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This paper considers observer design for discrete-time descriptor systems with packet losses. By taking packet loss into con-
sideration, the error dynamic of the proposed observer becomes a stochastic switched system. Consequently, the proposed
observer is synthesized in a stochastic switched system framework. Sufficient conditions for the stochastic stability with a
prescribed robust performance of the error dynamic system are derived and converted into linear matrix inequalities. Not only can
the proposed observer deal with packet losses, but it also attenuates the effect of process disturbance and measurement noise. A
numerical simulation of a truck-trailer is given to demonstrate the effectiveness of the proposed method.

1. Introduction

Descriptor systems, which are also referred to as singular
systems, differential-algebraic equation systems, or gener-
alized state-space systems, appear in many practical systems
such as electrical circuits [1, 2], power systems [3], me-
chanical systems [4], and robots [5, 6]. Moreover, the de-
scriptor system approach has recently been used for
synchronization [7] and fault diagnosis [8, 9]. Therefore, in
the past decades, the studies on descriptor systems have
attracted considerable attention. Many results on descriptor
systems have been reported in the literature, such as the
analysis and design [10, 11], robust estimation and control
[12-14], and fault diagnosis and fault-tolerant control
[15-17].

It is known that state feedback is very important in
control design [18-20]. However, it may be too expensive or
even impossible to directly measure all of the states in many
applications. In these situations, state estimation from
output measurements is necessary to implement the control
algorithm. Moreover, the estimated output provided by
observers can be used to generate residuals that contain

information about fault. Therefore, observers have also been
widely used in fault detection and diagnosis [21, 22].
Therefore, the observer design problem is of important
practical significance and has been extensively investigated
in the literature; see [23-26], just to name a few. In the past
decades, many significant results have been reported on
observer design for descriptor systems. Observer design for
discrete linear descriptor systems was studied in [27]. For the
continuous-time linear descriptor systems, full-order and
reduced-order observer design methods were proposed in
[28]. By using the linear matrix inequality (LMI) technique,
Lu and Ho in [29] proposed full-order and reduced-order
observer design methods for continuous Lipschitz descriptor
systems. Observer design for descriptor systems with un-
known disturbance has also been considered in the litera-
ture. The unknown input observer design method for
continuous linear descriptor systems was considered in
[30, 31]. For continuous-time Lipschitz nonlinear descriptor
systems with unknown input, Koenig in [32] proposed an
unknown input observer design method via convex opti-
mization. In [33], Darouach et al. presented an H , observer
design method for a class of Lipschitz nonlinear descriptor
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systems. It is noted that most of the existing works focus on
continuous-time descriptor systems while the results on
observer design for discrete descriptor systems are limited.
In [34], Wang et al. proposed an LMI-based approach to
design observers for discrete-time linear and Lipschitz
nonlinear descriptor systems and the methodology in [34]
has been used to design fault diagnosis observers for linear
time-invariant descriptor systems [35] and linear parameter-
varying descriptor systems [36].

It should be noted that all the aforementioned methods
assume that the communication link between the mea-
surements and observer is perfect. However, it is not the case
in practice, especially in networked control systems that are
often subject to packet dropouts and other nonideal phe-
nomena. For example, the GPS signal may be intermittently
available due to system malfunctions or obstacles between
the receiver and satellite signal [37]. In the past few years,
networked control systems have attracted much attention,
but to the best of the authors’ knowledge, no work has been
done on observer design for descriptor systems with packet
losses. The main contribution of this paper lies in the fol-
lowing aspects. First, a novel observer is proposed to deal
with packet losses in the descriptor systems. Second, the
convergence of the proposed observer is guaranteed by using
a stochastic switched system framework. Moreover, the H
technique is used in the design of the proposed observer such
that the effect of process disturbance and measurement noise
is attenuated.

The notation used throughout the paper is standard. The
superscript T stands for matrix transposition. R"” and R™"
denote an n-dimensional and m x n-dimensional Euclidean
space, respectively. C represents the one-dimensional
complex space. I, denotes the nxn identity matrix; 0
represents the zero matrix with appropriate dimensions. For
a square matrix M, A, (M) denotes the minimum eigen-
value of matrix M. For a real symmetric matrix P, P >0 and
P <0 mean that P is positive definite and negative definite,
respectively. Z,[0,00) is the space of square-integrable

vector functions over [0,00), and [|lx[l, = /Y22 xT (k)x (k)

stands for the &, norm. In symmetric block matrices, we use
an asterisk (*) to represent a term that is induced by
symmetry. In addition, & (A) denotes the probability if the
event A occurs, and &{x} and &{x|y} represent expectation
of x and expectation of x conditional on y, respectively.

2. Problem Formulation

Consider the following discrete descriptor system:
{Ex(k+ 1) = Ax (k) + Bu(k) + Dd (k),

(1)
y (k) = 0 (k)Cx (k) + v(k),

where x (k) € R" is the state vector, u(k) € R? is the input
vector, d (k) € R' and v(k) € R™, respectively, represent the
process disturbance and measurement noise, and y (k) € R™
is the measured output vector. Without loss of generality, it
is assumed that d (k) and v(k) are square summable se-
quences; i.e., d(k),v(k) € £,[0,00). The matrix E € R™"
may be singular; i.e., rank(E) =r<n. A € R™", B e R™?,
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C e R™" and D € R™ are known constant matrices. In
this paper, it is assumed that system (1) is observable, i.e.,

k E = 2
ran [C]—n, (2)

=n, foranyz eC,|z|>1. (3)

zE- A
rank [ ]

In this paper, the considered descriptor system is in a
network environment where the measured output is affected
by packet losses, which is described by o (k) € {0,1}. It is
assumed that o (k) is a stochastic variable with the proba-
bility distribution as follows:

{@{a(k) =1} =0,

Plo(k)=0}=1-0, )

where 0 € (0,1) is a priori probability. There is no packet
loss at the instant k if o (k) = 1. Otherwise, the measurement
is missed. Without loss of generality, this paper assumes the
data packet has a timestamp so that o (k) is available in real
time.

The aim of this paper is to design an observer to estimate
the state x(k) even in the presence of packet losses.
Moreover, the state estimate should be robust against the
disturbance and measurement noise. The proposed observer
takes the form

{E&(k+ 1)=Ax(k)+Bu(k)+L(y(k)-Cx(k)),
y(k)=0(k)y(k)+(1-0(k))Cx(k),

(5
where X (k) € R” is the state estimate vector, ¥ (k) € R™ is

introduced to deal with the packet losses, and L € R™™ is the
gain matrix to be synthesized.

Remark 1. The observer in (5) is a generalization of the
Luenberger observer to the descriptor system with packet
losses.

If we define the estimation error as

e(k) = x (k) - x (k), (6)

and subtract 5 from 1, the error dynamic can be obtained as
follows:

Ee(k+1)=(A-0(k)LC)e(k) + Dd (k) — o (k)Lv (k)
o(k)(A—-LC)e(k) + (1 — o(k))Ae(k)
+Dd(k) — o(k)Lv(k).

(7)

Note that the introduction of the stochastic variable o (k)
makes the error dynamic system (7) stochastic instead of
deterministic. Therefore, before proceeding further, it is
necessary to introduce the notion of stochastic stability.
Similar to stochastic stability in [38], we propose the fol-
lowing definition of stochastic stability for discrete-time
stochastic descriptor systems.
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Definition 1. A discrete-time stochastic descriptor system
Ex(k+1)=g(x(k)) is said to be stochastically stable if
there exists a finite Q >0 independent of x (0) such that the
following holds:

%«{ Y T (x ()1 (0) } T (OQx(0),  (®)
k=0

for any initial condition x (0).
Based on the definition of stochastic stability, the robust
observer design problem in this paper is stated as follows.
Consider the descriptor system in (1). Design an ob-
server in the form of (5) such that

(1) The error dynamic system in (7) is stochastically
stable.

(2) The state estimation error e(k) is stochastically ro-
bust to the process disturbance and measurement

&llel2} <@ {IdI2} + 2 {E} + V), ()

where y;>0 and y,>0 are given scalars and V(0) is a
quadratic function of e (0).

3. Main Results

In this section, an observer design method for descriptor
systems (1) is formulated as an LMI feasibility problem. First,
the following theorem is proposed to guarantee the sto-
chastic stability and stochastic robustness of the error dy-
namic system in (7).

Theorem 1. Consider the descriptor system (1) and observer
(5). The error dynamic system in (7) is stochastically stable
and satisfies the robust performance condition (9) if there exist

noise, i.e., matrices P € R™" and L € R™™" satisfying
E"PE>0, (10)
O + In * *
GD'P(A-LC)+(1-3D"PA D'PD -y}, * <0, (11)
—GL"P(A-LC) —sL"PD  GL'PL-ylI,
V (k) = e’ (k)E" PEe(k), (13)
where
®=5(A-LC) P(A-LC) + (1 - 5)ATPA - ETPE. with P satisfying (10), and define

(12)

Proof. We first prove the stochastic stability of the error
dynamic system in (7). Consider the following Lyapunov
candidate:

&{AV} = &{e (k+ 1)E" PEe(k + 1)let (k)} - e’ (k)E' PEe (k).
(14)

If we consider the nominal part of the error dynamic in
(7) (i.e., d(k) = 0 and v(k) = 0), we obtain

E1AV) = &le’ (k) [0 (k) (A - LC) + (1 - 0 (k))A]" P[0 (k) (A~ LO) + (1 - o (k) Ale (k)le (k)]

(15)

=ge' (k)(A-LC)'P(A-LC)e(k) + (1 -0)e’ (k)ATPAe(k) — e’ (k)E' PEe (k)

— el (k)E' PEe (k)
=T (k)De (k).
If ® <0, we obtain
AV < = Ay, (-@)e’ (K)e (k). (16)

It follows that
&le’ (k+ DE"PEe(k+1) )} - &{e’ (k)E" PEe (k)}
< = Apin (~©)E{e” (K)e (K)}.
(17)

Summing up both sides of (17) from k=0,2,...,00
leads to

&{e’ (00)E" PEe(00)} - &{e’ (0)E" PEe(0)}

oo 18
< —Amin<—®)%{ZeT<k)e<k) } 1)
k=0

which implies



;@) (€[e" (0)E"PEe(0)}

%{ge%k)e(k)}s}L

- &{e’ (00)E"PEe(0) )})

min( -

<

%{eT (0)ET PEe (0)}.

A D)

min (_

(19)

Then, we obtain
&) e’ (ke(k)lten(0)} < x" (0)Qx (0), (20)
k=0

where Q = (1/A,;, (-®))ET PE. It is easy to see that the (1, 1)
block of (11) gives
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®+1,<0, (21)

which implies that ® < 0. Thus, according to Definition 1, it
is known that the error dynamic system in (7) is stochas-
tically stable in mean square.

Next, we prove that the performance defined in (9) is
guaranteed. To this end, a criterion function is introduced as

J= %{ i [AV (k) + e" (K)e (k) - y3d" (k)d (k) — yiv" (k)v (k)] }

k=0
(22)

By using the fact that AV (k) =V (k+1) -V (k), we
obtain

J = %{ V(00) -V (0) + i " (ke (k) — yd" (k)d (k) - yv" (k)v(K)] } (23)
k=0
T 24T 2T
Note that V (co) >0. Consequently, if J <0 holds, we %{AV(k) te (Rell) =yyd (k) =vy,v (k)V(k)} <0.
have (25)
%{Ilellz _ ),2”‘1”2 _ y2||v||2} ~V(0)<0. (24) Therefore, criterion (9) is satisfied if (25) holds.
2 2o Using (7), it gives
That is, criterion (9) is satisfied. On the other hand, it is
clear that J <0 holds if
&1AV (k) + €' (ke (k) — y3d" (k)d (k) - yiv" (kv (k)}
= &{[o (k) (A= LC)e (k) + (1 — o (k))Ae (k) + Dd (k) - o (k)Lv(k)]" P[0 (k) (A — LC)e (k)
+(1-0a(k)Ae(k) + Dd(k) — o (k)Lv(k) ] — ¢" (k)E' PEe(k) + €" (k)e (k)
—yad" (k)d (k) -y (kv (k)
(26)

= {0’ (k)e' (k) (A - LC)"P(A - LC)e (k) + 20 (k) (1 - 0 (k)) (A — LC)" PAe (k)

+20(k)e! (k)(A-LC)TP(Dd (k) - a(k)Lv(k)) + (1 — o (k))%e’ (k) AT PAe (k)

+2(1-0o(k)el (ATP(Dd (k) - o(k)Lv(k)) + d* (k)D'P Dd (k) - 20 (k)d” (k)D' PLv (k)

+0° (k)v" (k)L'PLv(k) — " (k)E" PEe (k) + €' (K)e (k) — y3d" (k)d (k) - ypv' (kv (k)}.
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From the probability distribution of o (k) in (4), it is
obtained that

&lo(k)o (k)} =7,
&lo(k)(1 - a(k)} =0, (27)
gl1-o(k)’}=1-5

Substituting (27) into (26) yields

E{AV (k) + e (ke (k) - yzd" (k)d (k) -y (kv (k)}
=gel (k)(A-LC)TP(A - LC)e(k) + (1 - 9)e’ (k)ATPAe (k) — ' (k)ET PEe (k)
+el (K)e(k) + 2ae’ (k) (A - LC)'P(Dd (k) - Lv(k))

+2(1-0)e’ (k)A"PDd (k) +d" (kD" P Dd (k) - y3d" (k)d (k)

(28)

—26d" (k)D"PLv(k) + av" (k)L" PLv (k) — y2v" (k)v (k)

e()1' 79, Qp Q51rek)
2| d(k) x Qy O || dk) |,
v(k) Qg llvk)

where

Q, =6(A-LC)'P(A-LC)+(1-0)A"PA-E'PE+1,,,
Q,=5(A-LO)"PD +(1-9)A"PD,
Q)3 =-a(A-LC)'PL,

0, =D'PD- Yélb

Q,, = -GD"PL,
Q3 =6L'PL -1,
(29)
Now, (25) is satisfied if (11) holds, and then criterion (9)
is fulfilled. This completes the proof. O

Remark 2. Without loss of generality, it is assumed that (E, A)
is regular, which guarantees the existence and the uniqueness of
a solution to (1). According to Lemma 2.1 in [12], there exist
two nonsingular matrices M,; and N, such that
M,EN, = diag(I,]), where J is a nilpotent matrix. Conse-
quently, we can find a matrix P satisfying (10). However, the
conditions in Theorem 1 are not strict LMIs. In order to fa-
cilitate the design of the observer (5), further procedures are
needed to transform the conditions in (10) and (11) into LMIs.

Before proposing the main result, we recall the following
useful lemma.

Lemma 1 (see [39]). For matrices X, Y, and J>0 with
appropriate dimensions, the following inequality holds:

xy + Y xT<xyxt + Y T ty. (30)

Based on Theorem 1 and Lemma 1, the main result is
proposed in the following theorem.

Theorem 2. The error dynamic system in (7) is stochastically
stable with the robust performance (9) if there exist matrices
PeR™™ GeR™, MeR™H™n aud [ e R™™ and a
scalar € >0 such that

E} PE; >0, (31)
W+ MA+A M™ * * %]
-M"+GA-WC gP-G-G" * *
0,
M" 0o ¢(,-G-G") =« |°
_ 1
-wcC 0 0 -1,
L £ A
(32)
where
(1-9A"PA-E"PE+1, * x
V= (1-9)D'PA (1-9)D'PD-y2I, * |
0 0 21,
(33)
A=[ADO0], (34)
C=[coI], (35)

and E; € R™" is a matrix satisfying
E,E, =E, (36)

with Ep € R™"and rank(E;) = rank (Eg) = r. Moreover, if
the LMIs in (31) and (32) are solvable, then the matrix L
can be determined by L = G"'W. Proof. First, (31) implies
that



ERETPE,Eg>0. (37)

That is, the condition in (10) is satisfied.
By the definitions of ¥, A, and C, inequality (11) can be
written as
¥ +5(A-LC)'P(A-LC)<0. (38)

Moreover, (38) holds if there exist a matrix M and a

Complexity

This can be easily shown by pre- and postmultiplying 38
with [ I (A- thE)T] and its transpose, respectively.
Then, (39) is written as

Yy MA+A M'
-MT+G(A

~tLnC) 0P -G — GT]

[MG1 ] [_(GLE)T T [_(GLé)T } [ MG! ]T
+ + <0.

nonsingular matrix G such that 0 0 0 0
¥+ M(A-LC)+(A-LC)' M" « (40)
T _ - | <0 (39) . .
-MT +G(A-LC) FP-G-G Using Lemma 1, we obtain
{ Y4+ MA+A M * [MG‘1 ] |:—(GLC)T ]T |:—(GL6)T ] [ MG™! ]T
_ _ + +
-M" +G(A-LC) GP-G-G" 0 0 0
Y+ MA+A M « MG '] (MG "
< . _ . € (41)
-M" +G(A-LC) P-G-G 0 0

[-(GLC)T] [—(GLE)T ]T
+ € .
0 0

Since G is a nonsingular matrix, by using (41) and Schur
complement lemma, it is shown that (40) holds if

[ W+ MA+A MT * * .

-M"+G(A-IC) 3P-G-G' = *
<0.
e 0 -G'G  «
_ 1
~GIC 0 0 --I,
L 8 -
(42)

Note that the inequality (I, - G) (I, — G)=0 implies
that

-G'G<I1,-G-G". (43)
Therefore, inequality (42) holds if

[ W+ MA+A M" . . « ]

-M"+G(A-IC) GP-G-G" x *
. - <0.
M 0 s(I .—G-G ) *
_ 1
~GIC 0 0 --I,
L £ J

(44)

Let W = GL, then (44) becomes (32). This completes the
proof.

Remark 3. It is noted that the condition in (39) is a non-
convex problem, which is inconvenient to solve. By using
Lemma 1, this condition is converted into the matrix in-
equality in (32). By choosing a scalar € in advance, (32)
becomes a linear matrix inequality, which can be solved
efficiently.

4. Simulation Results

In this section, a truck-trailer model from [40] is used to
show the state estimation performance of the proposed

method. The dynamic equation of the truck-trailer is given
by
(. v 6 .
X, (t) = Ttan (uy () - L—sm(x1 (1)),
0

{x0)= Llosm (%, (1)), (45)

%5 (t) = veos(x, (t))<sinx2 () + 2, (t - At)),

2

where At is the sampling period. The discrete-time version of
(45) is
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0(k
LO

x (k+1)=x; (k) + VTAttan (uy (k) - )t sin (x, (k)),

{x,(k+1)=x,(k) + %‘tsin (%, (K)),
0

x5 (k+1) = x5 (k) + vAt cos (x, (k))(sin M))

(46)

where x, (k) is the angle difference between truck and trailer,
x, (k) is the angle of trailer, x; (k) is the vertical position of
the rear end of the trailer, and u, (k) is the steering angle.
I = 2.8m is the length of truck, L, = 5.5m is the length of
trailer, At =0.2s is the sampling time, and v =-1m/s
represents the reversing speed.

Under the assumption that x, (k) is small, the truck-
trailer model (46) can be simplified as

x (k+1) = (1 —VL—AOt>x1 (k) +VTAttan(u0 (k)),

1, (k+1) = x, (k) +%Atx1(k),
0

x5 (k+1) = x5 (k) + vAt - sin(M)

2
(47)
By introducing the variables
At
x4 (k) = %xz (k), u (k) = tan (u, (k)), (48)
the simplified track-trailer model (47) becomes
Ex(k+1) = Ax (k) + Bu(k) + Dd (k), (49)
where
rt1 00 017
0100
E= ,
001 -1
LO O O O J
r vAt 7
1-— 0 00
L
vAt
— 1 00
A=| L ,
0 0 11
vAt
0 -— 01
L 2 -

L 0
-0
0
vAt
L 0

dk) - sm("z (k+1)+ xz(k)> RN

2 2
(50)

Remark 4. 1t can be seen that rank (E) = 3. This implies that
the truck-trailer is a descriptor system, rather than a regular
one. Therefore, the observer design method for a descriptor
system is necessary in this situation. In the simulation, the
measurement equation takes the following form:

y (k) = 0(k)Cx (k) + v (k), (51)
with
0100
C=(0010{,
0001 (52)

Plo(k) =1} = 0.4,
{ Plo(k) = 0} = 0.6.

It is assumed that the measurements are corrupted by
zero-mean Gaussian noises, with the standard deviations of
noises in the measurements of x, and x; being 0.0087 rad
(0.5°) and 0.05 m, respectively.

By choosing € = 0.1, y; = 3, and y, = 5 and solving the
LMIs in (31) and (32), we obtain

-0.4281 0.1738 0.0153

0.2867 —0.1343 —0.0068
L= . (53)
-0.2284 0.6497 -0.0533
0.0245 0.0008 0.0035

Note that the state estimation X (k) should be used in the
controller since the actual state x (k) is not available. The
control input u(k) in the simulation is given by
u (k) = Kx(k), with K = [ 3 =6 0.7 ]. In the simulation, the
initial conditions are x(0) = [-0.1745,1.2217,3,-0.1222]"
and % (0) = [0,1.138,3.5,-0.105]7. For the packet loss
scenario shown in Figure 1, the state estimation result is
depicted in Figure 2. It can be seen from Figure 2 that the
designed observer is able to provide accurate state estimates
despite the presence of packet losses. Although the initial
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FIGURE 2: The state estimation responses by the proposed method.

estimation error and long-time packet losses at the begin-
ning of the simulation render some estimation error, the
state estimates quickly converge to the actual states.

The observer in [34] can also be used to estimate the

states of system (1) if it is slightly modified as follows:

z(k+1) = TA% (k) + TBu (k) + L(3 (k) — C% (k)),
X(k) =z (k) + Ny (k),
3 (k) = 0 (k)y (k) + (1 - 0 (k))Cx (k),

(54)
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FIGURE 3: The state estimation responses by the method in [34].

where T and N should satisfy TE + NC = I. Using the
design method presented in [34], we can obtain the fol-
lowing parameters:

10 0 0
01 0 0
T = ,
00 0.6667 0
L0 0 -0.3333 1
00 0
0 0 0
N = ; (55)
0 0.3333 0.6667
|0 0.3333 0.6667
[—1.4658 0 0
1.05 0 0
L= .
0 0.6667 0.6667
L 0.1 -0.3333 0.6667

The state estimation results are shown in Figure 3. From
Figures 2 and 3, it can be seen that the method in [34] can
obtain a little better estimation results of x, (k) and x, (k)
than the proposed method, but the estimation results of
x5 (k) and x, (k) by the proposed method are much better
than that provided by the method in [34]. We can conclude

that the proposed method can obtain more accurate esti-
mation results than the method in [34].

5. Conclusion

This paper proposed an observer design method for de-
scriptor systems with packet losses. To deal with packet
losses, the observer changes its structure depending on
whether the measurements are successfully received. As a
result, the error dynamic becomes a stochastic switched
system. With the definition of stochastic stability, sufficient
conditions to ensure the stochastic stability and stochastic
robust performance of the error dynamic were derived and
transformed into linear matrix inequalities. The simulation
results of a truck-trailer system are given to demonstrate that
the proposed method has sufficient performance. Future
work will focus on extending the proposed method to
nonlinear systems, such as Lipschitz nonlinear systems and
Takagi-Sugeno systems.
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