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This paper addresses the robust constrained model predictive control (MPC) for Takagi-Sugeno (T-S) fuzzy uncertain quantized
system with random data loss. To deal with the quantization error and the data loss over the networks, the sector bound approach
and the Bernoulli process are introduced, respectively. The fuzzy controller and new conditions for stability, which are written as
the form of linear matrix inequality (LMI), are presented based on nonparallel distributed compensation (non-PDC) control law
and an extended nonquadratic Lyapunov function, respectively. In addition, slack and collection matrices are provided for
reducing the conservativeness. Based on the obtained stability results, a model predictive controller which explicitly considers the
input and state constraints is synthesized by minimizing an upper bound of the worst-case infinite horizon quadratic cost
function. The developed MPC algorithm can guarantee the recursive feasibility of the optimization problem and the stability of
closed-loop system simultaneously. Finally, the simulation example is given to illustrate the effectiveness of the

proposed technique.

1. Introduction

Model predictive control (MPC) is an effective advanced
control method that has aroused extensive attention among
the academic and industrial communities in the past decades
[1-3]. The main idea of MPC is online solution of an op-
timization problem to obtain a sequence of optimal control
inputs; then, only the first one is implemented and it repeats
this procedure with new measurements at the next sampling
time [4]. The defining feature of MPC comes from its ability
to handle the multivariable systems with hard constraints. A
large amount of results on MPC of ideal systems without
model uncertainties were reported in [5-7]. However, model
uncertainty exists in practical industrials, and hence robust
MPC is of theoretical and practical significance and need to
be considered. To solve this problem, the authors in [8]
firstly proposed a robust MPC synthesis approach for the
uncertain system by solving a linear matrix inequalities
(LMIs) optimization problem which explicitly considered
the input and state constraints. The key point of [8] was to

utilize the concept of robust invariant set to guarantee the
recursive feasibility of the LMI optimization problem. Since
then, much progress has been made in the research of MPC
synthesis approach. There are mainly two aspects: one is to
reduce the computational burden (see [9, 10]) and the other
is to improve the control performance (see [11]).
Meanwhile, networked control systems (NCSs) have
been a hot research topic in the last decade which combines
sensors, controllers, and actuators via a shared communi-
cation network. Compared with traditional point-to-point
control systems, NCSs bring incomparable advantages, such
as high reliability, easy installation and maintenance, and
excellent flexibility [12, 13]. However, some phenomenons,
such as data loss and quantization, inevitably exist in the
communication channels which would deteriorate the
performance or even destroy the stability of the systems.
There have emerged many works about the controller design
and stability analysis for the NCSs with packet loss and/or
quantization (see, e.g., [14-16]). Works on the stabilization
problem for NCSs with packet loss can be found in [17-20].
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Some nice results about the quantized feedback control
problem for NCSs were reported in [21, 22]. Further, most
recently, some researchers considered more complex net-
work environment where packet loss and quantization were
coexisted in NCSs [23-27].

Some interesting results are presented in the afore-
mentioned documents; however, all of the results are under
the assumption that the controlled plant is a linear system
without system uncertainty. Unfortunately, almost all the
systems in industry are nonlinear with uncertainty. The
research studies on the uncertain system have been made by
many researchers, and several common descriptions of
uncertain systems can be found in [8, 28, 29], such as
polytopic paradigm and structured uncertainty. In addition,
Takagi-Sugeno (T-S) fuzzy model is employed in this paper
to describe the nonlinear system. As we all know that the T-S
fuzzy model can transform the nonlinear system into a set of
linear submodels by IF-THEN rules instead of handling it
directly. In the analysis of T-S fuzzy systems, the controller is
designed based on the linear submodels, while the imple-
mentation of the controller clearly depends on the mem-
bership functions which explicitly consider the nonlinearity
of the system. The local linearities of the T-S fuzzy system
provide a bridge between the analysis of nonlinear systems
and the fruitful linear control theory results [30-35]. For the
T-S fuzzy system, some interesting technologies are intro-
duced for the purpose of reducing conservatism, such as
nonquadratic Lyapunov function [36, 37], extended non-
quadratic Lyapunov function [38, 39] with nonparallel
distributed compensation (non-PDC) law, and slack ma-
trices [40]. Recently, some researchers begin applying the
T-S fuzzy model to describe complex nonlinear plant in
NCSs, and more investigations have been carried out. The
controller design and stability analysis for T-S fuzzy model-
based NCSs with data losses were considered in [41, 42], and
for NCSs with quantization, the same problems were
addressed in [44, 45].

There also have been some nice works that introduce
MPC to deal with the problem for NCSs represented by
the T-S fuzzy system (see, e.g., [43, 46, 47]). The authors in
[43] used Bernoulli random binary distribution to model
data loss occurring intermittently between the controller
and the physical plant. Meanwhile, piecewise approach is
more effective for fuzzy systems with trapezoidal mem-
bership functions. Consequently, the fuzzy predictive
control problem of nonlinear NCSs subject to parameter
uncertainties and data loss was considered in [46]. The
difference between [43, 46] is that the authors in [46]
employed slack matrices to develop less conservative
conditions for stability analysis of the closed-loop system.
Yu et al. [47] considered more intricate network where
data loss and quantization were existed simultaneously. In
[48], a fuzzy predictive controller which guaranteed the
stability of the closed-loop system was designed in terms
of sector bound approach. Tang et al. [49] investigated the
output feedback model predictive control for networked
control systems with packet loss and data quantization.
Although some remarkable results are presented in the
foregoing documents, most of the T-S fuzzy systems are
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described without uncertainty. In addition, the same
problem for NCSs, packet loss, data quantization, and the
model predictive control strategy, were considered in both
of this paper and [49]. However, this paper is different
from [49]. First, the interval-type 2 T-S fuzzy model is
introduced to describe the nonlinear NCSs, while the type
1 T-S fuzzy model is applied in this paper and the system
uncertainty is also considered which is not involved in
[49]; second, the result for [49] was obtained based on the
assumption that the system states were not measurable
and the output feedback MPC strategy was addressed,
while this paper assumed that the system states can be
sampled and state feedback MPC approach was investi-
gated. It is noted that different assumptions resulted in
completely different solutions. Indeed, few works are
focused on the problem of reducing the conservatism for
fuzzy MPC for NCSs which motivates our research. To
illustrate this research more clearly, we provide Table 1 to
compare published works with this paper.

This paper focuses on the synthesis approach of the
robust constrained MPC with quantization and data loss
for the uncertain fuzzy system. The quantization error is
regarded as sector bound uncertainties by using the sector
bound approach, and the data loss process is described by
Bernoulli distributed sequence. A new stability condition
for NCSs is achieved based on extended nonquadratic
Lyapunov function and additional slack and collection
matrices. By optimizing an objective function in the
infinite time horizon at each sampling time, a robust MPC
optimization problem which explicitly considers the data
loss and quantization is presented. Furthermore, the
optimization problem is proved to be recursive feasible,
and the networked control system turns out to be as-
ymptotically stable.

The remainder of this paper is summarized as follows.
The problem formulation is given in Section 2. Section 3
provides the new stability results for fuzzy NCSs. Online
synthesis of MPC for fuzzy NCSs is presented in Section 4.
Section 5 gives the analysis of feasibility and stability. Section
6 presents a simulation example, and Section 7 draws the
conclusion.

Notations. For any vector x and positive-definite matrix W,
Ix[l}, = xTWx. R* and R™™ denote n-dimensional Eu-
clidean space and the set of # x m real matrices, respectively.
I is the identity matrix with appropriate dimension. For any
vector, x (k + s|k) is the value of x at sampling instant k + s.
The superscript T denotes the transpose of matrix or vector.
The symbol * stands for a symmetric element or submatrix.
For simplicity, y,,t € {i, j} and p},z € {I,m} are used in
place of u, (f(k)), wp,(f(k+1)) and g, (f (k+slk)),
p. (f (k+ s+ 1]k)), respectively. y;, = Yiy i (po Xns = 211
i X Xnw = 2iy 29:1 i Oy ()xijand xpy, = Yict 2t B
(It (DX With x € {A, B, E, K, Q, S}.

2. Problem Formulation

Consider a discrete-time T-S fuzzy model with r rules and
describe its ith rule as
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TaBLE 1: Comparisons of published papers and this paper.

[13] [21] [22] [25] [31] [33] [35] [40] [45] This paper
Data loss Yes No No Yes No No No Yes No Yes
Data quantization No Yes Yes Yes No No No No Yes Yes
Uncertainties No No Yes No No Yes Yes No Yes Yes
T-S fuzzy model No No No No Yes Yes Yes Yes Yes Yes
Non-PDC control law No No No No No No Yes No No Yes

Rulei: IF f, (k)is&, f, (k) is&,, . .., and f, (k) is &), THEN W

x(k+1) =(A; + AA;)x (k) + (B; + AB;)u(k),

where & (g =1,2,...,6) stands for the fuzzy set of rule i
and f(k)=[f,(k),.. .,fg (k)] is the corresponding
premise variable which depends on the states of the system;
x (k) € R" and u(k) € R™ denote the system state and

[AA; AB] € Q= {[DF(k)E,, DF (k)E,|F (k) F(k)<I, i=1,2,...

where F (k) is an uncertain matrix and D, E,;, and E,; are
known matrices.

According to the above discussion, the definition of the
inferred T-S fuzzy model can be represented as follows:

x(k+1) =Y w (f (R)[(A; + AA)x (k) + (B + AB)u (k)]
i=1

(3)
where
@; (f (k)
(Fk) = =i )
w0 =5 6 (o)
(4)

0 .
o, (f(R) =& (fy(0), ie{l,2,3...,1}
g=1

in which ®@; (x (k)) represents the weight of the ith rule and
u; (f (k)) is the membership grade of f (k) in f’] and satisfies

iyi(f(k)):l, ie{l,2,3...,rh )
i=1

In this paper, we assume that the communication net-
work exists in sensor-to-controller (S/C) and controller-to-
actuator (C/A) links, and the configuration of quantized
NCSs with data loss is shown in Figure 1. At time k, the
output of controller is quantized as

uc (k) = ¢ (v(k)), (6)

where ¢ (-) denotes a logarithmic quantizer which is defined as

i={1,2,...,r},

control input, respectively; A; € R™" and B; € R™" are
known matrices; and AA; and AB; are introduced to de-
scribe the system uncertainty, which satisfy

,r,k=0}, (2)

. 1
& if & <V<——¢,v>0,
I+7 -7
9 =1, ifv=0, )
| —@(-v), ifv<O,

in which 7= (1 - p/1 + p) and p is the quantization density.
The set of quantization levels is presented as follows:
v={te,¢=plepi==1, £2,...Ju{xe}u{0}, 0<p<l,
& >0. Each quantization level corresponds to a segment
such that the quantizer maps the whole segment. Based on
the sector bound approach in [48], the control input can be
expressed as follows:

u (k) = ¢ (v(k)) = (I +¢(k)v(k), ¢(k) e [-T.7], (8)

where ¢(k) = diag{c, (k), ¢, (k),...,¢, (K)}, Ig; (k)| <,

When x (k) and u, (k) are transmitted in the commu-
nication channel, it may be lost due to the poor network
traffic. Hence, two Bernoulli processes are introduced to
model the data loss in NCSs.

x. (k) = a(k)x (k),

)
u(k) = p(k)u, (k),
where x, (k) is input of controller. {a (k)} and {B(k)} are two
mutually independent Bernoulli processes. {a(k),p
(k)} €{0,1} (1 means that the data are transmitted suc-
cessfully and 0 indicates that data packet is lost).
Then, we assume that {a(k)} and {B(k)} satisfy the
following conditions:
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Ficure 1: Configuration of quantized NCSs with data loss.

Pr{a(k) = 1} = E{a (k)} = @,
Pr{a(k) =0} =1 -7,

_ (10)
Pr{B(k) = 1} = E{B(k)} = p,

Pr{B(k) = 0} = 1 - B,

Rule R': IF f, (x (k))is &, f,(x(k))is&, ...

where K; € R™" inwhichi € {1,2,...,7} and Q; € R™"
inwhich i € {1,2,...,r} are the controller gains. Then, the
state feedback fuzzy controller is defined by

-1
v(k) = <Z/4,- (f(k))K,) (Zu,- (f(k))Ql-) x (k)
i=1 i=1

= K,Q, ' x (k), i€f{l,2,...,7}
(12)

Based on (9) and (12), the following state feedback fuzzy
controller is achieved:

In the following, the fuzzy controller is presented.

, and fo (x (k) is &, THEN

(11)
v(k) = KQ'x. (k), ie{l,2,...,r},
u(k) = (I+c(k)a(k)BKK,Q; x (k), i€{l,2,...,r}
(13)

Let {w (k)} = a(k)B (k). It is obvious that if & (k) = 1 and
B (k) =1, w(k) = 1; otherwise, w(k) = 0. Thus, we have

Pr{w(k) = 1} = E{w (k)} = o,

(14)
Pr{w(k) =0} =1 -w.

According to (3), (8), and (13), the overall uncertain
closed-loop fuzzy system is described as follows:

x(k+1) =Y u,(f (R)D[(A; + AA) + (B; + AB) (I + ¢ (K)o (KK, Q" | (k)

i=1

(15)

=4, + @B, (I + c(k)DK,Q;" + @ (k)B,, (I + ¢ ()K Q" |x (k),

where A, =Y w(f(k)A, AA, =Y, 4 (f(K)AA,
By =Yt (f(k)B;, ABy = ¥, p; (f (K))AB, K = ¥, s
(f (K)Kp, and Q; = Yoy i (f (K)Qy. Ay = Ay + AA, By =
B, + ABy,, and @(k) = w(k) —w. Obviously, E{@w(k)} =0
and E{w (kK)o (k)} = w (1 - w).

3. New Stability Results for Fuzzy NCSs

Compared with the conditions of stability for traditional
control fuzzy systems, a new stability condition which can
reduce the conservatism is presented in this section by
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introducing the notation of slack matrices. This new stability
condition is the foundation of the MPC for fuzzy NCSs
which will be provided in the next section.

First, the following two lemmas that play a significant
role in the proof of Theorem 1 are introduced.

Lemma 1 (see [50]). For vectors a and b and matrices N, X,

Y, and Z of any appropriate dimensions, zf[ ;(T ; ] >0, then
the following inequality holds:
al'lT X Y-N][a
_ZaTNbg[ ] [ M } 16
b] lY'-N" z ]lb
- ral'T 0 -N1[a
—2a'Nb< .
Lb] L-N" 0 ]Lb
IR R R
< +
(6] L-N" o Jlo] Lo] LY" z]lb
ral'[ X Y—N][a}
<
o] LY"-N" Zz ]lb

(17)

This inequality is generally called Moon inequality. It can
be seen that if N=Y=I and Z=X! then
—2aTb <a”Xa + b' X~ 'b. For any w,z € R" and any posi-
tive-definite matrix ¢ € R™", the following inequality holds:

wiz<w clw+ 2l ez (18)

Lemma 2 (see [51]). Symmetric matrix L, and matrices
L, and L satisfy the following inequality:

L, +L,F(k)Ly + LiF (k)" L} <0, (19)
for F(k)'F (k) <1, if there exists a scalar >0 such that
L+ 7L, LY + 7' LI, <0. (20)

Next, the following theorem is given to obtain the
conditions of the stability for NCSs.

Theorem 1. Considering the T-S fuzzy system (3), the as-
ymptotic stability is guaranteed if there exist scalars
n;jand1;;, matrices K;, Q;, and Y, symmetric matrices Gl
and ij, and §;>0,S8;>0 such that

¥ < _ngv

ii =

ile{l,2,...,1}, (21)

voiv < G

it ¥i< -Gy j>iijplefl,2, 1) (22)

5
1
2Gy,  * *
1 !
G, 2G
Iz Mz lso0, lefn2...,r (23)
.. *
! ! !
Glr G(r—l)r 2Grr
where
'31 * %
Vi=|dy dy o+ | bjlefl2.. 1}
Ld, ds d
- T
Si - Qj - Qj * *
d, =| AQ;+@BK; -S,, +@ BY1B] * ,
kBK K@B,TYTB! =S, + K*B;TYTB]
[E,Q; + @EyK; @ EytYTB] @KE,1Y7B]
d, = 0 rlijDT 0 >
kE;QiK; EKEZiTYTBiT KZEZiTYTB;F
[—n,;] + @ E,1YTEy,  * *
d, = 0 ;1 * ,
— T — 2 T
wkEyTYTE,; 0 -7l + K EyTYTE,,
_ [o o-%D"
d4 _ rlz] ,
[K; 0 0
_ [000O
ds = ,
000
a6 = —_ﬁijl i ]
0 -Y
(24)
Proof. See Appendix A for details. O

4. Online Synthesis of MPC for Fuzzy NCSs

Based on the stability condition achieved in the above
section, the online synthesis of MPC is derived for fuzzy
NCSs with the quantization and data loss. Furthermore, the
model uncertainty and physical constraints are considered.

The following non-PDC fuzzy predictive controller is
used for the T-S fuzzy system:

u(k+s|k)=a(k)B(k) (I + c(k))<2#i(f(k +5|k))Ki>
i=1

-1
X <Z wi (f (k+ Slk))Q,»> x (k + s|k)
i=1

= w (k) (I + ¢(k)K,Q;, x (k + s|k).
(25)
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x(k+s+1lk) = [A), + @B, (I + ¢(k)K,Q;," + @ (k)B, (I + ¢ (k)K, Q" |x (k + slk), (26)

where A, = A;, + AA,, B, = B, + AB,, and @ (k) = w (k) - @.

The following is the optimization problem for the online
constrained robust fuzzy MPC, which is optimized in the
infinite time horizon at each time:

min max Jo (k), 27)
u (k+slk),s20 ¢ (k), [ AA; (k+5)AB; (k+s) | €Qui€{1,2,...,r}s > 0

-1
V (x (k + slk)) = x (k + slk)T<Z 3 s (f (ke + sl (f (k + s|k))s,.j>

i=1 j=1

where JR (k) = Y5, E{ [x (k + s|k)T Wx (k + s|k) +
u(k +s|k)"Ru(k +slk)]}, with W>0 and R>0 the
weighting matrices. It is obvious that this objective function
is related to the model uncertainty, quantization density, and
expected values of stochastic variables.

The following extended nonquadratic Lyapunov func-
tion is considered:

(28)
x x (k + s|k)
= x(k+slk)"S,px (k + slk), S;;>0,520.
Then, imposing the following stability constraint at each
time,
E{V (x(k + s+ 1]k)) - V (x (k + s]k))}
- . (29)
< — E{[x(k + slk) " Wx (k + slk) + u (k + s|k)" Ru (k + s[k) | }.
Summing up both sides of (29) from s = 0 to s = 00, we
have
E{V (x (k + 00lk)) = V (x (klk))} < = E Y [x(k + slk) W (k + slk) + u(k + s1k)" Ru (k + s[k)]. (30)
s=0
As we all know, when s — 00, E{x (k + s|k)} = 0. Then,
we can obtain lim_ , E{V(x(k+slk))} =0. Thus,
J&° (k) < E{V (x (k|k))}, which is equal to
o0 (k)< , : o
(s ronn B coseinn 0 ) ZZlu (E kIR (€ (RIDIx (KIRIE 1 (31)

where s>0.
Hence, the problem of minimizing Ji° is transformed
into minimizing a scalar y satisfying

(KR Y S (E kIR, EKIRDS; % (KK <y, (32)

i=1 j=1

Moreover, input and state constraints are
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Effu, (k+slk)|,} <z, a=12,...,n, (33)

Ef| (Cx(k+s+1lk),[,} <% a=12...,n, (34

where u, (k + s|k) and x, (k + s + 1|k) are the ath compo-

nent of the vector u (k + s|k) and x (k + s + 1|k), respectively.
Can be solved by the following theorem.

Theorem 2. Consider the uncertain fuzzy NCS (26) and
assume that the communication link parameter @ and
quantization density p are known. The non-PDC state
feedback control law (25) can guarantee the robust asymp-
totically stability of the closed-loop fuzzy system if there exist

_ _ min ¥,
VoMt T8 S St G >G?,'"’Q 5K .U U NSO T

subject to

1 *
~ |20, 4,je{l,2,...,r}
[x(klk) s,.j] biet i

_ Glm

i

\I,lm <

i =

iLme{l,2,...,r}

Im Im Im Im
‘I’ij +‘Pﬁ < —Gij —Gji,

scalars y, 1, ij» i jym> ANA 31> pOSitive-definite matrices §ij, ¢p=0, le{l,2,...,r}
S,., and G, and any matrices K, Q., G = (G'™)T, and
" U i’ PR o Gy + ¢,y =20, m>LILme(l,2,...,r}
Uy, = (U,,)" (m>1) such that the following minimization
problem is feasible: where
m; ok k
‘I’Z" =|m, my * |
| my, ms mg
I ! I
GHL ~Upn Glrg ~ Ul GIT ~Uln
I I I
i = GZTTUIV" GZTZTUI'” GZTTU”” , Lme{l,2,...,r},
m m
-Grrln - Ulm VT - Ulm
m,; * *
ml = AIQ] +EB1K1 mz * )
kBK;  @xBNTB| 7,
[E,Q; + WE4K; @ EytNTB] @KE,TNTB;
T
m, = 0 HijimD 0 )
| KEyK;  @kE,NtB{ «’E,TNTB/
[ my * *
msy = 0 i * |,
| WkE,;TNTEL, 0 77,
_ T
0 0 HijimD
12
m, = w Qj 0 0 )
oK, @orNtB/ xgrNB/
| K, 0 0
r 0 0 0
0 0 0
ms = ,
° EETNTE; 0 K@TNTE;
L 0 0 0

i>ii, jhme{l,2,. ..

(35)

(36)

(37)

.7}

(38)
(39)

(40)

(41)

(42)
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’71]lm * *

* *
0 —yI+ §2TNT *
0 -N
=5,-Q;-Q,

7y = —Syms + @ B,TNTB!,

7y = —Syns + K’ B,TNTB] ,

~Mijim] + @ EyTNTEy,,

~Tijim] + K EyTNTEy,

Ull U12 e Ulr

U21 U22 e U2r

>0.
Url Ur2 e Urr
(43)
Proof. See Appendix B for details. O Then, we handle the input constraint (33). For any
[AA; AB;] € Q,i€{1,2,...,r}, we have
maxoEf[u, (k + sk}
- 2
- max B{|((@+ @ - @) (I + c(kNK,Q; x K+ )
2
max H(a)(l +6NKQ Sy ) (S ke sik) (44)
x (k+s|k) es a
< (a(nc(k))KhQ,;ls;f) || L ae{L2...n)
all2
If there exists a symmetric matrix X that satisfies
—2 -13 -7
X - (I+¢(k)K,Q,' Sy [ (I + ¢ (k)K,Q;' | 20 (45)
X SUo oo @ €{L,2,...,m,}.
By applying the Schur complement and Q}'S;'Q;, >Q,, +
QZ - S, [52], (45) becomes
S.-Q.-qQl =«
[’] %9 ]so, X<t ae{l,2,...,n,l, (46)
@I+ (kDK - |
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which equals to

5.-Q,-Q" « H
[S’f ?J R :|+|:E:|c(k)[Kj 0]+[K1 :|c(k)[0 w]<o. (47)
wK; -X 7] 0
Using Lemma 2 and Schur complement, it yields where O is a positive-definite matrix. In consequence, (33) is
~ T guaranteed by (49) through the convex feature of y; and ;.
Sij—Qj - QJ’ * * In addition, we deal with the state constraint (34). For
wK; -X+wrOtw * |[<0, (48) any [AA; AB;]| € Q,i€{1,2,...,r}, we can achieve
K; 0 -0

J

maxgoE{| (x (k + s + 11K)), [}

~ - o ~ _ 2
= max B{[¢.([A + @B, (1 + DK, Q'+ @k + 51l x By (T + c(kDKQ; e+ st) [ |
2 2
< max ( [Ah + th (I +¢(k) )Kthl]Sl/2> (Shhm x (k + s|k)> (49)
x(kesik)ee (Sy,) all2
=12\ |2
([Ah + @B, (1 + (KK, Q; | ) ||2
If there exists a symmetric matrix Z that satisfies
- s 1= Ty~ - T
Z - {(A,Q, + @By, (I +¢(k)K},)Q, 'S Q" (A,Q; + @By, (I +¢(k)K,,) ¢ 20 (50)
Za $Xo e A €{L2,.., 0.

Using Lemmas 1 and 2 and Schur complement, (50) for all F(k+slk) satistying F(k +slk)TF (k + s|k) <.
holds if Equation (52) can be transformed into

glj—Qj—Q]T % % *
{(AQ;+@wB(I+c(k)K;) -Z = =«

<0,
E;Q; + WE,; (I + q(k))Kj 0 il *
T,T
0 n;D°¢C 0 —nyl
Zpu <X e ac€ {2, n,
(51)
$;-Q-Q o+ x % 0 K'Y
j
((AQ;+@BK,) -Z o« (@B,
( ) + ek
EliQJ- +a)E2in 0 —nijl * wE,; 0 (52)
T,T
0 n;D ¢ 0 -yl 0 0

+[K; 00 0] 'c[o (c@B)" (@E,)" 0]<0.
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According to Lemma 1 and utilizing Schur complement,
the following inequality is obtained:

[ §ij -Qj- QJT- *
{(AQ; +wBK)) Mg
EQ; +WEyK; @WE,TT(({wB,)"
0 mjDT(T
K, 0

- J

where m;g = —Z+(wBiTTT((wBi)T and T is a positive-
definite matrix. We can conclude that (34) is guaranteed by
(53). The proof is completed.

Based on the above discussions, the solution of (35)
can be obtained by solving the following optimization
problem:

min
7.0 ¥

subject to (27) — (34) and (44),

(54)

Im

where Q= {rlij’ﬁij’ Hijimo Tijim>— Sijo Stm> G > Gé]m’ QK
Up Uy X, Z,N,O,T}. At time instant k>0, optimization
problem (54) is solved online and we can get optimal control
sequence u (k + s|k), s > 0. Then, only the first control input
u (k|k) is implemented.

The implementation steps of designing RMPC are
summarized in Algorithm 1.

The complexity of solving the LMI optimization problem
is polynomial time, which (regarding the fastest interior-point
algorithms) is proportional to K°L, where K is the total
number of scalar variables and L is the total row size of the LMI
system. For the optimization problem which is described by
(54), the total number of scalar variables isK = 1 + 212+ 2r* +
ne(n,+1) r* +rnd +rngn, + (1/2)n, (n,+1) +2n, (n, +
1)+ (8n, +2n,) (8n, +2n, + 1) (r* + r*) and the total row
size of the LMI system is L = (8n, +2n,) (3/4)r* + (8n,+
2n,)r* + (6n, + 3n, + 1)r*, where r is the number of infer-
ence rules. It can be seen that the increase in r, n,, and n,,
will increase the computational complexity exponentially.
Let r =n, =n, and take the most influential parts of K
and L, respectively. Then, the computational complexity is
(15/2)m2.

5. The Analysis of Feasibility and Stability
5.1. The Analysis of Feasibility

Theorem 3. Consider the uncertain fuzzy NCS (26), if any
feasible solution is achieved from the optimization problem
(55) at time k, then the optimization problem (55) is feasible
for all time t > k.

Complexity

* * * T
* * *
—1i; I + WE, 7Tt (sz,-)T x x|S0, (53)
0 ~1; jI *
0 0 -T)
Proof. See Appendix C for details. O

5.2. The Analysis of Stability

Theorem 4. Consider the uncertain fuzzy NCS (26). The
control input u (k), which is applied in a receding horizon way
by solving optimization problem (55), robustly asymptotically
stabilizes the closed-loop fuzzy NCSs.

Proof. See Appendix D for details. O

6. Simulation Example

In this section, the following example of a continuous stirred
tank reactor (CSTR) is given to illustrate the effectiveness of
the proposed method.

Example 1. As shown in Figure 2, consider the nonlinear
model of CSTR which has been described in [11].
Assuming constant liquid volume, the CSTR liquid
volume, the CSTR for an exothermic, irreversible reaction,
i.e., A — B, is presented by the following dynamic model
based on a component for reactant A and an energy balance:

. E/R
C, = %(CAJ: ~Ca) -k exp(—T)CA.

(-AH),

T= ky exp

(T;-T)- (T.-T),

E/R UA

v (7 )ens
|4 T VpC,
(55)

where C,, T, and T, denote the concentration of A in the
reactor, the reactor temperature, and temperature of the
coolant stream, respectively.

The aim of using CSTR is to regulate T by manipulating
T,, satisfying the constraint T <T, < T". The system state
and input variables are set as x = [C, —C?T—Teq]T,
u=T,-T:. In addition, let y = x,. In this example, we
choose x, as the premise variable of the fuzzy system and
X, <X, <X,, where x, = T' = T® and X, = T* — T, Then,
the following equations are defined:
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(1) Set the communication link parameter @ and quantization density p B
(2) At time k>0, solve the optimization problem (54) and get V. ;> ;> Wijim> Hijim> S
(3) Using (25), calculate the optimal control sequence u (k + s|k),s>0

(4) Quantize and transmit the first control input u (k|k) into the communication network
(5) Update time to k + 1 and then return to step (2)

i S G5 G Q. K, Uy, Uy, X, Z,N, O, T

ALGORITHM 1: Robust constrained model predictive control.

Cap Tpq A Cu T

.

A->B

FiGURre 2: Structure of the continuous stirred tank reactor.

B E/R — _1la () — @, (-x3)
91(x,) = kOEXP( P Teq)’ )= o ) - ()

o_ [91(x) + g1 (%)]

9= ’ - _10(%) -0 (%)
2 E/R E/R] o1 Fala) =3 @,(x%,) - @, (x,)
=k e ) &P —eq [Cd' (57)
92 (x,) o[eXP< x2+Tq) exp( Tq] A%, (56) ) ZEM
o_ [9:(x;) +9,(%)] Y 20,(%) -0, (x,)
2= 2 5
@, (x,) = g1 (%) - 99> 7, (x,) = 1@, (%) - @,(x,)

2 @,(%;) — @, (x;)
02 (52) = 2 (x2) - 9% | |
2\ 2 232 2 Thus, (55) can be transformed into the following T-S

The membership functions are described as fuzzy model:
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~ q go 20, (x ) _go 7 TaBLE 2: The operating parameters of CSTR.
1 11X 2
v Parameter Description Value Unit
A= > q Process flow rate 100 L/min
(=AH) o (-AH) q_UA (ZAH) , T Actual feed temperature 350 K
g+ @ (%) — - + 2 f .
L PC, pC, Vo VvpC,  pC, ] Cuy Feed concentration 1 mol/L
\%4 Reactor volume 100 L
- q o 0 . p Liquid density 1000 g/L
v 9T 20, (x,) ~92 C, Heat capacity 0.239 J/gK
B AH Heat of reaction —120,000 J/mol
Ay = i E/R Activation energy 8750 K
( AH)g‘l) +2 (_AH)‘DI (x,) _q_vA + (_AH)gg k, Reaction rate constant 7.2 x 1010 min~!
L PG, PC, Vo VpC,  pCp T UA Heat transfer coefficient 50,000 J/min K
r 4 0 0 — 7
9 -9, =20, (%,) _ _
4 w1 (52 (k) =y (% (K)) + a5 (x5 (K)),
A3c = > _ _
(_AH)g‘l) q9_UA + (_AH)gg 2 (_AH)\DZ (%,) iy (55 (k) =, (%, (K)) + iy (x5 (K)),
L PC, V. VvpC,  pC, pC, ] X
A == (A + A )
- q - 1 1d 3d)>
ST g5~ 2@, (x,) 2
61
Ae = ’ A, = : (Aza + Asa)> oy
(-AH) , ¢ UA (-AH) o, _ (-AH) 2
c 9 VTv.e T e g +2 C @, (x,)
L PLyp Pl Py PLp _ 1
B, = 5 (Big + B3g),
0
B, =B, =B;,. =B, . = 1
lc = P2¢ = P3¢ = P4c — UA BZZE(B2d+B4d)'
VpC,

According to the above discussion, the T-S fuzzy model

(58) can be summarized as

Choose sampling period T, = 0.06 min. The values and

Rule 1: IF x, (k) is T}, THEN
meaning of other parameters are given in Table 2.

x(k+1) = (A, +AA, (K)x ((k) (B, + AB, (k)))u (k),

[-0.0002 0.1254]",
Considering the uncertainty of the T-S fuzzy system, the
following conditions must be satisfied:

[0.7899 —0.0020 o
Ay = R Rule 2: TF x, (k) is '}, THEN
| 71638 0.9232
- x(k+1) = (A, + AA, (K))x (k) (B, + AB, (k) )u (k),
0.9588 —0.0022
Ay = > (62)
| -0.8035 0.9326 "
L _[os678 —0.0035] wit
= 0.8288 —0.0027
71 3.4932 0.9951 A :[ ]
L _[os728 —0.0007] (59) 23285 0.9592
= , 0.9158 —0.0014
7132519 0.8650 A2=[ ’ ] (63)
. 1.2242  0.8988
By, =[-0.0001 0.1208], .
, B, =[-0.0002 0.1231],
B,; =[-0.0001 0.1212], -
B, =[-0.0001 0.1191]".
B3d
By

=[-0.000048 0.1169]".

In this section, for simplicity, we adopt the following T-S

fuzzy model: AA, (k) = DF(k)Ey;,

2 AA, (k) = DF(k)E,,, (64)
x(k+1) =) p (%, (k) (Ax (k) + Bu(K)),  (60) AB, (k) = DF (K)E,,,

i1
AB, (k) = DF (k)E,,,
with
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TaBLE 3: The comparison of different methods.

13

Methods

Sate feedback gain at k =1

Performance costs ]

Theorem 2, § = 0.0191
Theorem 2, § = 0.6567
Corollary 7 in [43]

[-6.90906, -0.47676]
[-6.94362, -0.48018]
[-3.2213, —0.169]

0.6686
0.6575
0.7075

with D=1, E,, =diag{0.01;0.001}A,,E,, = diag{0.01;
0.001}A4,, E,, =diag{0.05;0.005}B,, and E,, = diag{0.01;
0.001}B,. For more rational analysis, we assume that F(k)is ~ conditions as
norm-bounded and satisfies F (k) = sin (k), F (k)TF (k) <1.

State responses

Control inputs

0.1
ol
-ory
-0.2
x1073
-0.3 5
-04 0
_5 :
-0.5 I
-10
-0.6 28.728.828.9 29 29.1
-0.7 - - - s s
0 5 10 15 20 25 30 35
Step k
Theorem 2, § = 0.6567, —— Corollary 7 in [43],
X1 X1
Theorem 2, § = 0.6567, Corollary 7 in [43],
X2 X2
FIGURE 3: State trajectory.
0.6
0.5}
041}
03]
02}: |
0.1 A\_“‘m\_‘_\k—v ]
ol : i
_01 L L L L L L
0 5 10 15 20 25 30 35

Step k

Theorem 2, § = 0.6567, u;
— Corollary 7 in [43], u,

Figure 4: Control input.

The control input and state constraints must satisfy
|u (k)| <3.5K, |x, (k)| <10K,s>0. We choose the initial
x(0) = [-0.01425; -0.60872] and
u(0) = —0.14. Let W = diag{0.5;0.5} and R = 1I. Assume
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State responses

Control inputs

0 5 10 15 20 25 30 35
Step k
Theorem 2, 7= 0.6567, y;
—— Corollary 7 in [43], y,
FIGURE 5: y (k) trajectory.
0.1
oL
-0.1} 1
=02 | %1073 |
-03 } 2 1
0 [F——
-0.4 =2 ]
-4
—05} 66— | |
n n n O wun N
T a9 R
-0.6 DA AN NN NN 1
N N N
-0.7 s s s s s s
0 5 10 15 20 25 30 35
Step k
...... Theorem 2, 7=0.0191, —— Corollary 7 in [43],
X1 X1
Theorem 2, 7=0.0191, Corollary 7 in [43],
X2 X2
F1GURE 6: State trajectory.
0.45
0.4 ]
035} E
03} E
0.25 1
02F 1
0.15 | 1
0.1t ]
0.05 } E
of .
-0.05 s - - - - -
0 5 10 15 20 25 30 35
Step k

-.w.. Theorem 2, § = 0.0191, u;
— Corollary 7 in [43], u,

Ficure 7: Control input.

Complexity
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4.5

30 35
Theorem 2, 7= 0.0191, y;
—— Corollary 7 in [43], y,
F1GURE 8: y (k) trajectory.
[Te} n
< <
CI> f=]
o-- Theorem 2, 7= 0.6567, x
—o— Corollary 7 in [43], x
FIGURE 9: Invariant sets.
wn n
< <
O‘ o

X

o.. Theorem 2, 7=0.0191, x
—e— Corollary 7 in [43], x

Ficure 10: Invariant sets.

15
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w = 0.3. The comparison in this example is made in the view
of Theorem 2 with quantization density 7 = 0.6567 and 7 =
0.0191 and the method in [43], which provided a designing
approach of MPC for fuzzy NCSs with data loss. The state
feedback gains at k =1, and the performance costs for
different methods are shown in Table 3. As we can see from
Figures 3-5 and Figures 6-8, the state, upper bound y of the
objective function and control input all converge to zero as
k — oo. However, some differences can be found from
these figures. The convergence speed of Theorem 2 in this
paper is faster than that of the method in [43]. Further, the
control performance of the system in this paper is better than
that in [43]. Figures 9 and 10 show the state trajectories and
invariant sets of these two methods which show the supe-
riority of the presented approach. It is obvious that the
recursive feasibility and asymptotic stability of the closed-
loop T-S fuzzy system can be guaranteed, which illustrates
the effectiveness of our method.

7. Conclusion

In this paper, the robust constrained MPC scheme with
quantization and data loss for the uncertain fuzzy system has
been studied. Compared with other documents, the key idea
of our approach is that the non-PDC control law and
nonquadratic Lyapunov function are employed in the case of
taking the problem of NCSs into consideration. Based on the
nonquadratic Lyapunov function, the new conditions for
stability related to slack and collection matrices are obtained.
Further, the fuzzy controller is designed, and online syn-
thesis of MPC for fuzzy NCSs is presented by solving the
optimization problem in view of non-PDC control law and
an extended nonquadratic Lyapunov function, respectively.
In future work, we will focus on reducing the impact of
network-induced delay through the MPC method or study
the problem of reducing computational burden of the
networked MPC method.

(A4 + @B, (I + (kDK ]S, [A,Qy + @By (I + < (K,

Complexity

Appendix

A. Proof of Theorem 1

Consider the nonquadratic Lyapunov function

-1
V(x(k)) = x (k)" (f)S; |,
(x (k) = x (k) <;u,<f( ) > A

x (k) = x(k)'S;," x (k),

where S; >0 and u (f (k)) >0 are in a convex sum property
for all f(k),i € {1,2,...,r}. Then, the following condition
must be satisfied:

E{V (x(k+ 1)) =V (x(k))}
= E{x" (k)([A), + @B, (I + c(k)DK;Q;" + @ (k)
x By (I + c(k)DK,Q;']' S, [A, + @B, (I + ¢ (KK ,Q;'
+@ (k)B,, (I +c(k)K,;Q;'] - 8;")x ()} <.
(A2)

The following condition is put forward, so the asymp-
totic stability of (3) is guaranteed:
[A, + @B, (I +c()K,Q;'] 'S,  [A) + @B, (I + ¢ (W)K,Q;']
+ 1 [By (I + c(kDK,Q;] St [BA (I + s ()K Q'] - 5" <0,
(A.3)
where x? = E{@ (k)@ (k)} = @ (1 — @). Premultiplying and
postmultiplying (A.3) by Qf and Q, and utilizing the in-

equality QZS;lQh >Q + Q,f - §), inequality (A.3) is turned
into

_ N (A.4)
+ & [B, (I + ¢ (k)K,] St [B (I +c(k)K,] —(Q, + Qf =S, ) <0.
Using Schur complement, we can see that (A.4) becomes
S, —-Q,— Qz * *
A,Q, + @B, (I +¢(k)K, -S,, =+ [<0. (A.5)
KEh (I + C(k))Kh 0 —Sh+

Using (2), we have
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Sh - Qh - Qz * * 0
A,Q, + @B, (I +¢(k)K, -S,, = ||D|F(k)
KBh (I+ C(k))Kh 0 _S]’H- 0
X[ E;,Qp + Eyy@ (I + ¢(k)K;, 0 0] +[ E;,Qp + @Ey, (I +¢(k)K, 0 0]"
T
o7 [° (A.6)
xF()'|D| +| 0 |F(k)[«Ey, (I+¢(k)K, 0 0]
0 D
01"
+[ kE,,Q, (I+¢(k)K, 0 0]"F(k)"| 0 | <o.
D
Applying Lemma 2, inequality (A.6) holds for all ad-
missible uncertainties F (k) satisfying F (k)TF (k)<I if and
only if there exist some constants 7;; and 7;; such that
—0 —0oF 0
Sn=Qn-Qy **
A,Q, + @B, (I+¢(kDK, =S, * |+u;|D|[o D" 0]
KBh (I + C(k))Kh 0 _Sh+ 0
(E1Qp + Ey@ (I +c(K)K,)"
+r 0 [(EnQy + Ex@ (I + c(0)K;) 0 0] (A7)
0
0 (KE,;,Q, (I + ¢ (K)K,,)"
+7;( 0 [0 0 D]+ 0
D 0
X [ (kE,,Qp (I +¢(k)K;) 0 0]<0.
Applying Schur complement, we have
[ S, —Qy - QZ * * * * * * ]
Ath +th (I + C(k))Kh —Sh+ * * * * *
kB, (I +¢(k))K, 0 =S4 * * * *
E 1 Qy + WEy, (I+¢(k)K;, 0 0 -l * * * <0, (A.8)
0 nijDT 0 0 —nl = *
KEyQuU+c(kDK, 0 0 0 0 - =
i 0 0 - D' 0 0 0 -7l

which is equivalent to
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[ S, —Q - Qz: * * ® * * ]
AQy +WB Ky =S, % L
xB, K, 0 =Sp. * * * *
E;,Q, + WEyK, 0 0 gyl o+ o«
T (A.9)
0 1D 0 0 —nl = *
KEZthKh 0 0 0 0 _ﬁijl *
_ T _
I 0 0o -7;D" 0 0 0 7l ]
+n6(k)n, +ny g (k)n, <0,
T T T, Tyl
nc(k)n, + n,¢c(k)n, <n,t¥tn, +n, Y n,. (A.10)
where n, = [0(@B,)" (kB;,)" (@E,,)"0(kE,;,)"0]" andn, = PR e E T T e
[K,000000]. Condition (A.9) holds if
Utilizing Lemma 1, one can get
[ S,-Q, - QZ * * * * * x ]
AQy +wB Ky =S, % xR
KBhKh 0 —Sh+ * * * *
Ethh + szhKh 0 0 _’7ij1 * * *
T (A.11)
0 1D 0 0 —nl = *
KEZthKh 0 0 0 0 _ﬁijl *
_ T _
L 0 0 -7%;D 0 0 0 -7l ]
+ nermlT + nZYflnz <0.
By applying Schur complement, the following is
achieved:
dl * Ok r ror ;
dy dy x| = ) | XY w0, ijle{l2,. )
d, ds d,] = i=1 j=1
Sh=Qu-Q; * *
d, =| A,Q, + @B,K,, =S, + @ B,TY1B, * ,
KB, K, K@B,TYTB] =S, + K’ B,TYTB]
[E,,Q,, + @WEy, K, @ Ey7Y1B] WkE,,1Y 1B,
d, = 0 7D’ 0 ,
kE,, QK wKEthYTBZ KZEthYTBZ (A12)
[l + @ Ey, 1Y TEy, * '
dy = 0 —111-]-1 * ,
WkEy, 1Y TES, 0 =7l + KBy Y TEy,
[0 0 -7, D"
d4 = ] s
K, 0 0
[0 00
ds = ,
1000
[ il
dg = / .
Lo —Y]
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Equation (A.12) guarantees (24) on account of the
convex sum property of membership functions. Resorting to
(21) and (22), the above inequality yields
Sutte £ msto )< (Sce £ 5 e ) a1
i=1j>i i=1j>i
Therefore, there always exists B. Proof of Theorem 2
Zr: P‘z‘z Z Z u; P‘;Gl] >0, lel,2,...,r, (A14) OS¢t S = ¥S;j. According to (32) and Schur complement, one
i=1 i=1j>i can get
or equivalently SAY - » =y
_ l ;] w; (§ (klk) M](E(klk))[x(klk) 5, 20, ije{l,2...,7}
il 26 o Gy i (B.1)
: e > 0. (A.15) '
! ! Due to p( f (klk)) >0, (37) is achieved.
= Gy, - 26, 1wl Considering (26), (28), and (29), we have
It is obvious that the uncertain fuzzy system in (1) is
asymptotically stable via the fuzzy controller (13), and the
proof is completed.
{x(k +slk) [( o+ 03, (1 + cUK,Q; + @ (K +slk)B, (I + s (K, Q5 )
X S (A, + 0B, (I + ¢ (k)K,Q;, @ (k + s1k)5B), (I + ¢ (k)K, Q" ) = Sy |
(B.2)
x kst | < Bf-x e s (W + [0 (T + s (DK@, |
X R[w(0) (T + (K, Q' ) (k + sl |
Premultiplying and postmultiplying both sides of (B.2)
by Q and Q, and  using the inequality
Q7S,'Q,>Q, + QF - S, we have
~ -~ T 1 /~ -
(ﬂth + @3B, (I +¢(k)K},) Sh;11+(527th +©0%), (I +(k)K,)
~ T _ -
+ 1 (B, (I + ¢ (k)K,) S, (B, (T + ¢ (R))K,,) =(Q + Qy = Sy (B.3)

—(QWQ, +(@ + ) (I + ¢(k)K}) R + 5 (K)K},),

where x? = E{@ (k)@ (k)} = w (1 - ). Because of the un-
certainty AA,, AB, of the fuzzy system and S, = yS;,, the
following inequality is obtained:
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S — Qu - QZ * s 0
Ay Q, + @B, (I +¢(k)K, =Sy, * |+| D |F(k+slk)
By, (I + ¢ (k))K, 0 Sy 0
X[ EyyQy +@Eyy, (I +6(K)K;, 0 0] +[ EypQy + @Ey, (I+c(k)K, 0 0]

0 T

0
X F(k+slk)"| D | +| 0 |F(k+slk)[ kEy;, (I +¢(k))K, 0 0] (B.4)
0 D
(kEy;, (I + ¢(K))K;,)" 07"
+ 0 F(k+slk)™| o

0 D

< - % (Q{WQh +<E ¥ t;cz) (I + c(R)K,) 'R + c(k))Kh>.

Using Lemma 2 and Schur complement, if and only if ~ where
there are 7, and 7j;,, satisfying

[m7 i ]so, (B.5)

mg Mg

S — Qi — QZ * * *
m6 _ghh+ * *
m, = B ,
kB,(I+¢(k)K, 0 =Sy, *
m; 0 U
mg = A, Q) + wBy, (I +(k)Ky,

m7 = Ethh + szh (I + C(k))Kh,

- T - (B.6)
0 MimD 00
kE,, (I +¢(k))K, 0 0 0
T
mg = 0 0 Tijim D™ 0|,
w'Q, 0 0 0
|R™(@ +) (T4 c(k)K, 0 0 0]
my = diag{_rlijlml’ “NijimDs —Mijim D> =y _YI}-
. o . S T | Ta-1 My *
Employing the similar method to deal with quantization nytNtng +m, N ng + o | 0, (B.7)
11 9

density in Theorem 1, the following inequality is established:
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where
r T
Sin = Qn—=Qy % * *
g _ghh+ * *
My = = >
kB, K}, 0 —Sppy %
L my 0 0 iyl
r T B
0 Hijim D 0 0
KEZhKh 0 0 0
- T
myy = 0 0 Aijm D™ 0 |,
n E[K,W'0@,00000], 0 0
R%(@+6) K, 0 0 0
_ —n \T T [— T T 1/2 (52 2
ns=[0 @B,)" (xB)" (@Ey)" 0 (xEy)" 0 0 R™(@ + )
W9 = Ethh + szhKh-
By utilizing Schur complement, one can get where
m12 * * r r r r
1
My My, * :Z Zlﬂﬁ‘:ﬂ( Z‘”iﬂj\yi7>£0’
=1 M= i=1 j=1
M5 Mg My
(B.9)
my, * *
mp, =| My my, * ]

xkB,K, @kB,TNTB, i,

_ = T

My = Spy — Qp — Qys

My, = =S, + @ B, TNTB;

My = =Oppy + W BRTNTDy,

i = -8 ’B,TNTB]

M3 = —Oppy + K DR TINTD

_ 2 T — T
my, @ E,,TNTB, wkE,,TN1B,

T
my; = 0 HijimD

0 >
— T 2 T

| kE,, K}, @WkE,,TNTB;, «"E,,TNTB,

m“ = Ath + thKh’

mys * *

Moy, = 0 _ﬂijlml * o,

| WKE,,tNTEy, 0 7,

1/2 ]T

21

(B.8)
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_ 2 T
M5 = ~Mijyl + @ Ep TNTE,,,

[0 0 TijimD"
mys = WI/ZQh 0 T 0 |
0K, wptN7B, xpTN71B,
L K, 0 0
My = ~Tijim] + K* By TNTEy,
r 0 0 0
0 0 0
e = w_QTNTEgh 0 xkpTN TEgh '
L 0 0 0

my, = Ey,Qp + WEy, Ky,

my; = diag{—ﬁiﬂml, yI,—yI + "N, —N},
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(B.10)

where =R" (@ +x*)"2. Owing to Y. >
Yiot Yoy Hi ity = 1, (42) is guaranteed. Using the same
method which is described in [53, 54], based on (B.9), one
can get

i Z u?#&(

I=1 m=1

r r r
S eSS (9 ‘I’ﬂ-t-”))

i=1 i=1j>i

r r r ) l r r l l
-2 #7#2(2%@?’1 + ) 2 ui(Gi + Gﬁ”))
1=1 m=1 i=1 =1 j>i
_ _ ‘ul+2Gll _ Z Z ‘ul)r#lr;(Glm + Gml)’
I=1 =1 m>1
(B.11)
where G"=3Y7 !‘zZGZ + Y Z;>i Hilt; (GZ + Gljli)> G =
Vi P‘zzGZn + i Z;>i!’lituj (Gi;ﬂ + G?in)’ and G™ = Vi
WG+ X Y i (G + G,
Introducing matrices Uy, U,,,, and U,,, it yields

ml>

G'>Uy,
l ’ (B.12)
Gm +Gm ZUlm +Uml‘

From (B.11) and (B.12), we can get
z utUy + Z Z 4ty (Upp + U,y)
1 1

m>1
T
prl Uy Uy - Uy, /“‘TI

(B.13)
_ I | Uy Uy oo Uy || 51 >0,
lbl‘:—I Url Ur2 e Urr #:I
Under the above discussion, (B.9) is established and the
stability of the T-S fuzzy system (15) is guaranteed. Obvi-
ously, (B.12) equals to

(w1 31 - i1 |y sl - 1] 20,

[#TI wl - M:I](¢lm+¢mz)[ﬂf1 wl - M:I]TEO-
(B.14)

Therefore, we can get (40) and (41). The proof is
completed.

C. Proof of Theorem 3

It is obvious that only (37) is related to state x (k|k); in other
words, we only need to prove that this LMI is still feasible for
all future measurable system states x (k + s|k +s),s>1.

At time k, we assume that y; and Qf are the optimal
solution which are derived from the optimization problem
(55). Since (37) is satisfied, we have

E{x (klk)"s" (klk)x (klk)} <7, (C.1)

where  §* (KIK) = $1, Y7 1, (f (ki) (F (kIR {S; ],
Then, a feasible solution {y, Q},,, = {y*, Q"}, is established
at time k + 1. Referring to Theorem 3, we can conclude that
x(k+1lk+1) € &(S,,) and

E{x(k+ 1k +1)'S" (klk)x (k + 1k + D} <. (C2)

We infer that (37) is feasible at time k + 1. Thus, it can be
summarized that the optimization problem (55) is also
feasible for all times k + s, s> 1, and the proof is completed.

D. Proof of Theorem 4

In this paper, in order to guarantee the asymptotic stability of
the fuzzy system, we choose the extended nonquadratic Lya-
punov function. Thus, if we can guarantee that the extended
nonquadratic Lyapunov function is strictly decreasing, the
asymptotic stability of the fuzzy system is guaranteed.
According to Theorem 3, the feasibility of optimization is
guaranteed. At time k + 1, if we obtain the optimal solution
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{y*, S;“j’l}kJr |» it means that the solution at time k + 1 must
satisty

Efx(k+1lk+1)"S" (k + 1k + Dx (k + 1|k + 1)} o)
D.1
<E{x(k+1lk+1)'S(k+ 1lk + Dx (k + L[k + 1)},

E{x(k+ 1]k)"S" (k + 1/k)x (k + 11k)} < E{x (k)" S* (klk)x (klk)},

with S(k+11k) = Y, ¥,y (x (k + 1K)y, (x (k +11k))
{s;7'}, and " (klK) = Y, Yy s Cx (kIR (x (KIK))
{S;‘j’l}k. Since x(k + 1|k + 1) = x(k + 1|k), we can get

Efx(k+1lk +1)"S" (k + 1k + D)x (k + 1|k + 1)} < E{x (k|k)"S* (klk)x (k) }.

In summary, the strictly decreasing of the extended
nonquadratic Lyapunov function is proofed except
x (k|k) = 0. Therefore, the closed-loop fuzzy system is robust
asymptotically stable, and the proof is completed.

Data Availability
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