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With the help of Banach’s fixed-point approach and the Leray-Schauder alternative theorem, we produced existence results for a
general class of fractional differential equations in this paper. The proposed problem is more comprehensive and applicable to
real-life situations. As an example of how our problem might be used, we have created a fractional-order COVID-19 model whose
solution is guaranteed by our results. We employed a numerical approach to solve the COVID-19 model, and the results were
compared for different fractional orders. Our numerical results for fractional orders follow the same pattern as the classical

example of order 1, indicating that our numerical scheme is accurate.

1. Introduction

In science and engineering, fractional-order operators have
lately been investigated for the modeling of dynamical
systems. There are operators based on singular kernels and
nonsingular kernels. It is tough to determine which op-
erator is the best at the moment, but researchers are
constantly analyzing various operators for new features and
uses. We have seen that in the vast majority of cases, re-
searchers must compare their findings to the traditional
results in terms of accuracy, stability, and simulations.
Atangana and Araz focused on the modeling and existence
results of the COVID-19 model [1, 2]. The area of fractional
calculus is still open for the researchers to investigate
nonlinear models for their theoretical and computational
studies with the help of [6-9].

In order to highlight the literature for the existence
results and numerical simulations and their applications, we
present some examples. Recently, Ahmad et al. [3] discussed
a fractional-order COVID-19 model for the existence,
uniqueness, and comparative analysis with the existing

integer-order model. Babakhani and Daftardar-Gejji [4]
studied a boundary value problem of fractional order for the
existence of results and presented some applications of their
results. Tuan et al. [5] gave some theoretical and compu-
tational studies of a fractional-order COVID-19 model for
the existence and numerical simulations by the help of Haar
wavelets approach. Zhang et al. [10] investigated an im-
pulsive integrodifferential equation for the existence of re-
sults and applications.

Boundary value problems (BVPs) with lower-order
fractional derivatives and either constant or linear boundary
conditions are considered in the majority of these papers.
However, there are many cases where nonlinear circum-
stances at the boundary and differential equations are
possible. For example, in case of head flow problems, there
are possibilities to have some source or sink on both sides of
the boundary (at x = 0 and x = 1) which may be nonlinear
functions and a controller at x = {;, (0 < {, <1). Okuonghae
and Omame [11] studied a nonlinear system of hybrid
fractional differential equations (FDEs) for the existence and
applications of solutions. The purpose of this paper is to
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investigate existence results for BVPs involving nonlinear
boundary conditions at both ends; that is, we study the
following class of two-point BVPs:
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where the fractional orders 0<9;,<land0<w;* <1, the
functions u}: I — R, are fractional-order differentiable
functions for i=1,2,...,m, and f;:IxR, —
R,—{0tand h;: IXxR, — R, (i=1,2,...,m) satisty the
Caratheodory conditions. The fractional-order derivatives
<@%9“" are in Caputo’s sense. To the best of our
knowledge, existence, uniqueness, and stability results had
never been studied for BVP (1). Such situation may have
importance in application point of view and also in theo-
retical development and can be studied in the work of Dhage
in [12-14] and the reference therein.
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Proof. Applying integral (I%) to problem (1), we obtain
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fori=1,2,...,m. By the help of u (0) = 0, we have C, =0
and hence, we obtain

DUl (0) = Y (b (8)) - I fi (6] (1), (5)
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Koo (s,t) are Green’s functions defined in (3), for

i=1,2,...,m. |
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2. Existence Criteria

Lemma 1. For integrable functions f; and h; on I, problem
(1) has integral representation given by

1
' (f) = JOKwi)si(s, B, (s,u’ ())ds, 2)

where K, (s,t) is Green’s function given by

. (3)
S)wi +91_1, SSt,

Now, applying I%, for i = 1,2,...,m on (5), we have

W (0= Y 7 by (4l () - 17 £ (6] () + K,
1

(6)

By the wuse of initial condition u}(1)=0, for
i=1,2,...,mand (6), we have K, = o’ fitur ().
Ultimately, we have the following solution:

! +w - * 1 ! it — *
] Jo (1-s)%r Yi(sul (S))ds—m Jo (t — s)%re Yo (s ul (s))ds )

Here, we introduce a Banach’s space & ={f;(t):
fi(#) € €([0,1],R), fort € [0,1]}, with a norm
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I £l = max;c (o1, f; (), for i = 1,2,...,m. Let us a define an
operator 7 ;: €([0,1],R) — € ([0,1],R), for i=
1,2,...,m, such that
T uf (6) = 17 (6] ()l = 177 (1047 (1)
=——J—W—f(Lwﬁ”f”f@mwgmvu——iTrj%rwﬁ”f*fuﬂnma
I(%+w ™) Jo e I(9+w ™) Jo e (8)

= Jl K, o (t,8)fi(s,u; (s))ds,
o @)

where K, o (s,t) are Green’s functions defined in (3), for
i=1,2,...,m. Then, the solutions of fractional-order sys-
tem (1) are the fixed points of the operator 7; defined in (8).
Also, with the help of (3), Green’s functions K, (s t) >

for the followmg cases. For t<s, we have K (s t)

(1-s)“" *91 which s 0bV10usly positive. And for £>s, we
have K, (s,t)= (1-s)“ 71 (- "1 Since
(I1-s5)> (t—s) for all t,s € [0,1], and as per our as-
sumption o +9;>1, we have (1- §)%r Tl
(t— )@ 91 Ultlmately, Green’s functions are positive.

for all i=1,2,...,m and B;= A, (1 +Kk%<" )Ny, +p)/
IO, +w ™ +1)<1, fori=1,2,...,m. Then, the system of
fractional order (1) has a unique solution.

Proof. Let us consider sup,oxlf;(t,0)| =g <oco and
S, = {u e €([0,k], R,): lull <n;}, where max,oyA;, for
i=1,2,...,mand k>1.

For u? € oS’,,i, fori=1,2,...,m and t € [0,k], we have
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Lemma 2. Let f; € € = €([0,1] X %, R,) be continuous Af,6.0)] (10)
functions for all i = 1,2,...,m and there exist some positive '
constants A; € R,, for uj,u; € € and t € [0,k], such that <A + g
'fi(t,ul*) —fi(t,uj)|g,1i|ul* - ; , (9) With the help of (8) and (10), for i =1,2,...,m, we
obtain
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This implies 7,8, ¢ &,. Furthermore, we assume
u;‘,u;f € 6([0,k], R#,); tor all t € [0, k], we have

1 * %
|7 i (1) = T ()] = F(9+w) JO (1= Y f (514 (9)) - fi(s,1 (5))|ds
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| U £ (12)
<M jl (1- S)Sim"**_lds N M J~t ‘- S)9i+wi"*—1ds

TG+ ) Jo I(%+w ™) Jo

A1+ S )

s—|u*—u”7's -|u*—uf'
(9 +w ™ +1)" 7 Bilur = uj

fori=1,2,...,m. Ultimately, the operator is a contraction = Proof. However, in Lemma 2, we have studied that the

and by Banach’s fixed-point theorem, the system of frac-  operator 7, is a bounded operatorand 7§, ¢ &,.Now, in

tional order (1) has a unique solution. O order to prove the existence of solution of proble}n (1), we
move towards the equicontinuity of the ;. For this, let us

Theorem 1. Assume that the f; € €([0,k] x R,, R,), for  assume t,t, € [0,k] with ¢, >¢,, and consider

i=1,2,...,m. Then, fractional-order system (1) has a so-

lution provided that the assumptions of Lemma 2 are satisfied.

* * 1 2 9w ~ * 1 h 9w~ *
| T () = T ] (1)) =Im jo (2= )" 7 fi(s.u] ())ds BCET ) jo (1= )" fi(s u (5))ds
A~7’]- g £ Ytw ™ —1 Jtl 9w —1 )L"'I' + g 9+w** 9+w**
S’li** t, — iTW; ds — to— it w; d — ll** (t’ i _tlt>.
I'(9; +w, +1)<Jo (t:=9) ) (t1-3) : (9 +w ™ +1)\? !
(13)

This implies |7 u; (t,) — T u} (t;)] — 0 as t, — t,. we show that o ={u* € €([0,k],&,): u* =h1T,;(u*),
This implies that the operator 7; is equicontinuous. Next, for# € [0, 1]} is bounded. For this, consider
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By the help of (14), we have

|| < AL+ )p

TS+ 1) -n(1+ S A,
fori=1,2,...,m. Hence, by (15), we have that the set &/ is
bounded. Therefore, by Leray-Schauder alternative theo-
rem, operator J; has at least one fixed point which is the
solution of fractional-order system (1). O

*

) (15)

3. Hyers—Ulam Stability

In this section, we are presenting the Hyers-Ulam stability
analysis for hybrid fractional differential equation (8).

Definition 1. Fractional integral system (8) is said to be
Hyers-Ulam stable, if there exists a constant { >0, such that
for a given ¢ >0 and for each solution u; of the inequality

* —%

U —u;

*

|

=|

1 17

for i =1,2,...,m. This further implies that
l %

1-A/
with {; = 1/1 — A, fori = 1,2,..., m. Therefore, system (8) is

Hyers-Ulam stable which implies the stability of fractional-
order system (1). O

<

up — 4 (20)

4. Application

In this section, we give a specific example of fractional-order
system (1) which is a fractional-order extension of the
COVID-19 model given in [15]:

8T, PSS,

Dy = A" - . L5,
1+mJ] 1+kJ,
9 a*§J1 " «
D,sE, = - + 07 )E,,
o &1 1+m]§ n )E;
9 /‘;*CS)JZ * *
DR, = - +067)E,, (21)
0 2 1+kf§ (1 )E,

94 * * *
Dy I =B~ (4 +87)F
95 % % *
Dy Iy = 1B~ (4 +87) T,

DER = T+ 1T, -8 R.

w =T + T - | < - T

5
li; - 7l <o 16
there exists a solution u_i*(t) of integral system (8),
() = T3 (), (17)
such that
i -] < 9. (18)

Theorem 2. Assume that f; € €([[0,k] x R,, R,), for
i=1,2,...,m. Then, fractional-order system (1) s
Hyers-Ulam stable provided that the assumptions of Lemma
2 are satisfied.

Proof. Letu; € € satisfy the inequality (16) and u € € bea
solution of BVP (1) satisfying integral system (8). By the help
of (16) and (17), consider the following norm:

+||F]iulfk - 9‘@;‘” <@+ )Lillu: -u;

; (19)

Here, 9; € (0,1], for i=1,2,...,6, (uj,u3,...,ug) =
(8,885 I, IpR), f1=N-a*STI/[1+mI>-p*
SI,N+kIE-8S, f, =" ST /1 +mI? - (y: +8)&,,
Fr= B ST kT = () 4698, fa=yi€ - () +
00T, fs=v38,— (3 +87)T,, and  fo=pl T +u;
I, -0"R.

Fractional-order model (21) has six compartments.
& (t) represents the susceptible class, &, (¢) and &, (¢)
are latent individuals, 7, () and .7, (f) are infected
individuals, and % (t) is the recovered class. The pa-
rameters include the following: A is the recruitment
rate, 1/ is the average life of the population, « is the
infection rate of strain 1, f is the infection rate of strain
2, 1/u, is the average infection period for strain I,
1/u, is the average infection period for strain 2, 1/y,
is the average latency rate for strain 1, 1/y, is the av-
erage latency rate for strain 2, m is the psychological
effect of strain 1, and k is the psychological effect of
strain 2.

The existence of solution of (21) is ensured by Theorem
1. The stability of (21) is also ensured by Theorem 2. Now, we
give the numerical scheme for the simulation of (21) as
follows. By applying the fractional-order Riemann-Liouville
integral operator for the equispace intervals of [0, k], we get
the following form:
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Joint solution for order 0.98
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FiGure 3: Joint solution of (21) for order 0.98.
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FIGURE 2: Joint solution of (21) for order 0.99.

FiGure 4: Comparison of S(t) for orders 1.0,0.99, and 0.98.
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1.0, 0.99, and 0.98

Comparison of latent-1 class for orders

0 5 10 15 20 25 30 35 40 45
Time t (days)

—— E,atorder 1.0
--- E,atorder 0.99
—— E, atorder 0.98

FiGgure 5: Comparison of E, (t) for orders 1.0,0.99, and 0.98.
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Figure 6: Comparison of I, (t) for orders 1.0,0.99, and 0.98.
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FiGure 7: Comparison of E, (t) for orders 1.0,0.99, and 0.98
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Figure 8: Comparison of R(t) for orders 1.0,0.99, and 0.98.
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Ficure 9: Comparison of I, (t) for orders 1.0,0.99, and 0.98.
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5. Computational Results

Here, we test the numerical scheme given in (22) for the
numerical results of fractional-order COVID-19 model
(21), considering the parametric values, and 9, =
1.0,0.99, and 0.98, for i =1,2,...,6, and the initial values
§(0)=10,%,(0)=5,8,(0)=4,7,(0)=1,7,(0) =1, and
R (0)=0.

In Figure 1, we have given the numerical solution of
COVID-19 model (21) for the order 1.0. Also, Figures 2 and
3 are the solutions for the fractional orders 0.99 and 0.98,
respectively. These graphs show that the fractional-order
solutions of model (21) are similar in behavior as to the

« S, I ST,
1+mJi 1+kJ§n

™)

<A*
(x* Os’njl ( * 8* )E
- n + R
1+ mfi & b
ﬁ* CsjnJZ,,
1+ kfi

") (yiEy — () +67)7,),

M>

(v + 8*)E2n >’

(22)

B )(v2Bs, ~ (43 +8°).75,),
k)sﬁ)(ﬂffln + ‘“;*]2” - 5*@;1)-

solution of the classical model of the order 1.0. This shows
the accuracy of our scheme given in (22).

In Figure 4, we have given a comparative study of the
susceptible class which has a decrease in the early 5 days
and later on a slight increase and then a stability is ob-
served for the orders 1.0,0.99, and 0.98. In Figure 5, we
have given a comparative study of the E, (t) for the orders
1.0,0.99, and 0.98. We have observed that the behavior of
the fractional-order results are similar to the classical
integer order and in this class, there is a slight increase
and then there is a rapid decrease up to 10 days.
This decrease is converted into the infected class, and
we observe a rapid increase in the I, (t) class and then
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there is a gradual decrease of up to 14 days as given in
Figure 6.

In Figure 7, we have given a comparative study of the
E, (t) for the orders 1.0,0.99, and 0.98. We have observed
that the behavior of the fractional-order results are similar to
the classical integer order and in this class, there is a rapid
decrease of up to 10 days. This decrease is converted into the
infected class, and we observed a rapid increase in the R(¢)
class and then there is a gradual decrease of up to 20 days as
given in Figure 8. In Figure 9, we have presented a com-
putational analysis of .7, class.

All the numerical computations are for the comparative
study of COVID-19 model (21) and we have noticed the be-
havior of the joint solution as well as the individual comparison
of the compartments for the orders 1.0,0.99, and 0.98.

6. Conclusion

In this article, we have considered a very important class of
fractional-order system of sequential differential equations
(1), for the existence and stability results based on the
classical fixed-point approach, and have observed that under
certain necessary assumptions, suggested problem (1) has a
unique solution as well as Hyers-Ulam stability. Such
problems are widely applicable in the real-world situations.
In the example section, we have given a COVID-19 model as
a particular case of system (1). The existence of solution of
(21) is ensured by Theorem 1. The Hyers-Ulam stability of
(21) is guaranteed by Theorem 2. For the numerical solution
of example (21), we obtained numerical scheme (22) and the
scheme was tested with the real data given in the literature
[15]. All the computational results ensured that the nu-
merical simulations for fractional-order system (21) are of
the same behavior as to the classical case for the order 1.
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