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Recently, megastable systems have grabbed many researchers’ interests in the area of nonlinear dynamics and chaotic systems. In
this paper, the oscillatory terms’ coefficients of the simplest megastable oscillator are forced to blink in time.+e forced system can
generate an infinitive number of hidden attractors without changing parameters. +e behavior of these hidden attractors can be
chaotic, tori, and limit cycle. +e attractors’ topology of the system seems unique and looks like picture frames. Besides, the
existence of different coexisting attractors with different kinds of behaviors reflects the system’s high sensitivity. Using the sample
entropy algorithm, the system’s complexity for different initial values is assessed. In addition, the circuit of the introduced forced
system is designed, and the possibility of implicating the system with analog elements is investigated.

1. Introduction

Simple and elegant oscillators are interesting for researchers
in the fields of nonlinear dynamics [1]. Faghani et al. have
introduced many of these simple oscillators, generating
chaotic time series [2]. An equilibrium point in the basin of
attraction is considered an important feature for chaotic
attractors [3]. +erefore, attractors can be classified into two
main groups based on this feature: self-excited attractors and
hidden attractors [4]. For self-excited attractors, at least one
fixed point can be found in their basin of attraction [5]. On
the other hand, no-equilibrium exists in the basin of at-
traction of a hidden attractor [6]. Different kinds of oscil-
lators with hidden attractors have been introduced yet.
Instances for oscillators with hidden attractors can be
chaotic dynamics which have one stable equilibrium [7], a

line of equilibriums [8], or a surface of equilibriums [9] in
their basin. Hidden attractors’ existence in real-world sys-
tems also has been demonstrated [10]. Besides the classifi-
cation among attractors based on their equilibrium(s), an
important category of chaotic systems is the forced dynamics
(time-variant systems) [11]. As one of the oldest examples,
Van der Pol forced oscillator can be mentioned [12]. Forcing
nonlinear systems is a method to generate strange attractors
when the original versions of nonlinear systems are unable
to generate chaotic behaviors [11].

Besides properties such as the existence and topology of
fixed points and dynamics’ time variability, some other
features have grabbed researchers’ attention. Oscillators with
time delays in their equations [13], fractional equations [14],
fuzzy differential equations [15], those with hyperchaos [16],
and others with synchronization among a group of them [17]
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can be examples of chaotic systems with specific features.
Multistability is another of these features [18]. A system can
be named multistable when it has more than one attractor
without any change in its parameters [19]. In these systems,
initial conditions determine trajectories which finally are
attracted to which one of the attractors [20]. Multistability is
sometimes considered a nonproper phenomenon that may
make unexpected situations when it can also be used as a
control strategy to switch among different attractors [21].
Multistable systems with uncountable infinitive attractors
are called extreme multistable [22] when the ones with
countable infinitive attractors are referred megastable [23].
+e attractors of multistable systems can have chaotic or
hyperchaotic behaviors [24], as well as some other features
such as having a number of scrolls [25]. Multistable systems
can have some applications such as secure communication
[26]. Multistability is also investigated in natural phenomena
such as the brain [27].

Besides the mentioned features, topology and the shape
of strange attractors are considered as other important
features that an oscillator may have [28]. Some chaotic
dynamics with different types of symmetries have been
introduced [29]. Among features related to the topology of
attractors, ones which have multiscrolls are interesting for
researchers [30]. Assessing the stability of multiscrolls
attractors [31] and finding methods to preserve multiscrolls
[32] are topics that grab much attention. Besides, some
methods have been introduced to use multiscroll attractors
such as switches in systems [33]. In addition, chaotic systems
with some modifications sometimes have been used to
generate Brownian motions [34]. +ese Brownian motions
are also generated with fractional systems [35]. Besides all of
these features, if an oscillator has simple algebraic equations,
it can be its advantage [36].

Complexity is another feature that has been investigated
among chaotic systems [37]. Richman et al. [38] have de-
rived sample entropy (SamEn) from approximate entropy
that is used for assessing the complexity of chaotic systems
[39]. With this method, the complexity of the time series
generated by the introduced system is investigated in this
work.

+e feasibility of chaotic dynamics has been a matter of
interest since Lorenz discovered the first chaotic system [40].
To assess chaotic oscillators’ feasibility, they have been
simulated (with software such as Pspice [41]) and imple-
mented (with analog circuits [42]). For instance, some
fractional chaotic systems have been implicated with analog
circuits [43] and/or digital circuits (such as field-pro-
grammable gate array (FPGA) [44]), and their feasibility has
been shown [45]. +e possibility of the implication of a
chaotic system that has a multiscroll attractor has been
demonstrated [46]. Besides, multistable systems are also
implicated with both digital and analog circuits. For in-
stance, the FPGA realization of a jerk multistable system has
been investigated [47]. In another work, multistable systems
with circles [48] or other strange curves of equilibrium

points [49] have been realized using FPGA. Assessing the
realization of the synchronization among chaotic systems is
another matter of interest for researchers [50]. Such circuits
can have different applications. Predicting the time series of
chaotic systems [51], image encryption [52], secure com-
munication [53], and random number generation [54] is an
example of their application. In this paper, the introduced
forced system’s analog circuit is designed and simulated with
Pspice to show its feasibility.

In this paper, the equations of a chaotic system are
presented which are megastable. In this system, oscillator
terms are forced to blink during the time. +e dynamical
system is introduced in Section 2. +is system, which is
inspired by the simplest megastable equations, has un-
countable attractors. Coexisting limit cycles, torus, and
chaotic attractors are investigated in this model in Section 2.
In Section 3, the complexity of the system is assessed. Finally,
the results are concluded in Section 5.

2. The Proposed System

+e proposed model is inspired by the simplest megastable
model, which was introduced by Jafari et al. [55]:

_x � − y, _y � 0.1x + sin(y). (1)

When (− y) and (0.1x) on the right side of equations have
the responsibility of making oscillations. Some examples of
transient trajectories and attractors of equation (1) are
plotted in Figure 1.+e system’s only equilibrium point is (0,
0) in the center of the smallest limit cycle. Consequently,
because other attractors have no equilibrium in their basin,
they can be considered hidden attractors.

+ese equations are used as a platform to introduce the
new method of forcing, which is referred to as forcing os-
cillation terms to blink. To make the oscillation terms blink,
their coefficients should change during time. For this aim,
time-varying functions are multiplied by the coefficient of
the oscillatory terms. +ese time-variant functions should
oscillate between zero (to turn off oscillatory terms for
moments) and a positive threshold. In other words, these
time-variant oscillatory functions should not have negative
values. Note that if the coefficient of oscillation terms os-
cillates between a positive and a negative value, the tra-
jectory’s rotation direction changes repetitively. +ese
repetitive changes in the direction of the oscillator can
disturb its stability. +erefore, inspired from equation (1),
the oscillator is designed based on the following equations:

_x � − cos2(wt)y, _y � 0.1 sin2(wt)x + A sin(y). (2)

When cos2(wt) and sin2(wt) are coefficients of the
linear oscillatory terms, the power two for sin and cos
functions cause the coefficients to not have negative values.
Consequently, this coefficients’ oscillation between 0 and 1
caused the blinking of the equations’ oscillatory terms. +is
system’s fixed point is only (0, 0). +e system’s Jacobean is
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J �
0 − cos2(wt)

0.1 sin2(wt) A cos(y)
⎡⎣ ⎤⎦⟶

(x,y)�(0,0) 0 − cos2(wt)

0.1 sin2(wt) A
⎡⎣ ⎤⎦. (3)

+erefore, the eigenvalues are

|λI − J| � 0⟶
λ + cos2(wt)

− 0.1 sin2(wt) λ − A

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦⟶
(x,y)�(0,0)

λ2 − Aλ + 0.1cos2(wt)sin2(wt) � 0,

λ �
A ±

���������������������

1 − 0.4 cos2(wt)sin2(wt)



2
.

(4)

In this paper, always A> 1 is considered. Paying at-
tention that 0< cos2(wt)sin2(wt)< 1, the eigenvalues of the
equilibrium are always positive.+erefore, the forced system
always has an unstable equilibrium.

3. Bifurcations and Lyapunov
Exponents’ Diagrams

+is work aims mainly to find possible chaotic behaviors in
the proposed blinking system. Different compositions of A

and w as the two bifurcation parameters may lead the system
to chaotic behaviors. +e ranges of these parameters are
considered so that the system does not have unbounded
solutions. Besides, ranges for the parameters have been
presented in a way that system has different dynamical
behaviors such as chaos, torus, and limit cycle. +erefore,
firstly, w � 0.8 is set, and the system’s bifurcation is plotted
for a range of A. Next, in the same way, A � 1 is set, and a
range for w is investigated. Finally, by fixing A � 1 and w �

0.8 and using the initial value (x0, 0) as the bifurcation
parameter, different coexisting attractors behaviors are
investigated.

+e Lyapunov exponents (LEs) and bifurcation dia-
grams are used as two powerful tools for investigating the

system’s behaviors for different parameters and initial
conditions in this section. For all LEs diagrams, the
smallest, which have the largest absolute value, is removed
in the related pictures. It is done for better visualization of
the other two.

Now, paying attention to Figure 2, the LE diagram shows
chaotic behaviors for large ranges of A values (one positive,
one zero, and one negative (does not drown) [56]). Inter-
estingly, by increasing the values of A, ranges that the system
has a chaotic behavior become thinner; however, the values
of the largest LEs increase.

Figure 2 shows LEs and bifurcation diagrams for a range
of w. +e LEs diagram in Figure 2 demonstrates chaotic
solutions for different large ranges of w values. Increasing
the values of w, the length of ranges that the system has a
chaotic behavior increases (Figure 3).

LEs and bifurcation diagrams (Figure 4) are plotted as a
function of the initial condition (x0, 0). It can be seen that, for
inner cycles, chaos can be detected. Besides, for the larger
values of x0, the system can present limit cycles (when one LE
is zero and the two other is negative [56]) and torus (when the
two largest LEs are zero and the other is negative [56]).

+e system’s detractors for different sets of parameters
and different initial conditions are plotted in Figures 5 and 6.
+ese attractors look like “picture frames.”
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Figure 1: Attractor and some transient responses for equation (1). Attractors are plotted with thicker lines when transient responses are
shown with thinner lines.
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4. Complexity-Based Sample
Entropy Algorithm

+e sample entropy (SamEn) is a mathematical algorithm
introduced to estimate the predictability of time series. It is
usually used for evaluating how much information needs to
predict the (t + 1)th output of a trajectory of systems using
its previous (t) outputs. Higher SamEn values indicate a
dynamical system exhibits lower levels of regularity.

In this way, for a given time series x(i){ }, when
(i � 0, 1, . . . , N − 1), SamEn algorithm is given by the fol-
lowing [38].

(1) Reconstruct the time series to be as follows:

Xi � xi, xi+τ , . . . , xi+(m− 1)τ , (5)

where Xi ∈ Rm, m is the embedding dimension, and
τ is the time delay.

(2) Compute the vector pairs for a given tolerance pa-
rameter r by calculating the distance between Xi and
Xj as follows:

d Xi, Xj ≤ r, d Xi, Xj 

� max |x(i + k) − x(j + k)|: 0≤ k≤m − 1 .

(6)

(3) Calculate Cm
i (r), which represents the probability

that any vector Xj has a lower distance (r) than Xi, as
follows:

C
m
i (r) �

Bi

N − (m − 1)τ
, (7)

where Bi is the number of vectors Xj that have a
lower distance (r) than Xi.

(4) Obtain θm(r), which is the average of the natural
logarithm of the function Cm

i (r), as follows:

θm
(r) �


N− (m− 1)τ
i�1 ln C

m
i (r)

[N − (m − 1)τ]
. (8)

(5) Repeat the above steps to obtain θm+1(r), and then,
calculate the SamEn as follows:
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Figure 2: Lyapunov exponents and bifurcation diagrams are related to parameterA for w � 0.8 when the initial conditions are set (0.01, 0).
(a)+e two largest Lyapunov exponents are plotted and zoomed.+erefore, the third, which is negative (and has the largest absolute value),
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Figure 4: Lyapunov exponents and bifurcation diagrams for A � 1 and w � 0.8 when the initial conditions are set (x0, 0). (a) +e two
largest Lyapunov exponents are demonstrated. +erefore, the third, which is the most negative, is not shown. (b) x time-series local
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Figure 5: Trajectories when A andw are 2 and 0.5, respectively. (a)+e set initial values are (0, 2), (0, 8), (0, 30), (0, 80), and (0, 100). (b and
c) are zoomed versions of (a) for a better visualization.
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SamEn(m, r, N) � θm
(r) − θm+1

(r). (9)

Now, we employ the SamEn algorithm for m � 2 and
r � 0.2 × (StandardDeviation) to evaluate the complexity

of the multistability region of the megastable system (3).
Figure 7(a) plots the SamEn values of the system when the
parameter A and the initial value y0 change. As can be
observed in this figure, when A � 1, the system exhibits
higher complexity values. +e complexity values of the
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Figure 6: Trajectories for different sets of parameters and different initial values. (a) A � 2, w � 0.5, and the initial values are set
(0, 2), (0, 30), (0, 45), (0, 80), and (0, 150). (b) A � 1, w � 0.5, and the initial values are set (0, 2), (0, 9), (0, 15), and (0, 27).
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system begin decreasing by increasing the value of A.
Furthermore, Figure 7(b) shows the SamEn values for a
range of w and y0. +is figure demonstrates that the lower
complexity values appear when the initial value (y0) in-
creases. However, Figure 7(a) is also demonstrated this
behavior.

To further visualize the system’s complexity perfor-
mance for a particular set of parameters, Figure 7(c) depicts
its SamEn values when both initial values (y0 and x0)
change. +is figure shows the complexity values of the
system decrease when (y0) increases.

5. Circuit Design

+e analog circuit of the introduced forced system is sim-
ulated in this part. +e circuit is designed using simple

elements such as resistors, capacitors, and Op-Amps (Fig-
ure 8). To generate cos2(wt) and sin2(wt), an AC voltage
source is used. AD633/AD is used to generate the second
power of the AC voltage source. Considering AD633/AD
multiply its outputs to 0.1, the circuit of Op-Amp (U4A1A)
(considering R1� 1k and R2�10k) is used for compensa-
tion. In the same way, Op_Amp (U4A4A) and Op-Amp
(U4A6A) are used to compensate for the 0.1 coefficient of
AD633/AD. Time is rescaled so that T � t/α when α � (R �

10KΩ) × (C � 10nF) � 10000 is assumed. +e equations of
the implicated circuit are written as follows:

cos2(wαT) �
R7
R5

 1 −
R7
R6

R2R4
R1R3

0.1 sin2(wαT)y  ,

dx

d(αT)
� −

1
R10C1

R9
R8

  0.1 cos2(wαT)y ,

dy

d(αT)
�

1
R16C2

R12
R11

0.1 sin2(wαT)x  +
1

R16C2
sin

R15
R14

y .

(10)

When x and y represent the outputs of the Op-Amps
U11A5A and U11A8A, respectively. +e values of the ele-
ments are selected as follows: R1 � 1KΩ, R2 � 1KΩ, R3 �

1KΩ, R4 � 1KΩ, R5 � 1KΩ, R6 � 1KΩ, R7 � 1KΩ,
R8 � 1KΩ, R9 � 1KΩ, R10 � 1KΩ, R11 � 1KΩ, R12 �

1KΩ, R13 � 1KΩ, R14 � 1KΩ, R15 � 1KΩ, R16 � 1KΩ,

C1 � 1nF, and C2 � 1KF. For w � 0.8 the frequency of AC
voltage is considered (w � 0.8) × (α � 10000)/2π ≈ 1273.
+e system phase space simulated by Matlab for w � 0.8 and
A � 1 is shown in Figure 9(a). Considering Figure 2, these
parameters are chosen so that the system has a chaotic
behavior. For the mentioned set of parameters, the circuit

5.0V
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–5.0V
–20V –16V –12V –8V –4V 0V

V (U11A5A:OUT)
4V 8V 12V 16V 20V

V (Y)
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Figure 9: +e phase portrait of the simulated circuit. (a) +e phase space of the system when w � 0.8 and A � 1 (simulated with Matlab
2020). (b) +e result of the simulated circuit (Pspice, version 9.1).
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shown in Figure 8 is implicated in Pspice software (version
9.1). +e result of the simulated circuit is demonstrated in
Figure 9(b).

6. Conclusion

Considering recent interests in introducing new strange
attractors, this paper introduced a new method to force
oscillatory coupling terms of an oscillator. +is method,
which was named blinking forcing, considers oscillatory
coefficients for oscillatory terms.+emethod was implicated
on the simplest megastable system. +e megastable forced
dynamic could generate chaotic, torus, and limit cycle
trajectories in its different attractors without changing its
parameters. Complexity simulation analysis has demon-
strated that these coexisting attractors exhibit different
complexity values as the initial conditions vary. Besides, its
“picture frame” like strange attractors can be considered a
new topology that has not been proposed until yet, according
to the authors’ best knowledge. It is proposed that the in-
troduced blinking method of forcing oscillatory terms is to
be applied and studied on the other oscillators in the next
research studies.
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Castro, “Design of a nonhomogeneous nonlinear synchro-
nizer and its implementation in reconfigurable hardware,”
Mathematical and Computational Applications, vol. 25, no. 3,
p. 51, 2020.

[18] D. A. Prousalis, C. K. Volos, B. Bao, E. Meletlidou,
I. N. Stouboulos, and I. M. Kyprianidis, “Extreme multi-
stability in a hyperjerk memristive system with hidden
attractors,” in Recent Advances in Chaotic Systems and Syn-
chronizationElsevier, Amsterdam, Netherlands, 2019.

[19] D. Prousalis, C. Volos, I. Stouboulos, I. Kyprianidis, and
D. Frantzeskakis, “An extended study of extreme multi-
stability in a memristive circuit,” in Proceedings of the 2017
Panhellenic Conference on Electronics and Telecommunica-
tions (PACET). IEEE, 2017, pp. 1–4, Volos, Greece, May 2017.

[20] B. Pradhan, S. Mukherjee, A. Saha, H. Natiq, and S. Banerjee,
“Multistability and chaotic scenario in a quantum pair-ion
plasma,” Zeitschrift für Naturforschung A, vol. 76, no. 2,
pp. 109–119, 2021.

10 Complexity



[21] Y. Zhang and G. Luo, “Multistability of a three-degree-of-
freedom vibro-impact system,” Communications in Nonlinear
Science and Numerical Simulation, vol. 57, pp. 331–341, 2018.

[22] M. Chen, M. Sun, B. Bao, H. Wu, Q. Xu, and J. Wang,
“Controlling extreme multistability of memristor emulator-
based dynamical circuit in flux-charge domain,” Nonlinear
Dynamics, vol. 91, no. 2, pp. 1395–1412, 2018.

[23] V. T. Pham, D. S. Ali, N. M. G. Al-Saidi, K. Rajagopal,
F. E. Alsaadi, and S. Jafari, “A novel mega-stable chaotic
circuit,” Radioengineering, vol. 29, no. 1, pp. 140–146, 2020.

[24] M. A. Rahim, H. Natiq, N. Fataf, and S. Banerjee, “Dynamics
of a new hyperchaotic system and multistability,” =e Eu-
ropean Physical Journal Plus, vol. 134, pp. 1–9, 2019.
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Renteria, and E. C. Dı́az González, “A polynomial approach
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et al., “Chaotic image encryption using hopfield and

Complexity 11



hindmarsh-rose neurons implemented on FPGA,” Sensors,
vol. 20, no. 5, p. 1326, 2020.

[53] E. Tlelo-Cuautle, O. Guillén-Fernández, J. De Jesus Rangel-
Magdaleno, A. Melendez-Cano, J. C. Nuñez-Perez, and
L. G. De la Fraga, “FPGA implementation of chaotic oscil-
lators, their synchronization, and application to secure
communications,” in Recent Advances in Chaotic Systems and
Synchronization, pp. 301–328, Elsevier, Amsterdam, Ger-
many, 2019.

[54] E. Tlelo-Cuautle, A. Dalia Pano-Azucena, O. Guillén-
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