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The Caputo conformable derivative is a new Caputo-type fractional differential operator generated by conformable derivatives. In
this paper, using Banach fixed point theorem, we obtain the uniqueness of the solution of nonlinear and linear Cauchy problem
with the conformable derivatives in the Caputo setting, respectively. We also establish two comparison principles and prove the
extremal solutions for nonlinear fractional p-Laplacian differential system with Caputo conformable derivatives by utilizing the
monotone iterative technique. An example is given to verify the validity of the results.

1. Introduction

In recent years, fractional calculus has been widely devel-
oped in pure mathematics and applied mathematics [1-7].
The characteristic of fractional calculus is that there are
many different fractional derivatives or integrals, like Rie-
mann-Liouville (RL), Caputo, Hadamard, Capu-
to—-Hadamard types, and so on [1, 2, 8, 9]. So, the scholars
have the opportunity to choose the most appropriate op-
erators to describe complex problems in the real world. We
recall some definitions from the traditional fractional cal-
culus [1, 2].

The left RL fractional integral of order >0 is given by

RP _ /3 1 1
S - r(ﬁ)j (£ - (s)ds (M
The left RL fractional derivative of order 3 > 0 is defined
as
8 n-p (drde) (g
DPf(t) = ( ) U IORS L(t L f (s)ds.

(2)

The left Caputo fractional derivative of order >0 is
given by

o f =, 0 = j (t = )" P £ (5)ds

(3)

However, some basic properties such as product rule and
chain rule are not valid for the RL and Caputo-type frac-
tional derivatives. In 2014, Khalil et al. [10] defined a new
fractional differential operator named the conformable
derivative which satisfies the product rule and some other
properties. In 2015, Abdeljawad [11] defined the left con-
formable integral ,I* and derivative ;T* as

/3)

() = j (s—a) ' f(s)ds,

I'(a)
4)
f(t+et-a)”

&

)= (1)

Tf (t) = lim

where a € (0,1],¢>0, f: [a,+00) — R. If f is differen-
tiable, then ;T (t) = (¢ - )" f ().
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In 2017, Jarad et al. [12] established the conformable calculus
in both RL and Caputo setting based on the work of Abdeljawad.

The left RL conformable integral of order
p € C,Re(p) >0, is given by

1 [t (t-a)=(s—a)\" ds
T'(B) L( a ) 76 (s—a)'"
(5)

The fractional integral (5) coincides with the traditional
RL fractional integral (1) if & = 1.

Let I, ([a,b]) = {f: [a,b] — R; f (¢) = I*v(t)+ f (a)
forsomey € L,(a)}, where L,(a)={y: [a,b] — R;
J%y(t)existsforanyt € [a,b]}. If neN', feCy,
[a,b] = {f: [a,b] — R;"'T*f e I, ([a,b])}, the left
conformable derivative of order 8 € C,Re(f)>0, in the
Caputo setting is defined by

PO () =1 P T F (1)

B 1 t((t-—a)*—(s—a)” np-l
_F(n—ﬁ) L a (6)

aT f(f,)ad
(s—a)

n=[pl+1,

IO

>

where e = 10T T and

ntimes
JJ0f ()= (t- a)l_“f' (t). The fractional derivative (6)
coincides with the traditional Caputo fractional derivative
(3) if @ = 1. Readers can see [13, 14] for more details.

It is well known that the monotone iterative technique
coupled with the method of upper and lower solutions is an
effective mechanism to obtain extremal solutions for nonlinear
problems [15]. By using this method, scholars have studied the
periodic boundary value problems (BVPs) [16-24], anti-peri-
odic BVPs [25-27], and integral BVPs [28, 29] of integer-order
differential equations. Later, this method was widely used to
study the initial value problems, periodic BVPs or integral BVPs
of RL and Caputo fractional differential equations [30-35].

Mathematical modeling of the real world in physics and
mechanical and dynamical systems often involves the
p-Laplacian operator. In order to study the turbulent flow in
a porous medium, Lejbenson [36] introduced the model of
differential equation with the p-Laplacian operator. Many
results about the fractional differential equations with the
p-Laplacian operator were also studied [37-39]. However,
the Caputo conformable fractional differential equations
with the p-Laplacian operator have not been considered.

In [37], Liu et al. studied the following problem:

D} (¢,(“Do-x (1)) = h(t:x (1), “Dy.x (1)), t € (0,1),
“Dg.x(0) = x' (0) = 0,
x(1) = rlx(n),Cngc(l) = rZCngc(f),

(7)

where 1<a,<2,r,7,20, he C([0,1] xt[0,+00)nxq (—0o0,
0]h,;0,+00)), and ¢,(s) is the p-Laplacian operator. The
extremal solutions were obtained under the assumption that
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h(t,wy,2z) <h(twy,z,), for0<w, <w,,z;>2,20. (8)

Inspired by the above work, we study the nonlinear

fractional p-Laplacian differential system involving the
Caputo conformable derivatives as follows:

P (9,(5"D"x (1)) = h(t x (1), 5D x (1)), t € [a,b],

b
ZT“sbp(S’D“x(a)) = by, x(a) = J w(s, x(s))ds + p,

9
where n-1<f<nn=[fl+1,0<y,a<l, p=0,
heC([a,b] xR*%R), weC([ab]xR,R), bi(k=0,1,

..,n—1) are real numbers, ¢,(s) = Is|P"%s(p>1) is the
p-Laplacian operator, ((/)10)_1 = ¢, (1/p) + (1/q) = 1, and

SSD‘X is Caputo conformable derivative with order & (= §, y).
To obtain the extremal solutions of problem (9), we need
consider the nonlinear Cauchy problem

PD2(1) = g (1,2 (1)),

. (10)
J z(a)=b, te(ab]
and the linear Cauchy problem
Dz (1) = o (1) ~ Az (1), -

“T°2(a) = by, te[ab].

The main contributions of this paper are as follows:

(i) We obtain the unique solution to problem (10) and
construct the approximate solutions to problem (11)
in terms of Mittag-Leffler function. The corre-
sponding results of problem (10) and problem (11)
can be seen as a generalization of Theorem 3.25 and
Theorem 4.3 in [1], respectively.

(ii) Based on two comparison principles, we obtain the
extremal solutions to problem (9) by using the
monotone iterative technique. Different from [37],
the restrictive condition of function A is no longer
needed in this paper.

The remainder of this paper is organized as follows. In
Section 2, we give some preliminaries and define some
special spaces. In Section 3, we show the uniqueness of the
solution for linear and nonlinear Cauchy problems. In
Section 4, two comparison principles are established. In
Section 5, the extremal solutions for problem (9) are
obtained. In Section 6, a numerical example is given.

2. Preliminaries

In this section, we introduce some definitions and lemmas to
be used in the sequel.

Let C"(J,R) be a Banach space of all n-order continu-
ously differentiable functions on J=[a,b]. For
n-1<f<n0<y,a<l,and0<7<1suchthat r<f -k, we
define the spaces C, (), Cor (1), C7(J), C.. (J), and CIT”; N
as follows:
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C,N={f: FOec.ID fNec}). (12

under the norm

C o
Ifll, = 1fllc + "D fllc,  where
o o
Ifllc = max,;|f (8)] and 5D fllc = max,;le"D" f (¢)!.

(t—a) ) f(t)ecm},

(21

Cor () :{f(t) € C(a,b): (

Coo () =C(),
(13)

n n
1fley = 21T flle = X maxzT"f ()]
k=0 k=0

Cr.(N={f®eCc): T f(t) e CUNLIT f (1) € Cor, (D}

3
under the norm
N e-a%\ | (t—a)*\"
Iflc,, = < " ) f T max,; ( o ) f(t)‘,
Cr(h={f®eCc: 2T f(t) eC()},
(14)
under the norm
(15)

R ={f® ey : FDf () e Cur (D).

For convenience, we present the following assumptions:

(H,) For te (a,b], z,z, € C%'(J), assume that
function g satisfies

lg(t:z1 (1) - g(tz, ()| <Mz, (£) = 2, (1), M >0.
(16)
(H,) Assume that x,(t)<y,(t),t €], where

xo (£), o (£) € C, (J) are lower and upper solutions of
(9), respectively.

(H;) Assume that a constant A <0 such that

h(t, y (1), 'D" y () - h(t, x (1), ' D x (1))
(17)

> = A(¢,("D"y (1) - ¢,(D x (1)),

where x, (£) <x () <y () <y, (£), t € ].
(H,) Assume that a constant 0 < 7 < (1/ (b — a)) such that

w(t, y(1) —w(t, x (1) 2n(y(£) - x(1)), (18)

where x, (1) <x(t) <y (t) <y, (£), t € ].

Definition 1. The function x,(t) € C,(J) satisfying ¢,
(SVD xo (1)) € C7.(]) is a lower solution of problem (9) if it
satisfies

D (¢, (D xy (1)) <h(t, x0 (£), D xy (1)), teT,

ZTDC(pP(aCYDaxO (a)) <b,
b
x(a)< J. w (s, xq (s))ds + p.

(19)

The function y, (¢) € C, (J) satistying ¢p (aCYDayO (1) €
Ch.(J) is an upper solution of problem (9) if the above
inequalities are reversed.

Lemma 1 (see [12]). For a>0, the space C}; ,(]) consists of
those and only those functions which are represented in the
form

1 (- - (s—a)*\" y(s)ds
e e e
= ];Taf (a) (x —a)™*
+ >
20 g
(20)
where y(t) ="T° f (t) and y(t) € L, (a).
Lemma 2 (see [12]). Let f € C; (]), p € C. Then,
n—1 k% ak
SI“(aCﬁD"‘f(t)) = f@) - Z M. (21)

k=0 (ka!



Remark 1. Lemma 1 still holds if we replace the space
Cho () with Ct_(]). In such case, y(t) =,Tf(t) and
v (t) € Co (). In particular, y(t) € C(J) when 7=0.
Lemma 2 is also valid for f € C}.()).

Lemma 3 (see [12]). Let Re(f) >0, Re(y) > 0,0 <m < Re(f),
m € N. Then,
@B I F (0 =571 f (1),
() 51" (¢ - a)* 0~V = (1/af)
(t —a)* D,

() mTB1" £ (8)) = 51" f (o,

(/T (B+y)

Lemma 4 (see [1]) (Banach fixed point theorem). Let (U, d)
be a nonempty complete metric space, let 0<p <1, and let
A: U — U be the map such that, for every x,y € U, the
relation

d(Ax, Ay) <pd(x, y), (22)

holds. Then, the operator A has a unique fixed point x* € U.
Moreover, if Ak (k € N) is the sequence of operators defined by

Al = 4,

23
AF = AAF Y (ke N\{1)), 23

then for any x,, € U, the sequence {A¥xy} e, converges to the
above fixed point x*.

3. The Unique Solution to the Nonlinear and
Linear Cauchy Problems

In this section, we first consider the unique solution of
nonlinear Cauchy problem (10) and linear Cauchy problem
(11), where the function g: (a,b] xR — R such that
geC,. ().

Let z (t) € C%' (]), and by Lemma 2 and the initial value
condition kT z(t) by, problem (10) can be reduced to the
Volterra-type integral equation

Hr(/ﬁ )

J KF5 1 (1,9)g (5,2 (s))

Complexity

S

z(t) = Z

jt KA (8 5)g (5, 2()

o j! I'(p)
ds
(s—a)'™™
(24)
where K(t,s)= (((t-a)" - (s—a)Y)/a),a<s<t<b.

Denoting z, =

Z;‘;é (bt~ a)*/ad j!), equation (24) can be
rewritten as z (t) =

(Az)(t), where

(t) +L

(Az)(t) = )

I K (t,9)g (s, z(s))%.
(s—a)
(25)

Theorem 1. If (H,) holds, there exists a unique solution
z(t) € CY"(]) for problem (10).

Proof. First, we choose t; (a <t; <b) such that

oM (t, —a)\ "
k;)l"(/j’—k+1) a

and prove that (10) has a umque solution z () € C¥'[a,t,].
Applying the operator KT to both sides of (25), by
Lemma 3 (c), we can get
J ! KFk-1

(26)

k o _k o 1
T (Az0) =T 2 (04 g

g(s,z(s))ds
(5 _ a)l—zx

where *T° 29 (t) = Y (t-a) U P (- ). Tt s
obvious that T zZ, (t) is contmuous on [a,t,]. Furthermore,
for0st<f-kand g€ C, (]), we get by (14) that

(27)
(t,5)

ds

( a)l—zx

1 J (t-a)*—-(s-
F(ﬂ k) a

Iglic,, (o]

an Bk 1 q
il ) g(s 2 () —=
(s—a)
(28)
ds

<
Ir(B-k

(e

a)(x)ﬂ—k—l< (S _ a)a>—1’
o (S— a)l—oc

(24

L1 -Dlgle, | ((tl —a

<
- I(B- k+1—r)

)" )ﬁ
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that is,
i L= Dlgle, an] { (6 - @)\
. g’ [“tl]_ F(ﬁ k+1—‘[) < o ) '

(29)
Inequality (29) implies that the operator Bokp® is
bounded from C,,[a,t,] to Cla,t,]. In particular, if 7 =

n-1
k
2l

(£) - 5T (Az, (1))

then g € C(J) and E_kla is bounded from C[a, t,] to Cla, t,]
such that

Bk @

Iglcfan] [ (£ —a)* ™"
ol )

It follows from (29) and (30) that ’;T“ (Az(t)) is con-
tinuous on [a, t,], thatis, (Az) (t) € C%'[a, t,]. By (14), (15),
and (H,), we have

k=0
_ o 1 ¢ B-k-1 ds
_]Z(:)r(ﬁ_k) JaK (t,S)[g(S,Zl(S))—g(S,ZZ(S))]m
n-1 t v d
<Yl Elaen ) -ab a0l
(31)
tl(t—a) —(s—a)*\ F! ds
ZF([S k)J ( o ) IZ] (S)_ZZ(5)| (S— a)lia
3 M|z = 2o (1 - a)
& TB-k+1) o
< M2y = 2ot ] £ (1 - a)* VP
& TB-k+1) o ’
that is,
421~ Azalcpr oy = X [T (420 0) =T (422 )],
(32)
M|z = 2l o (1 - a)
& T@B-k+1) o '
From Lemma 4 and (26), we get that there exists a unique (r =1,2,...,R). Therefore, (10) has a unique solution

solution z} € C%'[a,t,] to problem (10). Moreover, z} (t)
satisfies

lmo ”Az —z1 o [at] =0, (33)
where z, (f) is any function in Ci'la,t;] and
A‘z (t) = AA" 1z (). Let 2;(t) = A’z (1); then,

lim |z (t) - 2]

crifan] = 0 (34)

Next, choose t,,t5,...,t; such that a=t,<t; <t,<
-» <tp = b. Using the same arguments as above, we get that
problem (10) has a unique solution z' € C¥!'[t,_,,t,]

zFt =z € CHY()).
Flnally, we show that the unique solution z* (¢) belongs
to CTT (]) By (15) and (H,), we have

Cor (D :“9 tz;(H) - g(tz" (1))

em(ClY o

[»4

c G
aBD zi—aﬁD z"

Cor ()

c

”Zi -z gy

(35)



Taking the limit as i — co, we obtain

CﬁD z; cﬁDaz*

Cor () =0, (36)

i—00

which implies that z (t)eCﬁ" 1(I). This ends the
proof. O

Remark 2. When « = 1, the RL conformable integral and
Caputo conformable derivative coincide with the traditional
RL fractional integral and Caputo derivative, respectively.
Hence, the results of Theorem 3.25 in [1] can be seen as the
special case of Theorem 1.

Corollary 1. If (H,) holds and the function g: ] xR — R
satisfies g € C(]), then Cauchy problem (10) has a unique
solution z(t) belonging to Ci' ().

Proof. Corollary 1 can be proven by replacing 7 with 0 and
using the same argument in Theorem 1. O

Theorem 2. Ifo(t) € C(J) and A is a constant, then problem
(11) has a unique solution z (t) € Ci~' (J) which is given by

LU B
O
(37)

toa o(s)ds
+ Ja Kﬁ l(t, S)Eﬁ)ﬁ(—AKﬂ (t, S)) m,

where E, . (p) = Y120 (p"/I'(pk +q)) is the Mittag-Leffler

function.

Complexity

Proof. Clearly g(t,z(t)) = o(t) — Az (t) satisfies (H,). By
Corollary 1, there exists a unique solution z (t) € Cgfl (J) to
problem (11).

Next, we prove that this unique solution is given by (18).
By Lemma 2 and the initial value condition KTz (t) = by,
problem (11) can be reduced to the equation

_ )\
ZU—Z ,( )

We apply the successive approximations method to solve
equation (38) by taking z,(¢) = Z;‘;ébj (t —a)¥/a/j! and

2, (1) = 2o (t) + (NPT 2, (1) +PT o (1),

+(VIz + ). (38)

m=12,....
(39)
By Lemma 3 (b), for m = 1, we have

2, (8) = 2o (8) + (M2 () +£1%0 (1)

n—-1 )
=z, (t) + Br(t—a) + P10 (1)
’ Jzo ol j! ‘ (40)

e (=A)b; (- a)* )

:zo(t)+j;) ocﬂ+jr(ﬁ+j+ 1)

+F1% (1)

By (a) and (b) of Lemma 3, for m = 2,

2, (£) = zo (1) + (NI 2z, () + P10 (1)

=2, () + (—A){j["‘[zo (#) + (VP2 (1) + fjf"‘a(t)] 0

= 2 (£) + (NPT 2y (£) + (AT 2y (8) + (NPT o (6) + P 0 (1)

nl (M), (¢~

=z () + )

a)* Pl ()b (¢ -

(41)
a)“@ﬁ*‘f)

+ (Vo) + P10 ().
Continuing this process, we have
n—1 l’l mo N (f raf m o
Z ] z (,BA) (t a) +Z(_A)r_1;ﬁl (T(t)
Do T(rf+j+1) o
_ Zl bt-a)" & (N (t—a)
j=0 of =0 “rﬁr(rﬁ +j+1)

t m r 1B
B-1 (=-A)'K'"(t,s) o(s)ds
+LK (t’s); T+ DP) (s-a)®

(42)

j=0 ocﬂ”f(ﬁ + ] + 1)

+ 2B+j .
o« reg+j+1)

Taking the limit as m — oo and according to the
definition of Mittag-Leffler function, we get formula (37).
This ends the proof. O

Remark 3. If a = 1, we can get the results of Theorem 4.3 in
[1].
4. Comparison Principles

In this section, two comparison principles which will be used
in the next section are established.
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Lemma 5. Let n+ (1/b—a) and y(t) € C(]). Then, the is equivalent to
following problem:

p

b ds
ODx(0)= y(t), tel, £ = [ 69y —

b (43)
x(a)=n J x(s)ds + p, where

[1-nb-a)lyl-a) 'K (ts)+ 1K' (b,s)

t >
1 0 <t<b
G(t,s) ==
K (b,
1]7’1(7(:5)@, a<t<s<b,
E=(b-a)" 'T(y+1).
[»1 o b
Proof. For0<y<1,byLemma2, equationSyD x(t) = y(t) x(t) =1y (1) + ﬂjax(s)d5+P-

can be reduced to
x(t) =11y (t)cos (46)

where ¢, is a constant. By the boundary condition, we easily
getcy =1 Ja x(s)ds + p. Hence,

b ¢ N (e @\ V1 b
A:J 1 J(“ a) (s ‘”) YO ds)l_“dt+J (7A + p)dt
S—a a

ar(y) a o
=r ! ((b—a)“—(s—a)‘”>y YOI A p)(b-a)
uf(y+1)(b—a)a71 o (s— a)lfa n P

_ J’b KY(b,s)y(s) ds

Ty+1)b-a)*" (s—a)™ + (A +p) (b - a).

Therefore,

Jb KY (b, S)y(s) ds N p(b_ a)
a[l-gb-al(y+1)(b-a)*" (s—a)* 1-nb-a)y

= T-q(b-ay

(44)

(45)

(47)

Let A = '[i x (t)dt, and we can deduce from (47) that

(48)

(49)



Substituting (49) into (47), we have

Complexity

1 ds np(b-a)
x(6) = ﬁﬁj O et T e
J’ 7K (b,s)y(s) ds
N-nb-a)l(y+1)b-a)*" (s-a)™
1 (" [1-y(b-a)ly®-a)* 'K (t,s)+ 1K’ (b,s) ds
_E J 1-#5(b-a) () (s—a)™ (50)
1 (" 7K (bs) ds p
e Ve o T
N ds p
- Lc(t,s)y(s) A e
This ends the proof. O Based on the above work, we can get the following

Remark 4. For a<t,s<b, 0<% < (1/(b - a)), the function
G(t,s) is continuous and nonnegative.

Lemma 6. For x(t) € Cy (]), the following linear problem:

FD (¢, (SD (1)) = 0 (1) - A9, (D x (1)), teJ,
];Ta(bp(SyDax(a)) = by,
b
x(a)=nq L x(s)ds +p,
(51)

has a unique solution.

Proof.  Let z(t):</>P(§yDax(t)). By Theorem 2, the
problem

Dz (1) = o (t) - Az (b),

3 (52)
"T2(t) = by,

te]

has a unique solution z(t) € Cr( J) that s,
S'Dx(1) = ¢,(2(1)) € CF(J). Hence, {'D x(t) € C()).
By Lemma 5, the followmg problem

D x () = ¢, (2 (1)),

b (53)
x(a) = 11J x(s)ds+p, te],
is equivalent to
N ds p
x() = L G154, (2(5)) (s—a)™ " 1-nb-a)
(54)

Considering (52) and (53), we obtain the conclusion that
problem (51) has a unique solution which is given by
(54). O

comparison principles.

Lemma 7. If A <0 and z(t) € C'(]) satisfy the following
relation:

[CPD" 2 (1) > ~2z(8),*T 2 (a) 20, (55)

then for t € J,z(t)>0.

Proof. Let $PD"z(t) = p(t) = Az(1),*T"z(a) = ay; then,
p(t)=0,a;>0.From (37), we can see that z (¢) > 0. This ends
the proof. O

Lemma 8. If0<#n< (1/(b—a)) and x(t) € Cy (J) satisfy the
following relation:

b
1(;”D“x(t)20,x(a)2nj x(s)ds, (56)

then for t € J,x(t) = 0.

Proof. Let ayD x(t) =q(t), x(a) = jz nx(s)ds + d; then,

q(t)=0,d>0. From (53) and (54), we have that
ds . d

- 1-nb-a)

which implies that x () >0 due to G (¢, s) > 0. This ends the
proof. O

(57)

b
x(t) = LG(t, s)q(s) G

5. Extremal Solutions for Nonlinear System

The extremal solutions of problem (9) are obtained in this
section.

Theorem 3. If (Hz)—(H4) hold, then problem (9) has
extremal  solutions  x*(t),y*(t) in  the  sector

[0 yo] = {x(8) € C, (]): x, (1) <x(8) <y (1), £ € J}.
Moreover,
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X () <x (1)< y* () <y, (8),

o o o o (58)
D, (1) <D X () <Dy (1) <Dy, (1)

[ ¢*D"(9,($"D"x, (1)) =

1 5%, (9D x, (a)) = by,

[P0 (9,(57 D"y, (1)) =

1 5%, (9D y, (@) = by
b

a

By Lemma 6, x,, y,, are well defined. The proof includes
three steps. O

Step 1. We prove t the monotone property of {x,} and {y,}.
Letr(t) = ¢, &p° x (1) - (/>P(uyD X, (t)), and by (H,)
and (59), we get

{PD"r()z -Ar(1), te]rTr@=z0.  (61)
From Lemma 7 we have r(t)>0, ie,

¢, (aCyD xq (1)) 2¢P(gyD X, (t)). Moreover,
“YDx, (1) =YD x, (1) (62)

holds because of the monotone increasing property of ¢,, (s).
Let 7(t) = x; (t) — x,(¢t). From (H,), (H,), (59), and
(62), we have

~ o
YDF(t) = YD x, (1) - D" x, (1) 2 0,
(63)

b
7(a)> J 77 ()ds.

D m(t) = "Dy, (1) - "D x, (1) 2 0,

b b
m(a) = J [W(s, v () + 1 (y,(5) = 5 (5)) —w(s, xy () = 17(x, (s) — x4 (5))]ds > L nim (s)ds.

From Lemma 8, we have m (t) >0,1i.e.

¢ |2 X Therefore,
Cy Cy
Xo<x; <y, <y, and 4 on a'D x <

yD 1= VD Yo-

Bt 7,1 (0,5, ()

b
5, (@) = | [w(55,2 ) 4 1%, (9) = %02 (5)]ds +

9
Proof. Forte],n=1,2, ..., define
h(t, %, (£, 5D %, (1) = A[$,($'D"x,, (1)) = ¢,($YD"x, ., (1))],
(59)
~A[¢,(D"y, () = 6,(7D "y, (1)),
(60)

| (@) = J [W(s, Y1 (8)) + 13, (8) = Yy (5))]ds + p.

From Lemma 8, we have 7 (t) > O i e, X (t)=x, (t) The
same argument holds that “rp’ Vo (£) >C D ¥, (£),

Yo ()23, (1). Let m(t) = ¢, (D" y, (1)) - ¢, ("D " x, (1)),
and from (H;), (59), and (60), we get

FD m(®) = h(t, 7o (0D yo () = h(t, 0 (£), ;"D x, (1))
~AMp("D" 71 (0) = $,(5D 30 ()]
+ A6, (57D %, (1)) - 9, (9D %, (1))
> —Am(t),
AT m(a) =
(64)

From Lemma 7, we have m(t)>0, Iie,

¢, ('D"y, (1) ¢p ('D"x, (t)). Hence,
Dy ()= "D"x, (1) (65)

Let m(t) = y; — x,. We get from (65) and (H,) that

(66)

Next we prove x, (t), ¥, (¢) are lower and upper solutions

of (9), respectively. From (H;), (H,), and (59), we have
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D" (9,(5TD %, (1)) = h(t,xo (£), D" x4 (1)) = h(£, 2, (1), D x, (1))
(20 (8),7D%x, () = A[4,(27D"x, (1)) = ¢ ("D ()]
< = A, ($D %y (1)) = ¢, (57D x, (6))] + (£ x, (£), D" x, (1))
~ Mo, (5D %, (0) - ¢, (D xy (1))] = h(t, x, (1), D" x, (1)),
T 0D x (@) = by, (67)

b
x,(a) = J [w(s,xq(5)) —w(s,x,(5) +w(s, x,(s)) +7(x,(s) —x,(s))]ds + p

b
< J [17(x0(s) =%, (8)) + 71(x; () = x0 (5)) + w(s, x,(s))]ds + p

a

b
= J w(s, x, (s))ds + p.

a

Clearly, x, (t) is a lower solution of (9). Similarly, y, (t) is
an upper solution of (9). We obtain by applying mathe-
matical induction that

xo(t)le(t)S an(t)s S}/n(t)S gyl(t)Syo(t),
D x, (0D x, (< -+ <D x, ()< - D"y, (1) o
< ... SSYD“)/I (t)SaCyDayo (t)

Step 2. We conclude that the sequences {x,,} and {y,} satisfy Let F(x,)(t)=h(tx, (t),gyDuxn )+, (uCyDaxn (1)).
the relations: We can see that the function F is continuous and nonde-
creasing from the assumption of h. By (37) and (54),

nleoo X, () = x° (1), equation (59) can be reduced to the equation

N . (69)
lim $D"x, (t) = 'D"x" (1),
Jimy, (5 =y (®),
(70)

lim <'D%y, (t) = "D y* (1).

_g)® (s — )
xn(t))J G(t, s)¢q[z bj(s—a) Eﬁjﬂ(“;%)

F(x,, (9))d6] ds
(

(71)
6-a)

# K 008 (AKP .6)

s— a)l—tx

N Ib[w(S Xy 1(5)) n%,1 (s)]ds tp
n(b-a)

Clearly, {x,} is uniformly bounded in C,(J). By the  Step 3. We prove that x* and y* are extremal solutions of
continuity of F,G, ¢,, and K, we can easily get that {x,} is  problem (9).
equicontinuous. By the Arzela-Ascoli theorem, we have that Assume that any solution x (t) of problem 9) satisfies
{x,} satisfies (69). In the same way, we get that {y, } satisfies  x () 2x(t) <y, (). Let u(t) = ¢, &'D x (1)) - ¢,
(70). Moreover, x* (t) and y* (t) are solutions of (9). (aYD X, (1)), and by (H;), we have
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PD u(t) = h(t, x (1), 57D x (1)) - h(t, x, (1), 57D x,, (1))
2[4, (07D %01 (1) = 6,(0D"x, )]
> —du(t),
';Tau (a) =0.
(72)
“YDE () 2 0,

b
ti(a) = J [w(s,x(s) —w(s, %, () = 7 (%31 () = x,,(5))]ds > 1y J

We get u(t)=0 from Lemma 8, ie., x(t) =x,,,, (1)
Similarly, "D Vp (£) = D x (1), Y1 (1) = x(t). Hence,
Xy () <x(t) < y,,, (£) holds. Therefore, x*(t)<x(t)<
y* (t) as n —> 00, Vt € J. This ends the proof.

Remark 5. In [37], the authors assume that
h € C([0,1] x £[0,+00)n x q(-00,0]h,| 0, +00)),
1/2 D (1/2) ¢2<(1/2)D (t)) NETIN

(1/2)
~¢2<é”2)D x(O))=o,

‘ x(0) = J;[; (s+ 1Dx(s) +s]ds+ 1,

where k=0,b,=0,p=2,a=0b=1p=1F=yp=a=
(1/2) and

(1/2)
h(t,x(t),fj/”p x(t)) = 1O

w(t, x () = ; (t+ 1)x(t) + 1.

3(t(1/4) +t

11

From Lemma 7, we have u(t)>0, Iie,

¢,(S'D"x (1) 2 ¢, (5D x,,, (1)). Hence,
D x(8) 2D x, ., (8). (73)

Leti(t) = x(t) —
have

X, (), and by (H,), (59), and (73), we

b (74)
i (s)ds.

h(t,w,z;) <h(t,w,,z,) for 0w, <w,,z,>2,20,
t € [0,1]. The nonlinear term h in this paper satisfies the
weaker conditions.

6. Example

We present a numerical example as follows:

x(t 1 12
® L LoaptD g e o),

(75)

x(t) I(I/Z)D(l/z)x(t)

7(3/4)) + 40
(76)
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Taking x, (t) = 0, y, (t)

Complexity

= 3t + 3, we can get

[ (1/2) (112) <(1/2 (1/2) ) (34) x(t) La12),,(12)
D t o<t ———r o<t D t), tel0,1],
0 (/)2 0 0( ) 3(1‘(1/4) N t7(3/4)) +40 XO( ) ( ]
3
¢2<(§1/2 X, (0)) x,(0) < >
(77)
i (()1/2)D(1/2)¢2((()1/2)D(1/2> (t)) W2y (1/2)(4\/§t(3/4)) _ 3,12 (2+\/§)t(3/4), telo1],
v v
<
(1/2) 5
&:(870" 5, ) =0, Y00 =357
Hence, x,, and y,, are lower and upper solutions of (75),
respectively. Therefore, (H,) is satisfied. For x,(t)<x<
y<yo(0),
12
H(ty .80y 0) - h(tx@.0D" P x (1))
_ YW -x()  lapypam
= 3T 4 O 0 (y () - x(1))
1
>2p" (1) - x () 78)

- i [¢2<(§1/2)D(1/2)y(t)> - ¢2<é1/2)D(1/2)x(f)>]’

w(t, y(t)) —w(t, x(t)) 2; (y(t) — x(1)).

We can see that A =—(1/4) <0, = (1/7). Therefore,
(H;) and (H,) hold. In light of Theorem 1, the extremal
solutions of (75) can be obtained in [x, y,].

7. Conclusions

In this paper, we mainly use the montone iterative tech-
nique to study the Caputo conformable differential equa-
tions with p-Laplacian operator and integral boundary
condition. A minimal and a maximal solution between the
lower and the upper solutions are obtained. This method
provides a constructive procedure for the solutions, and it
is also useful for the investigation of qualitative properties
of solutions. Since the Caputo conformable derivative can
be reduced to the traditional Caputo derivative, some re-
sults produced from the traditional Caputo differential
system can be seen as special cases of this paper. Moreover,
the Caputo conformable derivative depends on two pa-
rameters naturally and the one coming from conformable

operator can better describe long-memory processes. We
believe that the Caputo and RL conformable fractional
operators will play a key role in studying new types of
fractional variational problems, Sturm-Liouville problems,
optimal control problems, and modeling of complex
systems.
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