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Hemispherical Resonator Gyro (HRG) is a new type gyro with high precision, high reliability, shock resistance, no need of
preheating, short start time, and long life. It is a kind of vibrating gyro with standing wave rotating along the sensitive base of
annular precession, has a unique application prospect in the field of high precision inertial sensors, and is widely used in
unmanned aerial vehicle control in complex environments. Based on the theory of the structure characteristics of the hemi-
spherical resonator, the mathematical model of energy of the resonator is established to research the rule of resonant frequency
when the hemispherical resonator is rotated around the central axis. In this paper, the influence of precession factor, which are the
top angle, the bottom angle, and wall unevenness of the hemispherical resonator, are analyzed. A series of hemispherical resonator
models are constructed by ANSYS software to prove the results of theoretical research.,e simulation results show that precession
factor of the hemispherical resonator is more sensitive of the top angle than the bottom angle, and the error of angular velocity
which is caused by the change of the top angle is larger than that which is caused by the change of the bottom angle.

1. Introduction

,e main sensitive part of the HRG is the hemispherical
resonator with ultralow damping [1–3]. It is the superior
performance of the hemispherical resonator that the HRG
which can be widely used in the fields of land, sea, air, and
sky electricity. In this paper, the characteristics of the HRG
are analyzed with the resonator forming process, perfor-
mance indicators, and user requirements, the mathematical
model of the resonator is established, and the optimum
mode and precession factor are determined. It provides the
theoretical research basis for large quantity and low cost, so
as to accelerate the development and application process of
the HRG.

2. The Equation of Motion of Resonator

,e hemispherical resonator consists of two parts: the thin-
walled hemispherical shell and the supporting rod. ,e
resonator material reaches the maximum value of bending

energy storage because of the thin-walled hemispherical
shell, and the support rod is fixed by indium welding, which
acts as a constraint and supports the resonator and also
carries on the transmission of electrical signals. ,e paper
discussed the mathematical model of the energy of the
hemispherical resonator based on the Kirchhoff and gave the
specific expressions of resonant frequency and precession
factor based on the principle of energy conservation. ,e
influence of resonator parameters on the precession factor
caused by process defects such as the bottom angle φ0, top
angle φF, and nonideal wall thickness h(φ) is also analyzed
by using the mathematical model of the energy resonator.

,e coordinates of the hemispherical resonator is shown
in Figure 1 [4, 5].

,e x-axis is the central axis of the resonator; R and h(φ)

are the center radius and wall thickness of the hemispherical
shell, respectively, φ0 is the bottom angle of the resonator,
which is the angle between the constrained end of the
resonator and the center axis, which is determined by the
ratio of the radius of the supporting rod of the resonator to
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the radius of the hemispherical shell, and φF is the top angle
of the resonator, which is the angle between the free end of
the resonator and the center axis without any constraint,
φ0 � 0o and φF � 90°.

,e displacement vector of point A on the shell is

V � au + bv + cw, (1)

where u, v, and w are the displacement components of shell,
tangent, and radial, respectively, and a, b, and c are the
corresponding dynamic vectors, respectively.

,e deformation and stress of the resonator are con-
strained by the elastic mechanics of the thin shell. Assuming
that the resonator rotates at an angular velocity Ω � Ωx +

Ωyz in the inertial space, the mode of the resonator in the
rotational space can be expressed as follows:

u(φ, θ, t) � u(φ)cos n(θ + ψ)cosωnt,

v(φ, θ, t) � v(φ)sin n(θ + ψ)cosωnt,

w(φ, θ, t) � w(φ)cos n(θ + ψ)cosωnt,

⎧⎪⎪⎨

⎪⎪⎩

ψ � 
t

t0

Pdt � K 
t

t0

Ωdt,

(2)

where u(φ), v(φ), and w(φ) are the modes distributed along
each direction; ψ is the precession angle of the modes; n is
circumferential waves; ωn is the resonant frequency; K is the
precession factor.

According to the theory of elastic thin shell, the elastic
potential energy of the hemispherical resonator is as follows:

U �
E

2 1 − μ2 


S
ε2θ + ε2φ + 2μεθεφ +

1 − μ
2

ε2φθ +
h
2
(φ)

12
λ2θ + λ2φ + 2μλθλφ +

1 − μ
2

λ2φθ  h(φ)dS, (3)

where E is the elastic modulus and μ is Poisson’s ratio of the
material.

In the hemispherical shell, the midplane strain and the
midplane bending deformation of the stretchable hemi-
spherical thin shell in formula (3) are as follows:

εφ �
(zu/zφ + w)

R
,

εθ �
(zv/zθ + u cosφ + w sinφ)

R sinφ
,

εφθ �
(zu/zθ + zv/zφ sinφ − v cosφ)

R sinφ
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

λφ �
zu/zφ − z

2
w/zφ2

 

R
2 ,

λθ �
−1/sinφz

2
w/zθ2 − cosφzw/zφ + u cosφ + zv/zθ 

R
2 ,

λφθ �
zu/zθ + sinφzv/zφ − v cosφ + 2 cosφ/ sinφzw/zθ − z

2
w/zφ zθ  

R
2 sinφ 

.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(4)

u(a)

v(b)

w(c)

φ0

φF

x

1Ω

1Ω

xy

x

Ry z

A

φ

θ

Figure 1: ,e coordinate of the hemispherical resonator.
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In the practical system, the top of the hemispherical shell
is free and the bottom is constrained and is in the state of
microamplitude vibration, so the hemispherical shell sat-
isfies the theory that the normal and tangential strain of the
middle plane is zero. u(φ), v(φ), and w(φ) have the fol-
lowing relations:

w(φ) � −
du(φ)

dφ
,

nv(φ) + u(φ)cos(φ) −
du(φ)

dφ
sinφ � 0,

nu(φ) + v(φ)cos(φ) −
dv(φ)

dφ
sinφ � 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(5)

Due to the constraint boundary condition at the bottom,

u φ0(  � v φ0(  � w φ0(  � 0, (6)

it can be obtained

u(φ) � v(φ) � C1 sinφ tan
nφ
2

,

w(φ) � −C1(n + cosφ)tannφ
2

,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(7)

where C1 is a constant to be determined by the initial ex-
citation condition of the vibration [6–9].

3. The Precession Characteristics of the HRG

3.1.1eWorkingPrinciple ofHRG. HRG is measured by the
angular velocity or angle of the input based on the
Coriolis principle. When HRG does not rotate, the po-
sition of the wave belly point and the wave node is sta-
tionary relative to the hemispherical shell, and when the
external excitation is applied to the resonator, the energy
of the resonator can be converted between different
modes to form a stable vibration shape. When the HRG is
rotated, the resonant shape of the stable vibration will lag
the physical rotation of the gyroscope body, and its
hysteresis is about 0.3 times of the rotation angle; the
principle is shown in Figure 2.

3.2. 1e Resonant Frequency of the HRG. When the resonant
frequency of the hemispherical resonator is researched, the
inertial force acting on the hemispherical resonator should be
considered, and it is also necessary to consider the external
force acting on the edge of the surface of the resonator.

Assuming the elastic force of the virtual work is δWK,
external force caused by angular velocity Ω of the virtual work
is δWe and vibration inertia force of the virtual work is δT.

According to the reference [10], with the displacementV,
the virtual work of the vibration inertia force F can be
obtained as follows:

δT �  V dF

� ρπR
2
e
2iωnt


φF

φ0

n
2
P
2

+ ω2
  sin2 φ + 2n cosφ

+ n
2

+ 1tan2n φ
2

 sinφh(φ)dφC1δC1.

(8)

,e external force caused by the angular velocity needs
to be considered because the rotating inertia force causes
the rotating acceleration a(Ω) � a(Ωx) + a(Ωyz). ,e vir-
tual work of the rotating inertia force can be obtained as
follows:

δWe � ρπR
2
e
2iωnt


φF

φ0

−4n
2sin3 φ tan2n φ

2
 Ωx P

+ sin3 φ 1 + n
2

 an
2n φ

2
 Ω2x + f1(n,φ)Ω2yz

· h(φ)dφC1δC1,

f1(n,φ) �
1
2

sin2 φ 3 + 2n cosφ + cos2 φ 

+ cos2 φ + n 
2
1 + cos2 φ tan2n φ

2
 .

(9)

,e elastic potential energy of the shell is produced by
the elastic force, and the virtual work of the elastic force is as
follows:

δWK � δ(−U). (10)

According to the reference [10], the virtual work of
elastic force can be obtained as follows:

δWK � −πe
2iωnt


φF

φ0

E

(1 + μ)R
2

n
2

n
2

− 1 
2

3 sin3 φ
tan2n φ

2
 h

3
(φ)dφ + R

2 ρ
φF

φ0
f2(n,φ)Ω2x + f3(n,φ)Ω2yz  h(φ)dφ

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
C1δC1,

f2(n,φ) � (n + cosφ)
2 sin2 φ + n

2
  φ cosφ + sin2 φ tan2n φ

2
  + sin4 φ sin2 φ − 2n(n + cosφ) tan2n φ

2
 ,

f3(n,φ) �
1
2

n
2

+ sin2 φ (cosφ + n)
2 φ cosφ + 1 + cos2 φ tan2n φ

2
  + sin2 φ cos2 φ + 1   sin2 φ − 2n(n + cosφ) tan2n φ

2
 .

(11)
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According to the principle of virtual displacement, the
total sum of work by virtual displacement is zero, it remains
still is that and the result can be obtained:

δT + δWe + δWK � 0. (12)

,e frequency of the hemispherical resonator is as
follows:

ωn �

���
k0

km



, (13)

where

km � 
φF

φ0
sin2 φ + 2n cosφ + n

2
+ 1 tan2n φ

2
 sinφh(φ)dφ,

k0 �
En

2
n
2

− 1 
2

ρ(1 + μ)R
4 

φF

φ0

1
3 sin3 φ

tan2n φ
2

 h(φ)dφ.

(14)

3.3.1e Precession Factor of the HRGMode. When the HRG
rotates at an angular velocity Ω in the inertial space, the
circular mode turns the ψ angle in reverse at the rate P �

KΩx [11, 12].
,e inertial forces at any point in the hemispherical

resonator shell are

F � F0 + F Ωx(  + F Ωyz , (15)

where F0, F(Ωx), and F(Ωyz) are the inertia forces when the
hemispherical resonator does not rotate, respectively, and
the virtual work of the virtual displacement is

δT � δT0 + δT Ωx(  + δT Ωyz  + δT(Ω) − δW(Ω),

(16)

where

δT0 � ω2 πρcos2 ωt 
φF

φ0
[u(φ)δu + v(φ)δv + w(φ)δw]Rh(φ)dφ,

δT Ωx(  � n
2
P
2πρcos2 ωt 

φF

φ0

[u(φ)δu + v(φ)δv + w(φ)δw]Rh(φ)dφ + 2πρnPΩxcos
2 ωt

· 
φF

φ0
[cosφv(φ)δu + cosφu(φ)δv + sinφv(φ)δw + sinφw(φ)δv]Rh(φ)dφ,

δT Ωyz  � 0.

(17)

δW(Ω) is the virtual work of the initial elastic force
caused by the Ω, that is, δWK0, and it can be obtained from
the principle of virtual displacement:

δT + δWK0 � 0, (18)

that is,

δWK0 − δWK(Ω) + δT0 + δT(Ω) � 0. (19)

In the vibration mode of the resonator, δWK0 − δWK(Ω)

is the virtual work of modal elastic force and δT0 is the virtual
work of elastic force.When the HRG rotates at angular velocity
Ω � Ωx +Ωyz in the inertial space, Ωx is the main vibration.
According to the principle that the main vibration energy
remains unchanged, when the hemispherical resonator shell
rotates, the sum of the main vibration energy and potential
energy remains unchanged, and it can be obtained
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Figure 2: ,e angle hysteresis principle of the hemispherical resonator.
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δT Ωx(  � 0. (20)

Suppose

G1 � 
φF

φ0

[cosφv(φ)δu + cosφu(φ)δv + sinφv(φ)δw

+ sinφw(φ)δv]Rh(φ)dφ,

G2 � 
φF

φ0

[u(φ)δu + v(φ)δv + w(φ)δw]R
2
h(φ)dφ.

(21)

,en,

nPG1 + 2G2Ωx � 0. (22)

,e precession factors can be obtained by finishing:

K �
P

Ωx

� −
2
n

G2

G1
, (23)

where G1 and G2 are only related to the shape of vibration,
the constraint relation of resonator, and the geometric
properties of shell; it also reflects the Coriolis effect and
inertial force on the shell.

4. The Parameter of Resonator Effect on the
Parameter of the HRG

According to the requirement of high precision, assuming the
radius is 15mm, the error of spherical shell radius is not
bigger than 0.014% (about 2 μm) to ensure the stability of the
resonant frequency.,e thickness of resonator wall is 0.6mm,
and the error is not bigger than 0.067%, about 0.402 μm.
Spherical shell sphericity is not bigger than 0.0003mm.
Bracket radius is 2mm, and the error support rod is not bigger
than 0.13%, about 7.8μm. ,e bottom angle φ0 � 7.3° can be
obtained from the ratio of the radius of the supporting rod
and the hemispherical shell.,e precision of the top angle and
the bottom angle is not greater than 0.01。; the brace bar and
hemispherical coaxiality are not bigger than 0.0015mm, and
the quality factor Q is not less than 1× 107.

4.1. 1e Optimal Number of Circumferential Waves.
Equations (13) and (23) were used to calculate the resonant
frequency and precession factor of the hemispherical res-
onator, as shown in Table 1.

With the increase of the number of circumferential
wave number n, the mode of the resonator is becoming
more and more complex, and the resonant frequency and
the energy which is to maintain the resonator vibration is
also increasing continuously. ,e precession factor of the
hemispherical resonator decreases with the number of
circumferential wave.

From the view of the energy loss of the hemispherical
resonator, it is hoped that less energy is needed to maintain
the mode of hemispherical resonator. Considering the ap-
plication and vibration realization condition of the HRG, the
optimal number of circumferential waves is n� 2, and at this
time, K ≈ 0.3.

4.2. Effect of Top Angle and Bottom Angle on Precession
Factor. Assuming the change rate of the mode precession
factor K of the resonator is

σK �
ΔK
K0

, (24)

where K0 is the precession factor when the structural pa-
rameters of the resonator meets the requirement of design
(φ0 � 7.3° and φF � 90°) and ΔK is the variable of precession
factor [13, 14].

,e precession factor K is

K � −
2
n


φF

φ0
4 sin2 φ cosφ tannφ/2h(φ)dφ


φF

φ0
n
2

+ 2n cosφ + cos2 φ − 3 sin2 φ tannφ/2h(φ)dφ
.

(25)

When the number of circumferential waves is 2, the
relationship between φF and φ0 of the resonator and K is
shown in Figures 3 and 4:

When the structure parameters of the resonator meet
the requirement of design, that is, φ0 � 7.3° andφF � 90°,
the precession factor is K0 � −0.2981762; when the
change is [7°, 8°], σK change is [−0.0139%, 0.00037%], and
the precession factor K is insensitive to the change of the
bottom angle; while when the change is [89°, 91°], change
of σK is [1.2425%, −1.4761%], and the precession factor K
is relatively sensitive to the change of the top angle.

,e design requires that the precision of the top angle is
not bigger than 0.01.

When Δφ0 � 0.01° and ΔK � 1.2 × 10− 6, if the input
angular velocity is 1°/s, the error of angular velocity caused
by ΔK is ΔΩ � 0.00432°/h.

When ΔφF � 0.01° and ΔK � 4 × 10− 5, if the input
angular velocity is 1°/s, the error of angular velocity caused
by ΔK is ΔΩ � 0.144°/h.

It can be seen that the error of angular velocity caused by
Δφ0 is far less than that caused by the same ΔφF.

4.3. Effect of Uneven Wall 1ickness on Precession Factor.
,e processing of high-precision spherical shell structure is
the core of the hemispherical resonator gyro technology.
According to the material and structural characteristics of
the hemispherical resonator, the structure of the resonator is
analyzed, which is combined with the technical bottleneck
existing in the processing of fused quartz glass, and the
processing performance is studied.

For the vibration mode with fixed number of circum-
ferential waves, the uneven wall thickness caused by ma-
chining will cause the change of resonance frequency and
also affects the precession factor. ,e influence can be

Table 1: ,e frequency and precession factor of the hemispherical
resonator.

n � 2 n � 3 n � 4 n � 5
ωn (HZ) 905 2804 5620 9307

K
φ0 � 0o −0.2978239 −0.0659867 −0.0231877 −0.0102203
φ0 � 7.3o −0.2981762 −0.0659901 −0.0231877 −0.0102203
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divided into two cases. (1) When the wall thickness of the
bottom of the resonator increases, the variation of the wall
thickness is

h(φ) � h(1 + α cosφ). (26)

(2) When the wall thickness of the top of the resonator
increases, the function of the wall thickness is

h(φ) � h(1 + α sinφ). (27)

,e change of spherical angle φ of the resonator is
0° ≤φ≤ 90°, and α is the change factor of wall thickness.

When the mode shape circumferential wave number is 2,
the wall thickness of the bottom and top increases by K; the
changes are shown in Figures 5 and 6.

,e absolute value of the precession factor K decreases
with the increase of the wall thickness of the bottom. When
the change of α is [0, 0.25], the change of σK is
[−0.012308%, −1.1021%].

,e absolute value of the precession factor K increases
with the increase of the wall thickness of the bottom. When

the change of α is [0, 0.25], the change of σK is
[0.0126435%, 1.0503186%].

5. Design and Analysis of Simulation

5.1. Finite Element Analysis (FEA) of the Resonator. FEA is
used to simulate and analyze the actual physical system with
the mathematical approximation method. ,e characteristic
changes caused by the rotation of the hemispherical reso-
nator will affect the performance of the HRG, especially the
structure of the hemispherical resonator is the key factor
affecting the vibration characteristics of the HRG.

Assuming the hemispherical resonator is damped or
damped in a free state without rotation, the differential
equation of multi-degree-of-freedom motion is

M €x (t) + C _x(t) + Kx(t) � Q(t), (28)

where €x(t) is the acceleration vector, _x(t) is the velocity
vector, x(t) is the displacement vector, and Q(t) is the
resonator node load vector. M, C, and K are the mass matrix,
damping matrix, and stiffness matrix of the hemispherical
resonator, respectively [15].

Equation (29) in the time domain is transformed into a
complex variable in the Laplace domain p, and the initial
displacement and velocity are assumed to be zero, then the
Laplace domain equation is obtained:

Mp
2

+ Cp + K � Q(p). (29)

,e transfer function is

H(p) �
1/M

p
2

+(K/M)p +(K/M)
. (30)

Its root is the pole:

λ1,2 � −
C

(2M)
  ±

��������������

C

(2M)
 

2

−
K

M
 




. (31)

,e natural frequencies are defined as ωn �
�����
K/M

√
.

It is assumed that the energy loss of the hemispherical
resonator is very small during an oscillation period, and the
damping of the hemispherical resonator is approximately
ignored in the analysis.,e differential equation is simplified
as follows:

M €x (t) + Kx(t) � Q(t). (32)

When the node load vector of the hemispherical reso-
nator is 0, the differential equation is further simplified as
follows:

M €x (t) + Kx(t) � 0. (33)

Equation (33) is the free vibration equation of the
hemispherical resonator, also known as the dynamic char-
acteristic equation.,e natural frequencies andmodes of the
resonator can be solved by this equation.
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5.2. Finite Element Simulation of Resonator. For high-quality
hemispherical resonator, on the one hand, it is necessary to
ensure the stability of resonant frequency and, on the other
hand, to ensure the stability of mode. At present, the ideal
material of the hemispherical resonator is fused silica glass.
,e hemispherical resonator made of this material has stable
vibration frequency, short delay time, high mechanical
stability, low thermal expansion rate, and large internal
stress.,e hemispherical resonator made of fused silica glass
can work in a wide temperature range and reduces the
energy loss needed to maintain the gyro vibration.

,e hemispherical resonator requires the fused silica
glass to have isotropic and high quality factor, and the
temperature coefficient is small and stable; usually, elastic
modulus is E � 7.67 × 1010Pa, Poisson’s ratio is μ � 0.17,
and density is ρ � 2500 kg/m3. In this paper, the boundary
constraint of the hemispherical resonator gyro is that the
bottom is fixed and the top is free. ,e specific method used
in the simulation is to constrain all the degrees of freedom of
the upper end of the support in ANSYS, and the resonator
and the following components adopt the free state.

To reduce the workload of the hemispherical resonator
modeling, AutoCAD is used to establish the model and then
imported into the ANSYS. Finally, the grid generation,

hemispherical resonator model, and grid generation are
mapped, as shown in Figures 7(a) and 7(b).

When the bottom of the middle support of the
hemispherical resonator is fixed, a force is applied to the
hemispherical resonator. ,e results show that the color of
the resonator changes with the color of the lower part of the
strut. From the total deformation level of the resonator, the
deformation of the hemispherical resonator and the rod is
closer to the edge of the hemisphere, and the greater the
deformation, the greater the tendency of gradual increase.
,e total deformed flat view and bottom view of the
hemispherical resonator are shown in Figures 8(a) and
8(b).

Under the condition that the bottom of the middle
supporting rod of the hemispherical resonator is fixed and
the top is free, the stress change is the largest between the
hemispherical resonator and the rod, and it gradually de-
creases from the supporting rod to the outside. ,e contact
surface of the central rod and the hemispherical resonator is
the place where the stress changes greatly, and it extends
from inside to outside, and with the movement of the
hemispherical resonator, some deformation occurs. ,e
resonator’s potential view and bottom view are shown in
Figures 9(a) and 9(b).
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6. Conclusion

,e mathematical model of the energy resonator is pre-
sented in the paper. ,e influence of nonideal factors on
resonant frequency and precession factor is studied, and the
influence of nonideal factors on the precession factor is
analyzed.,e precession factor of the HRG is more sensitive

to the change of the top angle than to the change of the
bottom angle. ,e angular velocity error of the HRG caused
by the change of the top angle is much larger than that
caused by the change of the bottom angle. ,erefore, in the
actual manufacturing process, the manufacturing precision
of the top corner is much higher than that of the bottom
corner. With the increase of the thickness of the

(a) (b)

Figure 7: ,e grid and model of the hemispherical resonator.

(a) (b)

Figure 8: ,e plane view and bottom view of the hemispherical resonator’s deformation.

(a) (b)

Figure 9: ,e plane view and bottom view of hemispherical resonator’s SEQV.
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hemispherical resonator, the stiffness and resonant fre-
quency of the hemispherical resonator will increase. ,e
increase of the resonant frequency makes the hemispherical
resonator difficult to excite. However, when the wall
thickness of the hemispherical shell decreases, the mea-
surement error will increase due to the asymmetry.
,erefore, in the actual manufacturing process, the selection
of wall thickness needs comprehensive consideration, and its
manufacturing precision is also the most difficult to ensure
in precision machining, which is the technical bottleneck of
the development of the resonator.
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