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Designing chaotic systems with different properties helps to increase our knowledge about real-world chaotic systems. In this
article, a piecewise linear (PWL) term is employed to modify a simple chaotic system and obtain a new chaotic model. (e
proposedmodel does not have any equilibrium for different values of the control parameters.(erefore, its attractor is hidden. It is
shown that the PWL term causes an offset boostable variable. (is feature provides more flexibility and controllability in the
designed system. Numerical analyses show that periodic and chaotic attractors coexist in some fixed values of the parameters,
indicating multistability. Also, the feasibility of the system is approved by designing field programmable gate arrays (FPGA).

1. Introduction

Chaotic systems are characterized by sensitivity to initial
conditions, known as the butterfly effect, and unpredict-
ability. Recently, the analyzing, designing, and applications
of chaotic systems have been progressed in different fields.
(e existence of chaotic behaviors in real-world systems
[1, 2] encourages proposing physical [3], biological [4, 5],
economic [6], and engineering [7, 8] chaotic models. Pre-
vious studies suggested that chaotic systems have different
numbers and geometric forms of equilibria, e.g., chaotic
systems with no [9–11], a line [12], a circle [13], a curve [14],
and a surface [15] of equilibria. Chaotic oscillators can be
applied in functional subsystems of digital and radio-wave

communication systems such as compression, filter, en-
cryption, and modulation [16].

Most classical and well-known attractors, such as Lor-
enz, Rössler, Chua, and Chen, are excited from unstable
equilibria. So, there is at least one unstable equilibrium in
these attractors’ basins of attraction. Hence, they are called
self-excited attractors [17]. However, about ten years ago,
Leonov et al. showed that the Chua’s circuit has another kind
of attractor for which its basin of attraction does not collide
with unstable manifolds [18]. Such attractors are called
hidden attractors. Strange attractors in systems with no
equilibria are placed in this category [19, 20]. Exploring the
basin of attraction [21] and parameter switching [22] al-
gorithms can detect the hidden attractors of the system.
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(e existence of different stable attractors divides the
phase space into different regions demonstrating as the
basin of attractions [23–26]. Sometimes attractors coexist
with each other and are characterized by the initial con-
ditions. Systems with these separated attractors (and their
corresponding basins of attraction) are called multistable
[27–29]. Altering a multistable system to a monostable one
[30] or synchronization of some multistable systems to
luck on a particular attractor [31] are two different con-
trolling approaches related to multistable systems. As
there is no analytical way to investigate the detect coex-
isting attractors, numerical approaches are used in most
researches [32]. Also, varying initial conditions, as a bi-
furcation parameter, may help in finding coexisting
attractors, especially in systems with extreme multi-
stability [28, 33].

Piecewise linear (PWL) systems are in the category of
switching systems with different affine or nonlinear func-
tions in diverse regions of the state variables [34]. Chua’s
system is one of the most popular PWL systems, which
shows chaotic behavior [35]. Different PWL systems have
been proposed with multiscroll chaotic attractors and dif-
ferent numbers of equilibria [36, 37]. Primarily, polynomial
approaches have been used to generate such chaotic
attractors [38, 39]. As PWL functions can generate various
chaotic attractors [40], they can be used in controlling [41]
and dynamics editing [42]. Also, error state feedback con-
trollers are proposed, which synchronize master-slave PWL
chaotic system [43, 44].

Controlling the amplitude of the chaotic attractors is
divided into partial and total control schemes [45]. More-
over, researches showed that these approaches might help to
find the multistability in systems [46]. Boosting a state
variable through adding a DC offset to the variable (offset
boosting) is a property that exists in some chaotic systems
[47]. (e offset boostable variables of a system can even
change from unipolar signal to bipolar one and vice versa
[48]. Also, researches have shown that conditional symmetry
could be preserved for the asymmetric systems using the
offset boosting variables which provides polarity balance in
these systems [49].

(e remainder of this paper is organized as follows:
the proposed chaotic system is introduced and statisti-
cally analyzed in Section 2. In Section 3, the system’s
dynamical properties are analyzed using the bifurcation
diagram and Lyapunov exponents diagram. (e offset
boosting property is studied in Section 4. Section 5 in-
cludes the FPGA realization of this system. Finally, the
discussion and conclusion of this study are presented in
Section 6.

2. Hidden Chaotic Hyperjerk System with
PWL Term

To study the effect of a PWL term on the dynamical
properties of chaotic systems, a simple 4D chaotic hyperjerk
system is considered as [50]

_x � y,

_y � z,

_z � w,

_w � −1.02w + 1.64x
2

− 1.36y
2

+ 0.28xy + 2.42xz + 1.45,

(1)

where x, y, z, and w are the state variables of this ordinary
differential equation. Analyzing the steady state,
( _x, _y, _z, _w) � (0, 0, 0, 0), shows that this system does not
have any equilibria, and its chaotic responses are in the
group of hidden attractors. In this work, this system is
modified with one PWL term as

_x � y,

_y � z,

_z � w,

_w � −1.02w + 1.64x
2

− 1.36y
2

+ 0.28xy + 2.42xz + 1.45 + a|y − x − b|.

(2)

(e system has two control parameters (a and b) and five
nonlinearities (one of them is an absolute function of x and
y, g(x, y) � a|y − x − b|). For a> 0, this system does not
have any equilibria.(erefore, its chaotic attractor is hidden.
Equation (3) determines the volume contraction rate of
system (2):

∇V �
z _x

zx
+

z _y

zy
+

z _z

zz
+

z _w

zw
� −1.02. (3)

As ∇V< 0, the proposed model is dissipative and has the
condition of exhibiting bounded attractors. (e state spaces
of system (2), Figure 1, show that it has chaotic attractor
when a � 3.5, b � 1, and (x0, y0, z0, w0) � [−2.77, −0.53,

2.7, −0.34]. Also, both the piecewise linear functions g(x, y)

and the attractor are plotted in the 3D phase space of the
system shown in Figure 2.

It should be noted that the fourth-order Runge–Kutta
(RK4) [51] method with time-step h � 0.001 was used to do
the numerical simulations.

3. Dynamical Analysis

To analyze the effect of parameters of PWL term in the
system dynamics, the bifurcation diagram of system (2) is
plotted as the bifurcation parameter changes from −1 to 4.5
in Figure 3(a).(e parameter b is 1, and the initial conditions
are (−2.77, 0.53, 2.7, −0.34). (e bifurcation diagram shows
that the system exhibits both period-doubling and period-
halving routes to chaos in different parameter values. Also,
Lyapunov exponents (LEs) of the system are computed for
the same conditions and a runtime of t � 40000 s in
Figure 3(b). To calculate the LEs of the system, the Wolf
method [52] is used. (e largest Lyapunov exponent (LLE,
shown in green) is positive when the bifurcation diagram
displays chaotic behavior.
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Also, changing the control parameter b results in dif-
ferent dynamical behaviors in this system. To investigate, the
bifurcation diagram of the system is plotted in Figure 4(a), in
which b changes from −0.2 to 2.8. Figure 4(a) shows that
different values of this parameter result in period-doubling
and period-halving routes to chaos. Figure 4(b) shows the

corresponding LEs. Both panels of Figure 4 are plotted when
a � 3.5 and (x0, y0, z0, w0) � (−2.77, 0.53, 2.7, −0.34).

Different initial conditions are checked for constant
values of the parameters. (is system has two coexisting
attractors, a chaotic one and a limit cycle one, when a � 3.9
and b � 1. Figure 5 displays these attractors in red and blue
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Figure 1: Attractor of system (2) and its projections in (a) xy, (b) yz, and (c) zw planes and (d) xyz space with a � 3.5 and b � 1 and the
initial conditions are (x0, y0, z0, w0) � (−2.77, 0.53, 2.7, −0.34).
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Figure 2: (e piecewise linear function of the proposed system when a � 3.5 and b � 1 in xyz view. Also, the attractor of the system is
plotted in dark blue.
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Figure 3: (a) Bifurcation diagram and (b) Lyapunov exponents of system (2) when parameter a changes and b � 1.(e initial conditions are
(−2.77, 0.53, 2.7, −0.34).
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Figure 4: Continued.
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colors for the initial conditions equal to
(−2.77, −0.4021, 6.2522, −0.0634) and (−2.77, −0.4140,

−1.5095, −0.3374), respectively.

4. Offset Boosting of the Attractors

One or more state variables are offset boostable in some
chaotic systems if adding a DC offset to this variable can
boost the attractor in its dimension line. In this system,
variable z is offset boostable, and by the transformation
z⟶ z + k where k is a constant, the system’s attractor
moves forward and backward in the z dimension. So,
equation (2) changes to

_x � y,

_y � z + k,

_z � w,

_w � −1.02w + 1.64x
2

+ −1.36y
2

 

+ 0.28xy + 2.42x(z + k) + 1.45 + a|y − x − b|.

(4)

Considering this transformation in system (1), without
the PWL term, shows that variable z is not offset boostable in
the original system. In this case (Figure 6(a)), the attractor of
the system changes from limit cycle to chaotic one as k varies
from −3 to 3, with the step size equal to 0.5. However, in
system (2), changing the parameter k from −30 to 30 boosts
the attractor, as shown in Figure 6(b). It should be noted that
increasing the parameter k alters the state variable z from a
bipolar signal to a unipolar one.

To better represent the effect of the offset boosting pa-
rameter, the average of the state variables should be ana-
lyzed. (e average of offset boostable variables should
increase linearly as the parameter k increases, while other
state variables’ averages should remain constant. Figure 7(b)
shows that these conditions are satisfied in system (2) while
the original system does not have this feature. In system (1),
Xmean does not remain constant, and Zmean has some
fluctuations.

5. FPGA Implementation of 4D PWL
Hyperjerk System

Digital implementations of a chaotic system have incredible
importance in capturing the main characteristics of non-
linear systems. Recent literature has shown an increasing
interest in hardware implementation of nonlinear models
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Figure 4: (a) Bifurcation diagram and (b) Lyapunov exponents of system (2) when parameter b changes and a � 3.5. (e initial conditions
are (−2.77, 0.53, 2.7, −0.34).
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[53–57]. Field programmable gate arrays (FPGA) became a
vital tool in characterizing the applications of different
implementations of chaotic systems. Many references have
shown the practical implementation of nonlinear systems
using FPGA [58–62]. (e main attraction of FPGA is its
lower power consumption compared to other hardware
platforms [63–67].

(e proposed 4D PWL hyperjerk system is implemented
in the FPGA platform, which has high throughput and
utilizes fewer resources. (e system’s schematic and power
analysis chart show the number of resources used for the
implementation and its utilization percentage of power. (e

phase space diagram of the system is obtained using Xilinx
System Generator tool [64, 66, 67]. (is tool is integrated
withMATLAB software, and a Simulink diagram is designed
using Xilinx blocks which are readily available in the system
generator tool kit. Xilinx block sets used in the Simulink
design are configured according to the IEEE 754 standard
with 32/16 (input/output) bits floating-point and latency
equal zero. A forward Euler (FE) numerical method is used
to design an integrator of each state equation of system (2).
(e general form of the FE numerical method and its dis-
cretized state equation of system (2) are shown in equations
(5) and (6), respectively, as
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Figure 6: Projection of systems (1) and (2) in the zw plane. Varying the control parameter k, (a) from −3 to 3 in system (1), shows that this
system is not offset boostable. However, in (b), when k changes from −30 to 30 in system (2), the system shows offset boostable property. In
both panels, a � 3.5, b � 1, and (x0, y0, z0, w0) � (−2.77 − 0.53 2.7 − 0.34).
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Figure 7: (a) and (b) the state variables’ average in systems (1) and (2). (a)(e average of variable z does not precisely increase linearly when
the control parameter k increases. Also, Xmean does not remain constant. However, in system (2), the linear increase of Zmean is seen.
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Figure 8: Register transfer level schematic of 4D PWL hyperjerk system implemented in Kintex 7 KC705.
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un+1 � un + hf un−1( , (5)

xn+1 � xn + h yn−1( ,

yn+1 � yn + h zn−1( ,

zn+1 � zn + h wn−1( ,

wn+1 � wn + h −1.02wn−1(

+ 1.64x
2
n−1 − 1.36y

2
n−1

+ 0.28xn−1yn−1

+ 2.42xn−1zn−1 + 1.45

+ a yn−1 − xn−1 − b


.

(6)

(e step size h is set to 0.001. Also, the parameter values
a � 3.5 and b � 1 are generated using Xilinx constant
block. (e state phase diagram is produced and shown in
Figure 8 when (x0, y0, z0, w0) � (−2.77, −0.53, 2.7, −0.34).
Following the Simulink design [56, 57], the system is then
synthesized and implemented through Vivado design tool,
and its VHDL or VERILOG description is automatically
generated. An elaborated design of system (2) using the
Kintex 7 xc7k160t-1fbg484 chip is presented in Figure 9.
Hardware-software cosimulation is performed with Kintex
7 KC705 kit to prove that the proposed system is imple-
mented using hardware [66, 67]. (e utilization of re-
sources and power is presented in Table 1 and Figure 10,
respectively.

6. Discussion and Conclusion

About ten years ago, Leonov et al. discovered a kind of
attractor in which the basin of attraction did not intersect
with neighborhoods of equilibria [68]. Such attractors are

different from the previously known ones, which can be
excited from unstable equilibria. Investigating hidden
attractors in real-world systems has received much interest
as they may cause undesired dynamics and stability issues.
Systems with no equilibria are an important subgroup of
hidden attractors. (erefore, we were motivated to design a
system with no equilibria which employed the absolute
function as the nonlinear term.

Numerical results showed that taking the polarity in-
formation from one term of the proposed system makes it
have offset boosting property. Due to this rare feature, the
proposed system’s attractor is moved through the z-axis
when the control parameter k is changed as z⟶ z + k in
equation (2), while the other state variables’ average
remained constant. Comparing the proposed system with
the original system indicated that this property was inserted
through the absolute function. (e offset boostable variable
z allowed adjusting the location of the attractor in its di-
rection, which provides controllability in this system.

Using the absolute function made the proposed system a
piecewise linear (PWL) one. PWL systems mostly consist of
two or more affine functions. (ese affine functions provide
the situation in which adding more equilibria and switching
surfaces provide multiscroll attractors [34, 37]. Although, in
the proposed system, a general case was considered with
nonlinear terms that empower the attractors’ complexity,
this claim can be confirmed by comparing the bifurcation
diagrams derived from both these subgroups of PWL
systems.

Chaotic systems have been frequently used in encryption
block of secure communication systems according to their
robustness against noise and attack [69]. Previous studies
suggested that the chaos-encrypted images, both grayscale
and RGB, have no correlation with the original image [70].

Table 1: Resource utilization table for the 4D PWL hyperjerk system implemented in FPGA.

S. no. Name of resources Utilization of resources Total available resources Percentage of utilization
1 FF 256 202800 0.13
2 LUT 753 101400 0.74
3 I/O 129 285 45.26
5 DSP48 40 600 6.67
6 BUFG 1 32 3.13

Dynamic:

Clocks:

Signals:

Logic:

DSP:

I/O:

Device Static:

0.003 W

0.025 W

0.010 W

0.034 W

0.122 W

0.113 W

(1%)

(13%)

(5%)

(18%)

(63%)

(37%)

37%

63%

63%

18%

13%

0.192 W (63%)

Figure 10: Power utilization of the FPGA implemented 4D PWL hyperjerk system.
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Also, the quality of the image does not decrease during the
decryption process. Chaotic systems also have been used to
generate random numbers in cryptography [71]. To improve
the application of chaotic systems, optimization methods
can be used [72]. (ese single and multiobjective optimi-
zation methods have used different numerical approaches to
increase (or decrease) the Lyapunov exponents [73],
Kaplan–Yorke dimension [74], and complexity indexes [75].
Future works can focus on optimizing the indexes of the
proposed system to provide its application in image en-
cryption and random number generator.
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N. R. Cazarez–Castro, “Chaos synchronization by an
observer–based active control,” 2004.

[44] J. R. Pulido-Luna, J. A. López-Renteŕıa, and N. R. Cazarez-
Castro, “Design of a nonhomogeneous nonlinear synchro-
nizer and its implementation in reconfigurable hardware,”
Mathematical and Computational Applications, vol. 25, p. 51,
2020.

[45] C. Li, J. C. Sprott, Z. Yuan, and H. Li, “Constructing chaotic
systems with total amplitude control,” International Journal of
Bifurcation and Chaos, vol. 25, Article ID 1530025, 2015.

[46] C. Li, W. Hu, J. C. Sprott, and X. Wang, “Multistability in
symmetric chaotic systems,” <e European Physical Journal -
Special Topics, vol. 224, pp. 1493–1506, 2015.

[47] C. Li, X. Wang, and G. Chen, “Diagnosing multistability by
offset boosting,” Nonlinear Dynamics, vol. 90, pp. 1335–1341,
2017.

[48] C. Li and J. C. Sprott, “Variable-boostable chaotic flows,”
Optik, vol. 127, pp. 10389–10398, 2016.

[49] C. Li, J. C. Sprott, Y. Liu, Z. Gu, and J. Zhang, “Offset boosting
for breeding conditional symmetry,” International Journal of
Bifurcation and Chaos, vol. 28, Article ID 1850163, 2018.

[50] S. Panahi, V. T. Pham, K. Rajagopal, O. Boubaker, and
S. Jafari, “A new four-dimensional chaotic system with no
equilibrium point,” Recent Advances in Chaotic Systems and
Synchronization, Elsevier, Amsterdam, (e Netherlands,
pp. 63–76, 2019.

[51] O. Guillén-Fernández, M. F. Moreno-López, and E. Tlelo-
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