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(is paper aims at investigating the dynamic characteristics of a microring driven by dual arch electrodes because they are basic
elements of microelectrostatic motors. (e dual arch electrodes surround the periphery of the microring and are arranged
symmetrically to the center of the ring. (e electrodes are fixed while the microring is flexible. (e electrostatic force will deform
the microring, while the deflection of the microring changes the gap between the microring and the electrodes, thereby changing
the electrostatic force. (erefore, this is an electromechanical coupling effect. (e nonlinear partial-differential equation that
governs the motion of the microring is derived based on thin shell theory. (en, based on the assumption of small deflection, the
nonlinear governing equation is linearized by truncating the higher-order terms of the Taylor series expansion of the nonlinear
electrostatic force. After that, the linearized governing equation is discretized into a set of ordinary differential equations using
Galerkin method in which the mode shape functions of the ring are adopted. (e influences of the structural damping of the
microring and the span of the arch electrodes on the forced response and dynamical stabilities of the microring are investigated.
(e results show that the damping ratio has a great influence on the system instability during high-frequency excitation. (e
unstable region of the system can increase with the increase of the electrode span; the response amplitude can also be increased
within a certain range.

1. Introduction

In microelectromechanical systems (MEMS), electrostatic
principle is widely used inmicrosensors/actuators because of
its advantages of easy control, fast response, low power
consumption, and easy integration with IC processes [1].
Electrostatic forces are mainly used in gyroscopes [2],
electrostatic motors [3], torsion micromirrors [4], acceler-
ometers [5], and microswitches [6]. (eir key microstruc-
tures include beams, plates, and rings. In the design of
electrostatic driven microstructures, the energy domain
coupling of electrical and mechanical energies is a very
important issue. Vibration analysis of microstructures based
on different composite materials is the focus of current
research [7–10]. Vibration analysis of microstructures is

different from macrostructures because the force propor-
tional to the area plays a leading role [11]. (e interaction of
energy domains makes the analysis of MEMS complicated.
Electrostatically driven microstructures will bring many
nonlinear characteristics, such as dynamic instability,
jumping, bifurcation, and chaos [12, 13]. Stability is the basic
condition for the system to work. An unstable system does
not have the ability to adjust and cannot work normally
[14, 15].

Since the 21st century, the research contents of elec-
trostatic force in MEMS mainly include pull-in voltage,
damping, stability, and amplitude frequency-response. For
electrostatic driven devices, the driving voltage has a
critical value, and the electrostatic force exhibits a strong
nonlinearity at this value. When the driving voltage exceeds
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this critical value, the equilibrium between the elastic re-
storing force and the electrostatic force is broken, the
microstructure and electrode are attracted together, and
the pull-in phenomenon occurs. (e voltage limit for the
pull-in phenomenon is the pull-in voltage, and the cor-
responding position is called the pull-in position [16, 17].
Farokhi et al. [18] studied the pull-in characteristics of
electrostatically driven microarches and the effect of system
parameters on the pull-in instability. (e electrostatic
switch needs to determine the pull-in voltage to prevent
excessive voltage from causing adhesion failure of the
structure [19]. (e driving principle of the micromotor
includes electrostatic type, electromagnetic type, and pie-
zoelectric type [20–22]. In MEMS, since the existence of
microscale effects, damping has a great impact on the
function of microstructures, so damping cannot be ig-
nored. Bao and Yang [23] surveyed kinds of literature on
various damping models of MEMS microstructures and
introduced related experiments. Belardinelli et al. [24]
established a microbeam mechanical model considering
both pressure film damping and thermoelastic damping
and analyzed the effects of the two types of damping on the
natural frequency of the beam. In the past, the research
objects of electrostatically driven microstructures were
mainly microplates and microbeams. Recently, researchers
have begun to focus on other microstructures, such as the
key components in gyroscopes and electrostatic motors:
rings [25–28]. In the last century, researchers have
established different theoretical models and systematically
studied the inherent characteristics of the ring and the
forced response under harmonic excitation [29]. Xu and
Qin [30] theoretically studied the jump up and down
phenomenon of electrostatically driven microring near the
natural frequency and explored the effect of excitation
voltage on the critical frequency of the jump phenomenon.

Dynamic pull-in instability needs to consider factors
such as damping, AC voltage excitation, and inertial effects
caused by sudden changes in DC voltage, which all affect the
dynamic pull-in process [26]. In addition to studying the
dynamic pull-in instability of the system, the stability of the
system also needs to be considered. Hu et al. [31] studied the
stability of electrostatic driven microbeam system theoret-
ically. (e authors of [32, 33] studied the stability and forced
response of the microring system under the traveling
electrostatic force, which is generated by an electrode. Yu
et al. [34] established a theoretical model of a rotating ring
under a uniform electric field to analyze the inherent
characteristics and dynamic stability of the system. In the
above study of the stationary ring, the electric field is
generated by a constant voltage, without considering the
effect of dynamic voltage.(emicroring is driven by pairs of
electrodes. In the study of electrostatically driven microring,
damping is mostly ignored, but damping has a great in-
fluence on the response and stability of the system.
(erefore, in this paper, the physical model of a pair of
electrostatically driven microrings under alternating voltage
control is established, and the effect of damping on the
system is considered.

(e magnitude of the electrostatic force is proportional
to the square of the voltage and inversely proportional to the
square of the gap between the ring and the electrode. Based
on the theory of thin shells and the electrostatic force model,
a dynamic model of electrostatically driven microring is
established [29, 35]. (e electrostatic force is controlled by a
pair of fixed electrodes applying an AC voltage to control the
deformation of the microring.(is model takes into account
the structural deformation coupling. Based on the small
deflection assumption, the electrostatic force can be ex-
panded using Taylor series to obtain a linear periodic time-
varying system equation. Discrete partial differential equa-
tions use Galerkin method to obtain ordinary differential
matrix equations. First, the system performs modal analysis,
then Floquet theory is used to judge the stability of the
system, and the forced response of the system is obtained by
the RungeKutta numerical integration method. (is paper
studies the stability and the amplitude-frequency response of
the microring, which provides a reference for the design of
the distributed electrostatic force-driven microring.

2. Model

(e main components of an electrostatic motor consist of a
ring-shaped rotor and several pairs of arch-shaped driving
electrodes. (e driving electrodes surround the periphery of
the ring at equal intervals and symmetrically to the center of
the ring. Each pair of the driving electrode consists of two
driving electrodes symmetrical to the center of the ring.
When the motor is working, the voltage is sequentially
applied to each pair of the driving electrode, and the ring is
elastically deformed at the corresponding position. (e
periodic voltage generates a periodic electric field, which
generates a periodic electrostatic force. (e periodic de-
formation caused by the electrostatic force changes the
capacitance between the electrode and the ring, thereby
driving the ring to move [30].

Based on the aforesaid working principle, it is worth-
while to investigate the dynamic characteristics of the ring
under the action of a pair of electrodes. As shown in Figure 1,
a dynamic voltage is applied between the microring and the
electrode, which generates a time-varying electric field to
drive the ring. (e potential difference V is the control
voltage, which is set to V � VD + VA sin( Ωt), where
VD , VA , Ω , andt are DC voltage, AC voltage, AC angular
frequency, and time, respectively. (e average radius and
thickness of the ring are r and h, the span of the two
electrodes is ϕ, and the gap between the ring and the
electrode is g. (ere is a fixed coordinate system X–Y on the
ring, and the radial displacement caused by electrostatic
force at the angular coordinate θ is u(θ,t).

2.1. Equation of Motion. According to the principle of
parallel capacitor plates, the distributed force shown in
Figure 1 can be expressed as
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[H(θ) − H(θ − ϕ) + H(θ − π) − H(θ − π − ϕ)]
εbV

2

2(g − u)
2,

(1)

where ε is the permittivity of the medium between the ring
and electrode, b is the width of the ring, andH represents the
unit step function.

(emicroring of this system is mainly subjected to radial
forces, so its circumferential inertial force is negligible.
According to the thin shell theory [29], the dynamic
equation of the ring subjected to the electrostatic force of
Figure 1 is
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. Using the dimensionless variables in

Equation (3), the dimensionless motion equation is
expressed as
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Based on the assumption of small deformation, the
nonlinear part of the electrostatic force term is expanded
using the Taylor series concerning the initial equilibrium
position (u� 0), ignoring the higher-order terms and
retaining the linear terms, that is

1
(1 − u)

2 ≈ 1 + 2u. (5)

Finally, a linear time-varying motion equation is ob-
tained as

z
2
u

zt
2 +

z
4
u

zθ4
+ 2

z
2
u

zθ2
+ 1 − 2f(θ, ϕ)V

2
 u � f(θ, φ)V

2
. (6)

Due to the alternating voltage on the left side of the
equation of motion (6), the microring system becomes a
time-varying system, and the driving voltage V can change
the dynamic characteristics of the microring.

2.2. Discretization. For the geometrical periodicity of a
circular ring, the deflection function u(θ, t) can be repre-
sented by

u(θ, t) � 

n

k�2
αk(t)cos kθ + βk(t)sin kθ , (7)

where k is the circumferential wave number and αk(t) and
βk(t) are generalized coordinate functions about time t. (e
term k� 1 is a rigid body mode, so it can be eliminated
[29, 34], such that k � 2, 3 ... n form a complete basis space.
Substituting equation (7) in equation (6) gives
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Figure 1: Schematic diagram of electrostatically driven microring.
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Since the orthogonality of trigonometric functions, one
can discretize the equation (8) by multiplying equation (8)

with cos(mθ) and sin(mθ)), wherem� 2, 3, 4, ..., which gets
the following two equations:
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Integrating equations (9) and (10) over the microring’s
circumference gives
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Due to the orthogonality of trigonometric functions,
Equations (11) and (12) can be simplified and expressed in
the following matrix expression:

€X 2(n− 1)×1 +[K]2(n− 1)×2(n− 1) X{ }2(n− 1)×1 � Q{ }2(n− 1)×1,

(13)

where X{ }, [K], and Q{ } are generalized coordinates vector,
stiffness matrix, and generalized force vector, respectively.
(ey are specifically expressed as
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where the stiffness matrix [K] consists of [Kk] and [Ke].
[Kk] is structural stiffness-matrix, which is a diagonal
matrix. [Ke] is electrostatic stiffness-matrix due to the

dynamic voltage. (e elements in the stiffness matrix are
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(e generalized force vector is
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2.3.Damping. In this microring system, there is more or less
a certain amount of damping, and it is generally obtained
from experiments. (e effect of damping on the forced

response is to eliminate the transient response and even-
tually reach the steady state. In practical applications, the
steady-state response is the focus of research. Adding
equivalent damping in the radial direction of the ring is to
add the damping term λ _u to equation (4). According to
previous studies, the damping matrix can be set to [29, 36]
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2ξω1

⋱

2ξωn− 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(n− 1)×(n− 1)

, (23)

where ξ is the damping ratio and ωn is the natural fre-
quencies of the ring. (e damping matrix is a principal
diagonal matrix. Finally, when the system has damping, the
equation of motion expressed by the matrix is

€X 2(n− 1)×1 +[C]2(n− 1)×2(n− 1)
_X 2(n− 1)×1

+[K]2(n− 1)×2(n− 1) X{ }2(n− 1)×1 � Q{ }2(n− 1)×1.
(24)

3. Natural Frequencies and Modes

In this section, the mode of the microring is derived. Table 1
shows the material parameters and geometric parameters of
the microring.

Modal analysis is to find the inherent characteristics of
the system when there is no external force, such as natural
frequency and mode shape. When the system has no elec-
trostatic force and the damping is neglected, equation (24)
can be simplified to

€αk(t)

€βk(t)
  +

k
2

− 1 
2

0

0 k
2

− 1 
2

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦

αk(t)

βk(t)
  �

0

0
 ,

(25)

where k � 2, 3, 4 · · ·. (e generalized coordinate functions
αk(t) and βk(t) are usually set to
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where αk and βk are the amplitudes of αk(t) and βk(t),
respectively. Inserting equation (26) into equation (25)
yields the following matrix expression:
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Generally, the amplitudes αk and βk are not zero, and the
natural frequency can be obtained, namely, ω2

k− 1 � (k2 − 1)2,
(k � 2, 3, 4, . . .). (e corresponding natural modes of the
microring are cos kθ + sin kθ, (k � 2, 3, 4, . . .). Figure 2
shows the first three natural modes of the microring.

4. Dynamic Analysis

4.1. Forced Response. (e differential equations (24) are
numerically solved using the Runge-Kutta method. It is
necessary to reduce the order of the second-order differential
equations and transform them into the state space.(e space
state vector is defined as

Y{ }4(n− 1)×1 �
X{ }

_X 

⎧⎨

⎩

⎫⎬

⎭. (28)

Equation (24) is transformed into the state space and
expressed as

_Y  � [A] Y{ } +[B] F{ }, (29)

where

[A]4(n− 1)×4(n− 1) �
[0]2(n− 1)×2(n− 1) [I]2(n− 1)×2(n− 1)

− [K]2(n− 1)×2(n− 1) − [C]2(n− 1)×2(n− 1)
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(30)

[B]4(n− 1)×4(n− 1) �
[0]2(n− 1)×2(n− 1) [0]2(n− 1)×2(n− 1)

[0]2(n− 1)×2(n− 1) [I]2(n− 1)×2(n− 1)

 , (31)

Table 1: Material parameters and geometric parameters.

Properties value
Density ρ� 2.7×103 Kg/m3

Young’s modulus E� 6.8×1010 Pa
Mean radius r� 0.02m
Radial thickness h� 3×10− 4m
Gap g � 6×10− 5m
Width b� 5×10− 3m
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F{ }4(n− 1)×1 �
Q{ }2(n− 1)×1

Q{ }2(n− 1)×1
 , (32)

where [0] and [I] are the zero matrix and the unit matrix,
respectively. Since the [A] matrix contains [K], the matrix is
periodically time-varying.

4.2. Stability. According to the static stiffness terms
(17)–(21), the stiffness term of this system is related to the
voltage, and the voltage changes periodically with time, so
the system is a periodic time-varying system. (e stability of

periodic time-varying systems is an important subject.
According to the characteristics of the system, Floquet
theory is used to analyze its stability.

To analyze the stability of the system, the homogeneous
part of equation (29) needs to be considered, that is,
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(e solution of equation (33) in a period T is solved by
the RungeKutta numerical method, namely,
Y(T) 1, Y(T) 2, . . . , Y(T) 4(n− 1)

, and the solutions of
these homogeneous equations are formed into a matrix [D]:

[D] � Y(T) 1, Y(T) 2, . . . , Y(T) 4(n− 1)
 . (35)

(e stability of the system can be determined by the
eigenvalues (μi) of matrix [D] [37]. (e system is stable if all
the eigenvalues have magnitudes less than unity, i.e., |μi|< 1,
unstable if at least one eigenvalue greater than unity, i.e.,
|μi|> 1, and marginally stable if at least one eigenvalue with
unit magnitude and multiplicity less than unity.

5. Results and Discussion

To investigate the dynamic characteristics of the electro-
statically driven microring system, the stability of the system
is first analyzed, and then the amplitude-frequency response
curve of the system is solved. (e following stability analysis
and forced response analysis are developed using the first

three modes. Considering that the microring is driven by
three pairs of electrodes, the maximum electrode span is π/3,
so the electrode span range is [0, π/3]. (e authors selected
the angular coordinate θ � 0 for dynamic characteristics
analysis.

5.1. Unstable Region. Damping is a factor that cannot be
ignored in the system. Here, we first consider the impact of
damping on system stability. Using the stability analysis
method in Section 4.2, the unstable region of the system
under different damping is studied.

Figure 3 shows the unstable region of the system when
the AC voltage Vd � 0.5 and the electrode span ϕ � π/3. (e
four figures show the unstable regions of the system when
the damping ratios ξ � 0.0001, 0.001, 0.01, and 0.1, respec-
tively. It can be seen that the unstable region mainly appears
at the natural frequency and 2ω1,3ω1,ω1/2, and 2ω1/3. When
the damping ratio is less than 0.01, the system is most likely
to show instability at ω1 and 2ω1. When the damping ratio is
equal to 0.1, the system is most likely to show instability at
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Figure 2: (e first three natural modes.
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Ω � ω1. (e system easily exhibits instability at the first-
order natural frequency. When the damping ratio changes
from 0.0001 to 0.001, the unstable region of the system
changes little. When the damping is increased, the change in
the unstable region at high frequencies is relatively large.
When the damping ratio is equal to 0.1, the unstable region
near the first-order natural frequency is most obvious.

(e electrode span ϕ also affects the unstable region of
the system. Figure 4 shows the unstable region of the system
under different electrode span when the damping ratio
ξ � 0.001. It can be seen that increasing the electrode span
increases the width of the unstable region and also decreases
the minimum voltage value of the unstable region.

From Figure 5, one noticed that the relationship between
the minimum voltage value of the unstable region and the
electrode angle when the excitation frequencies are ω1 and
2ω1. As shown in Figure 5, increasing the angle of the
electrode decreases the minimum voltage value in the un-
stable region. Combined with Figure 4, it can be seen that
increasing the electrode span increases the unstable region.
When the electrode angle is small, the minimum voltage
value Vmin will decrease rapidly as the electrode span ϕ
increases. As the electrode span increases, the change rate of
the voltage value becomes slower. When the electrode span
is close to π/3, the change rate of the lowest voltage is close to
zero.

5.2. Amplitude-frequency Response. (e equation (29) is
solved under zero initial conditions to obtain the forced
response of the microring system.

(e amplitude-frequency response is shown in Figure 6
when DC voltage Vd � 0.5, AC voltage amplitude Va � 1
and damping ratio ξ � 0.001. (e electrode span interval is
[0, π/3]. Response amplitude changes with electrode span. In
addition to the peaks near the natural frequency in the
figure, there are also obvious peaks at ω1/2 and 2ω1. (e
square of the potential difference can be written
V2 � V2

D + 2VDVA sin(Ωt) + V2
A(1 − cos(2Ωt))/2. When

the voltage frequency is Ω, the electrostatic force has two
frequency componentsΩ and 2Ω at the same time, so a peak
appears atω1/2. Due to the existence of electrostatic force, an
electrostatic stiffness matrix [Ke] is introduced. (e elec-
trostatic stiffness couples the generalized coordinates αk(t)

and βk(t), so that the system has a peak at the non-natural
frequency 2ω1.

Figure 7 shows the relationship between the maximum
system response and the electrode span. Other parameters
are Vd � 0.5, ξ � 0.001, ϕ � π/3, andVa � 1. It can be seen
that when the electrode span is [0, π/4], the response am-
plitude increases as the electrode span increases. When the
electrode span range is [π/4, π/3], the response amplitude
increases slowly, and finally the response amplitude de-
creases as the electrode span increases.
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Figure 3: (e stabilities of the circular-ring with respect to AC voltage and voltage frequency Ω for different damping ratio.ξ.
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Figure 4: (e unstable region of the system under different electrode spans.
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6. Conclusions

Based on the linearized model of the electrostatic force
considering coupling with microring deformation, a
dynamic model for a microring system has been estab-
lished. Due to the coupling effect between the electro-
static force and the deformation of the microring, the
stiffness of the microring is related to the electrostatic
force parameters. (en, the time-varying voltage makes
the stiffness matrix of the system have time-varying
characteristics, which in turn causes the dynamic char-
acteristics of the system to become complicated. (ough
the dynamic model obtained in this paper, the dynamical
stability and response of the system with various pa-
rameters of the damping and electrode span are analyzed.
Some conclusions are summarized as follows:

(1) (e unstable region of the system is mainly at the
natural frequency and the frequency multiplica-
tion. Damping has a greater impact on unstable
regions at high frequencies. When the damping is
large, the unstable region of the system mainly
appears near the first-order natural frequency.

(2) As the electrode span increases, the unstable area
of the system increases and the minimum value of
the voltage in the unstable region and the rate of
change of the minimum voltage value decrease.
(e response amplitude increases first and then

decreases as the increase of the electrode span.
(ese are very helpful for the design of the elec-
trostatically driven microring system.
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