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Studying new chaotic flows with specific characteristics has been an open-ended field of exploring nonlinear dynamics. In-
vestigation of chaotic flows is an area of research that has been taken into consideration for many years; thus, it helps in a better
understanding of the chaotic systems. In this paper, an original chaotic 3D system, which has not been investigated yet, is
presented in spherical coordinates. A unique feature of the proposed system is that its velocity becomes zero for a specific value of
the radius variable. Hence, the system’s attractor is expected to be stuck on one side of a plane in spherical coordinates and inside
or outside a sphere in the corresponding Cartesian coordinates. It means that the attractor cannot pass through the sphere or even
touch it. 'e introduced system owns two unstable equilibria and a self-excited strange attractor. 'e 1D and 2D system’s
bifurcation diagrams concerning the alteration of two bifurcation parameters are plotted to investigate the system’s dynamical
properties. Moreover, the system’s Lyapunov exponents in the corresponding period of bifurcation parameters are calculated.
'en, two 2D basins of attraction for two different third dimension values are explored. Based on the basin of attraction, it can be
found that the sphere has attraction itself, partially, and some initial conditions are led to the sphere, not to the strange attractor.
Ultimately, the connecting curves of the proposed system are explored to find an informative 1D set in addition to the
system’s equilibria.

1. Introduction

It has been revealed that simple, low-dimensional, and
nonlinear mathematical differential equations can lead to
complex and chaotic behaviors [1, 2]. Design or identifi-
cation of unique special systems that can exhibit chaotic
performance is one of the hottest topics in nonlinear
mathematics [3–5]. Since the occurrence of chaotic behavior
in the system’s dynamic has always been taken into con-
sideration, numerous investigations have been performed on
particular characteristics of chaotic or nonlinear systems,
and diverse systems have been introduced. In other words,
some researchers have introduced multistable [6–9],
megastable [10–12], extreme multistable [13–15], variable-

boostable [16, 17], memristor-based [18–20], conservative
[21–23], multicluster [24], or any kinds of symmetrical
systems [25–28]. For instance, the paper proposed by Bao
et al. has introduced a nonautonomous 2D neural system
and has also studied the multistability of the defined model
[7]. 'e proposed model has been found to have an AC
equilibrium and also two coexisting attractors, which have
been considered as different neural firing activities. Another
good example of multistability has been proposed by Bayani
et al. [9]. 'ey have introduced a 4D multistable system.'e
defined system was found to possess a plane of equilibria and
also a hidden attractor. Megastability is a term first coined by
Sprott et al., and it refers to the systems that include an
unlimited number of countable coexisting attractors [10].
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'ey have also investigated a cabbage-like model by forcing
the 2D van der Pol system and have shown that infinite
nested coexisting attractors and, in general, more compli-
cated dynamics can be presented by forcing a simple system,
such as a van der Pol oscillator. A similar term to mega-
stability is extreme multistability which refers to the system
with a limitless number of uncountable coexisting attractors
[29]. An illustration of an extreme multistable system has
been presented by Zhang et al. [14]. 'ey have proposed a
hyper-jerk system that showed an extreme multistability
property. Furthermore, a list of variable-boostable system-
s—the domain of which can be partially controlled by a
parameter—are provided by Li and Sprott [16]. Since the
design of memristor-based and fractional-order systems
have been interesting fields in nonlinear dynamics, Ruan
et al. have presented a simple fractional-order memristor-
based system [30]. Since Li et al.believed that the conser-
vative chaotic systems are more appropriate for information
security, they have proposed a conservative 3D systemwith 6
clusters and also a single fixed tori [22]. Moreover, some
examples of different symmetrical systems have been pro-
posed by Li et al. [27]. 'ey have expressed how to construct
a system with conditional symmetry and then have provided
some systems as examples.

'e study and realization of the system’s equilibria’s
distribution play an important role in recognizing and
identifying strange attractors. It used to be believed that
strange attractors were associated with saddle points.
However, chaos has been found in some systems with no or
one stable equilibrium [31, 32]. Due to the attractiveness of
this issue, different chaotic systems have been proposed to
discover the secret of the strange attractor’s presence in
nonlinear systems. 'us, some studies have proposed sys-
tems with no equilibria [33–35], nonhyperbolic equilibria
[36, 37], or stable equilibria [38, 39]. Some others include the
systems with a specific configuration of equilibria such as
line [40], curve [41, 42], plane [43], or surface [44]. Besides
the equilibria points of a system which are zero-dimensional
invariant sets, connecting curves, which are one-dimen-
sional sets, can also provide helpful information about the
trajectory of a system. Connecting curves provide more
general information about the nature of flows and trajec-
tories than local information provided by the fixed points.
Connecting curves insistently pass through the fixed points.
However, they are not dependent on them [45, 46].

Bifurcation diagram and Lyapunov exponent are the two
primary tools for investigating the dynamics of a system
[47, 48]. 'e bifurcation diagram of a system demonstrates
the system’s dynamics and its alteration in proportion to the
variation of a control parameter. Lyapunov exponents of a
system are the main objective and quantitative measure of
the presence of chaos in a system. 'e number of Lyapunov
exponents is based on the dimension of the system.
Moreover, the largest Lyapunov exponents (LLE) value can
determine the system’s dynamic in specified parameters. For
instance, a positive value of LLE can be evidence of chaos’s
existence in the system’s dynamics [47].

Among other topics, one of the new-brand categories of
studying the nonlinear system’s dynamic is hidden attractors

[49–51]. Based on the studies declared in [52–54], generally,
two principal categories can be defined for the system’s
attractors: self-excited and hidden attractors. A self-excited
attractor is a kind of attractor that possesses an unstable
equilibrium within its basin of attraction. 'erefore, using
numerical computations, a self-excited attractor can be
easily determined. It seems that the unstable equilibrium
provides a mean for the self-excited attractor. In numeric
solution, the trajectory is absorbed from a point near the
unstable equilibrium to the oscillating attractor and traces it
[55]. In contrast, the basin of attraction of a hidden attractor
is equilibrium-free. Hence, hidden attractors are expected to
be found in nonequilibrium systems or systems with entirely
stable equilibria [56].

In the present paper, an original chaotic system with a
restricted self-excited attractor is proposed using a com-
prehensive computational search. 'is system is initially
defined in spherical coordinates, which is discussed in detail
in Section 2. Section 3 investigates the various dynamic
properties of the proposed system. 'e implementation of
the system’s connecting curves is explored in Section 4.
Finally, Section 5 provides a conclusion for the paper.

1.1. 0e Spherical Definition of the New Chaotic System.
Lately, the exploration of chaotic systems in spherical co-
ordinates has been an exciting topic [57–59]. 'e appeal of
such systems is that their chaotic attractor in the Cartesian
coordinates, like a captivated bird in a cage, is restricted to a
sphere of radius k. In this paper, another novel bird system
with the stated characteristic in the spherical coordinates is
presented as follows:

_ρ � bρφ − aρ − 10bφ + 10a,

_θ � φ2
− cθφ,

_φ � θ2 + ρθ − 10θ.

(1)

Here, ρ, θ, and φ are denoted to the radial state, azi-
muthal state, and polar state, respectively. Also, a, b, and c

are the system’s parameters. According to system (1), it can
be seen that when ρ variable reaches 10, the velocity of ρ
variable, i.e., _ρ, becomes zero. In other words, as soon as the
system’s output reaches the ρ � 10 plane, it permanently
remains on it. Hence, the attractor of the system, whether on
the left or right side of the plane ρ � 10, cannot pass through
the plane. In the spherical coordinates, the plane ρ � 10 is
corresponding to a sphere of radius 10 in the Cartesian
coordinates. Besides, depending on which side of the plane
ρ � 10 of the system attractor is located in the spherical
coordinates, the corresponding attractor in Cartesian co-
ordinates is limited to inside or outside the sphere with a
radius of 10. 'e investigation on the dynamic of system (1)
revealed that this system has a strange attractor for a � 2,
b � 1, and c � 1 using the initial condition of
(ρ0, θ0,φ0) � (− 2, 3, 0). 'e initial condition is selected,
using extensive computational search, in the left side of the
plane ρ � 10 or inside the sphere of radius 10. So, the
attractor of the system remains inside this sphere. Using the
transformation x � ρ cos(θ)sin(φ), y � ρ sin(θ)sin(φ), and
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z � ρ cos(φ), Figure 1 illustrates the three-dimensional
trajectories of the proposed system in Cartesian coordinates
along with its three 2D projections in x-y, x-z, and y-z planes.

According to Figure 1, it is apparent that the strange
attractor of the proposed system is captivated in a sphere of
radius 10.

2. Dynamic Properties

Finding the system’s equilibria and analyzing their stability
is the primary analysis that can be performed on a system in
order to obtain a better recognition of the system. To achieve
the equilibria of system (1), the velocity of each three states,
i.e., _ρ, _θ, and _φ should be set to zero. So, it can be written that
bρφ − aρ − 10bφ + 10a � 0, φ2 − cθφ � 0, and φ2 − cθφ � 0.
From the first equation, ρ � 10 or φ � (a/2). Similarly, from
the second equation, φ � 0 or φ � cθ. Finally, from the third
equation, θ � 0 or θ � 10 − ρ. 'e result of the combination
of these conditions leads to two equilibria which are
(ρ∗1 , θ∗1 ,φ∗1 ) � (10, 0, 0) and (ρ∗2 , θ∗2 ,φ∗2 ) � (10 − (a/cb), (a/c
b), (a/b)). To examine the stability of computed equilibria,
the Jacobian matrix of system (1) is calculated as follows:

J �

bφ − a 0 bρ − 10b

0 − cφ 2φ − cθ

θ 2θ + ρ − 10 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. (2)

For each equilibrium of the system, the signs of the real
part of the characteristic equation roots determine whether
the applied equilibrium is stable or not. 'e characteristic
equation can be obtained from

|λI − J| � 0. (3)

Using the Jacobian matrix and equation (3), the char-
acteristic equation for (ρ∗1 , θ∗1 ,φ∗1 ) � (10, 0, 0) is
λ3 + 2λ2 � 0. So, the first equilibrium (ρ∗1 , θ∗1 ,φ∗1 ) has two
zero and one negative eigenvalues. 'erefore, it is not
possible to determine its stability using the analytic method.
However, the numeric calculation shows that this equilibrium
is unstable and settled on the sphere in Cartesian coordinates.
In the same way, the characteristic equation for (ρ∗2 , θ∗2 ,φ∗2 ) �

(10 − (a/cb), (a/cb), (a/b)) is λ3 + 2λ2 + 8 � 0, which leads
to one negative real eigenvalue (λ1 � − 2.93) and two
complex eigenvalues with positive real parts (λ2,3 �

0.46 ± 1.58i). So, the second equilibrium (ρ∗2 , θ∗2 ,φ∗2 ) is
unstable as well.

'e bifurcation diagram and the corresponding system’s
Lyapunov exponents are studied to investigate the different
dynamical performances of the proposed system. Figure 2
represents the bifurcation diagram and Lyapunov exponents
of system (1) corresponding to the alteration of two pa-
rameters, namely, b and c. 'e bifurcation diagram of the
system is plotted using the Poincaré section. More specifi-
cally, the peaks or maximum values of the ρ variable are
determined as the desired Poincaré section for obtaining the
bifurcation diagrams. Also, the selected initial condition is
considered constant for each bifurcation parameter. 'e
Wolf algorithm [60], with a run-time of 10000, is used to
obtain the system’s Lyapunov exponents.

Generally, considering a � 2 and c � 1, Figure 2(a)
shows chaotic and periodic behaviors for b ≈ [0.7, 1.09]

and b ≈ (1.09, 2.5], respectively. Figure 2(b) illustrates a
positive, a negative, and one zero Lyapunov exponents for
a � 2, c � 1, and b ≈ [0.7, 1.8] that demonstrate the chaotic
performance of the system. Moreover, assuming a � 2 and
b � 1, Figure 2(c) shows periodic and chaotic performances
for c ≈ [0.5, 0.97) and c ≈ [0.97, 1.5], respectively. Similarly,
Figure 2(d) illustrates a positive, a negative, and one zero
Lyapunov exponents for a � 2, b � 1, and c ≈ [0.97, 1.5] that
demonstrate the system’s chaotic behavior. Consequently,
determining a � 2, the introduced system shows a chaotic
behavior in b � 1 and c � 1. For a � 2 and c � 1, it is no-
ticeable that, by raising the parameter b, the system exhibits
an inverse period-doubling route to chaos. On the contrary,
assuming a � 2 and b � 1, a period-doubling route to chaos
can be discerned in the system’s dynamic by raising the
parameter c. Also, Figure 2 shows both periodic dynamics
and chaotic behavior.

Figure 3 illustrates two 2D bifurcation diagrams of
system (1) corresponding to the variation of parameters b

and c. Different bifurcation diagrams of the system can be
observed for the simultaneous changes of parameter b in
different values of parameter c and vice versa. Figure 3 can
help to discover the system’s dynamics in different pa-
rameter values at the same time.

In the study of systems with chaotic behavior, the initial
conditions and the parameters’ values can lead to the dif-
ferent behavior of the system, especially when the system is
multistable. 'erefore, calculating the system’s basin of
attraction can be an excellent method to study the sensitivity
of the system’s ultimate output to various initial values. So,
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Figure 1: 'e 3D plot of the strange attractor of system (1)
bounded in the sphere of radius 10 (red sphere) in the Cartesian
coordinates for a � 2, b � 1, and c � 1 and initial condition of
(ρ0, θ0,φ0) � (− 2, 3, 0). 'e three 2D projections in the x-y, x-z,
and y-z plane are represented in gray.'e system attractor is clearly
bounded to a sphere of radius 10 and cannot pass through or even
touch it.
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the basin of attraction can help to select proper initial
conditions for a system to exhibit chaos. Figure 4 shows two
2D basins of attraction of the introduced system in the ρ-θ
plane with the φ1 � 2 and φ2 � 0. 'e initial value for φ
variable is selected in a way that the system’s equilibria can

be depicted in each basin of attraction. As represented in
Figure 4(a), the second equilibrium of the system, i.e.,
(ρ∗2 , θ∗2 ,φ∗2 ) � (8, 2, 2), can be observed within the attractor’s
basin of attraction. Also, the first equilibrium (ρ∗1 , θ∗1 ,φ∗1 ) �

(10, 0, 0) is located on the sphere in Figure 4(b). Since the
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Figure 2: (a)'e bifurcation diagram and (b) Lyapunov exponents of system (1) concerning the changes of parameter b ∈ [0.7, 2.5]. (c)'e
bifurcation diagram and (d) the Lyapunov exponents of system (1) concerning the changes of parameter c ∈ [0.5, 1.5]. 'e value of
parameter a is considered to be equal to 2 with the initial condition of (ρ0, θ0,φ0) � (− 2, 3, 0). 'e occurrence of chaos behavior is justified
based on the bifurcation diagrams and Lyapunov exponents.
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Figure 3: Two 3D bifurcation diagrams of system (1) concerning the changes of parameter b and c with the different horizontal resolution by
assuming a � 2 and initial condition of (ρ0, θ0,φ0) � (− 2, 3, 0). (a) Eleven bifurcation diagrams corresponding to the variation of b
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parameter. Dynamic changes of the system are noticeable for simultaneous changes of b and c parameters.
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unstable equilibrium (ρ∗2 , θ∗2 ,φ∗2 ) � (8, 2, 2) is in the cha-
otic basin of attraction, it can be expressed that the
proposed system owns a self-excited strange attractor.
Moreover, as illustrated in Figure 4, the sphere owns a
basin of attraction, which means that there are some
initial conditions that are attracted to the sphere, not to
the strange attractor.

It is worth mentioning that the basins of attraction
demonstrated in Figure 4 are obtained by identifying dif-
ferent system’s behavior and specifying a distinctive color to
each attractor. More generally, the infinite unstable be-
havior, which crosses a threshold, is identified in the first
step. If the system behavior is constant, it will be investi-
gated whether it is a fixed point or not. 'e next step is to
calculate the period of the signal. If we can find a finite
period for a signal, we will label the attractor as a periodic
attractor. Otherwise, we will determine it as a strange

attractor. After identifying the system’s attractors, the
system should be run for a range of initial conditions, and
the ultimate attractor they reach should be marked with a
specific color of that attractor.

2.1. Connecting Curves. Vortex core curves, known as
connecting curves, were first studied by Roth and Peikert
[45] and then were widely investigated by Gilmore et al.
[46]. Connecting curves are 1D sets that provide further
information about the system’s dynamics compared to
equilibria, defined as 0D sets. While the fixed points
provide limited information about the system’s trajectory,
connecting curves provide extensive information about it.
In other words, fixed points only provide local information
about the nature of the flows. On the contrary, connecting
curves can help in obtaining more general information
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Figure 4: Basin of attraction of system (1) with a � 2, b � 1, and c � 1 in the ρ-θ plane with the fixed initial value of (a)φ � 2 and (b)φ � 0. All
initial values of yellow color lead to the strange attractor of the system, and the purple ones lead to the unbounded orbits. 'e point which is
shown in pink color leads to the equilibrium (ρ∗2 , θ∗2 ,φ∗2 ) � (8, 2, 2). 'e points represented in cyan color remain on the sphere of radius 10.
Each unstable equilibria of the system can be seen in each represented basin of attraction. 'is helps to decide whether the attractor is self-
excited or hidden.
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about the flow’s nature and the system’s trajectory. So, they
might be promising to identify chaotic system dynamics.
According to [46], connecting curves can be obtained
based on the system’s dynamics and geometric theories.
Based on the system’s dynamics, connecting curves are the
curves around which the direction of velocity and accel-
eration are the same. Similarly, based on geometric the-
ories, connecting curves are zero curvatures which mean
that the cross product of velocity and acceleration must be
zero. Both approaches would lead to the same concept,
which is connecting curves. Moreover, connecting curves
should necessarily cross all the equilibria of the system;
however, they are not dependent on the equilibria’s ex-
istence. In fact, connecting curves connect the fixed points
of a system in a meaningful way, guiding how trajectory
alters. Based on the system’s dynamic, which refers to the
second method proposed in [46], the connecting curves of
any systems can be obtained from the points satisfying the
following condition:

JV
→

− λV
→

� 0. (4)

Here, V
→

denotes the velocity vector consisting of the
velocity of each phase space variable. Also, J and λ refer to
the system’s Jacobian matrix and its eigenvalues, re-
spectively. For an nD system, using equation (4), n

equations can be obtained with n + 1 variables: phase
space variables plus eigenvalue λ. 1D set can be obtained
by considering a primary phase space variable and

obtaining other variables in terms of the selected primary
variable and λ using n equations.

In order to implement the connecting curves of system
(1), first, three main equations with four variables, namely, ρ,
θ, φ, and λ, are obtained using equation (4). 'en, con-
sidering the variable φ as the primary phase space variable,
two other variables, i.e., ρ and θ can be written down in terms
of φ and λ: ρ(φ, λ) and θ(φ, λ). Next, λ is written down in
terms of φ: λ(φ). 'e solution of λ(φ) � 0 leads to 5 roots for
each value of φ. Obtaining the real eigenvalues for each value
of φ, other variables can be easily calculated, and the con-
necting curves of the system can be finally plotted. 'e
implementation of connecting curves for system (1) in
Cartesian coordinates is illustrated in Figure 5. According to
Figure 5, it can be seen that the connecting curves pass
through the two unstable equilibria of the system, i.e.,
(ρ∗1 , θ∗1 ,φ∗1 ) � (10, 0, 0) and (ρ∗2 , θ∗2 ,φ∗2 ) � (8, 2, 2). Since
connecting curves are calculated based on the system’s
dynamics, they can have a nonuniform resolution. As a
result, 'e separate points in Figure 5 are also connecting
curves of the proposed system.

3. Conclusion

In this paper, a new chaotic system defined in the spherical
coordinates was presented. 'e dynamic properties of the
proposed system were investigated using the 1D and 2D
bifurcation diagrams and also the Lyapunov exponents. Both
bifurcation diagrams and Lyapunov exponents confirmed
the existence of chaos in the introduced system. Moreover,
the inverse period-doubling route to chaos and period-
doubling route to the chaos was observed in the system’s
bifurcation for some parameters’ values. 'e initial condi-
tion for plotting the system’s attractor, bifurcation diagrams,
and Lyapunov exponents was considered the same and was
obtained using a comprehensive search. Furthermore, the
initial condition was considered constant for each bifur-
cation parameter to plot the system’s bifurcation diagrams.
It was found that the proposed system owns two equilibria.
Stability analysis of the system’s equilibria demonstrated that
both system’s equilibria are unstable. Besides, investigation
of the system’s basin of attraction specified the regions where
the initial values led to the strange attractor or the sphere. In
order to investigate whether the strange attractor is hidden
or not, two basins of attraction with the initial φ values equal
to the φ values of the system’s equilibria were plotted. It
turned out that the introduced system owns a self-excited
strange attractor, which is captivated in an insurmountable
sphere since one unstable equilibrium was observed in the
basin of attraction of the strange attractor. So, when the
system solution touches the sphere, it remains on it. Ulti-
mately, the connecting curves of the proposed system were
implemented using a parameterized method to provide
general information about the system’s trajectory. Generally,
investigating a new chaotic system with a typical feature
helps to understand chaos better and define systems that can
lead to this comprehension. 'e proposed system can be
used in some applications, such as image encryption or
generating random numbers in future works.
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Figure 5: 'e 3D strange attractor of system (1) in Cartesian
coordinates along with its connecting curves, which are shown in
green, considering variable φ as the phase space coordinate. 'e
two unstable equilibria of system (1), i.e., (ρ∗1 , θ∗1 ,φ∗1 ) � (10, 0, 0)
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