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Control of Chaotic Calcium Oscillations in Biological Cells
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-e contribution of this present paper is to propose a method that combines a chemical Brusselator reaction-diffusion systemwith
a biological cell system via gap junction for controlling and visualizing the frequency and magnitude of chaotic intracellular
calcium oscillations in two cell types, including nonexcitable cells and the glial cells. -is produces a wide variety of oscillatory
behaviors similar to those reported in numerous biological experiments. We particularly show that in the majority of chaos cases,
the reactor to cell coupling can induce the generation of regular calcium oscillations as the coupling strength is varied. Together
with the proposed method of coupled models, the regularity of these chaotic oscillations enables us to gain better understanding
and extensive insights into the overall coupling dynamics.

1. Introduction

Cell is characterized by basic structural and functional unit,
as seen under the electron microscope in tissues of organ-
isms. As the most important chemical signals in the cytosol
of living cells, calcium ion (Ca2+) is indispensable for bio-
logical signaling pathway in various physiological activities
of human body and participates in many physiological
functions, such as heart beat discrimination, muscle con-
traction, and gene expression [1–4]. Different types of Ca2+
oscillations, which are encoded into complex and diverse
biological signals through the variation of calcium flux,
induce brain plasticity in two ways simultaneously, ampli-
tude modulation and frequency modulation [5–10].

In contrast with nonexcitable cell, glia, which are ap-
proximately 10 times more in number than nonexcitable
cell, are unable to generate similar response by an electrical
signal. It is well-known that glia has no electrically excitable
effects on the plasma membrane [11]. Trying to explain the
dynamical mechanism of chaotic Ca2+ oscillation in non-
excitable cell and glia, a lot of mathematical models were
established in the field of calcium signaling with purpose of
investigating various types of Ca2+ oscillations in the ex-
periment (for review, see [12]). In recent years, many chaos

control methods, such as adaptive control, feedback control,
fuzzy control, and sliding mode control are proposed.

Here, we focus on a new approach that can help to
control intracellular chaotic Ca2+ oscillation amplitude and
frequency from a mathematical point of view in two types of
cell systems. On this neurophysiological basis of their finds,
mathematical models of control associated with membrane
ion channels were discussed for describing different types of
Ca2+ oscillations [13–23]. -e question remains whether the
dynamical mechanism correlated by systme parameter is
efficient for controlling the intracellular oscillations in glia.
-erefore, it is becoming increasingly clear that assent to
creation of precise chaotic Ca2+ regulation is interesting,
since the process can reveal the dynamical mechanism of
regular and chaotic attractors controlled by the system
parameter.

2. Mathematical Models

-e aim of the present paper is to investigate reversible
control of the amplitude and the frequency of chaotic Ca2+
oscillation in two different kinds of mathematical models
proposed by Borghans et al., Lavrentovich and Hemkin, and
Zhao et al. as examples that regulate the intracellular chaotic
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calcium oscillations [24–26]. -e evolution of Borghans
model is governed by the following equations:

dX
dt

� Jin + Jleak − Jpump + Jer − Jout,

dY
dt

� Jpump − Jleak − Jer,

dZ
dt

� JA − JD − JC,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1)

where
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-ere are three variables that represent the dynamics of
nonexcitable cell model proposed by Borghans et al.: the free
Ca2+ concentrations in the cytosol (X), the free Ca2+ con-
centrations in ER (Y), and inositol trisphosphate (IP3) con-
centration in the cytosol (Z). Between cytosol and ER, most of
Ca2+ fluxes were considered: leak Ca2+ from ER into cytosol
(Jleak), Ca2+ uptake from cytosol into ER (Jpump), and Ca2+
from ER into cytosol (Jer).-e parameter r denotes the stimuli
level from outer space through themembrane of nonexcitable
cell and into the cytosol, and hence we choose this parameter
to be the control parameter to regulate the calcium oscillatory
behaviors. Most of other parameter values used here are taken
from our previous literatures in Ref. [18, 21, 22].

A mathematical one-pool model proposed by Lav-
rentovich et al. is also considered as another example of
manipulating chaotic Ca2+ oscillation in glia cell type. -ree
differential equations in the Lavrentovich model form the
relationship between the same variables appearing in the
Borghans model.

dCacyt
dt

� vin − koutCacyt +vCICR − vserca +kf Caer − Cacyt ,

dCaer
dt

� vserca − vCICR − kf Caer − Cacyt ,

dIP3

dt
� vPLC − kdegIP3,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(3)

where

vserca � vM2
Ca2cyt

Ca2cyt + k22
⎛⎝ ⎞⎠,

VPLC � vp
Ca2cyt

Ca2cyt + k2p
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vCICR � 4vM3
knCaACa

n
cyt

Cancyt + knCaA  Cancyt + knCaI 
⎛⎝ ⎞⎠

×
IPm

3
IPm

3 + kmip3
⎛⎝ ⎞⎠ × Caer − Cacyt .

(4)

-is model considers the IP3 receptor influenced by
cytosolic Ca2+ which at low Ca2+ concentration activates the
probability of receptor opening. -e parameter vin denotes
the Ca2+ flow from outside into the glia membrane. By
changing value of this parameter, we canmimic spontaneous
Ca2+ oscillations appearing in biological experiments [23].
We investigated stability dynamics of the Lavrentovich
model using similar values of most parameters in our
previous studies for derivation [21, 22].

-e current paper is aimed at proposing a method to
control chaotic Ca2+ oscillation by integrating cell model
with the reactor via coupling. -e Brusselator system is
described by the following equations:

dx
dt

� − (b + 1)x + ax2y,

dy
dt

� bx − ax2y.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(5)

-is integration seemly occurs via diffusion of Ca2+ in
cytosolic and ER alternatively, as is illustrated in Figure 1
from our previous study.

Most often biological information is encoded in regu-
lation, variations in magnitude or frequency, and spatial
organization of intracellular Ca2+. In this case, Ca2+ and IP3
concentrations act as the co-stimuli to trigger Ca2+ releasing
from IP3 receptor, and we add the coupling term (Xkc1-xkc2)
to the first equation in (1). In summary, this coupled
nonexcitable cell model can be described as follows:

dX
dt

� Jin + Jleak − Jpump + Jer − Jout − kC1X + kC2x,

dY
dt

� Jpump − Jleak − Jer,

dZ
dt

� JA − JD − JC,

dx
dt

� 1 − (b + 1)x + ax2y + kC1X − kC2x,

dy
dt

� bx − ax2y.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(6)
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Having presented the artificial mathematical non-
excitable cell model for controlling chaotic Ca2+ oscillation,
we similarly couple the Brusselator reactor with glia cell
system. -is integrated coupling system is expressed as
follows:

dCacyt
dt

� vin − koutCacyt +vCICR − vserca +kf Caer − Cacyt 

− kC1Cacyt +kC2x,

dCaer
dt

� vserca − vCICR − kf Caer − Cacyt ,

dIP3

dt
� vPLC − kdegIP3,

dx
dt

� 1 − (b+1)x+ax2y+kC1Cacyt − kC2x,

dy
dt

� bx − ax2y.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(7)

In our modified models, chaotic Ca2+ oscillation can be
easily controlled by changing the parameter values of kc1 and
kc2, representing the assumed Ca2+ flux transport rate both
in cytosol and Brusselator reactor, due to the involved
variables and coupling of elements.

3. Results

In this section, we investigate possible method for con-
trolling chaotic Ca2+ oscillation for understanding the dy-
namical mechanism. Furthermore, it is not only to control
the magnitude and the frequency of chaotic Ca2+ oscillation
in nonexcitable cell and glia but also to monitor the shape of
chaos.

Firstly, we use equation (6) of the nonexcitable cell
system to evaluate effectiveness of our method. Chaotic Ca2+
oscillations in the coupled system with the parameter
r� 0.95 are plotted in Figure 2. It is shown that chaotic Ca2+
oscillation occurs in this case. As the controlling rate pa-
rameters kc1 � 0, kc2 � 0, it means that the chemical Brus-
selator reactor has no effect on the coupled system (6). In
Figure 2(a), it shows spiking chaos through complex dy-
namical activities. -e 2D corresponding dimensional phase
portrait diagram in (x, y, z)-plane is also plotted in
Figure 2(b). One can easily see a basic attractor in the phase
portrait.

Secondly, we fix the control parameters kc1 and kc2 to
regulate the chaotic Ca2+ oscillations in nonexcitable cell
system (6). In Figure 3(a), another spiking chaos can be
gained by varying kc1 � 0.002, kc2 � 0.04, which is similar to
that of Figure 2(a). -e main difference is the way how the
reduced small-amplitude level can be achieved, which is
verified by the corresponding 2D phase diagram in
Figure 3(b).

Based on the component-coupled method, an effective
manipulation of chaotic Ca2+ oscillation is shown in Figure 4
when we choose kc1 � 0.1 and kc2 � 0.1. Compared with
Figures 2(a) and 3(a), it can be seen that this kind of reg-
ulation significantly reduces the amplitude (see Figure 4(a))
and the calcium wave (see Figure 4(b)) in this case.-ere is a
sharp decrease of spiking activity and distinctive shape
variation of each chaotic spiking, which is followed by a
slower decrease for high control parameter values. -ere-
fore, we use the coupling method as a measure for ma-
nipulating the chaotic Ca2+ activities of the modified model.

We further examine the control properties of coupled
system (6) for different values of controlling parameters kc1
and kc2 which determine the rate of amplitude and frequency
of calcium flux. Figure 5(a) shows the corresponding time
series of X for kc1 � 6 and kc2 � 0.2, respectively. When the
value of kc1 and kc2 is large enough, the chaotic behavior
turns to be a series of regular spiking. -e main difference
between them is that the phase portrait of spiking oscillation
is a stable circle unlike the basic attractor in Figure 5(b). -e
transition is much different from that of previous time
course in Figures 2(a), 3(a), and 4(a).

Finally, we use equation (7) of the glia cell system to test
the validity of the coupling method. Time process of chaotic
Ca2+ oscillations with the parameter vin � 0.05025 is shown
in Figure 6(a). As kc1 � 0, kc2 � 0, it means similar to that in
the coupled nonexcitable cell system (6).

-e 3D dimensional phase portrait diagram in (Cacyt,
Caer, IP3)-plane is also plotted in Figure 6(b), and one can
easily see a strange attractor in the middle of portrait
diagram.

In contrast with the original chaotic behavior, the shape
of chaos in Figure 7(a) is of quite different spiking type as
kc1 � 0.0001, kc2 � 0.0001, keeping their waveforms changed.
-e main difference is that this type of firing in Figure 7(a) is
called the spiking chaos, while bursting chaos is considered
in Figure 6(a). Burst means the system behavior alternates
between repetitive firing and steady state, which is caused by
the system slow variable. 3D dimensional phase portrait

Z

Brusselator

YX

R

IP3

Agonist

Ca2+

Figure 1: Schematic presentation of integration between the cell
model and the Brusselator reactor. -is illustration is from [19].

Complexity 3



diagram is drawn in Figure 7(b). More additional portrait
circles occur.

When the parameters kc1 � 0.001, kc2 � 0.01, the coupled
glia cell model begins to burst with quiet different chaotic
behavior from the above one with time process shown in
Figures 6(a) and 7(a). -e results of numerical integration

for controlling chaotic calcium flux are shown in Figure 8.
Figure 8(a) shows a typical example of burst in a sharp peak,
which is followed by several lower frequency oscillatory
activities. Figure 8(b) shows the three-dimensional portrait
diagram corresponding to Figure 8(a). -is type of oscil-
lation is also a regular bursting.
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Figure 2: Original chaotic Ca2+ oscillation in coupled model (6) of nonexcitable cell without control constraints at r� 0.95. (a) -e
respective time course of variable X with controlling rate parameters kc1 � 0, kc2 � 0. (b) 2D projection of the trajectory in X, Y phase space
with controlling rate parameters kc1 � 0, kc2 � 0.
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Figure 3: Small-amplitude feedback control of chaotic Ca2+ oscillation in coupled model (6) of nonexcitable cell at r� 0.95. (a) -e
respective time course of variable X with controlling rate parameters kc1 � 0.002, kc2 � 0.04. (b) 2D projection of the trajectory in X, Y phase
space with controlling rate parameters kc1 � 0.002, kc2 � 0.04.
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Figure 4: Large-amplitude feedback control of chaotic Ca2+ oscillation in coupled model (6) of nonexcitable cell at r� 0.95. (a) -e
respective time course of variable X with controlling rate parameters kc1 � 0.1, kc2 � 0.1. (b) 2D projection of the trajectory in X, Y phase
space with controlling rate parameters kc1 � 0.1, kc2 � 0.1.
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Figure 6: Original chaotic Ca2+ oscillation in coupled model (7) of the glia cell system without control constraints for the parameter
vin � 0.05025. (a) -e respective time course of variable Cacyt with controlling rate parameters kc1 � 0, kc2 � 0. (b) 3D projection of the
trajectory in (Cacyt, Cacyt, IP3) phase space with controlling rate parameters kc1 � 0, kc2 � 0.
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Figure 7: Shape and amplitude control of chaotic Ca2+ oscillation in coupledmodel (7) of the glia cell system for the parameter rin � 0.05025.
(a)-e respective time course of variable Cacyt with controlling rate parameters kc1 � 0.0001, kc2 � 0.0001. (b) 3D projection of the trajectory
in (Cacyt, Cacyt, IP3) phase space with controlling rate parameters kc1 � 0.0001, kc2 � 0.0001.
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Figure 5: Shape, amplitude, and frequency control of chaotic Ca2+ oscillation in coupled model (6) of nonexcitable cell at r� 0.95. (a) -e
respective time course of variable X with controlling rate parameters kc1 � 6, kc2 � 0.2. (b) 2D projection of the trajectory in X, Y phase space
with controlling rate parameters kc1 � 6, kc2 � 0.2.
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Figure 8: Shape, amplitude, and magnitude control of chaotic Ca2+ oscillation in coupled model (7) of the glia cell system for the parameter
rin � 0.05025. (a)-e respective time course of variable Cacyt with controlling rate parameters kc1 � 0.001, kc2 � 0.01. (b) 3D projection of the
trajectory in (Cacyt, Cacyt, IP3) phase space with controlling rate parameters kc1 � 0.001, kc2 � 0.01.
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4. Summary

In summary, we have theoretically integrated a chemical
Brusselator reactor to the nonexcitable cell and glia models,
respectively, based on the coupling method. We aimed at
controlling the chaotic Ca2+ oscillations. A component-
coupled method was introduced by integrating a Brusselator
reactor to cell model. -is kind of integration not only
influences the frequency and magnitude of chaotic calcium
flux but also changes the shape of chaotic behavior. -e
integration method should be regarded as the initial effort
for regulating intracellular chaotic Ca2+ oscillations in living
cells. Validity of this coupling method was verified by
changing values of controlling rate, respectively.

-erefore, simulation results in this paper may enhance
our understanding of generation and transition mechanism
of chaotic Ca2+ oscillations in nonexcitable cell and glia cell,
which help us better understand the essence of calcium
signaling between nonexcitable cell and the glia cell from a
mathematical point of view.
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