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Abstract. 
The control of financial risk has always been one of the important topics in financial research. Based on the theory of finance, this paper proposes a kind of financial risk dynamic system. By analyzing some properties of the dynamic system, the system shows obvious coexisting chaotic oscillations. In order to control the financial risk dynamic system effectively, this paper proposes a finite-time impulse controller to control the financial risk dynamic system. Simulation results show that the finite-time impulse controller has faster convergence speed than the impulse controller.

1. Introduction
Since Lorenz discovered the strange attractor for the first time, various chaotic systems have been discovered one after another. Although there are a large number of chaotic systems, the development of chaotic dynamic models is relatively slow in the economic field [1]. Akhmet et al. investigated the generation of chaos in economic models through exogenous shocks [2]. Liu discussed the two-stage multiplier acceleration econometric model of the capitalist market and the investment model depicting the growth of socialist planned economy. Liu described the instability of the market economy, the cyclical change, and even chaos of the central planned socialist economy [3]. Peters, an American scholar, puts forward the fractal market hypothesis, which makes up for the serious deficiency of the efficient market hypothesis. In particular, it focused on the analysis of the impact of market liquidity and investment duration on investors' behavior, which directly established a model for the changes of investment behavior and price [4]. Liu and Wan discussed the bifurcation and control of the real-estate dynamic model based on the famous logistic wormhole model [5]. Du et al. took the two-dimensional dynamic production game model as an example, taking the form of one participant taking control and two participants participating in control at the same time, and successfully realized the control of chaos in the model [6]. Yu and Yu studied stability of Bayesian Nash equilibrium of the dynamic Cournot duopoly model [7]. Ma and Wang analyzed the bifurcation behavior of a new financial chaotic system [8]. Ding et al. discussed the bifurcation behavior of a class of nonlinear financial delay systems [9]. Ma and Bangura discussed the dynamic behavior of the economic system under the condition of parameter change [10]. We can see that most of the researchers discussed the evolution behavior of the discrete economic and financial chaotic dynamic model. In the economic and financial system, the continuous economic and financial dynamic model may better simulate the real economic and financial world in some extent because of the continuity of economic activities.
At present, many scholars had made extraordinary explorations on the control of economic and financial chaotic systems. For example, Du et al. discussed control of economic dynamical systems by adding upper bound or lower bound to state variables, which is different from the chaos stabilization in engineering or physics systems [11]. Wen and Yang analyzed the stability of equilibrium solution of the fractional-order chaotic financial system and explored the complexity evolution law of the financial system [12]. Bella and Mattana proposed a suitable policy algorithm to eliminate or control the chaotic dynamics [13]. Sun et al. applied impulse control to the economic chaotic system, paying more attention to the feasibility of the control method. They achieved good results by saving money and improving efficiency through these methods [14].
Generally speaking, the simulation of economic phenomena based on dynamic principles and the effective control of nonlinear financial complex systems is always attracting in real world. In recent years, a variety of methods has been proposed to realize the effective control of nonlinear complex systems. For example, in [15–20], the authors proposed the impulse control method, which greatly saves the control cost. In [21–25], the authors proposed the finite-time control method, which saves the control time. Therefore, the finite-time impulse control method not only saves the control cost but also reduces the control cost. At the same time, it also saves control time, which will be an effective control method for the economic system [16, 26, 27]. Although some effort has been made in this field, the research on the evolution behavior of financial complex dynamic system based on finite-time impulse control has not received enough attention in recent years.
2. Chaotic Financial Model and its Basic Analysis
In [28], the author puts forward a three-stage cycle structure financial system risk model:where x represents the total risk value of the system under the external or internal impact of the first stage, y represents the total risk value of the system under the infection effect of the second stage, z represents the value of the system risk control in the third stage, a represents the degree of risk, b represents the degree of control, and c represents the control strength. When , system (1) shows chaotic phenomenon.
Since external or internal shocks directly affect the intensity of contagion effect, the financial system risk model (1) can be modified as follows:when a = 4, b = 1, c = 1, and d = 1, the system is in a chaotic state. The corresponding pair of attractors is shown in Figure 1. It can be seen that when the initial values of the system are different, the chaotic attractors have rotational symmetry, which can be proved by the transformation invariance of the system equation. When , the system equation remains unchanged.
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(b)
Figure 1: Projections of chaotic attractors from system (1) with a = 4, b = 1, c = 1, and d = 1: (a) plane x − y; (b) plane y − z. IC represents the initial condition.


Figure 2 shows that the financial system risk model has initial value sensitivity when a = 4, b = 1, c = 1, and d = 1. It can be seen from Figure 2 that the slight change of initial value has a great impact on the solution of the system.


	
		
	
	
		
		
	
	
		
	
	
		
		
		
	
	
		
		
		
		
	
	
		
	
	
		
		
	
	
		
		
		
	
	
		
		
		
		
		
		
		
		
		
	
	
		
			
				
				
				
				
				
				
				
				
				
				
			
			
				
				
				
				
				
				
				
				
				
				
				
				
				
				
				
			
			
				
			
		
	

(a)


	
		
	
	
		
		
	
	
		
	
	
		
		
		
	
	
		
		
		
		
	
	
		
	
	
		
		
	
	
		
		
		
	
	
		
		
		
		
		
		
		
		
		
	
	
		
			
				
				
				
				
				
				
				
				
				
				
				
			
			
				
				
				
				
				
				
				
				
				
				
				
				
				
				
				
				
			
			
				
			
				
		
	

(b)
Figure 2: Initial value sensitivity of system (2) with a = 4, b = 1, c = 1, and d = 1: (a) x(t) in positive attractor and (b) x(t) in negative attractor.


3. Bifurcation Analysis
Due to the rotational symmetry of the system and the existence of a pair of coexisting chaotic attractors under the above parameters, the system presents coexistence bifurcation behavior when the system parameters evolve in a certain interval. As shown in Figure 3, when b = 1, c = 1, and d = 1, a changes in the interval [1.57, 9.57]. The system has two bifurcation paths. At the same time, the Lyapunov exponent of the system has the same evolution law. The left plot shows a pair of symmetrical bifurcations under two sets of initial conditions, while the right one shows that coexisting bifurcations obey unified Lyapunov exponents.
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Figure 3: Dynamical behavior of system (1) with b = 1, c = 1, and d = 1, and a varies in [1.57, 9.57]: (a) bifurcation diagram (z = 0), (x0, y0, z0) = (1, 1, 1) is red, and (x0, y0, z0) = (−1, −1, 1) is green; (b) Lyapunov exponents (LEs).


When a = 4, c = 1, and d = 1, b changes in the interval [0.1, 2.1], and the system has two similar bifurcation paths, as shown in Figure 4.
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Figure 4: Dynamical behavior of system (1) with a = 4, c = 1, and d = 1, and b varies in [0.1, 2.1]: (a) bifurcation diagram (z = 0), (x0, y0, z0) = (1, 1, 1) is red, and (x0, y0, z0) = (−1, −1, 1) is green; (b) Lyapunov exponents.


When a = 4, b = 1, and d = 1, c changes in the interval [0.75, 3], and the system has two similar bifurcation paths, as shown in Figure 5.
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(b)
Figure 5: Dynamical behavior of system (1) with a = 4, b = 1, and d = 1, and c varies in [0.75, 3]: (a) bifurcation diagram (z = 0), (x0, y0, z0) = (1, 1, 1) is red, and (x0, y0, z0) = (−1, −1, 1) is green; (b) Lyapunov exponents.


It is interesting that the parameter d of system (1) can vary in a large range of positive and negative ranges when the system presents different chaotic motions. Figure 6 shows the bifurcation diagram and Lipschitz exponent spectrum of the system when d changes in the interval [−25, 25].
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(b)
Figure 6: Dynamical behavior of system (1) with a = 4, b = 1, and c = 1, (x0, y0, z0) = (1, 1, 1), and d varies in [−25, 25]: (a) bifurcation diagram (x = 0); (b) Lyapunov exponents.


Typically, when d = 0, −1, −10, −12, −18, 20, the solution of the system is shown in Figure 7.
  
Figure 7: Typical attractors of system (1) with a = 4, b = 1, and c = 1: (a) d = 0, (b) d = −1, (c) d = −10, (d) d = −12, (e) d = −18, and (f) d = 20.


In system (1), the x feedback term of the second dimension can be negative. When b = 1, c = 1, and d = −1, the bifurcation diagram and Lipschitz exponent spectrum of the system are shown in Figure 8. It can be seen that the system also presents a pair of coexisting bifurcations.
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Figure 8: Dynamical behavior of system (1) with b = 1, c = 1, and d = −1, and a varies in [1.57, 9.57]: (a) bifurcation diagram (z = 0), (x0, y0, z0) = (1, 1, 1) is red, and (x0, y0, z0) = (−1, −1, 1) is green; (b) Lyapunov exponents.


The above analysis shows that system (2) has the property of coexisting chaos, which brings great risk in real financial world. Therefore, in the following section, an effective method is explored to control the stability of system (2). Among many schematics, we select finite-time impulsive control, which is one of the effective methods to save control cost [13].
4. Finite-Time Impulsive Control of Chaotic Financial System
Lemma 1 (see [26]). For , , there are
Lemma 2 (see [29]). Suppose a continuous positive definite function satisfies the following differential inequalities:Then, for any given ,  satisfies the following inequality:and  with  is given by
Remark 1. For an impulsive system, if it is stable in a finite time, we call it impulsive stable in a finite time.
We consider coupled impulsive control of the chaotic financial system as follows:where  and .
The finite-time controller iswhere  and .
So, the error impulsive systems iswhere .
The objective is to find some conditions on the control gains, , and the impulsive distances , , such that the impulsive system (9) is asymptotical stable.
Theorem 1. If there exists two constants , , and , then the error impulsive system (9) can realize finite-time stable under impulsive condition .
Proof. LetThe time derivative along trajectory (9) iswhere .
So,For , ; then,So,In the same way, for , we haveIn general, for any , one finds thatSo, , , and we haveAswe havesoFor , from [30], it implies that the origin in system (9) is impulsive stable.
On the contrary,From Lemma 1,soFrom Lemma 2, system (9) is finite-time stable.
To sum up, system (9) can realize finite-time stable under impulsive condition.
Remark 2. In [15, 16, 18], the authors put forward the principle of impulsive control in nonlinear systems, and their conclusions provide the basic theoretical foundation for this paper. However, the exact finite-time impulsive controller of financial systems needs to be designed.
In the following simulation, we set a = 4, b = 1, c = 1, d = 1, , , , and ; then, . Let , from ; then,  and we let . The initial conditions of the master and slave systems are (1, 2, 3) and (3, 2, 1). In Figure 9, three state errors versus time are shown and the state errors tend to zero asymptotically as time evolves under finite-time impulsive controller. Let ; Figure 10 shows the finite-time impulsive controller has faster convergence speed than impulsive controller.
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(c)
Figure 9: Finite-time impulsive synchronization errors.




	
	
		
	
	
		
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
	
	
	
	
	
	
		
	
		
	
		
	
	
	
	
	
		
	
		
	
		
	
		
	
		
	
		
	
	
	
	
		
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
	
	
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
	
	
	
		
			
			
			
		
		
			
		
		
			
			
			
		
		
			
		
		
			
			
			
		
		
			
		
		
			
		
		
			
			
			
			
		
	
	
		
	
	
		
		
		
	
	
		
	
	
		
		
		
	
	
		
	
	
		
		
		
	
	
		
	
	
		
		
		
		
	

Figure 10: Comparison between finite-time impulsive controller and impulsive controller.


5. Conclusion and Discussion
The paper has presented a new chaotic financial system and discussed some basic dynamic behavior of the new system. Although many approaches have been reported for chaos control, many of them are associated with amplitude control [31, 32] and offset boosting [33–35] without removing the inherent chaos. In this work, based on finite-time control theory, the finite-time impulsive synchronization criterion of the new chaotic financial system has been studied and proposed. The results of numerical simulation prove that they are feasible for the new financial system, and finite-time impulse control of the economic system provides a helpful reference scheme for real economic world. As the coexisting chaos-embedded bifurcations of economic system brings great risk to the economy, if the bifurcation behavior of economic system can be controlled by the finite-time impulse method, the instability of the system will be reduced, which will be our next research topic.
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