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In this paper, we address the model of global attractor formulated in the form of evolution differential inclusions with second
order in Banach spaces. Firstly, based on the fixed point theorem, the existence result of mild solutions is deduced. Then, by
implementing the measure of noncompactness, the existence of global attractor associated with m-semiflow is validated. Finally, a
concrete application of the main result is demonstrated to enhance the practical signification.

1. Introduction

Consider a Banach space (E, || - [|). We attempt to handle the
following problem:

{ u" (t) — Au(t) € F(t,u(t)), t>0,

(1)

u(0) =uy,  ur(0) = v,

where A is a closed, linear, and densely defined operator
from E to E that generates a strongly continuous cosine
family {C(#)}0; F: [0,+00) x E — 9P (E) is measurable
and upper semicontinuous in terms of both first-order and
second-order variables, and it also satisfies the natural
growth condition.

The nonlinear evolution differential inclusions in Banach
spaces have drawn more and more attention of a large
number of experts and scholars during the past decades, see
[1]. At present, there are substantial outcomes focusing on
the existence of solutions for differential equations with
second or higher order [2, 3]. For instance, semilinear
evolution differential inclusions were explored by Cardinali
and Rubbioni in [4]. Liu, Li, and Migdrski et al. discussed the
problems of one and second evolution differential

variational inequalities, and they attained several existence
results about the mild solution, see [5, 6] and references
therein.

It is known that global attractor has played an important
role in studying the asymptotic feature of solutions for
diverse types of differential systems. Melnik, Valero, and
Tran et al. were devoted to researching on global attractor of
multivalued semiflows and differential inclusions, see [7-13]
and references therein. In [10], the authors studied the global
attractor of the following functional differential inclusions:

{ u' () - Au(t) € F(u(t),u,), t>0,

(2)
u(s) =¢(s), sel[-h0],

where u represents the state function and u, describes the
history of the state function, that is, u, (s) = u(t +s) for
s € [—h,0]. They proved the existences of solutions of system
(2) and global attractor by applying noncompactness
measure. Global attractor is a gradual state of solution set,
and it is also an important research content of a dynamic
system. Compared with the first-order differential inclu-
sions, the cosine family generated by operator A is more
complex and more meaningful. There are relatively few
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studies on this type of second-order differential inclusions,
so it is more important to study the attractor of the second-
order differential inclusions.

The first aim of the work is to explore the existence of
solutions in terms of system (1) in infinite dimensional
spaces. Secondly, we are devoted to show the existence of a
global attractor for system (1). To our knowledge, there is
currently a research gap in the aforementioned problem.
However, it is not easy to establish a connection between
mild solution and m-semiflows for second-order differential
inclusions.

The work is structured as follows. Section 2 presents
several relevant definitions involving noncompactness
measures and m-semiflows with its global attractor. In
Section 3, several sufficient conditions with respect to the
mild solutions are invoked. In Section 4, the presence of a
global attractor of system (1) is examined in Banach spaces.
Finally, a concrete application is presented to emphasize the
magnitude of the main results.

2. Preliminaries

This section recalls some fundamental definitions and
properties of nonlinear analysis, for more details, see [14].
The symbol R (resp., R,) represents the set of real (resp.,
positive real) numbers. The strong and weak convergences of
{us} to u are denoted by u, — u and u;—u, respectively.

Consider a Banach space E whose dual space is denoted
by E*. Let I = [0,T] with 0<T < oo and let L' (I, E) be the
Banach space of all (Bochner) integrable functions on I
endowed with the norm | f]| = j £ ($)llgds. The notations
mentioned as follows will be employed:

P (E) = {Q c E: Qisnonempty, closed (convex)},
P ok (E) = {Q c E: Qis nonempty, weakly compact (convex)}.
(3)

Definition 1. Suppose that E; and E, are Banach spaces. A
multivalued mapping F: E;, — P (E,) is referred to as
follows:

(1) Upper semicontinuous (u.s.c), provided that, for an
arbitrary closed set Q in E,,

F'(Q ={ecE;: F(e)ynQ+}, (4)

is closed in E;.

(2) Weakly upper semicontinuous (weakly u.s.c), if for
arbitrary weakly closed set Q in E,,

F'(Q) ={ecE: F(eynQ+a}, (5)

is closed in E;.
(3) Closed, if its graph T ={(e;,e,): e, € F(e))} is
closed in E; X E,.

(4) Compact, if F (D) is a relatively compact subset of E,
for every bounded set D.
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A weakly upper semicontinuous mapping with a weakly
compact convex value has good properties. The following
conclusion can be found in [15].

Lemma 1. Suppose that E, and E, are Banach spaces and
F: E, — P (E,) is a mapping. Then, F is weakly u.s.c if
only and if for any sequence {u,} of E, satisfying
u, — uy € E, and v, € F(u,), it implies v,—v, € F(u,) up
to a subsequence.

In the subsequent arguments, we consider the presence of
mild solutions about system (1) from the viewpoint of evo-
lution differential inclusions with second order. We only need
to deal with the following differential equation:

u" (t) = Au(t) + f (1),
u(0) =uy, ' (0) =,

t>0,
(6)

where f(t) € F(t,u(t)).

Definition 2. Assume that Z (E) is the space of all bounded

linear operators defined from E to E*. A mapping

C:R — Z(E) is called a strongly continuous cosine

tamily, provided that C(0) = I, (I, is an identity operator)

and C(r, +r,)+C(r, —ry) =2C(r)C(r,) for every
r,r, € R

Given a strongly continuous cosine family C(t) with

t € R. Then, its generator is an operator A: E — E for-
mulated as

P2
Au = ?C(t)ulho, Yu € D(A), (7)

where the domain D(A) = {e € E: C(t)e € C*(R,E)}. By
the definition of generator A, it is known that A is closed,
linear, and densely defined over E, see [2]. The sine operator
S: R — Z(E), which is closely relevant to the cosine
operator C, is expressed by

S(tHu = J;C(s)uds, Vt e R,u € E. (8)

Definition 3. A mapping u € C(I, E) is referred to as a mild
solution of system (6), provided that there is an f € L' (I, E)
with f(t) € F(t,u(t)) and

u(t) =C(Huy + S(t)vy + J-t S(t-s)f(s)ds, Vtel
0
9)

Given an arbitrary bounded set B in E, the Hausdorff
measure of noncompactness (MNC, for short) is given by

x (B) = inf{e>0: Bhasafinite ¢ — net}. (10)

Let Q ¢ L' (I, E). We say that Q is integrably bounded, if
any element f of () satisfies that || f (t)[| < g(t) for a.e. t € I
with some g € L' (I, R,). An integrably bounded Q is said to
be semicompact, provided that {Q(¢)} is relatively compact
for ae. t €I

The norm of product spaces E x E is represented by
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(4, VI = max{l|ullg, IVIlg}, V(u,v) € EXE. (11)

It is straightforward to see that, for any bounded set
B, xB, CEXE,

X (By x B,) = max{y(B,), x(B,)}, (12)

where ¥ is measure of noncompactness on E x E.

Definition 4. Presume that y is a Hausdorff measure of
noncompactness and 0<x<1. A multivalued mapping
F: X — P, (E) is referred to as x-condensing, if

x(F(B))<x-x(B), VBCE. (13)

The open (resp., closed) ball with centrum 0 and radius
r>0 is denoted by B, (0) (resp., B,(0)). The fixed point
theorem used in our main results is introduced in [16] as
follows.

Lemma 2. Define two operators o: B,(0) — X and
%: B.(0) — P (E) by coupling with the following
properties:

(1) o is a contraction mapping with a single value and a
coefficient A <1/2

(2) B is compact and u.s.c
Then, each of the following conclusions holds:

(i) There exists an element w € B, (0)~B, (0) such that
pw € dw+ Bw for some p>1

(ii) The operator inclusion u € u+ Bu admits a so-
lution in B, (0)

Next, we introduce related theories involving global
attractors and m-semiflow, see [8, 10, 11]. Suppose that I' is a
nontrivial subgroup of the additive group of R and
r,=rnR,.

Definition 5. A mapping @: ' x E — P (E) is said to be a
multivalued flow (m-flow, in short) if the following con-
ditions are guaranteed:

(1) ®(0,u) = u for every u € E

(2) O(t+s,u) c D(t,d(s,u)) for any pair t,s € T and
u € E with ®(1,B) = U,z (1,u)

Remark 1. A mapping ©: I', x E — 9P (E) is referred to as
an m-semiflow, if conditions (1) and (2) are satisfied for any
t,,t, €T,.

A mapping O is said to be a strict m-semiflow if for every
t,seT,,uecE, wehave ®(t +s,u) = O(t,d(s,u)). A map
u(-): I, — E is called a trajectory of m-semiflow with
respect to the initial condition u(0) =u, if
u(t+s) e d(t,u(s)) foral t,sel,.

Definition 6. Let @ be an m-semiflow. A bounded set B, C E
is referred to as an absorbmg set for @, provided that, for
every bounded B, C E yT B y € By holds for some
T=T(By)=0, where yT(B) Ut>T(B CD(t B)).

For a given e€E and B|,B, CE, we define
d(e, B;) = inf, g {d (e, x)}. The metric excess of B, over B, is
given as 7 (B,, B,) = sup,cg, {d (e, B,)}. It is well known that
the Hausdorft distance between B, and B, can be repre-
sented in the following way:

dy (By, By) = max{n (B, B,), 7 (B,, B,)}. (14)

Definition 7. Let ® be an m-semiflow. A set R is said to be a
global attractor of @, provided that the following conditions
are satisfied:

(1) R attracts any bounded set B in E, namely,
n(®(,B),R) — 0ast — +00

(2) R is  negatively  semi-invariant,
RcD(t,R), forallt €T,

namely,

We now give an existence result about a global attractor
for a given m-semiflow ®, see [11].

Lemma 3. Assume that a mapping ®: I', x E — P(E)
satisfies the following conditions:

(i) For every t € I',, u — D (t,u) is u.s.c. with closed
values

(ii) ® has an absorbing set

(iii) @ is asymptotically upper semzcompact i.e., for every
bounded B C E with bounded yT B for some positive
value T (B), any sequence {&, € E £, € D(t,,B)}is
relatively compact as t, — + 00

Then, ® admits a compact global attractor R in E. In
particular, R is invariant if it is a strict m-semiflow, i.e.,
R=0D(R),Vtel,.

3. The Existence Result of Mild Solutions

This section is based on the idea of [3] for nonlinear evo-
lution hemivariational inequalities with second order, which
is adapted for evolution differential inclusions in our con-
text. We will handle problem (6) under the following basic
assumptions:

(A) The operator A: D(A) ¢ E — E is a generator of
a cosine operator {C(}er> and
IC @I, IS <M e for some M, >1 and w>0.
Moreover, S(t) is compact for arbitrary t € I.

(F) The multivalued mapping F: I x E — P, (E) is
u.s.c., and there are a € L*(I,R,) and b >0 with

IF (£, )]l = sup{liEll: & € F (¢, u)}

<a(t) + bllul 1)

forevery (t,u) € I x E.

By combining the uniform boundedness principle with
the assumption (A), it is inferred that C(¢) (resp., S(t)) is
uniformly bounded on I subject to some upper-bound M
(resp., Mg). We set M = max{M¢, M}.

In the sequel, let a multivalued
Pp: C(ILLE) — P(L*(I,E)) be

operator



Pp(w) ={f e *(ILE): f(t) € F(t,u(t))forae.t € I}.
(16)

It is well known that F (¢, u) has a measurable selection
for every u € C(I, E) and a.e. t € I under the assumption F,
which means that 9 is nonempty and well-defined.

We also construct a multivalued operator
%: C(I,E) — C(I,E) by

B (u) = {gb €eC(LE): ¢(t) = JOS (t—s)f(s)ds, fe Q’F(u)]».
(17)
Set #: L*(1,E) —> C (I,E) by

W (F)(t) = j;sa ) f (s)ds. (18)

Lemma 4. Assume that (A) and (F) hold. Then, for an
arbitrary sequence { f,,}.>, ¢ L* (I, E) with semicompactness,

the sequence {7 f,},-, is relatively compact. In particular, if
fu=Fo then W, — W fo

Proof. It is shown by analogizing the proof of Theorem 2 of
[4].

Aiming to validate the presence of solutions for system
(1), we now clarify a property of the multivalued operator 9,
which is inspired by Lemma 5 of [3]. O

Lemma 5. Assume that (A) and (F) hold. Then, the mul-
tivalued mapping %B: C(I,E) — C(I,E) is compact and
u.s.c. with convex and compact values.

Proof. Note that the operator % has convex values for any
u € C(I,E) due to the convexity of 9. The verification
process will be divided into four steps as follows:

Step 1: B is a bounded operator on C(I, E). Given
u € B,(0) and ¢ € B(u), from (F) and Holder in-
equality, it follows that

o (Ollg < jo ISt =s)f (lgds<M JO a(s) +bllu(s)|gds
SM(IIaIILz e VT + brT).
(19)

Hence, 93 (B, (0)) is a bounded subset of C(I, E), i.e.,
the operator & is a bounded operator.

Step 2: {%B (u): u € B,(0)} is equicontinuous. Presume
that 0 <t; <t, <T, § >0 is sufficiently small, then

Complexity

ot - 9@l =[ [ s - 97— [ st -5 9as

E

IN

J; 1[S(t - 5) = S(t, - )] () ds + J: 1S(t, — 5)f ()l ds

IN

Jol || [S(t, —s)—S(t; - s)]” [a(s) +br]ds + M J [a(s) + br]ds

t
tl

< sup ||[S(t2—s)—S(t1—s)]“(llalle(LRJ\/T+brT)

se[0,t,-0]

+ M[Ilalle(,K)(Z\/S +4/6 -1, ) +br(20+t, - tl)]‘
(20)

From the continuity of the sine operator S(t), we get
easily that the above inequality is independent of u and
it converges to 0 as t, — t,. This implies the equi-
continuity of {% (u): u € B,(0)} in C(I, E).

Step 3: II(t) = {p(t): ¢ € B(B,(0))} is relatively
compact in E for a.e. t € I. Firstly, the compactness of
I1(0) = {0} is trivially checked. Then, fix t € (0,T]. For
any u € B,(0) and ¢ e B(B,(0)), there exists
f € Pp(u) with

B (t) = J;su — 9 (s)ds. (21)

For every ¢ € (0,t), we define

#0-|

t—¢ t—¢

S(t—s)f(s)ds=S(e) Jo S(t-s—¢)f(s)ds.
(22)

0
It can be seen that the compactness of S(-) with the
boundedness of J‘f;s S(t —s—¢)f (s)ds together assures
that IT, (t) = {¢°(¢): ¢ € B (B, (0))} is relatively com-
pact in E. Furthermore, we have

t
l6(6) - ¢ )], ij a(s) + bllu ()] ds
t—¢ (23)

< M(IIaHL2 (1) Ve b”)'

Thereby, II(t)(t > 0) is totally bounded, and thus it is
relatively compact in E.

To this end, by applying Ascoli-Arzela theorem and
taking account of Steps 1-2, it can be verified that the
mapping 9 is compact.

Step 4: AB has a closed graph. In fact, let
{u,},{¢,} < C(L,E),u, — u, ¢, € W°P:(u,), and
¢, — ¢. Choose any sequence f,, ¢ L*(I, E) such that
fnePr(u,),¢,=%(f,). From (F), we conclude
that the sequence f, is integrable bounded. Hence, f,
is weakly compact in L? (I, E). It is rational to presume
that f,— f. From Lemma 4, we have
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Theorem 1. Presume that (A) and (F) hold. Then, there is at
least one mild solution related to system (6) for each pair of

Ou =W (f2) — W () =9¢. @Y initial values uy, v, € E.
Besides, 7 € P (1) due to Lemma 1. Therefore, 98 has a ) )
closed graph. g  Proof. Construct a multivalued mapping
F:C(I,E) — C(L,E) by
t
F(u) = {(p € C(LE): ¢(t)=C(Huy +S(t)vy + J St—-s)f(s)ds, feP (u)]». (25)
0
. . - s (Dl < de™™. (29)
For convenience, we write # = & + 9, where % is given
by (17) and o is defined as This implies
o (u) =C(uy+S(t)vy, tel (26) Nl r.ey < deMT —. . (30)
Obviously, u is a fixed point of # if only and if it is a mild Furthermore, we write
solution of system (6). According to Lemma 2, we need to
prove that (i) of Lemma 2 is not satisfied. Q, = {u € C(LE): lullcp <r+ 1}~ (31)

In fact, suppose that pu € o/u + Bu with p > 1 and there
exists 11 € P (u) with

pu(t) = C(t)uy + S(t)vy + Jt S(t - s)n(s)ds. (27)
0
This yields that

lu(@®)|p < ||C(t)u0||E +||S(t)v0||E + Jo S(t—s)n(s)ds

E

t
< Mgl + Mol + M [ a9+ blu (91
t
<d+Mb j 4 (5)] s,
0
(28)

where d = Mllug|lz + Mv,llg + Mllall2 ., VT. Employing
Gronwall inequality, one gets

Obviously, Q, is open in C (I, E). Utilizing Lemma 5, we
know that #: Q, — P, (E) is compact and u.s.c. We also
see easily that &/: Q, — E is a contraction mapping with
single value and coefficient A < 1/2. Therefore, according to
the choice of Q,, none of u € E with |lu|| = r ensures that
Au € du + Bu with some p>1.

Applying Lemma 3, one knows that # has a fixed point
due to all the conditions being fulfilled. Hence, there is a
mild solution for system (6).

Next, let us discuss some features of the solution set. For
every T >0, we say that 7 is a truncation operator form
C([0,400),E) to C([0,T], E) if for any z € C([0, +00), E),
we have 7 (z) € C([0,T], E). Put

2 (&) ={u € C([0,+00), E): uisamild solutionof (1.1) on [[0,T1],& = (ug, vy)}, (32)

where 1 (0) = ugy, u' (0) = v,. Obviously, 7,:° () = Fix(F)
and 72 (&) C S()E+ WP (noZ(€)). Here, Fix(F)
stands for the solution set of the fixed points of system
(6). O

Lemma 6. LetU = E x E and all the assumptions of Theorem
1 be fulfilled. Then, np°Z(&,) is relatively compact in
C([0,T], E) for arbitrary sequence &, — & in U. Especially,
for every & € U, np°2 (&) is compact in C([0,T], E).

Proof. Itis verified by analogizing the proof of Lemma 3.7 of
[8].

The m-semiflow associated with system (1) is given as
follows:

O: R, xU — 2(U)
O (t,&) ={(u(t),u(t)): xisamild solution of (1.1),& = (1, v,)}-
(33)
By applying a similar discussion in [11], we can obtain

that @ is a strict m-semiflow, i.e., for arbitrary t,s € R, and
& e U, it holds that

DO(t+s,8) =Dt D(s,8)). (34)
O

Lemma 7. Assume that all the hypotheses of Theorem 1 are
fulfilled. For all t >0, ®(t,-) is u.s.c. with compact values.

Proof. Itisverified by analogizing the proof of Lemma 3.8 of
[8]. O



4. The Existence Result of Global Attractors

In the sequel, we will present a severe validation for the
existence of a global attractor of m-semiflow @ induced by
system (1). The conditions (A) and (F) are replaced by (A")
and (F') as follows, respectively:

(A") The cosine and sine functions are exponentially
stable with exponent a >0, that is, there exist M, >1
and a>0 with

IC Ol ) < Moe™ IS (Dl () < Moe™ ™, VE>0.
(35)

(F') The multivalued mapping F: R, x E — %, (E)
is u.s.c. and satisfies the following conditions:

(1) There exists a; € L*(R,,R,) and b, >0, ensuring
that
IF (£, 2)Il = sup{li&ll: & € F(t,u)}

(36)
<a () +blul, V(tu)€RxE.

(2) There exists g € L?(R,, R,) ensuring that, for every
bounded Q in E,

X(F(t,Q)<q(t)x(Q) foralmostallt € R,. (37)
Given T >0, for convenience, the translation operator
® (T, ) is defined by @ . The following condensing property

of @ is an essential result to reveal that @ is asymptotically
upper semicompact.

Lemma 8. Suppose that (A') and (F') are satisfied. Then,
there are { € [0,1) and T, >0, guaranteeing that, for all
T>T, and all bounded B c U, it is inferred that

X (@ (B))<(-X(B), (38)

whenever

a = 4Molqll 2 (r, w,) > O- (39)

Proof. LetU = E x E, B = B x B, be bounded in U. Denote
D = X (B), we obtain

t

D(t) c C(£)B, +S (£)B, + J S(t - $)Ps (D) (s)ds, t>0.
0
(40)

Therefore, we get

Complexity

X(®,(B)) = x(D(t)) < Mge atX (By) + Moe_m)( (B,)
t
y (JO S(t - )P4 (D) (s)ds)
<2Mye 3 (B) + 4M, J; e “Iy (P (D) (s))ds
<2Mye” 7 (B) + 4Mye” Jt e“q(s)x (D (s))ds
0
<2Mge “X(B) +4Moliqllpz (r, )¢ "

J; ey (D(s))ds.
(41)

Hence,

e(xtX(D(t)) < ZMOX (B) + 4M0|Iq"L2 (R+,IR+) J-O e"‘SX (D (S))dS

(42)
Applying the Gronwall inequality, we have
ey (D (1)) <2Mye™ 1z ) (B), (43)
Equivalently,
x (D(D) < zMoe‘(““*MO”‘f”ﬂ<R+R+>)7 (B). (44)

Note that ¥ (®, (B)) = x (D (1)), we get
X (07 (B)) <, - ¥ (B), (45)

where (t =2Mye” (a=4Molql2 =, m,)
Taking Ty >In 2M/a — 4Mliqll ;> (@, ) and (= (To’ we
conclude the proof. O

Lemma 9. Presume that (A") and (F') are fulfilled. Then, ®
is asymptotically upper semicompact.

Proof. Let U = E x E and B = B, x B, be a bounded subset
of U and A(B) be a collection consisted of sequences
&, with&, € ©(t,, B),t, — 0o. Put

n =sup{y(Q): Q € A(B)}. (46)

We claim that # = 0 by using reduction. Assume that
there exists Qg = {£, € A(B)} such that

x(Qg)>n—-0, VOe (0,(1-0n), (47)

where ( is the same as in Lemma 8. Choose T >0 as described
in Lemma 8; then, there exists m,, € N such that t, =m,T +
r1, €10, T) for any t,€ (T,00). Let 7,= (m,—1)T+r,.
Then,
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£ €@ (t,,B) = @7 (@ (7,, B)).

By taking o, € ® (7, B) such that &, € ® (T,0,), we
obtain

X (Qo) =% (&) <X (¥ (0,)) <C¥ (0,) <{n < - 0.

This is a contradiction. O

® (T +7,,B) = (48)

(49)

Lemma 10. Presume that (A') and (F') are fulfilled. If
a>bM,, then an absorbing set exists for m-semiflow ©.

lu(t)llx <2MpMye .

Proof. Let t>0 and B=B,; xB, be bounded in U=EXxE.
Then, for each &= (uy,v,) €U and u € X (£), there is Mg>0
with

() = COuy + S (v, + JO Se-9f s

HMOH s MB’ ”VOH SMB,

for some f € 9P (u). The combination of Holder inequality,
(A") and the part (1) of (F') gives

t
+ M, j e %09 [a, () + by lu (9)]]ds

t t
<2MpMye ™ + M, J e “Ia, (s)ds + b, M, J‘ e I (s)] gds.
0 0

<2MpMye * + Mye ™ ["al"Lz(R R )\/_ ] +b MO ef'x(t N (s)llzds

(51)

1 t
- —alt-s)
<2MzM,e “t+M0|:||al|le(R“R+)m:| +b,M, joe S|y ()] s,

Putting c,

=M, [IIallle(RHRJl/\/ﬁ] and ¢, = b, M, we
obtain

t
(Ol <2M M, + ¢, + ¢, JO lu(s)llds.  (52)

The employment of Gronwall inequality yields

t
e“lu®)lp <2MgM, +c e +c, J [2MpM, + ¢,e™]e> " 9ds
0

£ t
<2MpM, + e + ¢ “ 2MpMye " ds + J cle"‘mzt'cﬁds]
0 0

(53)

SZMBMO+cle‘”+2MBMO( S1) 2 €16 [ at czt]

This implies

lu (Ol < 2MpMge™ ™ + ¢y + 2MgMe (=
E B0 1 A2

(54)
+ ) [1 _ e(cz—ot)t].
x—c,
The above inequality holds subject to the ball with the
radius R as

€16

R=c¢ +
a—c,

+ 1. (55)

a—c,

Moreover, it is actually an absorbing set in terms of
. O

Theorem 2. Assume that (A') and (F') are fulfilled. Then,
the m-semiflow ® induced by system (1) has a compact global
attractor, if the following holds:

min{cx —4Moldlly2 (n_p,y o - blMO} >0. (56)

Proof. By Lemmas 7, 9, and 10, we obtain that all the
conditions of Lemma 3 are satisfied. Therefore, the
m-semiflow ® admits a compact global attractor. O



5. An Illustrative Example

In this section, a concrete example is illustrated for the
application of evolution partial different equations.

Z,(t,u) — AZ(t,u) = f(t,u),

Z(t,u) =0, t>0,u€dQ),
Z(O) u) = ZO (u)a

where f,, f,: R, x R — R are continuous functions. This
system describes a classical wave equation with a free
bounded issue [1].

Put E=1%(Q). The multivalued
F: R, x E — P(E) is described as

F(Z) (1) ={Afi (6 Z(0) + (1= f, (6 Z(8): L € [0,11}.

mapping

(58)

Then, (57) can be reformulated as
{ Z"(t)- AZ(t) e E(t, Z (1)), t>0, (59)

Z2(0) =Zy,  2,(0)=Z),

in which A = A, D(A) = H*(Q)NH(Q), and Z(t) € E.
Suppose that there exists a,,a, € L?>(Q) and positive
constants b, and b, such that
|f1 (t, P)l <a (1) + b1|P|a

60
|[f2(tp)|<ay(t) +bylpl, VxeQ,peR (60)

Note that the mapping F has convex, closed, and
compact values. In addition,

|F (t, Z2)|l < max{a, (t), a, ()} + max{b,, b} Z|lx.  (61)
By the continuity of f, and f,, we can obtain that there is a
closed graph for F. Furthermore, by exploiting Lebesgue
dominated convergence theorem, one can verify the quasi-
compactness of F. Therefore, F is us.c.,and (F') (1) is testified.
If S(-) is exponentially stable and compact, then (A’) and

(F")(2) is also satisfied. This indicates the presence of a global
attractor, which belongs to the m-semiflow induced by (57).
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