21y1+b22y2+b23y3⟶+∞

F2 t, x1, x2, x3, y1, y2, y3( 

a21x1 + a22x2 + a23x3 + b21y1 + b22y2 + b23y3

� lim inf
a21x1+a22x2+a23x3+b21y1+b22y2+b23y3⟶+∞

(2064)− c1M1− c1 140x1 + 2900x2 + 15x3 + 52y1 + 1002y2 + 2.2y3( 
c2

a21x1 + a22x2 + a23x3 + b21y1 + b22y2 + b23y3
� +∞.

(78)

As a result, (H1) and (H2) hold. Example 2. Let t0 � e, a11 � 0.075, a12 � 0.034, a13 � 0.015,
b21 � 0.08, b22 � 0.035, b23 � 0.016, b11 � 0.09, b12 � 0.04,
b13 � 0.02, a21 � 0.08, a22 � 0.05, a23 � 0.018, and

F1 t, x1, x2, x3, y1, y2, y3(  � 2.7Me
0.14M exp − 0.075x1 + 0.034x2 + 0.015x3 + 0.09y1 + 0.04y2 + 0.02y3( ( ,

F2 t, x1, x2, x3, y1, y2, y3(  � 3Me
0.14M exp − 0.08x1 + 0.05x2 + 0.018x3 + 0.08y1 + 0.035y2 + 0.016y3( ( ,

(79)

for (t, x1, x2, x3, y1, y2, y3) ∈ [1, e] × R6
+. -en, we have

(log t0)
α− 1 � 1, and

κ2 κ2a11 + κ4a12 + a13(  � 0.009< 1,

κ2 κ2b21 + κ4b22 + b23  � 0.009< 1,

1 − κ2 κ2a11 + κ4a12 + a13(  − κ2 κ2b11 + κ4b12 + b13 

− κ2 κ2a21 + κ4a22 + a23(  1 − κ2 κ2b21 + κ4b22 + b23 




�

0.991 − 0.011

− 0.0112 0.991




> 0.

(80)
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Moreover, when (t, x1, x2, x3, y1, y2, y3) ∈ [1, e] × [0,

(M/((α − 1)Γ(α)))]6, we obtain F1 ≥ 2.7M andF2 ≥ 3M, and
if we choose Q1(t) ≡ 2.7M and Q2(t) ≡ 3M, t ∈ [1, e], we
also have 

e

1 φ(t) Qi(t)(dt/t)>M/((α − 1)(log t0)
α− 1).

Note that we have

lim sup
a11x1+a12x2+a13x3+b11y1+b12y2+b13y3⟶ +∞

F1 t, x1, x2, x3, y1, y2, y3( 

a11x1 + a12x2 + a13x3 + b11y1 + b12y2 + b13y3

� lim sup
a11x1+a12x2+a13x3+a11y1+b12y2+b13y3⟶ +∞

2.7Me0.14M exp − 0.075x1 + 0.034x2 + 0.015x3 + 0.09y1 + 0.04y2 + 0.02y3( ( 

a11x1 + a12x2 + a13x3 + b11y1 + b12y2 + b13y3
� 0,

lim sup
a21x1+a22x2+a23x3+b21y1+b22y2+b23y3⟶ +∞

F2 t, x1, x2, x3, y1, y2, y3( 

a21x1 + a22x2 + a23x3 + b21y1 + b22y2 + b23y3

� lim sup
a21x1+a22x2+a23x3+b21y1+b22y2+b23y3⟶ +∞

3Me0.14M exp − 0.08x1 + 0.05x2 + 0.018x3 + 0.08y1 + 0.035y2 + 0.016y3( ( 

a21x1 + a22x2 + a23x3 + b21y1 + b22y2 + b23y3
� 0.

(81)

As a result, (H3) and (H4) hold.
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