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Although the academic literature on real options has grown enormously over the past three decades, hitherto an accurate real
option pricing model has not been developed for investment decision analyses. In this paper, we propose a real option pricing
model based on sunk cost characteristics, which can estimate the value of real options more accurately. First, we explore the
distinctive features that distinguish real options from financial options. )e study shows that the distinguishing feature of the real
options is the sunk cost, which does not exist in the financial options. Based on the sunk cost characteristic of real options, we find
that the exercise conditions of real and financial options are different. Second, we introduce the sunk cost into the intrinsic value
function of real options and establish a new real option pricing model. Finally, this paper also discusses the properties of the
intrinsic value function and pricing model of real options. We find that the application of the Black–Scholes option pricing model
will overestimate the value of real options.

1. Introduction

)e concept of real options was introduced byMyers [1] who
was the first to recognize the potential value of applying the
financial options theory to real investment projects and
presented a formal real options model. )e real option al-
lows the investor to lock losses at a certain cost in advance
when facing future uncertainties while retaining the chance
to gain future rewards at the same time. In contrast to in-
vestment decision analysis based on the traditional dis-
counted free cash flow method of asset valuation, which
bounds the investor to a fixed setting, the real options
provide future flexibility in investment decisions. Applica-
tion of real option in investment decision analysis permits
the decision-maker to effectively deal with the uncertainties
associated with the investment. Moreover, in any investment
decisions in real assets such as investment in natural re-
source exploration, acquisitions of enterprises, or invest-
ment in technology development, real options give the
investor the options to “defer, abandon, shutdown and
restart, expand, contract, and switch” ([2]; p.2). )is implies
that the real options have two components: the intrinsic
value (the net present value) and the time value. Ample
evidence that real options play an important role in initiating

or terminating investment by enterprises [3–5] has led to
advancement of the theory of real options in the last several
decades [6–9]. In addition, many papers and books on the
application of real options have been published in a wide
range of subjects including evaluating the value of R&D
projects in the pharmaceutical enterprises [10–12] and the
value of public policies in encouraging private investment
[13], in land use [14], in financial analysis [15], in assessing
the value of agricultural projects [16], and in corporate
mergers and acquisitions ([17, 18]; chapter 9).

)e commonly used real option pricing methods include
risk-adjusted net present value method ()is method re-
quires a knowledge of the value of the probability of cash
flows and the cost of capital. In practice, however, values of
these parameters are not known.), binary tree pricing
method, and Black–Scholes option pricing model (herein-
after referred to as B-S model), among which the B-S model
is the most popular. For example, Zmeškal [19] proposed a
generalized hybrid fuzzy-stochastic binomial American real
option model based on fuzzy number theory and decom-
position principle. Heng et al. [20] constructed a fuzzy
Black–Scholes option model to evaluate land prices by
combining trapezoidal fuzzy number and Carlsson-Fuller
model. Zubrii et al. [21] used genetic algorithms and
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evolutionary algorithms to analyze and predict real option
prices. In the real options literature, scholars tend to use the
method of real options in project evaluation analysis;
however, many practitioners apply the standard B-S model
to assess the value of the asset without considering the sunk
cost in their decision analysis. )e sunk cost of real options
refers to the initial capital outlays associated with starting an
investment project. Examples of sunk costs include expenses
related to due diligence and company valuation in mergers
and acquisitions or the initial expenditures in obtaining a
concession in resource development. Specifically, in petro-
leum development projects, the initial investment in seismic
exploration, early experimental costs, and investigation and
assessment costs are sunk costs. When investment decisions
do not involve the initial sunk costs but companies incur
losses after completion of the project, they abandon them to
avoid additional losses. In contrast, when investment de-
cisions involve considerable uncertainty and sunk costs in
deciding whether to invest, it is rational for the investor to
persist and incur some losses in the hope of earning the
expected profits [6]. Under the latter circumstances, the
option of exercising future managerial discretion is most
valuable [22]. If circumstances do improve, enterprises that
decided to exit are likely to regret the decision, since they
must incur the sunk cost again to reenter the industry.
Investment decision-makers often neglect including the
initial outlay in the real option exercise price and directly use
B-S model to calculate the asset value after carefully selecting
the values of the five parameters (current underlying asset
value of the option, exercise price, the volatility rate of the
asset price, the expiration date of the option, and risk-free
interest rate). However, it is well known that determining the
accurate price of the real option with the use of the financial
option pricing model requires the consistency of the timing
of the execution and abandonment of the option as well as a
knowledge of the return characteristics of the asset. In case of
inconsistencies, simply comparing the upfront investment
cost of real options with the strike price of the financial
options would pose serious issues, and simply copying the
pricing model of financial options in the real option pricing
may cause major investment decision-making errors
[23, 24].

In this paper, we discuss the essential difference between
real options and financial options and modify the financial
option pricing model to account for the sunk cost. We find
the difference mainly lies in the presence of the sunk cost in
the exercise price of the real options, a quantity that does not
enter in the strike price of the financial options. )erefore, it
is necessary to take the sunk cost feature of the initial in-
vestment into account when evaluating the value of real
options by determining the conditions for executing or
abandoning the real options accordingly. Moreover, using
the B-S model, we derive the intrinsic value function of real
options and formulate a new real option pricing model.
)ese results not only specifically contribute to the theory of
real options and to the broader literature on investment
decision-making but also have important implications for
investment professionals. )e main contributions of this
paper lie in the following aspects:

(1) By analyzing the essential differences between real
options and financial options, we discover the ex-
istence of the sunk cost feature in real options, which
provides a new perspective to improve the con-
struction of real option pricing models.

(2) Based on the sunk cost feature, we propose a novel
pricing model for real options. For investment de-
cision-makers and policy-makers, our model can
estimate the value of real options more accurately
and may be more informative.

)e paper is organized as follows. In Section 2, we
discuss the characteristics of real options, that is, the es-
sential differences between real options and financial op-
tions. Section 3 discusses the execution conditions of real
options. We give the conditions for exercising or giving up
real options and explain the differences in executing con-
ditions between the two options. )e mathematical ex-
pression of intrinsic value function of real options based on
the sunk cost is derived in Section 4. In Section 5, we es-
tablish a new real option pricing model using the intrinsic
value of real options based on the sunk cost and discuss the
circumstances when the salvage value of exercise price is
taken for extreme value. Section 6 presents the analysis of the
pricing model and gives some characteristics of the model.
Conclusion and discussion are presented in Section 7.

2. Characteristics of Real Options

2.1. Exercise Price of Real Options including Sunk Costs.
In the financial options analysis, the strike price is also
known as the exercise price. In this paper, we distinguish
financial options from real options by calling the strike price
in the real options the exercise price. )e strike price of a
financial option is the price of the underlying asset stipulated
in the contract. )e exercise price in real options is the
advance capital outlays by the investor to obtain the right to
begin work on a project or the right to enter an industry. In
the existing literature, the concept of the preinvestment
value of real option projects is considered similar to the
concept of the strike price of financial options but does not
account for the sunk cost contained in real options. Our
research results suggest that these two concepts are not
completely equivalent. In general, a large proportion of the
upfront investment cost in a project is unrecoverable, which
is a sunk cost. When the external circumstances do not
warrant continuing investment in the project after the initial
outlay, by abandoning the project, the investor cannot fully
recover the initial investment cost. In contrast to the real
option, the sunk cost of the initial investment is not present
in the financial options.

)e sunk cost feature of early investment is mainly
determined by the two following factors: research and ex-
perimental expenses, as well as the specificity of fixed assets
formed by the upfront investment. For example, take pe-
troleum development projects. Upfront investment costs
such as seismic exploration, the early experimental, inves-
tigation, and assessment have a typical sunk cost feature.
However, the special roads and oil pipelines for the future
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transportation of oil are typical specific assets that are
uniquely constructed for the ongoing investment project.
Once a specific asset in a certain field is formed, it will be
locked in a particular form. If it is used for other purposes or
sold off, its value greatly depreciates. Special roads and
pipelines built to transport oil are nearly useless for other
transportation purposes. If an unexpected plunge in oil
prices causes the value of the fixed asset portion of the
upfront investment to plummet and investors believe that
this decline in the market price will persist over the long run,
then, with high probability, investors will abandon the oil
development project in the region. )e depreciated part of
fixed assets is equivalent to sunk costs. )e nonfixed assets
invested in the early stage of project development are
generally sunk costs, which are incurred by the investors.

2.2. Intrinsic Value of the Real Options Could Be Negative.
For the European financial call option, the intrinsic value of
the option (the payoff) is f(S) � max(S − Xe, 0), where S is
the current market price of the underlying financial assets
and Xe is the strike price. Accordingly, the intrinsic value of
financial options is always nonnegative. In applying the
financial option pricing principle to the field of real in-
vestment, it is implicitly assumed that the real option and
financial call option are similar; hence, the B-Smodel is used.
)e direct use of the B-S model indicates the admission of
the following fact: When the total outlay of the investment
project, let us call it the market price S of the investment
project, is lower than the exercise price Xe of the option, the
option is abandoned and the owner of the option suffers no
loss. Consider that the exercise price of the real options is the
initial investment in, for example, manpower, material, and
financial resources, all of which contain the sunk cost,
compared to a fixed price that is stipulated in a financial
option contract, which contains no sunk cost. )erefore, for
the real options, involving sunk costs, abandoning the op-
tions means accepting the sunk cost in upfront investment.

Real options could have a negative value. For example,
an R&D project with a huge investment cannot guarantee
immediate or even long-run economic benefits. In the R&D
projects, the exercise price of real options Xe is large because
the capital outlays of R&D projects are typically very high.
Moreover, compared to the exercise price, the revenue
stream of the successful project might be small. )is situ-
ation shows that the enterprise is willing to incur large costs
for obtaining technical capabilities only to avoid being
surpassed by the competitors. In such cases, the investment
project must have a negative option value. )e economic
significance of the negative value of real options is the cost of
acquiring technology. If real options are evaluated by using
the net present value method, real options with negative
values might occur. However, a negative real option value
contradicts the requirement of nonnegative option price
according to the B-S model. )e nonnegativity of the fi-
nancial option is due to the fact that the option price is a
product of two nonnegative terms: the intrinsic value
function and the probability density function.

2.3. Both the Formation of Real Options and the Acquisition of
Future Returns Require a Production Process. Financial op-
tions have a trading market. )e return of financial options
is realized at an instance by exercising the options.)e strike
price of the financial options is a stipulated value at the time
the option is written. )e real option is created at the time of
the investor’s upfront investment. )e underlying asset can
enter the production process only after the completion of the
investment project. Moreover, the project value is deter-
mined only after the start of the production process. Ac-
cordingly, for real options, the formation of exercise price
needs an investment and construction process, and the
realization of project value also needs a production process,
which is different from that of financial options. For fi-
nancial options, returns are obtained if they are exercised.
)is is not the case for real options. )e returns on the
investment are determined after the gestation and beginning
of production. )is introduces additional uncertainty into
the analysis. For example, one cannot be certain about future
price stability. To overcome the problem of future price
variability, one may have to use the average of past prices to
substitute the future overall price, which introduces addi-
tional uncertainty into the analysis.

3. Exercise Conditions of Real Options

As discussed above, unlike the financial options, the un-
derlying asset for writing real options involves physical
capital such as natural resources, plants and equipment,
enterprises, or intellectual property rights such as technol-
ogy.)ere are many characteristics of physical assets that are
different from those of financial assets. )e corresponding
relationship between variables that determine the value of
real options and financial options is shown in Table 1.

As is seen in Table 1, the only difference between the real
and financial options is the exercise price or the strike price.
In real options, the exercise price is determined by the initial
outlay, part of which is the sunk cost. However, in the fi-
nancial option, the exercise price is a price that is stipulated
in the option contract and agreed upon by the parties in the
contract.

For real options, to exercise or abandon an option is
determined by the returns due to the sunk cost in the ex-
ercise price. If the return on exercising the option (although
the value may be negative) is greater than the return of
abandoning the option (avoiding additional cost by exer-
cising the contract), it is rational to exercise the option. For
example, in a real options project, suppose the upfront
investment in a project is 1 billion dollars, of which 600
million dollars is the sunk cost. Also, suppose the return of
exercising the option is 800 million dollars, which makes the
loss equal to 200 million dollars (800 million dollars minus 1
billion dollars), if calculated according to the current market
price. If the option is abandoned, a salvage value of 400
million dollars can be obtained, and the loss is 600 million
dollars (400 million dollars minus 1 billion dollars). )e
investors will surely exercise the options. In this example, the
investor by exercising the real option has minimized the loss.
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For real options, the conditions for exercising or aban-
doning the option are not apparent. We use Xres to represent
the salvage value of the exercise price, which is the asset value
realized if the options are sold at the end of the upfront
investment period. Xsunk represents the sunk cost after
upfront investment, which is a part of the exercise price.
Firstly, if the price of asset S is higher than the upfront in-
vestment cost Xe, that is, S − Xe > 0 (option is in-the-money),
then exercising the option is profitable. )e intrinsic value of
the option is the price of asset S (the already realized present
discounted value of cash flow) minus the exercise price Xe

(upfront investment), and the condition for exercising the
option is S>Xe. Secondly, suppose themarket price S is lower
than the exercise price Xe, but the market price S can offset
part of the sunk cost; then Xres < S<Xe holds. In this case,
exercising the options project is unprofitable; that is, the
present discounted value S of cash flow realized by exercising
the options project is less than the upfront investment Xe.
However, abandoning the project implies the loss of the sunk
cost in upfront investment and the investor can only obtain
the salvage value Xres. Accordingly, the return of abandoning
the option is − (Xe − Xres) � − Xsunk. If exercising options, the
intrinsic value of option S − Xe is negative, but
S − Xe > − (Xe − Xres), which indicates that exercising the
option is better than abandoning the option. From the last
inequality, we observe that when Xres < S<Xe exercising the
option will bring losses, even though it can partially offset the
sunk cost in upfront investment. )erefore, it is rational to
exercise the option and the condition for exercising options is
S>Xres. Finally, suppose S<Xres; then the return of aban-
doning the option is − (Xe − Xres). If the intrinsic value (the
net present value) of the option is S − Xe < 0, but
S − Xe < − (Xe − Xres), then abandoning the option is better
than exercising it. When the market price S<Xe and S<Xres,
exercising the option will bring greater losses. It is rational to
abandon the option, and the condition for abandoning the
option is S<Xres.

In short, for real options, the option will be exercised if
the market price S is higher than Xres; otherwise, the option
will be abandoned. When Xres <Xe, the conditions for ex-
ercising or abandoning real options are different from those
of financial options. )e analysis of the exercise conditions
of real options provides an important basis for constructing
the intrinsic value function of real options.

4. Intrinsic Value Function of Real Options

)e derivation of the intrinsic value function of real options
based on sunk costs is an indispensable step in building a real
option pricing model. To derive the intrinsic value function

of real options, we first study the intrinsic value function of
financial options. )e intrinsic value of a financial option is
the value of the option contract itself, which is also the return
that the buyer of the option can gain if the option is exercised
immediately. If f(S) represents intrinsic value (the net
present value) of the option, then the intrinsic value function
of the call option and the put option can be expressed by the
two following equations, respectively:

f(S) �
0, 0≤ S<Xe,

S − Xe, S≥Xe,
, (1)

f(S) �
Xe − S, S<Xe,

0, S≥Xe.
 (2)

)e form of f(S) is a polyline, and the turning point is at
S � Xe, and f(S)≥ 0. Regardless of options expenses, the
value of financial options f(S) is always greater than or
equal to 0. )at is because the options are abandoned in
unfavorable circumstances and exercised in favorable cir-
cumstances and the probability of the occurrence of a fa-
vorable situation is greater than 0, because we assume S is a
stochastic process and follows the geometric Brownian
motion, whose distribution interval is 0 to infinity. For fi-
nancial options, the typical underlying asset is stock, and the
stock price S≥ 0. )e prices of foreign currencies in the
foreign exchangemarket and the interest rates in deposit and
loan markets are nonnegative. In the geometric Brownian
motion model, it is assumed that the underlying asset price S

follows a logarithmic normal distribution, provided that the
market price S is positive (see, e.g., [8]).

For real options, there may be a situation where the
market price S of the underlying asset is negative. )e sit-
uation occurs when the market price of the product is lower
than the average cost of production, which would result in
negative cash flow if the output is produced. Projects that
can only generate negative cash flow should be abandoned
because the production would increase losses. In real in-
vestment, if an option is abandoned, the salvage value can be
obtained because

Xe � Xres + Xsunk. (3)

)ere are two extreme cases. First, Xres � 0, which
implies the upfront investment is all sunk cost, and the
upfront investment does not form valuable fixed assets or
valuable intangible assets. Second, Xres � Xe, which shows
that there is no sunk cost in the upfront investment, and the
salvage value of the upfront investment equals the total
investment. If the investor decides to abandon the project
before the start of the production process, that is,

Table 1: Variables between real and financial options in the B-S model.

Parameters Real options Financial options
S )e current market price of the underlying real assets )e current market price of the underlying financial assets
Xe Exercise price determined by the initial investment cost )e strike price in an option contract
T )e time to expiration of the option )e time to expiration of the option
σ )e volatility of project value )e volatility of the financial asset price
r Risk-free interest rate Risk-free interest rate
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abandoning the option, at this time, the fixed assets formed
in the upfront investment are new, and the salvage value is
Xres. If the investor decides to exercise the option, after the
production process is completed, the fixed assets formed in
the upfront investment have been used for some time and
the salvage value at the time of abandoning the option is less
than Xres.

Considering the sunk cost in upfront investment as well
as the discussion on the exercising conditions of real options,
we know that the condition for abandoning the real option
should be S<Xres. Furthermore, at the time of abandoning
the option, the loss is Xsunk � Xe − Xres, and the corre-
sponding return is − Xsunk � − (Xe − Xres). )e condition for
exercising an option is S≥Xres, which implies the return is
S − Xe. When Xres ≤ S<Xe, the return is negative. When
S≥Xe, the return is positive. Accordingly, the intrinsic value
function of real options is shown as follows:

f(S) �
− Xe − Xres( , S<Xres,

S − Xe, S≥Xres.
 (4)

So long as the upfront investment includes sunk costs,
that is, Xsunk > 0, the inequality Xres <Xe holds. Under such
condition, the intrinsic value function of real options is
different from that of financial call options, because the
intrinsic value function of real options is negative when
S<Xe. When Xres � 0, the intrinsic value function of real
options is

f(S) �
− Xe, S< 0,

S − Xe, S≥ 0.
 (5)

When Xres � Xe, the intrinsic value function of real
options is

f(S) �
0, S<Xe,

S − Xe, S≥Xe.
 (6)

Only when Xres � Xe are the intrinsic value functions of
real option and the financial call options identical and under
that condition Xsunk � 0. But, in real investment, it is rare
that there is no sunk cost in the upfront investment of a
project. )e sunk cost accounts for a large proportion of

upfront investment in most real investment projects. )e
graph of the intrinsic value function of the real options and
the financial call options is shown in Figure 1.

As can be seen from the graph, the intrinsic value of a
financial call option is nonnegative, while the intrinsic value
of a real option is negative at S<Xe. )e turning point of the
real option’s intrinsic value function is at S � Xres. For the
most part, real investment projects, Xres <Xe, the intrinsic
value function of the real option is significantly different
from that of the financial call option. Next, we will derive the
real option pricing model based on the intrinsic value
function of real options obtained above.

5. A Real Option Pricing Model Based on the
Sunk Cost

5.1. Black–Scholes Differential Equation and European Call
Option PricingModel. )e B-S model is the most important
pricing tool for financial options. Take the stock price for
example. Assume the stock price S(t) obeys the geometric
Brownian motion; then,

dS(t)

S(t)
� μdt + σdW(t). (7)

In equation (7), W(t) is the standard Brownian motion,
and μ and σ are positive constant numbers. Under the as-
sumption that the stock price follows the geometric
Brownian motion, according to the no-arbitrage principle
and the Ito theorem in random process theory, Black and
Scholes derive the following famous partial differential
equation that the stock option price V(S, t) satisfies

zV

zt
+ rS

zV

zS
  +

1
2

 σ2S2
z
2
V

zS
2  � rV. (8)

In equation (8), V represents the price of a stock-based
option, t represents the time, r represents the risk-free in-
terest rate, σ represents the volatility of the stock price, and S

represents the asset price.
)e first term on the left side of equation (8) measures

the investor’s long position over time. )e second term on
the left side of the equation shows the variation of the long

0

f (S)

Xe

Xres

−Xsunk

S

(a)

0

f (S)

Xe

S

(b)

Figure 1: Intrinsic value function. (a) Real options; (b) financial call options.
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position with respect to changes in the price of the un-
derlying asset for the option. Finally, the term (z2V/zS2)

measures the rate of change in the variation of the long

position with respect to the variation of the price of the
underlying asset of the option.

Black–Scholes’ integral expression of the solution of the
partial differential equation is

V(S, t) �
exp(− r(T − t))

���
2π

√  
+∞

− ∞
f S exp σ

�����
T − t

√
z +(T − t)

r − σ2

2
   exp

− z
2

2
 dz. (9)

In equation (9), T is the time to expiration of the options.
f(S exp(σ

�����
T − t

√
z + (T − t)(r − σ2/2))) is the intrinsic

value function of the option, which indicates the intrinsic
value when the stock price is equal to
S exp(σ

�����
T − t

√
z + (T − t)(r − σ2/2)).

In equation (1), when S<Xe (out-of-the-money), there is
no loss to abandon the options; when S>Xe (in-the-money),
the return is S − Xe when exercising options. )e integral
result is derived by substituting (1) into (9); then the pricing
model of the European call options for no-dividend paying
stocks V(S, t) is obtained by equation (10), that is, the fa-
mous B-S model:

V(S, t) � S × N − d2(  − Xeexp(− r(T − t))N − d1( . (10)

We have

d1 �
ln Xe/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ ,

d2 �
ln Xe/S(  − r + σ2/2 (T − t) 

σ
�����
T − t

√ .

(11)

In equation (10), N(d) is the probability distribution
function of the standardized normal distribution. Note that
N(− d1) is the probability of the future value of the un-
derlying asset, which is conditioned on ST >Xe, where ST is
the price of the asset at the date of expiration. Moreover,
N(− d2) is the probability that the option is exercised, which
implies the call option is in money or ST <Xe.

Different options have different intrinsic value functions.
Substitute the specific intrinsic value function into the in-
tegral expression (9) for simplification; then the corre-
sponding pricing model can be obtained.

5.2. Derivation of Real Option Pricing Model with the Sunk
Cost in Upfront Investment. For real options which have
sunk costs in upfront investment, the intrinsic value func-
tion of the option is given by (4). By substituting the intrinsic
value function (4) into the integral expression (9) and
simplifying the complex integral, the real option pricing
model can be obtained.)e specific mathematical derivation
process is shown in the Appendix. )e complete pricing
model of real options with sunk costs is as follows:

V(S, t) �
− Xe − Xres( exp(− r(T − t)), S< 0,

S × N − z2(  − Xeexp(− r(T − t)) + Xresexp(− r(T − t))N z1( , S> 0,
 (12)

in which

z1 �
ln Xres/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ ,

z2 �
ln Xres/S(  − r + σ2/2 (T − t) 

σ
�����
T − t

√ .

(13)

When Xres � 0, we call it a complete sunk costs real
option. We can see from the expressions of z1 and z2 in
equation (12) that when Xres⟶ 0+, ln(Xres/S)⟶ − ∞;
then z1⟶ − ∞ and z2⟶ − ∞, and thus
limXres⟶ 0+N(− z2) � 1 and limXres⟶ 0+N(z1) � 0. )en,
equation (12) becomes the following formula:

V(S, t) �
− Xeexp(− r(T − t)), S≤ 0,

S − Xeexp(− r(T − t)), S> 0.
 (14)

At this point, the price of the real option has nothing to
do with volatility σ of the underlying asset price, which is an

unexpected result to some extent. For risk-averse investors,
the greater volatility σ of the future is, the higher risk
compensation the investors will demand, and the real option
value seems to decrease with the increase of σ. However, this
compensation mechanism is not reflected in the above
pricing model, possibly because the effect of the asset price
volatility is eliminated by offsetting the positive and negative
option returns on two sides of the exercise price. When
S<Xeexp(− r(T − t)), the option value is less than 0. When
S � Xeexp(− r(T − t)), the option value is equal to 0, which
is comparable to the situation where net present value is 0.
When S>Xeexp(− r(T − t)), the real option value can be of
positive values. In equation (12), if we want the option values
to be nonnegative, then S should satisfy the following
inequality:

S≥
Xe − XresN z1( ( 

N − z2( 
 exp(− r(T − t)). (15)
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When Xres � Xe, we call it the real option without sunk
costs. From equation (12), we can get the corresponding
option pricing model:

V(S, t) � S × N − z2(  − Xeexp(− r(T − t))

+ Xeexp(− r(T − t))N z1( .
(16)

According to the relation N(− z1) + N(z1) � 1,

V(S, t) � S × N − z2(  − Xeexp(− r(T − t))N − z1( . (17)

We have

z1 �
ln Xe/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ ,

z2 �
ln Xe/S(  − r + σ2/2 (T − t) 

σ
�����
T − t

√ .

(18)

When Xres � Xe, the real option pricing model (17) was
identical to the B-S model (10) of the European call option.
)is shows that using the B-S model of the financial option
to evaluate the real option gives the correct result only when
Xres � Xe.

When S> 0, considering Xe � Xres + Xsunk, the pricing
model of the real option with sunk costs can be written as the
following form:

V(S, t) � S × N − z2(  − Xresexp(− r(T − t))N − z1(  − Xsunkexp(− r(T − t)). (19)

)e first two items of the formula correspond to the B-S
model when the strike price is Xres, and the last item is the
loss caused by sunk costs in the upfront investment.

6. Characteristics of the Real Option Pricing
Model Based on the Sunk Cost

6.1. Real Option Value with the Sunk Cost Is an Incremental
Function of the Upfront Investment Salvage Value.
According to expression (9) of the B-Smodel, we can see that
if the two intrinsic value functions f1(S) and f2(S) satisfy

f1(S)≤f2(S) and there is at least one point S∗ satisfying
f1(S∗)<f2(S∗), then the real option price determined by
f1(S) must be less than the real option price determined by
f2(S). Let us study the change characteristics of the real
option value with sunk costs as the salvage value Xres
changes. Assuming that the other conditions remain un-
changed, the parameters Xe, σ2, S, r, T of the two real
options are all the same, but Xres is different. Supposing that
X1

res <X2
res ≤Xe, the corresponding intrinsic value function

is as follows:

f1(S) �
− Xe − X

1
res , S<X

1
res,

S − Xe, S≥X
1
res,

f2(S) �
− Xe − X

2
res , S<X

2
res,

S − Xe, S≥X
2
res.

⎧⎪⎨

⎪⎩

⎧⎪⎨

⎪⎩
(20)

Divide the interval [0, Xe] into three segments:
[0, X1

res], [X1
res, X2

res], and [X2
res, Xe]. In [X2

res, Xe],
f1(S) � f2(S). In [0, X1

res], f1(S) � − (Xe − X1
res),

f2(S) � − (Xe − X2
res), since X1

res <X2
res, so

X1
res − Xe <X2

res − Xe; that is, f1(S)<f2(S). In [X1
res, X2

res],

f1(S) � S − Xe, f2(S) � − (Xe − X2
res), since S<X2

res, so
S − Xe <X2

res − Xe; thus f1(S)<f2(S). )us, the option
value corresponding to f1(S) is less than the option value
corresponding to f2(S). )e real option pricing model with
sunk costs can be written in a form including parameter Xres.

V S, t, Xres(  �
− Xe − Xres( exp(− r(T − t)), S< 0,

S × N − z2(  − Xeexp(− r(T − t)) + Xresexp(− r(T − t))N z1( , S> 0.
 (21)
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)e result proved above can be expressed as

zV S, t, Xres( 

zXres
> 0. (22)

)e real option value with the sunk cost is the increasing
function of the upfront investment salvage value Xres.

6.2. Real Option Value with Salvage Value Could Be More
Accurately Estimated. As we can see from the intrinsic value
function (1) of a European call option and the intrinsic value
function (4) of a real option with salvage value, if Xres <Xe,
when S≥Xe, the two intrinsic value functions are the same.
When S<Xe, the value of the intrinsic value function of the
financial options is 0, and the value of the intrinsic value
function of real options with salvage value is negative, so the
real option value calculated by the B-S model for the European
financial call option must be overvalued. Notably, in the fields
of mineral resources development, project investment, and
high-tech research and development, the sunk cost accounts
for a large proportion of upfront investment in most cases. For
real options, when Xres has a small value and S is far less than
Xe, the intrinsic value of real options could be negative. In this
case, it is wrong to directly apply the B-S model.

Table 2 shows some results calculated by using financial
option pricing model (10) and real option pricing model
(12). We set the salvage value in upfront investment at
different levels. )e calculation results show the difference
between the value of the real option and financial option at
different price intervals. If the salvage value in upfront in-
vestment is very small and the current asset price is also
small, then the option value is a negative number with large
absolute value. When the current asset price is far more than
the exercise price, the option values calculated by the two
option pricing models are very close.

For the production and operation of a project, investors
are most concerned about the return and often require a
project to have the maximum positive option value. For the
new technology research and development of real options,

not only are investors concerned about the future return, but
also they do not want to be surpassed by competitors. )e
value of such options is generally negative, and it is the cost
that investors incur for acquiring new technology. In this
case, investors need to assess whether it is worthwhile to pay
the cost, which is equivalent to the option value for the new
technology.

7. Conclusion and Discussion

)is paper discusses the essential differences between real
options and financial options, including the sunk cost fea-
ture in the real option’s exercise price. Based on the sunk cost
feature in the real option’s exercise price, the conditions of
exercising or abandoning real options are given. On this
basis, the sunk cost characteristic is introduced into the
intrinsic value function of real options, and a new real option
pricing model is developed with the help of the integral
formulation of the solution of the Black–Scholes differential
equation. Finally, the pricing model is analyzed, and some
characteristics of the model are identified.

We find that the exercise price of the real option,
contrary to the strike price of the financial options, which is
agreed upon at the time of writing the contract, is set not at
the time of the investor’s upfront capital outlays but after the
start of production. )is implies that the return is deter-
mined only after production begins. Both the gestation of
investment to the production stage and the actual pro-
duction are time-dependent and are stochastic processes.
We consider time as the essence in the real options in the
sense of the time it takes for the initial investment to be fully
completed and the time it takes for production to begin so
that the real investment project’s value could be determined.
Furthermore, this paper indicates that the intrinsic value of
the real option is negative when the market price of the
option is lower than the exercise price. Only when the
market price of the option is higher than the exercise price
could its intrinsic value function show the same form as that
of the financial option. Unlike financial options, the real
option will be exercised when the market price of the real

Table 2: Results calculated by using financial options pricing model (10) and real option pricing model (12).

)e current price of asset S Financial call option Real options
10 0.36 − 18.88 − 37.86 − 55.97 − 67.88
20 2.16 − 16.35 − 34.07 − 49.78 − 57.88
30 5.38 − 12.16 − 28.45 − 41.98 − 47.88
40 9.75 − 6.77 − 21.68 − 33.38 − 37.88
50 15.01 − 0.50 − 14.14 − 24.34 − 27.88
60 20.99 6.43 − 6.08 − 15.03 − 17.88
70 27.53 13.86 2.38 − 5.54 − 7.88
80 34.53 21.68 11.11 4.07 2.12
90 41.90 29.83 20.07 13.77 12.12
100 49.60 38.22 29.19 23.52 22.12
200 136.26 129.60 124.93 122.54 122.12
300 230.64 226.33 223.55 222.30 222.12
400 327.74 324.76 322.95 322.21 322.12
500 426.05 423.89 422.65 422.17 422.12
Note: Xe � 108, T � 5, σ � 0.5, and r � 0.05. Columns 3, 4, 5, and 6 correspond to Xres values of 0.75 ∗ 10

8, 0.5 ∗ 108, 0.25 ∗ 108, and 0, respectively. )e
magnitude of the data in the table is 106.
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option is greater than the upfront investment salvage value,
while the option will be abandoned when the market price of
the real option is less than the upfront investment salvage
value.

)e general form of the real options corresponds to the
financial call option, while the financial put option corre-
sponds to the special forms of real options such as the
contract real options. )is paper only discusses the general
form of real option pricing model; the contract real options
and the expansion real option pricing model are the subjects
of our ongoing research and the results will be presented in
the future.

Appendix

For real options which have sunk costs in upfront invest-
ment, the intrinsic value function of the option is

f(u) �
− Xe − Xres( , u<Xres,

u − Xe, u≥Xres.
 (A.1)

)e Black–Scholes’ integral expression of the solution of
the partial differential equation is

V(S, t) �
exp(− r(T − t))

���
2π

√  
+∞

− ∞
f S exp σ

�����
T − t

√
z +(T − t)

r − σ2

2
   exp

− z
2

2
 dz. (A.2)

In the above integral expression, there is

u � S exp σ
�����
T − t

√
z +

r − σ2

2
 (T − t) . (A.3)

Since exp(x)> 0, the signs of u and S are the same. Study
the situation in which S> 0 first. )ere is

S exp σ
�����
T − t

√
z +

r − σ2

2
 (T − t) > 0. (A.4)

Because of S> 0, there cannot be a situation in which
u< 0, and so z ∈ (− ∞, +∞). )e intrinsic value of the
option is represented by a segment function, and the two
intervals are 0< u<Xres and u>Xres. When u<Xres,

S exp σ
�����
T − t

√
z +

r − σ2

2
 (T − t) <Xres. (A.5)

Take the logarithm on both sides and get

z<
ln Xres/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ . (A.6)

When u>Xres,

S exp σ
�����
T − t

√
z + r − σ2/2 (T − t) >Xres. (A.7)

Take the logarithm on both sides and get

z>
ln Xres/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ . (A.8)

Mark as

z1 �
ln Xres/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ . (A.9)

By substitution into (A.2), the intrinsic value integral
expression of the real option with sunk costs can be obtained
as follows:

V(S, t) �
exp(− r(T − t))

���
2π

√  
z1

− ∞
− Xe − Xres( exp

− z
2

2
 dz + 

− ∞

z1

S exp σ
�����
T − t

√
z +

r − σ2

2
 (T − t)  − Xe exp

− z
2

2
 dz .

(A.10)

Mark as

V1 �
exp(− r(T − t))

���
2π

√  
− ∞

z1

S exp σ
�����
T − t

√
z +

r − σ2

2
 (T − t)  − Xe exp

− z
2

2
 dz.

V2 �
exp(− r(T − t))

���
2π

√  
z1

− ∞
− Xe − Xres( exp

− z
2

2
 dz.

(A.11)
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)en

V1 �
exp(− r(T − t))

���
2π

√  
− ∞

z1

S exp
− 1
2

 z
2

+ σ
�����
T − t

√
z +

r − σ2

2
 (T − t)  − Xeexp

− z
2

2
  dz. (A.12)

For the expression in the integrand function in V1,

− 1
2

 z
2

+ σ
�����
T − t

√
z +

r − σ2

2
 (T − t). (A.13)

We did the following rearrangements:

− 1
2

 z
2

+ σ
�����
T − t

√
z +

r − σ2

2
 (T − t)

�
− 1
2

 z
2

+ σ
�����
T − t

√
z + r(T − t) −

σ2

2
 (T − t)

�
− 1
2

  z
2

− 2σ
�����
T − t

√
z + σ2(T − t)  + r(T − t)

�
− 1
2

 (z − σ
�����
T − t

√
)
2

+ r(T − t).

(A.14)

Solve the first part:

V1 �
exp(− r(T − t))

���
2π

√  
− ∞

z1

S exp
− 1
2

 z
2

+ σ
�����
T − t

√
z +

r − σ2

2
 (T − t)  − Xeexp

− z
2

2
  dz. (A.15)

Rearrange the above integrations:

V1 �
exp(− r(T − t))

���
2π

√  
+∞

z1

S exp
− 1
2

 z
2

+ σ
�����
T − t

√
z +

r − σ2

2
 (T − t)  − Xeexp

− z
2

2
  dz

�
exp(− r(T − t))

���
2π

√ S exp(− r(T − t)) 
+∞

z1

exp
− 1
2

 (z − σ
�����
T − t

√
)
2dz − Xe 

+∞

z1

exp
− z

2

2
 dz.

(A.16)

Using variable substitution, make
y � z − σ

�����
T − t

√
, z2 � z1 − σ

�����
T − t

√
, dy � dz; then the first

item of the above integral is

1
���
2π

√  
+∞

z2

S exp
− y

2

2
 dy � S × 1 − N z2( (  � S × N − z2( . (A.17)
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)e second item of the above integral is

exp(− r(T − t))
���
2π

√  
+∞

z1

− Xeexp
− z

2

2
 dz

� − Xeexp(− r(T − t)) 1 − N z1( (  � − Xeexp(− r(T − t))N − z1( .

(A.18)

Combine the results of the above two parts:

V1 � S × N − z2(  − Xeexp(− r(T − t))N − z1( . (A.19)

Solve the second part:

V2 �
exp(− r(T − t))

���
2π

√  
z1

− ∞
Xres − Xe( exp

− z
2

2
 dz

� exp(− r(T − t)) Xres − Xe( 
1
���
2π

√  
z1

− ∞
exp

− z
2

2
 dz

� exp(− r(T − t)) Xres − Xe( N z1( .

(A.20)

Combine V1 and V2, and we can get

V(S, t) � V1 + V2

� S × N − z2(  − Xeexp(− r(T − t))N − z1(  − exp(− r(T − t)) Xe − Xres( N z1( .
(A.21)

Note that N(− z1) + N(z1) � 1. Substitute 1 − N(z1) for
N(− z1) in the upper equation. After rearrangements, the

real option pricing model with the sunk cost is obtained
when S> 0.

V � S × N − z2(  − Xeexp(− r(T − t)) + Xresexp(− r(T − t))N z1( . (A.22)

We have

z1 �
ln Xres/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ ,

z2 �
ln Xres/S(  − r + σ2/2 (T − t) 

σ
�����
T − t

√ .

(A.23)

Study the situation in which S< 0. According to equation
(A.1), the intrinsic value function takes a constant value
− (Xe − Xres), and then

u � S exp σ
�����
T − t

√
z +

r − σ2

2
 (T − t) < 0. (A.24)

)e integration range of z is (− ∞, +∞); and substitute it
into the integration formula (A.2); then

V(S, t) �
exp(− r(T − t))

���
2π

√  
+∞

− ∞
Xres − Xe( exp

− z
2

2
 dz

� exp(− r(T − t)) Xres − Xe( 
1
���
2π

√  
+∞

− ∞
exp

− z
2

2
 dz

� − Xe − Xres( exp(− r(T − t)).

(A.25)

A complete pricing model of real options with sunk costs
is obtained:
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V(S, t) �
− Xe − Xres( exp(− r(T − t)), S< 0,

S × N − z2(  − Xe exp(− r(T − t)) + Xres exp(− r(T − t))N z1( , S> 0,
 (A.26)

in which

z1 �
ln Xres/S(  − r − σ2/2 (T − t) 

σ
�����
T − t

√ ,

z2 �
ln Xres/S(  − r + σ2/2 (T − t) 

σ
�����
T − t

√ .

(A.27)
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