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Based on the concepts of pseudocomplement of L-subsets and the implication operator where L is a completely distributive lattice
with order-reversing involution, the definition of countable RL-fuzzy compactness degree and the Lindelof property degree of an
L-subset in RL-fuzzy topology are introduced and characterized. Since L-fuzzy topology in the sense of Kubiak and Sostak is a
special case of RL-fuzzy topology, the degrees of RL-fuzzy compactness and the Lindel6f property are generalizations of the

corresponding degrees in L-fuzzy topology.

1. Introduction

Combining with fuzzy set theory, Chang [1] introduced the
concept of fuzzy topology together with the definition of
compactness by means of open cover in 1968. Afterwards,
several researchers have tried successfully to extend the theory
of compactness from the crisp topology to fuzzy setting [2-8].
The disadvantage of Chang’s fuzzy topology is that the open
L-subsets were fuzzy, but the topology consisting of those open
L-subsets is still a crisp subset of LX. This prompted Hohle [9]
to make the first attempt to fuzzifying the openness in 1980.
Later on, Hohle’s attempt developed independently by Kubiak
[10] and Sostak [11] to L-fuzzy topology in 1985. In an L-fuzzy
topology, open L-subsets are not crisp subset, and topology
comprising those open L-subsets is an L-subset of LX. In the
setting of L-fuzzy topologies, many researchers have also made
plentiful investigations on the notion of compactness ([12-25]).

In [26], Li and Li introduced L-topology on L-subset and
discussed some of its related properties. The new kind of
topology is called an RL-topology which is a generalization of
L-topology. Furthermore, they introduced and characterized
the concepts of RL-continuous function and RL-compactness
by means of an inequality. As an extension of RL-topology,

RL-fuzzy topology on an L-subset is introduced in [27].
Kubiak-Sostak’s L-fuzzy topology and RL-topology are spe-
cial cases of RL-fuzzy topology. The RL-fuzzy compactness of
RL-fuzzy topology is further studied. They proved that the
union of two RL-fuzzy compact L-subsets is also RL-fuzzy
compact, and the intersection of an RL-fuzzy compact
L-subset and RL-closed subset is also RL-fuzzy compact.
Moreover, they showed that RL-fuzzy compactness is an
invariant under RL-fuzzy continuous functions.

In this study, we introduce and characterize the degree of
countable RL-fuzzy compactness and the RL-Lindel6f property
of an L-subset in RL-fuzzy topology based on the concepts of
pseudocomplement of L-subsets and the implication operator.
Since L-fuzzy topology in the sense of Kubiak and Sostak is a
special case of RL-fuzzy topology, the degrees of RL-fuzzy
compactness and the RL-Lindelof property are generalization
of the corresponding degrees in L-fuzzy topology.

2. Preliminaries

Throughout this study, (L,V,A, ') refers to a completely
distributive lattice with order-reversing involution [2, 28], X
to a nonempty set, and L* to the collection of all L-subsets
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on X. The greatest and the smallest elements in L and L are
1, 0, and 1y, Oy, respectively. For y € L*, v € LY, and f: X
— Y, we have f; (1) (y) = V{u(x): f(x) = y} for each
yeY,and fi (v)(x) =V{u(x): f;~ (W<v}=»(f (x)
for each x € X. The binary operation — on L defined by
a—b = V{c € Llanc <b} is called the implication operator.
For more properties of the implication operator, we refer the
reader to [29]. An L-subset A € L is said to be valuable if
A< . The family of all valuable L-subsets on X is denoted by

7% e, 75 = {/\ e L% )L</\I} For all 1 € 7%, we define

the family F% (1) by FL () ={u e LX: u<A}. In fact,

F% (M) represents the powerset of L-subset A€ LX. If
)L € 7/& and p € 7L, then the restriction of £, on }, i.e,
il Fii (A) — LY such that y € g%((A)'_’fL_) (), is
called the relative L-fuzzy mapping (briefly, RL-fuzzy
mapping) from A to u, denoted by f7:A-—p if
f— (1) <p. The inverse image of an L-subset v € F¥ (u)
under f;7 is given by fi(v)=V{ye FLO):
fr (p)<h Clearly, we have fi (v) = AAfT (v).

IfAe 7% and y € FL (1), the pseudocomplement of u
relative to A [26 271, denoted by (}u, is defined by

(A‘u— Anut, ifp#A, W
t Oy, ifu=AL

The following proposition lists some properties of
pseudocomplement operation (7.

271). For each M€ 7%,
g(()t), we have

Pr0p0s1t10n 1 (see [26,
v e FLQ), and [y ie I} F

(1) <L.“ =Aeu<ir.

Q) usv=>rv<s

(3) ittt = Vier Lt

(4) (%vid‘ui < /\id(i‘ui. The equation holds provided that
Vierhti # A.

Definition 1. Let A € WL A function =: 9L (A)x gL A)
— L is an RL-fuzzy 1nclu51on on X, deﬁned as <(/,¢, )

xeX(<LH (x)Vy(x)), which is denoted by [;4<y] for
simplicity instead of Z(y,y), ie, [U=y] = A x ((L/,t(x)v
y(x)). Obviously, if A = 1y, then < is an L-fuzzy inclusion
function in the sense of Sostak [17].

The following lemma gives an important property for the
RL-fuzzy mapping f ;.

Lemma 1 (see [26]). Let A € 7L, /RS WL, and f_’

— u be RL-fuzzy mapping from A to y, and y € F% (L)
Then, for each P<LX, we have

yeYy (ep xeX (ep

(2)

Based on the properties of (% listed in Proposition 1, the
previous equation can be rewritten as follows:

\V (fL,T COISOLWAN f(y)) =\/ (y(x)/\ A f;(f)(x>>.
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A\ (de,T (y)

yey

v/ E(y)> = A <<2y<x>v

tep xeX

\ fa© <x>>.

tep
(3)

An L-topological space [1, 2, 28] (briefly, L-ts) is a pair
(X, 7) such that 7 is a subcollection of LX which contains 0y
and 1y and is closed for any suprema and finite infima.
Moreover, 7 is called an L-topology on X. Furthermore,
elements of 7 are called open L-subsets, and their com-
plements are called closed L-subsets. A mapping
f: (X, 1) — (Y, 6) is said to be L-continuous if and only if
fi (v) € 7 for each v € 6.

Definition 2 (see [10, 11, 30]). An L-fuzzy topology on the
set X is the mapping 7: LX — L, which meets the following
three conditions:

(T1) 7(0x) =1(1y) = L.
(T2) VA, u € LK, 1(AMp) = T (MAT ().
(T3) V{A;: i € I}CLX, T(Vigh) = A T (A).

The pair (X, 7) is called an L-fuzzy topological space
(briefly, L-fts). Here, 7(A) can be regarded as the degree to
which A is an open L-subset or the degree of openness of A.
Similarly, 7* (1) = 7(A1) can be regarded as the closeness
degree of an L-subset A. A mapping f: (X,7) — (Y,9)
between two L-fts’s (X, 7) and (Y, ) is said to be L-fuzzy
continuous if and only if 7(f{ (v))>8(») for each v € LY.

The concept of RL-topology » on an L-subset A is in-
troduced as follows:

Definition 3 (see [26]). Let A € 7&. A relative L-topology »
on an L-subset A is a subcollection on 9§( (A) that satisfies
the following conditions:

(1) A ex and p € » for all u<Ar.
(2) u; Ny, € n for each yy, y, € n.
(3) Vierp; €  for each {p;: i € I}Cun.

The pair (A, x) is called a relative L-topological space on
A (briefly, RL-ts). The members of » are called relative open
L-subsets (briefly, RL-open subset), and an L-subset y is
called relative L-closed (briefly, RL-closed subset) if and only
if (}u € %. The famlly of all RL-closed subsets with respect to
w is denoted by (}x, ie, (Ju= {v Gve %} Let A e 7%,
Ue 7y, and (A, %), (4,%,) be two RL-ts’s. The relative fuzzy
mapping f7: A — p is said to be RL-continuous if and
only if £ (v) € (n, for each v € (}x,. It is not difficult to
verify that the RL-topology on A degenerates to L-topology if
A=1yx.

Theorem 1 (see [26]). For any RL-ts (A,n), the following
statements are true for {{u:

(1) AeCxandye Cuforall u<ir.
(2) Vi, € Cix for each py, py € (pn.
(3) Aierthi € (ix for each {u;: i € Y}
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Definition 4 (see [27]). Let A € "7;. An RL-fuzzy topology
on A is a mapping x: F% (1) — L such that x satisfying the
following statements:

(R1) % (A) =1, V< Ar, w(y) = 1.

R2) Yy, u, € 9’5( (M), (g Apy) =2 (g ) A ().
(R3) V¥ {u;: i € IFSF 5 (M), % (Vier) = Nepe ().

The pair (A,x) is called an RL-fuzzy topological space
(briefly, RL-fts) on A. For each u € 3/7L (M), the values » (u)
(respectively, % ({}u)) can be regarded as the degree of
openness (respectively, closeness) of u relative to x, re-
spectively. Moreover, if % (u) = 1 (respectively, %((Ay) =1),
then p is called an RL-open (respectively, RL-closed) subset.
It is easy to verify that when A = 1y, the RL-fuzzy topology
on A is reduced to L-fuzzy topology in the sense of Kubiak
[10] and Sostak [11], that is, the RL-fuzzy topology on A is an
extension of Kubiak-Sostak’s L-fuzzy topology. Moreover,
(A,%) is an RL-ts, and y,: ?& (A) — L is a mapping de-
fined by

1, ifuexn

Yo (1) ={0) g, (4)

Then, (A,y,) can be seen as a special RL-fts. In this sense,
(A, %) can also be regarded as RL-fts.

Theorem 2 (see [27]) For any A € WL and RL-fts (/\ »n) on
A The mapping (i FL (L) — L deﬁned by Onlu) =
w({}p) for each u € F (A) satisfies the following statements:

(R1) ( w(A) =1, Vu<h, (Lu(y) =1;

(R2)' Yy, pp € FxD), (Vi) = e
Gy

(R3)' V{y;: i e I} F5 (M), QM(/\iel.“i) = Aiel@” ().

+ b{} i called an RL-fuzzy cotopology (briefly, RL-cft)
on A, and the pair (A, (}») is called an RL-fuzzy cotopo-
logical space (briefly, RL-cfts).

Definition 5 (see [27]). Let A € VAR Y e 7%,, and (A, %),
(4,m,) are RL-fts’s on A and y, respectively. An RL-fuzzy
mapping f;,: A — u is said to be RL-fuzzy continuous if
and only if %1 ((qu (»)) >%1 (&), ¥v e 97L (). Further-
more, if (A, <L"‘1) and (u, ({n,) are correspondmg RL-cfts’s
of (A, %;) and (u,n,), respectively; then, fra is called an
RL-fuzzy continuous if and only if (Lxl (f“ ) = (sz (v),
Vv e F c‘%{ (u)-

Definition 6 (see [27]). Let A € %g( and (A, %) be an RL-fts
on A. An L-subset y € F% (1) is said to be an RL-fuzzy
compact with respect to x if for each PcF% (1), the fol-
lowing inequality holds:

V(v <H<x>A A ym)

YeP xeX yeP

> \V (#(x)/\/\y(x))

Re27 xeX yeR

(5)

Theorem 3 (see [27]). In the case of A = 1, the following
conclusions hold:

1) Gu=pr ue FkVoue LX.

(2) RL-fuzzy compactness degenerates into L-fuzzy
compactness.

(3) u is RL-fuzzy compact if and only if u is L-fuzzy
compact.

Theorem 4 (see [27]). Forany A € ‘Wg( and an RL-ft w on A,
we have following conclusions:

(1) If y, Yy € F% () such that y, and u, are RL-fuzzy
compacts with respect to u, then y,Vu, is RL-fuzzy
compact with respect to x.

(2) Ifuy, uy, € F% (A) such that y, is an RL-fuzzy compact
with respect to w and p, is an RL-closed subset, then
U\, is an RL-fuzzy compact.

Definition 7. Let A € 7%, » be an RL-ft on A, and

F% (L). Then,
o= N\ %(%)H{ [uzvl]— \/ [uzv7] } }
U<FE (V) D er ()
= A ‘l/\%(V)H{ /\<<iu<x>v \V y(x)>
UTFL () | VU x€X yeu
-\ /\<<iu<x>v\/y<x>>H,
Ve () xeX ye?

(6)

is called the RL-fuzzy compactness degree of y with respect
to . Obviously, an L-subset y is RL-fuzzy compact in RL-ts
nif and only if ¢, (4) = 1.

Based on Deﬁn1t10n 8 in [27], we can state the following
theorem:
Theorem 5. For any A € 7'%lim L (), and any
mapping n: Fx (A) — L, let

S (u) = /\ {{ /\ \/<‘u(x)/\/\ y(x))
PcFL () Fe2P xeX

yeF

- \/<M(x)/\ A y(x)> }Hdu(@)}
xeX yeP
= A { { AV <14(x)/\ A y<x>>
PcFL (V) Fe2?) xeX yeF
- \/ <M(x)/\ A y(x)) -\ %(y) T
xeX yeP yeP

If (A,%) be an RL-fts, then ¢, (y) is called the RL-fuzzy
compactness degree of y with respect to ». Clearly, y is the
RL-fuzzy compact in RL-ts » iff ¢, (4) = 1.

x—00> ¥ €F

(7)



3. Measure of RL-Countable Compactness

Let Fy()) = {%<F%(\)|%isacountable}. If Ae 7%,
(,bx) be an RL-ts on A, and xn .= {¥<x| %
isacountable family}. Then, ue€ F%(A) is countably
RL-compact if and only if for each %<x,, it follows that
[URVU] < Vorey [u2VZ]. This implies that [[puz V¥]<

Complexity

Voo [uzv?1] =1, ie, ueFx(A) is countably
RL-compact if and only if for each collection Z<x,, it
follows that y, (%) < [[u=RVU] < Vg ey [uRVZ]].

Definition 8. Let A€ 7%, » be an RL-ft on A, and
J7RS Pff( (A). Then,

(W= /\ [n(%) < {[;&v%] < \/ [yév%]ﬂ
UF (V) 72
(8)
= A ‘l A %(Y)'—“| A (Q#(x)v \/ y(:c))H VA ((iy(x)v \/ y(x)> } }
wcw, oy LY xeX YU V2 xeX ye7

is the degree of countable RL-compactness of y with respect
to u. Clearly, p is the countable RL-compact in RL-ts (A, ») if
and only if cc, (4) = 1.Based on the properties of impli-
cation operation “—” ([29]), we can state the following
lemma:

Lemma 2. Let A€ ‘Wﬁ(, (A,%) be an RL-fts on A, and
u e F5(A). Then, a<cc, () if and only if

cc, (u) = V{ a € L|n(Z)IN[u=vU]

The following theorem is an intuitive result from the
Definitions 7 and 8.

Theorem 7. Let A € 7&, (A, %) be an RL-fts on A, and
ue FL). Then, ¢, () <cc, ().

Theorem 8. Let A € 7@, (A,%) be an RL-fts on A, and
oty € F5 (). Then, cc, (4 Ay) = e, ()N % ().

(
(

[.”14\/7/] = /\

xeX yew

)

G v\ y ()

SINENEI) AVETEY

w(UNp=vUIna< \[ [u=v7],

V2™

©)

for each %ggl)} (A).

Theorem 6. Let A € 7&, (A,n) be an RL-fts on A, and
J7RS 9& (A). Then,

<

nas< \/ W=7, YUcF ()

V2™

}. (10
Proof. Suppose that cc,, (u;)A{ }x(i,) = a for any « € L and
%Qgé (A), then (}x(up)>a and cc, (4,)>a. Consider
W =V (’Luz, then %/Qgi (A). By Lemma 2, »(%")

A VT NN SNV yom [ 2VT). Since w (W) = n(U)N
”‘(<2.“2) =n ()N i%(‘uz), we have

)

xeX

(ot IV (v ] ()
yeU

oA

> = [< i (P‘l/\#z)<\/%]>

)

xeX YEU
11
V [m=v7]= \ (=7l Vs (7vCw)] (n
V207 ) V2
= \/ [ =v7 ]V \/ [(#1/02)=VT ]
7'e2® e )

\/ [(#1/02) 2V 7]

72
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Therefore, ()N T (yz))/\ [(p AU) RV N <
Voreson [(3A,)ZVZ].  Since <L"‘(#2) >a, we have
W (UIN (N ) VUG S Vg o0 [( Aty )ZVT]. Thus, by
Lemma 2, cc, (yAu,)>a, and the proof is
completed. O

Corollary 1. Let A € 7%, (A, x) be an RL-fts on A, and
Ue gL (A). Then, cc, (y)>cc(1x)/\< (w).

1l
/\X/_\
m
S

Theorem 9. Let A € 7@, (A,%) be an RL-fts on A, and
Uity € Fx(A). Then, cc, (4, Vi) = cc, (p)Ace, ().

Proof. Suppose that cc,, (y;)Acc, (y,) > a for each a € L and

%QP};(A), then cc, (y;)>a and cc, (4,) >a. By using
Lemma 2, we have u(Z)A[pRVUIANX < Voreya [, 2VT]
and  w(U)N[pVUIN <NV [4,2VY]. Therefore,
w(U)N [ VUIN [, VU N S Vo egom [ VY TN
(Voyreya [4,2VT]). By

< Lﬂl(x)V\/y(x)>> < < L#z(X)V\/V(X)>>
yeU xeX yeu

< Lh (x)v \/ y(x)>> << LH (x)v \/ Y(x)>>

)/E% ye%

(G A G D)V \/ y(x)>>
yeU

(12)
- <<i(mwz)(x>vvy<x>>>
xeX YEU
= [(i Vi) RV],
V m=v7In \ [n=xv?]= \/ (n=vZ]A[u=v7])
F Q@) V2@ e
\/ (41 Vir)2v7],
e ()
we have that W (U Vi) RVUIN < Vo [fLT (v)év%] = /\ <<)LLfL7 () (y)Vv \/ y(y)>
[(4,Vu,)2V7]. By using Lemma 2, we can obtain that yey yeu
cc, (4, Vi,) > a, and thus, the proof is completed. O
=N\ <<iv(x)v \/ n<x>>
Theorem 10. Let A € 7%, e 7L, (An), and (u,n,) be rex nes
RL-fts. If fry7:A—p is RL-fuzzy continuous, then =[»=vZ],
cc,, (fix ) >cc, ().
\/ [vzvS] = \/ /\ v (xv \/ &(x)
Proof. Suppose that cc, (v)>a for each a €L, and let gea geataex tes
&l _ fe I T Ry R

YeFy ) and R = [, ={l = [0y e ¥ = VA <<ifuL O, w<y)>
Then, R<F, (A). Since cc,, (v)=a, we have x;(R)A 72 yeY ye7
[VRVRIN@ SV gy [v=VS]. Since ;7 is RL-fuzzy con- \/ [f“ (v)évf‘y].
tinuous, »; (f7,(y))2n,(y) for each ye%, ie, Ve
1y (R) =%, (f1, (%)) 2%, (%). Based on Lemma 1, we have (13)



6
Therefore, we have the following inequality:
10 (N[ fr (VU |Na < (RN VRN
< \/ b=vs]
Se2()
=\ [fir 0=v7].
72 (U)
(14)
Thus, by Lemma 2, cc, ( fia (9)2a, and thus com-
pleted the proof. O

4. Lindelof Property Degree in RL-Fts’s

Definition 9. Let A € 7L, (A,%) be an RL-fts on A, and
Ue 97& (A). Then,

A {u(%)s[[yw‘zz]s \/ [yév%]ﬂ

AT () 7eal?)

A {/\ %(w{ /\<<i‘u<x>v \/ y(x))

USFL ) | V% xeX yeU

-\ /\(dy v/ y(x)) } }

el xeX ye?

Z, (@)

(15)

L () = V{oc € LI (%)N[uzv

Theorem 12. Let 1 € ‘7@, (A, %) be an RL-fts on A, and
pisthy € Fx (V). Then, L, (4 Niy) > 2, (#1)/\@%(//‘2)'

Corollary 2. Let ) € 7L (A% be an RL-fts on A, and
p e FL ). Then, L, ()= Z (1IN (W)

Theorem 13. Let A € ‘7%, (A, %) be an RL-fts on A, and
tisthy € Fx (V). Then, L, (Vi) = 2, (WAL, ().

Theorem 14. Let A € %g(, (A, %) be an RL-fts on A, and
U e 97'§( (A). Then, Z,, (u)Nce, (i) < ¢, (1)

Proof. Suppose &, (u)Ace, (u)>a for each a €L and
%§9§( (V). Then, Z,()>a and cc, (y)>a. Thus,
W (UN[PRNUINC <NV or o [=VY]. For any 7 € 21%],
7997'; (A). Therefore, u (%) <n(7'), and by using Lemma 2,
we have w(Z )N [URVV NN <Vopeyon [URVH]. Moreover,
we have

Complexity

is the degree to which y has the RL-Lindelof property with
respect to x. Clearly, u has the RL-Lindel6f property in RL-ts
nif and only if Z, () = 1.

Lemma 3. Let A€ 7@, (A, %) be an RL-fts on A, and
we FL ). Then, a< L, (u) if and only if

wW(UNu=vUIna< \/ [uzv7], (16)

Vel

for each %Q?ﬁi A).

Theorem 11. Let A € %I)}, (A, %) be an RL-fts on A, and
Ue 9% (A). Then,

Inas< \/ [u=v7], V%ggf‘ﬁ(u)}. (17)
7 2l
W(UINURVUINa < ()N \/ [U=V7 1N
V2]
SV CICAIN AT
V2]

IN

\/ < \/ [;mv%])
el \ we2™)

YA RRVAISY%4
7l \ we®

\ lw=vwr)=\/ w=v7l.

We2?) Ve

IN

IN

(18)

then, ((Z)Ax) < ([URVU]—>Voy ey [uzVZ]) for each
%297%( (A). Also, we have w(%)— ([urVU]—=Vy ) >«
for each %gé’ﬁ“ﬁ( (A). Hence, ¢, (y)>a. The proof is
completed.

The following corollary can be considered as the mul-
tivalue extension of the principal. If y has the Lindel6f
property, then y is compact if and only if it is countable
compact. O
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Corollary 3. Let A € 7L (A, %) be an RL-fts on A, and
€ Fx ). Then, Z, (WA, (1) < L, (NS, ().

5. Conclusion

In this paper, we introduced and characterized the countable
RL-fuzzy compactness degree and Lindelof property degree of
an L-subset in RL-fuzzy topology based on pseudocomplement
of L-subsets and an implication operator. Since if A = 14, the
RL-fuzzy topology on A is reduced to L-fuzzy topology in the
sense of Kubiak and Sostak; the degrees of RL-fuzzy com-
pactness and Lindelof property are generalizations of the
corresponding degrees in L-fuzzy topology.
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