
Research Article
Finite-Time Stability Analysis of Switched Genetic Regulatory
Networks with Time-Varying Delays via Wirtinger’s
Integral Inequality

Shanmugam Saravanan,1 M. Syed Ali,2 Grienggrai Rajchakit ,3,1

Bussakorn Hammachukiattikul ,4,2 Bandana Priya,5 and Ganesh Kumar Thakur6

1School of Mechanical Engineering, Pusan National University, Busan 46241, Republic of Korea
2Department of Mathematics, $iruvalluvar University, Vellore 632 115, Tamilnadu, India
3Department of Mathematics, Faculty of Science, Maejo University, Chiang Mai 50290, Sansai, $ailand
4Basic Sciences and Mathematics, Faculty of Engineering, $ai-Nichi Institute of Technology, Bangkok 10250, $ailand
5Department of Applied Sciences, Krishna Engineering College, Ghaziabad 201007, Uttar Pradesh, India
6Department of Applied Science, GL Bajaj Institute of Technology and Management, Greater Noida, Uttar Pradesh, India

Correspondence should be addressed to Grienggrai Rajchakit; griengkrai@yahoo.com and Bussakorn Hammachukiattikul;
bussakorn@tni.ac.th

Received 23 June 2020; Revised 1 November 2020; Accepted 7 January 2021; Published 28 January 2021

Academic Editor: Jianquan Lu

Copyright © 2021 Shanmugam Saravanan et al.,is is an open access article distributed under the Creative CommonsAttribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

,e problem of finite-time stability of switched genetic regulatory networks (GRNs) with time-varying delays via Wirtinger’s
integral inequality is addressed in this study. A novel Lyapunov–Krasovskii functional is proposed to capture the dynamical
characteristic of GRNs. Using Wirtinger’s integral inequality, reciprocally convex combination technique and the average dwell
time method conditions in the form of linear matrix inequalities (LMIs) are established for finite-time stability of switched GRNs.
,e applicability of the developed finite-time stability conditions is validated by numerical results.

1. Introduction

In recent years, GRNs have received much research atten-
tion, and many interesting results have been reported [1–8].
Generally, there are two types of gene network models, the
Boolean model [9] and differential equation model [10]. In
the Boolean model, the state converges to a terminal state via
a series of state transitions that is determined by the Boolean
rules. In this model, the activity of each gene is expressed in
one of two states, ON or OFF, which is determined by
a Boolean function by its own and by other related states.
Whereas in the differential equation model, the variables
describe the concentrations of gene products, such as mRNA
and proteins as continuous values of the gene regulation
system, and also, this model talks about the concentrations
of gene products such as mRNA and proteins as variables in

GRNs [11–14]. ,ere are many research results on the
stability analysis for GRNs with time delay (e.g., [15–18]).

Time delays are ubiquitous in many fields because of
finite propagation speeds of signals, finite processing times,
finite reaction times, and finite switching speed of amplifiers.
Since the biological system especially GRNs is a slow process
of transcription, translation, and translocation [19–23], the
time delay cannot be avoided. From the long term in-
vestigations, time delay will bring instability of the system,
sustained oscillations such as bifurcation [24–26]. So, it is of
great importance to deal delayed GRNs. For instance, in
[27], authors presented a different equation model for GRNs
with constant time delays and proposed stability analysis for
GRNs with time delays. In [28], authors developed delay
dependent criteria for stability of GRNs with delay and free-
weighting matrices.
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On the other hand, Markovian switching and switched
systems have been studied extensively over the past decades,
for its capacity in modeling practical systems and its po-
tential applications. Including a variety of subsystems as
constituent parts, switched systems are governed by
a switching rule to coordinate the switching. Recently, the
stability problem of Markovian jump GRNs and switched
GRNs has been investigated in [29–34]. As we all know, most
of gene networks contain some kinds of switching mecha-
nisms. For instance, by increasing stimulation or by
changing some regulatory mechanisms, a bistable system
can switch from one steady state to the other. In [33, 35–39],
authors investigated the stability for switched systems with
time delays by utilizing an average dwell time approach.

Recently, many kinds of finite-time issues have attracted
particular research interests, and there have been some
results on finite-time stabilization and synchronization
[40–47]. However, to the best of the authors knowledge,
there have been very few results on the finite-time stability
problem for delayed GRNs with time delays [48, 49], and the
purpose of this study is therefore to shorten such a gap.

Motivated by the above discussion, in this study, we are
concerned with the finite-time stability of switched GRNs,
where the parameter values switch from one mode to an-
other. By utilizing the average dwell time approach and by
using a novel Lyapunov–Krasovskii functional, it is shown
that the finite-time stability problem is solvable if a set of
linear matrix inequalities (LMIs) is feasible. Finally, three
examples are provided in the end of the study to show the
effectiveness of the proposed criteria.

,e rest of this study is organized as follows: in Section 2,
preliminaries and problem formulation are given. In Section
3, some conditions are established to ensure the finite-time
stability of the considered system. In Section 4, three ex-
amples are illustrated to show the effectiveness of the ob-
tained theoretical results. And finally, conclusions are given
in Section 5.

Notations: throughout this study, R, Rn, and Rn×m

denote, respectively, the set of all real numbers, real n-
dimensional space, and real n × m-dimensional space.
‖ · ‖ denote the Euclidean norms in Rn. For a vector or
matrix P, PT denotes its transpose. For a square matrix
P, λmax(P) and λmin(P) denote the maximum eigen-
value and minimum eigenvalue of matrix P, re-
spectively, and sym (P) is used to represent P + PT. For
simplicity, in symmetric block matrices, we often use ∗
to represent the term that is induced by symmetry.

2. Problem Description and Preliminaries

Consider the following nonlinear GRNs with time-varying
delays described by

_e1(t) � − Ae1(t) + Bf e2(t − τ(t))(  + I,

_e2(t) � − Ce2(t) + D e1(t − σ(t))( ,
 (1)

where e1(t) � [e11(t), e12(t), . . . , e1n(t)]T ∈ Rn, e2(t) � [e21
(t), e22(t), . . . , e2n(t)]T ∈ Rn:, e2i(t) ∈ R are the concentra-
tions of mRNA and protein, respectively; f(·) � [f1(·), . . . ,

fn(·)]T is the regulatory functions of mRNAs,
A � diag(a1, a2, . . . , an) and C � diag(c1, c2, . . . , cn) are the
constant matrices, and they are the rates of degradation; D �

diag(d1, d2, . . . , dn) represents the translation rate; B � (bij)

is the regulative matrix, and τ(t) and σ(t) are the time-
varying delays.

For obtaining our conclusions, we make the following
assumptions.

Assumption 1. fs: R⟶ R, s� 1, 2, . . ., n are mono-
tonically increasing functions with saturation and satisfy

0≤
fs(a) − fs(b)

a − b
≤ us, ∀a, b ∈ R, s � 1, 2, . . . , n, (2)

where us, s� 1, 2, . . ., n are the nonnegative constants.

Assumption 2. τ(t) and σ(t) are the time-varying delays
satisfying

0≤ τ1 ≤ τ(t)≤ τ2,
_τ(t)≤ τd <∞,

0≤ σ1 ≤ σ(t)≤ σ2,
_σ(t)≤ σd <∞,

τ12 � τ2 − τ1,

σ12 � σ2 − σ1,

(3)

where τ1, τ2, σ1, σ2 are the constants. ,e initial condition of
system (1) is assumed to be

− ρ≤ t≤ 0, ρ � max τ2, σ2 . (4)

Use the following transformation:

x(t) � e1(t) − e1(t)
∗
,

y(t) � e2(t) − e2(t)
∗
,

(5)

where e∗1 � [e∗11, e∗12, . . . , e∗1n]T and e∗2 � [e∗21, e∗22, . . . , e∗2n]T

constitute an equilibrium point of system (1) and then shift
the intended equilibrium point to the origin. In this way, the
system equation turns to be

_x(t) � − Ax(t) + Bg(y(t − τ(t))),

_y(t) � − Cy(t) + D(x(t − σ(t))),
 (6)

where g(·) � [g1(·), . . . , gn(·)]T, and gs(y(t)) � fs

(y(t) + e∗2 ) − fs(e∗2 ).
According to Assumption 1 and the definition of gs(·),

we know that gs(·) is bounded, that is, ∃F> 0, such that
|gs(·)|≤F, s� 1, 2, . . ., n and satisfies the following sector
condition:

0≤
gs(a)

a
≤ us, ∀a ∈ R/ 0{ }, s � 1, 2, . . . , n. (7)

Let U � diag u1, u2, . . . , un .

Sometimes, GRNs were described by the continuous
time switched system, as in [33]; so system (6) can be de-
scribed as the switching system with switching signal:
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_x(t) � − Ap(t)x(t) + Bp(t)g(y(t − τ(t))),

_y(t) � − Cp(t)y(t) + Dp(t)(x(t − σ(t))),

⎧⎨

⎩ (8)

where p(t): [0,∞)⟶ N � 1, 2, . . . , N{ } is the switching
signal, which is a piece constant function depending on time
t. For each i ∈ N, the matrices are constant matrices of
appropriate dimensions.

For the switching signal p(t), we have the following
switching sequence: (i0, t0), . . . , (ik, tk), . . . , | ik ∈ N, k �

0, 1, . . .}; in other words, when t ∈ [tk, tk+1), ithk subsystem is
activated. To assume x(t) � ϕ(t), y(t) � ψ(t).

For proving the theorem, we recall the following defi-
nition and lemmas.

Definition 1 (See [50]). ,e system (8) is said to be finite-
time stable with respect to positive real numbers (c1, c2, T), if

‖Φ(t)‖
2

+‖Ψ(t)‖
2 ≤ c1⇒ ‖x(t)‖

2
+‖y(t)‖

2 ≤ c2, t ∈ (0, T],

(9)

where

‖Φ(t)‖ � sup− ρ≤t≤0 ‖ϕ(t)‖, ‖ _ϕ(t)‖ ,

‖Ψ(t)‖ � sup− ρ≤t≤0 ‖ψ(t)‖, ‖ _ψ(t)‖ .
(10)

Definition 2 (See [51]). For any T2 >T1 ≥ 0, let Np(T1, T2)

denote the switching number of p(t) on an interval (T1, T2).
If

Np T1, T2( ≤N0 +
T2 − T1

τa

(11)

holds for given N0 ≥ 0, τa > 0, then the constant τa is called
the average dwell time and N0 is the chatter bound. Without
loss of generality, we choose N0 � 0 throughout this study.

Lemma 1 (See [52]). For any constant matrix M ∈ Rn×n,
M � MT > 0, scalars η2 > η1 > 0, and vector function
w: [η1, η2]⟶ Rn such that the integrations concerned are
well defined, and the following inequality holds


t− η1

t− η2
w(s)ds 

T

M 
t− η1

t− η2
w(s)ds ≤ η2 − η1(  

t− η1

t− η2
w

T
(s)Mw(s)ds.


− η1

− η2


t

t+θ
w(s)ds 

T

M 
− η1

− η2
w(s)ds ≤

η22 − η21 

2


− η1

− η2


t

t+θ
w

T
(s)Mw(s)ds.

(12)

Lemma 2 (See [53]). Let f1, f2, . . . , fN: Rm⟶ R have
positive values in an open subset D of Rm. $en, the re-
ciprocally convex combination of fi over D satisfies

min
βi|βi > 0i

βi�1 


i

fi(t) + maxgi,j(t) 
i≠j

gi,j(t),
(13)

subjected to

gij: R
m⟶ R, gj,i(t) � gij(t),

fi(t) gi,j(t)

gi,j(t) fj(t)
⎡⎣ ⎤⎦≥ 0

⎧⎨

⎩

⎫⎬

⎭.

(14)

Lemma 3 (See [54]). For a positive definite matrix M> 0,
the following inequality holds for all continuously differen-
tiable function x(t) in [a, b] ∈ Rn×n:

− (b − a) 
b

a
_x
T
(s)M _x(s)ds≤ − ΦT

1 MΦ1 − 3 − ΦT
2 MΦ2,

� −
Φ1
Φ2

 

T
M 0

0 3M
 

Φ1
Φ2

 ,

(15)

where Φ1 � x(b) − x(a), and Φ2 � x(b) + x(a) − 2/
(b − a) 

b

a
x(s)ds.

3. Main Results

In this section, we present a finite-time stability theorem for
switching genetic regulatory networks with interval time-
varying delays (8).

Theorem 1. $e switched genetic networks (8) is finite-time
stable with respect to positive real numbers (c1, c2, Tf) and
constants σ1, σ2, τ1, and τ2; if there exist symmetric positive
definite matrices P1i, P2i, Qni(n � 1, 2, 3), Rni(n � 1, 2, . . . ,

12), Sni(n � 1, 2, . . . , 4) for all i ∈ N, the diagonal matrix
Lm � diag(l1m, l2m, . . . , lnm)≥ 0, m � 1, 2, and positive scalars
μ≥ 1 and αi � α> 0 such that the following LMIs hold

R3i M1i

∗ R4i

 > 0,

R6i R6i

∗ R6i

 ≥ 0,

R8i R8i

∗ R8i

 ≥ 0,

R10i R10i

∗ R10i

 > 0,

R12i M12i

∗ R12i

 > 0,

(16)

Θp(t) � Θij 22×22< 0, (17)
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Pli ≤ μPlj, l � 1, 2,

Qli ≤ μQlj, l � 1, 2, 3,

Rli ≤ μRlj, l � 1, 2, . . . , 12,

M1i ≤ μM1j, Sli ≤ μSlj, l � 1, 2, 3,

(18)

e 
N

i�1 αiT 
dc1 ≤ c2 λ1 + λ2( , (19)

and the average dwell time of the switching signal p (t) satisfies

τai > τ
∗
ai �

T ln μi

ln c2 λ1 + λ2( (  − ln e
αiTdc1 

, (20)

where

Θ11 � − P1iA − A
T
P

T
1i + Q1i + Q3i + σ21R5i + σ212R6i − 3e

− ασ1R7i − e
− ασ1R7i + αP1i,

Θ13 � e
− ασ1R7i − 3e

− ασ1R7i,

Θ110 � P1iB,Θ113 �
6
σ1

e
− ασ1R7i,

Θ22 � R1i + R3i − P2iC − C
T
P

T
2i + τ21R9i + τ212R10i − e

− ατ1R11i − 3e
− ατ1R11i + αP2i,

Θ24 � P2iD,

Θ26 � e
− ατ1R11i − 3e

− ατ1R11i,

Θ29 � M1i + U
T
L

T
1 ,

Θ218 �
6
τ1

e
− ατ1R11i,

Θ33 � − e
− ασ1Q1i + e

− ασ1Q2i − e
− ασ1R7i − 3e

− ασ1R7i − e
− ασ2R8i,

Θ34 � − e
− ασ2R

T

8i + e
− ασ2R8i,

Θ35 � e
− ασ2R

T

8i,Θ313 �
6
σ1

e
− ασ1R7i,

Θ44 � − 1 − σd( e
− ασ(t)

Q3i + 2e
− ασ2R8i − 2e

− ασ2R8i,

Θ45 � e
− ασ2R

T

8i + e
− ασ2R8i,

Θ55 � e
− ασ2Q

T
2i − e

− ασ2R8i,

Θ66 � − e
− ατ1R1i + e

− ατ1R2i − e
− ατ1R11i − 3e

− ατ1R11i − e
− ατ2R12i,

Θ67 � − e
− ατ2R

T

12i + e
− ατ2R12i,

Θ68 � − e
− ατ2R

T

12i,

Θ618 �
6
τ1

e
− ατ1R11i,

Θ77 � − 1 − τd( e
− ατ(t)

R3i + 2e
− ατ2R12i − 2e

− ατ2R12i,

Θ78 � e
− ατ2R

T

12i + e
− ατ2R12i,

Θ710 � − 1 − τd( e
− ατ(t)

M1i + UL2,
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Θ88 � − e
− ατ2R

T
2i − e

− ατ2R12i,

Θ99 � R4i − 2L1,

Θ1010 � − 1 − τd( e
− ατ2R4i − 2L2,

Θ1111 � σ21R7i + σ212R8i + e
αte

ασ2 − ασ2 − 1
α2

S1i + e
αte

ασ2 − e
ασ1 − α σ2 − σ1( 

α2
S2i,

Θ1212 � τ21R11i + τ212R12i + e
αte

ατ2 − ατ2 − 1
α2

S3i + e
αte

ατ2 − e
ατ1 − α τ2 − τ1( 

α2
S4i,

Θ1313 � − e
ασ1R5i −

12
σ21

e
− ασ1R7i,Θ1414 � − e

ασ2R6i,

Θ1415 � − e
ασ2R6i,Θ1515 � − e

ασ2R6i,

Θ1616 � − e
αt

S1i,

Θ1717 � − e
αt

S2i,

Θ1818 � − e
ατ1R9i −

12
τ21

e
− ατ1R11i,

Θ1919 � − e
ατ2R10i,Θ1920 � − e

ατ2R10i,

Θ2020 � − e
ατ2R10i,Θ2121 � − e

αt
S3i,

Θ2222 � − e
αt

S4i,

d � λ3 + λ4 + λ5σ1e
− ασ1 + λ6 σ2 − σ1( e

− ασ2 + λ7σ2e
− ασ2 + λ8τ1e

− ατ1

+ λ9 τ2 − τ1( e
− ατ1 + λ10τ2e

− ατ2 + 2λ11τ2e
− ατ2 + λ12τ2e

− ατ2 + λ13
σ31
2

e
− ασ1

+ λ14
σ2 − σ1( 

3

2
e

− ασ2 + λ15
σ31
2

e
− ασ1 + λ16

τ2 − τ1( 
3

2
e

− ατ2 + λ17
τ31
2

e
− ατ1

+ λ18
τ2 − τ1( 

3

2
e

− ατ2 + λ19
τ31
2

e
− ατ1 + λ20

τ2 − τ1( 
3

2
e

− ατ2 + λ21
σ51
4

e
− ασ1

+ λ22
σ22 − σ21  σ2 − σ1( 

3

4
e

− ασ2 + λ23
τ51
4

e
− ατ1 + λ24

τ22 − τ21  τ2 − τ1( 
3

4
e

− ατ2 ,

λ1 � mini∈Nλmin P1i( , λ2 � mini∈Nλmin P2i( , λ3 � maxi∈Nλmax P1i( ,

λ4 � maxi∈Nλmax P2i( , λ5 � maxi∈Nλmax Q1i( , λ6 � maxi∈Nλmax Q2i( ,

λ7 � maxi∈Nλmax Q3i( , λ8 � maxi∈Nλmax R1i( , λ10 � maxi∈Nλmax R2i( ,

λ11 � maxi∈Nλmax R3i( , λ12 � maxi∈Nλmax R4i( , λ13 � maxi∈Nλmax R5i( ,

λ14 � maxi∈Nλmax R6i( , λ15 � maxi∈Nλmax R7i( , λ16 � maxi∈Nλmax R8i( ,

λ17 � maxi∈Nλmax R9i( , λ18 � maxi∈Nλmax R10i( , λ19 � maxi∈Nλmax R11i( ,

λ20 � maxi∈Nλmax R12i( , λ21 � maxi∈Nλmax S1i( , λ22 � maxi∈Nλmax S2i( ,

λ23 � maxi∈Nλmax S3i( , λ24 � maxi∈Nλmax S4i( .

(21)
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Proof. Choose the Lyapunov functional candidate as

Vp(t)(t) � V1p(t) + V2p(t) + V3p(t) + V4p(t) + V5p(t) + V6p(t),

(22)

where

V1p(t) � x
T
(t)P1ix(t) + y

T
(t)P2iy(t),

V2p(t) � 
t

t− σ1
e
α(s− t)

x
T
(s)Q1ix(s)ds + 

t− σ1

t− σ2
e
α(s− t)

x
T
(s)Q2ix(s)ds

+ 
t

t− σ(t)
e
α(s− t)

x
T

(s)Q3ix(s)ds,

V3p(t) � 
t

t− τ1
e
α(s− t)

y
T
(s)R1iy(s)ds + 

t− τ1

t− τ2
e
α(s− t)

y
T
(s)R2iy(s)ds

+ 
t

t− τ(t)
e
α(s− t)

y(s)

g(y(s))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

T
R3i M1i

∗ R4i

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

y(s)

g(y(s))

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦ds,

V4p(t) � 
0

− σ1


t

t+θ
σ1e

α(s− t)
x

T
(s)R5ix(s)dsdθ + 

− σ1

− σ2


t

t+θ
σ12e

α(s− t)
x

T
(s)R6ix(s)dsdθ

+ 
0

− σ1


t

t+θ
σ1e

α(s− t)
_x
T
(s)R7i _x(s)dsdθ + 

− σ1

− σ2


t

t+θ
σ12e

α(s− t)
_x
T
(s)R8i _x(s)dsdθ,

V5p(t) � 
0

− τ1


t

t+θ
τ1e

α(s− t)
y

T
(s)R9iy(s)dsdθ + 

− τ1

− τ2


t

t+θ
τ12e

α(s− t)
y

T
(s)R10iy(s)dsdθ

+ 
0

− τ1


t

t+θ
τ1e

α(s− t)
_y
T
(s)R11i _y(s)dsdθ + 

− τ1

− τ2


t

t+θ
τ12e

α(s− t)
_y
T
(s)R12i _y(s)dsdθ,

V6p(t) � 
0

− σ2

0

θ


t

t+]

σ21
2

e
α(s− θ)

_x
T
(s)S1i _x(s)dsd]dθ + 

− σ1

− σ2

0

θ


t

t+]

1
2

σ22 − σ21 e
α(s− θ)

_x
T
(s)S2i _x(s)dsd]dθ

+ 
0

− τ2

0

θ


t

t+]

τ21
2

e
α(s− θ)

_y
T
(s)S3i _y(s)dsd] dθ + 

− τ1

− τ2

0

θ


t

t+]

1
2

τ22 − τ21 e
α(s− θ)

_y
T
(s)S4i _y(s)dsd]dθ.

(23)

Taking the derivatives of Vp(t) along the trajectory of
system (8), we have that

_V1p(t) � 2x
T
(t)P1i _x(t) + 2y

T
(t)P2i _y(t), (24)

_V2p(t) � − αV2p(t) + x
T
(t)Q1ix(t) − e

− ασ1x
T

t − σ1( Q1ix t − σ1( 

+ e
− ασ1x

T
t − σ1( Q2ix t − σ1(  − e

− ασ2x
T

t − σ2( Q2ix t − σ2( 

+ x
T
(t)Q3ix(t) − (1 − _σ(t))e

− ασ(t)
x

T
(t − σ(t))Q3ix(t − σ(t)),

(25)

6 Complexity



_V3p(t) � − αV3p(t) + y
T
(t)R1iy(t) − e

− ατ1y
T

t − τ1( R1iy t − τ1(  + e
− ατ1y

T
t − τ1( R2iy t − τ1( 

− e
− ατ2y

T
t − τ2( R2iy t − τ2(  +

y(t)

g(y(t))

⎡⎢⎢⎣ ⎤⎥⎥⎦

T
R3i M1i

∗ R4i

 
y(t)

g(y(t))
 

− (1 − _τ(t))e
− ατ(t)

y(t − τ(t))

g(y(t − τ(t)))

⎡⎢⎢⎣ ⎤⎥⎥⎦

T
R3i M1i

∗ R4i

 
y(t − τ(t))

g(y(t − τ(t)))
 

≤ − αV3p(t) + y
T
(t)R1iy(t) − e

− ατ1y
T

t − τ1( R1iy t − τ1(  + e
− ατ1y

T
t − τ1( R2iy t − τ1( 

− e
− ατ2y

T
t − τ2( R2iy t − τ2(  +

y(t)

g(y(t))

⎡⎢⎢⎣ ⎤⎥⎥⎦

T
R3i M1i

∗ R4i

 
y(t)

g(y(t))
 

− (1 − _τ(t))e
− ατ2

y(t − τ(t))

g(y(t − τ(t)))

⎡⎢⎢⎣ ⎤⎥⎥⎦

T
R3i M1i

∗ R4i

 
y(t − τ(t))

g(y(t − τ(t)))
 ,

(26)

_V4p(t) � − αV4p(t) + σ21x
T

(t)R5ix(t) − 
t

t− σ1
σ1e

α(s− t)
x

T
(s)R5ix(s)ds

+ σ212x
T
(t)R6ix(t) − 

t− σ1

t− σ2
σ12e

α(s− t)
x

T
(s)R6ix(s)ds

+ σ21 _x
T
(t)R7i _x(t) − 

t

t− σ1
σ1e

α(s− t)
_x
T
(s)R7i _x(s)ds

+ σ212 _x
T
(t)R8i _x(t) − 

t− σ1

t− σ2
σ12e

α(s− t)
_x
T
(s)R8i _x(s)ds,

(27)

_V5p(t) � − αV5p(t) + τ21y
T
(t)R9iy(t) − 

t

t− τ1
τ1e

α(s− t)
y

T
(s)R9iy(s)ds

+ τ212y
T
(t)R10iy(t) − 

t− τ1

t− τ2
τ12e

α(s− t)
y

T
(s)R10iy(s)ds

+ τ21 _y
T
(t)R11i _y(t) − 

t

t− τ1
τ1e

α(s− t)
_y
T
(s)R11i _y(s)ds

+ τ212 _y
T
(t)R12i _y(t) − 

t− τ1

t− τ2
τ12e

α(s− t)
_y
T
(s)R12i _y(s)ds,

(28)

_V6p(t) � − αV6p(t) + e
αt

_x
T
(t)

e
ασ2 − ασ2 − 1

α2
S1i _x(t) − e

αt

0

− σ2


t

t+θ
_x
T
(s)S1i _x(s)dsdθ

+ e
αt

_x
T
(t)

e
ασ2 − e

ασ1 − α σ2 − σ1( 

α2
S2i _x(t) − e

αt


− σ1

− σ2


t

t+θ
_x
T
(s)S2i _x(s)dsdθ

+ e
αt

_x
T
(t)

e
ατ2 − ατ2 − 1

α2
S3i _x(t) − e

αt

0

− τ2


t

t+θ
_x
T
(s)S3i _x(s)dsdθ

+ e
αt

_x
T
(t)

e
ατ2 − e

ατ1 − α τ2 − τ1( 

α2
S4i _x(t) − e

αt


− τ1

− τ2


t

t+θ
_x
T
(s)S4i _x(s)dsdθ.

(29)
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From Lemmas 1 and 3, we have

− σ1 
t

t− σ1
e
α(s− t)

x
T
(s)R5ix(s)ds≤ − e

− ασ1 
t

t− σ1
x(s)ds 

T

R5i 
t

t− σ1
x(s)ds ,

− σ1 
t

t− σ1
e
α(s− t)

_x
T
(s)R7i _x(s)ds≤ − e

− ασ1
Φ1(t)

Φ2(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦

T
R7i 0

∗ 3R7i

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦
Φ1(t)

Φ2(t)

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

− τ1 
t

t− τ1
e
α(s− t)

y
T
(s)R9iy(s)ds≤ − e

− ατ1 
t

t− τ1
y(s)ds 

T

R9i 
t

t− τ1
y(s)ds ,

− τ1 
t

t− τ1
e
α(s− t)

_y
T
(s)R11i _y(s)ds≤ e

− ατ1
Φ3(t)

Φ4(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎦

T
R11i 0

∗ 3R11i

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦
Φ3(t)

Φ4(t)

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,

(30)

and from Lemma 2, we can obtain

− σ12 
t− σ1

t− σ2
e
α(s− t)

x
T
(s)R6ix(s)ds � − σ12e

− ασ2 
t− σ(t)

t− σ2
x

T
(s)R6ix(s)ds

− σ12e
− ασ2 

t− σ1

t− σ(t)
x

T
(s)R6ix(s)ds≤ e

− ασ2
ψ1

ψ2

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

T
− R6i R6i

∗ − R6i

⎡⎣ ⎤⎦
ψ1

ψ2
 .

(31)

Similarly, we have

− σ12 
t− σ1

t− σ2
e
α(s− t)

x
T
(s)R8ix(s)ds≤ e

− ασ2
ψ3

ψ4

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

T
− R8i R8i

∗ − R8i

⎡⎣ ⎤⎦
ψ3

ψ4
 , (32)

− τ12 
t− τ1

t− τ2
e
α(s− t)

x
T
(s)R10ix(s)ds � − τ12e

− ατ2 
t− τ(t)

t− τ2
x

T
(s)R10ix(s)ds

− τ12e
− ατ2 

t− τ1

t− τ(t)
x

T
(s)R10ix(s)ds≤ e

− ατ2
ψ5

ψ6

⎡⎢⎣ ⎤⎥⎦

T
− R10i R10i

∗ − R10i

 
ψ5

ψ6
 ,

(33)

− τ12 
t− τ1

t− τ2
e
τ(s− t)

x
T
(s)R12ix(s)ds≤ e

− ατ2
ψ7

ψ8

⎡⎢⎣ ⎤⎥⎦

T
− R12i R12i

∗ − R12i

 
ψ7

ψ8
 , (34)

where
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ψ1 � 
t− σ(t)

t− σ2
x(s)ds,

ψ2 � 
t− σ1

t− σ(t)
x(s)ds,

ψ3 � x(t − σ(t)) − x t − σ2( ,

ψ4 � x t − σ1(  − x(t − σ(t)),

ψ5 � 
t− τ(t)

t− τ2
y(s)ds,

ψ6 � 
t− τ1

t− τ(t)
y(s)ds,

ψ7 � y(t − τ(t)) − y t − τ2( ,

ψ8 � y t − τ1(  − y(t − τ(t)),

Φ1(t) � x(t) − x t − σ1( ,

Φ2(t) � x(t) + x t − σ1(  −
2
σ1


t

t− σ1
x(s)ds,

Φ3(t) � y(t) − y t − τ1( ,

Φ4(t) � y(t) + y t − τ1(  −
2
τ1


t

t− τ1
y(s)ds.

(35)

Meanwhile, for any Lm � diag(l1m, l2m, . . . ,

lnm)≥ 0, m � 1, 2, the following inequality is true from As-
sumption 1.

− 2
n

i�1
l1igi yi(t)(  gi yi(t)(  − uiyi(t) 

− 2
n

i�1
l2igi yi(t − τ(t))(  gi yi(t − τ(t))(  − uiyi(t − τ(t)) ≥ 0.

(36)

It can written as

− 2gT(y(t))L1g(y(t)) + 2y
T
(t)UL1g(y(t))

− 2g
T
(y(t − τ(t)))L2g(y(t − τ(t)))

+ 2y
T

(t − τ(t))UL2g(y(t − τ(t))) ≥ 0.

(37)

What is more, the following equations are true for any
matrices N1, N2 with appropriate dimensions from system
(8).

2 _x
T
(t)N1[− Ax(t) + Bg(y(t − τ(t))) − _x(t)] � 0, (38)

2 _y
T
(t)N2[− Cy(t) + Dx(t − τ(t)) − _y(t)] � 0. (39)

From (24) to (39), we have that

_Vp(t) − αVp(t) ≤ ξ
T
(t)Θiξ(t), (40)

where

ξT
(t) �  x

T
(t) y

T
(t) x

T
t − σ1(  x

T
(t − σ(t)) x

T
t − σ2(  y

T
t − τ1( 

y
T
(t − τ(t)) y

T
t − τ2(  g

T
(y(t)) g

T
(y(t − τ(t))) _x

T
(t) _y

T
(t) 

t

t− σ1
x

T
(s)ds


t− σ(t)

t− σ2
x

T
(s)ds 

t− σ1

t− σ(t)
x

T
(s)ds 

0

t− σ1


t

t+θ
_x
T
(s)dsdθ 

− σ1

− σ2


t

t+θ
_x
T
(s)dsdθ


t

t− τ1
y

T
(s)ds 

t− τ(t)

t− τ2
y

T
(s)ds 

t− τ1

t− τ(t)
y

T
(s)ds 

0

t− τ1


t

t+θ
_y
T
(s)dsdθ


− τ1

− τ2


t

t+θ
_y
T
(s)dsdθ .

(41)

By condition (17), we have
_Vp(t) + αVp(t) < 0. (42)

Note that

d

dt
e

− αt
Vp(t) < 0. (43)

For any T> 0, let t0 � 0, and we denote
t0, t1, t2, t3, . . . , ti, . . . , tNP(0,T) and t1, t2, . . . , ti, . . . , tNP(0,T) as
the switching times on the interval [0, 1], where

Np(0, T) � 
M

i

Npi(0, T). (44)

By integrating (43) for any t ∈ [ti, ti+1], we find that

Vp(t) ≤ e
αp ti( ) t− ti( )Vp(t). (45)

From (18), we can obtain

Vp(t) ≤ μV pt−
i
, p t

−
i(  , ∀ p ti(  � i, p t

−
i(  � j(  ∈ N × N, i≠ j.

(46)
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By substituting (46) into (45), we can obtain

Vp(t) ≤ e

α
p tNp(t)(0,t) 

t− tNp(t)(0,t) 
⎧⎨

⎩

⎫⎬

⎭
V tNp(0,t), p tNp(0,t)  

≤ μ
p tNp

(0,t) 
e

α
p tNp

(0,t) 
t− tNp

(0,t) 
⎧⎨

⎩

⎫⎬

⎭
V xt−

Np(0,t)
, p tNp(0,t)− 1  

≤ μ
p tNp

(0,T) 
e

α
p tNp

(t,T) 
t− tNp(0,T) +α

p tNp
(0,T)− 1 

tNp(0,T)− tNp(0,T)− 1 
⎧⎨

⎩

⎫⎬

⎭

V xtNp(0,T)− 1
, p tNp(0,T)− 1   + μ

p tNp(0,T) 


tNp(0,T)

tNp(0,T)− 1

e

α
p tNp

(0,T) 
T− tNp(0,T) 

⎧⎨

⎩

⎫⎬

⎭
+ · · ·

≤ 

Np(0,T)− 1

l�0
μp tl+1( )e


Np(0,T)− 1
l�0 αp tl+1( )+αp tl( ) tl+1+α

p tNp(0,T) 
T+αp t0( )t0

⎧⎨

⎩

⎫⎬

⎭
V xt0

, p t0(  

≤ e 
N

i�1 Ti(0,T)/τai( )ln μi+ 
N

i�1αiTi(0,T) 
V xt0

, p t0(  

≤ e 
N

i�1 ln μi/τai( )+αi( )T 
V xt0

, p t0(  .

(47)

On the other hand, it follows from (22) that

Vp(0)(0) � x
T
(0)P1ix(0) + y

T
(0)P2iy(0) + 

0

− σ1
e
α(s)

x
T
(s)Q1ix(s)ds + 

− σ1

− σ2
e
α(s)

x
T
(s)Q2ix(s)ds

+ 
0

− σ(0)
e
α(s)

x
T
(s)Q3ix(s)ds + 

0

− τ1
e
α(s)

y
T
(s)R1iy(s)ds

+ 
− τ1

− τ2
e
α(s)

y
T
(s)R2iy(s)ds + 

0

− τ(0)
e
α(s)

y(s)

g(y(s))

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦

T
R3i M1i

∗ R4i

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦

y(s)

g(y(s))

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦ds

+ 
0

− σ1

0

θ
σ1e

α(s)
x

T
(s)R5ix(s)dsdθ + 

− σ2

− σ2

0

θ
σ12e

α(s)
x

T
(s)R6ix(s)dsdθ

+ 
0

− σ1

0

θ
σ1e

α(s)
_x
T
(s)R7i _x(s)dsdθ + 

− σ2

− σ2

0

θ
σ12e

α(s)
_x
T
(s)R8i _x(s)dsdθ

+ 
0

− τ1

0

θ
τ1e

α(s)
y

T
(s)R9iy(s)dsdθ + 

− τ2

− τ2

0

θ
τ12e

α(s)
y

T
(s)R10iy(s)dsdθ

+ 
0

− τ1

0

θ
τ1e

α(s)
_y
T
(s)R11i _y(s)dsdθ + 

− τ2

− τ2

0

θ
τ12e

α(s)
_y
T
(s)R12i _y(s)dsdθ
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+ 
0

− σ2

0

θ

0

]

σ21
2

e
α(s− θ)

_x
T
(s)S1i _x(s)dsd]dθ + 

− σ1

− σ2

0

θ

0

]
σ13e

α(s− θ)
_x
T
(s)S2i _x(s)dsd]dθ

+ 
0

− τ2

0

θ

0

]

τ21
2

e
α(s− θ)

_y
T
(s)S3i _y(s)dsd]dθ + 

− τ1

− τ2

0

θ

0

]
τ13e

α(s− θ)
_y
T
(s)S4i _y(s)dsd]dθ,

Vp(0)(0)≤maxi∈Nλmax P1i(  + maxi∈Nλmax P2i(  + σ1e
− ασ1maxi∈Nλmax Q1i(  + σ2 − σ1( e

− ασ2maxi∈Nλmax Q2i(

+ σ2e
− ασ2maxi∈Nλmax Q3i(  + τ1e

− ατ1maxi∈Nλmax R1i(  + τ2 − τ1( e
− ατ1maxi∈Nλmax R2i( 

+ τ2e
− ατ2maxi∈Nλmax R3i(  + 2τ2e

− ατ2maxi∈Nλmax M1i(  + τ2e
− ατ2maxi∈Nλmax R4i(  max L

−
i , L

+
i


  

2

+
σ31
2

e
− ασ1maxi∈Nλmax R5i(  +

σ2 − σ1( 
3

2
e

− ασ2maxi∈Nλmax R6i(  +
σ31
2

e
− ασ1maxi∈Nλmax R7i( 

+
σ2 − σ1( 

3

2
e

− ασ2maxi∈Nλmax R8i(  +
τ31
2

e
− ατ1maxi∈Nλmax R9i(  +

τ2 − τ1( 
3

2
e

− ατ2maxi∈Nλmax R10i( 

+
τ31
2

e
− ατ1maxi∈Nλmax R11i(  +

τ2 − τ1( 
3

2
e

− ατ2maxi∈Nλmax R12i(  +
σ51
4

e
− ασ1maxi∈Nλmax S1i( 

+
σ22 − σ21  σ2 − σ1( 

3

4
e

− ασ2maxi∈Nλmax S2i(  +
τ51
4

e
− ατ1maxi∈Nλmax S3i( 

+
τ22 − τ21  τ2 − τ1( 

3

4
e

− ατ2maxi∈Nλmax S4i( 
⎫⎬

⎭

× sup
− ρ≤t≤0

‖Φ(t)‖
2
, ‖Ψ(t)‖

2
 ,

≤ λ3 + λ4 + λ5σ1e
− ασ1 + λ6 σ2 − σ1( e

− ασ2 + λ7σ2e
− ασ2 + λ8τ1e

− ατ1(

+ λ9 τ2 − τ1( e
− ατ1 + λ10τ2e

− ατ2 + 2λ11τ2e
− ατ2 + λ12τ2e

− ατ2 + λ13
σ31
2

e
− ασ1

+ λ14
σ2 − σ1( 

3

2
e

− ασ2 + λ15
σ31
2

e
− ασ1 + λ16

τ2 − τ1( 
3

2
e

− ατ2 + λ17
τ31
2

e
− ατ1

+ λ18
τ2 − τ1( 

3

2
e

− ατ2 + λ19
τ31
2

e
− ατ1 + λ20

τ2 − τ1( 
3

2
e

− ατ2 + λ21
σ51
4

e
− ασ1

+ λ22
σ22 − σ21  σ2 − σ1( 

3

4
e

− ασ2 + λ23
τ51
4

e
− ατ1 + λ24

τ22 − τ21  τ2 − τ1( 
3

4
e

− ατ2⎞⎠c1,

� dc1.

(48)
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,en, we can easily obtain

Vp(t)(t) � e 
N

i�1 ln μi/τai( )− αi( )T 
dc1, (49)

Vp(t)(t) � x
T
(t)P1ix(t) + y

T
(t)P2iy(t)

≥mini∈N λmin P1i( ‖x(t)‖
2

+ λmin P2i( ‖y(t)‖
2

 

� λ1 + λ2(  ‖x(t)‖
2

+‖y(t)‖
2

 .

(50)

From (49) and (50), we obtain

‖x(t)‖
2

+‖y(t)‖
2 ≤

e 
N

i�1 ln μi/τai( )− αi( )T 
dc1

λ1 + λ2( 
. (51)

,erefore, by Definition 1, we conclude that
‖x(t)‖2 + ‖y(t)‖2 < c2. ,is completes the proof.

Remark 1. We introduce 
0

− σ2

0

θ


t

t+]
(σ21/2) e

α(s− θ)
_x
T

(s)S1i _x(s)dsd]dθ + 
− σ1

− σ2

0

θ


t

t+]
σ13e

α(s− θ)
_x
T
(s)S2i _x (s)dsd]

dθ + 
0

− τ2

0

θ


t

t+]
(τ21/2)e

α(s− θ)
_y
T
(s)S3i _y(s)dsd]dθ + 

− τ1

− τ2

0

θ


t

t+]
τ13e

α(s− θ)
_y
T
(s)S4i _y(s)dsd]dθ in our Lyapunov–Kra-

sovskii functional. ,e novel Lyapunov–Krasovskii func-
tional can make the stability criteria applicable to both fast
and slow time-varying delays directly. Besides, by using the
convex combination technique together with the Jensen
inequality lemma, less conservative criteria are obtained.

Case: we consider the following genetic regulatory
networks without switched term:

_x(t) � − Ax(t) + Bg(y(t − τ(t))),

_y(t) � − Cy(t) + D(x(t − σ(t))).
 (52)

Based on,eorem 1, the next rate-independent corollary
is derived.

Corollary 1. $e genetic regulatory network (52) is as-
ymptotically stable with respect to positive real numbers
σ1, σ2, τ1, τ2; if there exist symmetric positive definite ma-
trices P1, P2, Qn(n � 1, 2, 3), Rn(n � 1, 2, . . . , 12), Sn(n �

1, 2, . . . , 4), the diagonal matrix Lm � diag(l1m,

l2m, . . . , lnm)≥ 0, m � 1, 2 such that the following LMIs hold

R3 M1

∗ R4
 ≥ 0,

R6 R6

∗ R6

⎡⎣ ⎤⎦≥ 0,

R8 R8

∗ R8

⎡⎣ ⎤⎦≥ 0,

R10 R10

∗ R10

⎡⎣ ⎤⎦≥ 0,

R12 R12

∗ R12

⎡⎣ ⎤⎦≥ 0,

Θ � Θij 22×22< 0,

(53)

where,

Θ11 � − P1A − A
T
P

T
1 + Q1 + Q3 + σ21R5 + σ212R6 − 3e

− ασ1R7 − e
− ασ1R7 + αP1,

Θ13 � e
− ασ1R7 − 3e

− ασ1R7,

Θ110 � P1B,Θ113 �
6
σ1

e
− ασ1R7,

Θ22 � R1 + R3 − P2C − C
T
P

T
2 + τ21R9 + τ212R10 − e

− ατ1R11 − 3e
− ατ1R11 + αP2,

Θ24 � P2D,

Θ26 � e
− ατ1R11 − 3e

− ατ1R11,

Θ29 � M1 + U
T
L

T
1 ,Θ218 �

6
τ1

e
− ατ1R11,

Θ33 � − e
− ασ1Q1 + e

− ασ1Q2 − e
− ασ1R7 − 3e

− ασ1R7 − e
− ασ2R8,

Θ34 � − e
− ασ2R

T

8 + e
− ασ2R8,

Θ35 � e
− ασ2R

T

8 ,

Θ313 �
6
σ1

e
− ασ1R7,
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Θ44 � − 1 − σd( e
− ασ(t)

Q3 + 2e
− ασ2R8 − 2e

− ασ2R8,

Θ45 � e
− ασ2R

T

8 + e
− ασ2R8,

Θ55 � e
− ασ2Q

T
2 − e

− ασ2R8,

Θ66 � − e
− ατ1R1 + e

− ατ1R2 − e
− ατ1R11 − 3e

− ατ1R11 − e
− ατ2R12,

Θ67 � − e
− ατ2R

T

12 + e
− ατ2R12,

Θ68 � − e
− ατ2R

T

12,

Θ618 �
6
τ1

e
− ατ1R11,

Θ77 � − 1 − τd( e
− ατ(t)

R3 + 2e
− ατ2R12 − 2e

− ατ2R12,

Θ78 � e
− ατ2R

T

12 + e
− ατ2R12,

Θ710 � − 1 − τd( e
− ατ(t)

M1 + UL2,

Θ88 � − e
− ατ2R

T
2 − e

− ατ2R12,

Θ99 � R4 − 2L1,

Θ1010 � − 1 − τd( e
− ατ2R4 − 2L2,

Θ1111 � σ21R7 + σ212R8 + e
αte

ασ2 − ασ2 − 1
α2

S1 + e
αte

ασ2 − e
ασ1 − α σ2 − σ1( 

α2
S2,

Θ1212 � τ21R11 + τ212R12 + e
αte

ατ2 − ατ2 − 1
α2

S3 + e
αte

ατ2 − e
ατ1 − α τ2 − τ1( 

α2
S4,

Θ1313 � − e
ασ1R5 −

12
σ21

e
− ασ1R7,

Θ1414 � − e
ασ2R6,

Θ1415 � − e
ασ2R6,

Θ1515 � − e
ασ2R6,

Θ1616 � − e
αt

S1,

Θ1717 � − e
αt

S2,

Θ1818 � − e
ατ1R9 −

12
τ21

e
− ατ1R11,

Θ1919 � − e
ατ2R10,

Θ1920 � − e
ατ2R10,

Θ2020 � − e
ατ2R10,

Θ2121 � − e
αt

S3,

Θ2222 � − e
αt

S4.

(54)
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Proof. ,e corollary follows by a similar argument as that in
proof of ,eorem 1.

4. Numerical Example

In this section, numerical examples are provided to illustrate
the validity and the advantage of the proposed finite-time
stability of switched GRNs with time-varying delays.

Example 1. Consider switched GRNs with time-varying
delay (8) as

_x(t) � − Ap(t)x(t) + Bp(t)g(y(t − τ(t))),

_y(t) � − Cp(t)y(t) + Dp(t)(x(t − σ(t))),

⎧⎨

⎩ (55)

with

A1 �

2 0 0

0 2 0

0 0 2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

B1 �

0 0 − 2

− 2 0 0

0 − 2 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

C1 �

3 0 0

0 3 0

0 0 3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

D1 �

0.9 0 0

0 0.9 0

0 0 0.9

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

A2 �

3 0 0

0 3 0

0 0 3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

B2 �

0 − 1.5 0

− 1.5 0 0

0 − 1.5 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

C2 �

4 0 0

0 4 0

0 0 4

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

D2 �

1.2 0 0

0 1.2 0

0 0 1.2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

(56)

,e activation function is chosen as U � diag 0.65,{

0.65, 0.65}, and the values of c1, c2, T are given as follows:

σ1 � 0.7,

σ2 � 3.5,

σd � 0.4,

τ1 � 0.6,

τ2 � 3.2,

τd � 0.2,

c1 � 1.5,

c2 � 4.5,

T � 6,

μ � 1.5.

(57)

We show the simulation result of the trajectories of the
variables x(t) and y(t) in Figures 1 and 2. It should be point
out that the condition is feasible when employing the LMI
toolbox inMATLAB, solve LMIs (16)–(20), and then, we can
reach feasible solution. Hence, the switched GRNs (8) is
finite-time stable.

P11 �

0.1837 − 0.0007 − 0.0007

− 0.0007 0.1837 − 0.0007

− 0.0007 − 0.0007 0.1837

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

P21 �

0.5336 0.0008 0.0008

0.0008 0.5336 0.0008

0.0008 0.0008 0.5336

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Q11 �

0.0419 − 0.0000 − 0.0000

− 0.0000 0.0419 − 0.0000

− 0.0000 − 0.0000 0.0419

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Q21 �

0.0225 0.0000 0.0000

0.0000 0.0225 0.0000

0.0000 0.0000 0.0225

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

Q31 �

0.1556 0.0003 0.0003

0.0003 0.1556 0.0003

0.0003 0.0003 0.1556

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

R11 �

0.0669 0.0001 0.0001

0.0001 0.0669 0.0001

0.0001 0.0001 0.0669

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

R21 �

0.0287 0.0000 0.0000

0.0000 0.0287 0.0000

0.0000 0.0000 0.0287

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

R31 �

0.1518 − 0.0001 − 0.0001

− 0.0001 0.1518 − 0.0001

− 0.0001 − 0.0001 0.1518

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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R41 �

0.0389 0.0000 0.0000

0.0000 0.0389 0.0000

0.0000 0.0000 0.0389

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R51 �

0.0570 − 0.0000 − 0.0000

− 0.0000 0.0570 − 0.0000

− 0.0000 − 0.0000 0.0570

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R61 �

0.0053 0.0000 0.0000

0.0000 0.0053 0.0000

0.0000 0.0000 0.0053

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R71 �

0.0562 0.0000 0.0000

0.0000 0.0562 0.0000

0.0000 0.0000 0.0562

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R81 �

0.0057 − 0.0000 − 0.0000

− 0.0000 0.0057 − 0.0000

− 0.0000 − 0.0000 0.0057

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R91 �

0.1006 0.0000 0.0000

0.0000 0.1006 0.0000

0.0000 0.0000 0.1006

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R101 �

0.0094 0.0000 0.0000

0.0000 0.0094 0.0000

0.0000 0.0000 0.0094

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R111 �

0.0627 − 0.0001 − 0.0001

− 0.0001 0.0627 − 0.0001

− 0.0001 − 0.0001 0.0627

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R121 �

0.0057 − 0.0000 − 0.0000

− 0.0000 0.0057 − 0.0000

− 0.0000 − 0.0000 0.0057

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S11 �

0.0016 − 0.0000 − 0.0000

− 0.0000 0.0016 − 0.0000

− 0.0000 − 0.0000 0.0016

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S21 � 10− 3
×

0.2915 0.0005 0.0005

0.0005 0.2915 0.0005

0.0005 0.0005 0.2915

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S31 �

0.0023 0.0000 0.0000

0.0000 0.0023 0.0000

0.0000 0.0000 0.0023

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S41 � 10− 3
×

0.4960 0.0007 0.0007

0.0007 0.4960 0.0007

0.0007 0.0007 0.4960

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

P12 �

0.1747 0.0001 0.0001

0.0001 0.1747 0.0001

0.0001 0.0001 0.1747

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

P22 �

0.1267 0.0003 0.0003

0.0003 0.1267 0.0003

0.0003 0.0003 0.1267

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Q12 �

0.1265 0.0004 0.0004

0.0004 0.1265 0.0004

0.0004 0.0004 0.1265

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Q22 �

0.1121 − 0.0004 − 0.0004

− 0.0004 0.1121 − 0.0004

− 0.0004 − 0.0004 0.1121

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Q32 �

0.1745 0.0014 0.0014

0.0014 0.1745 0.0014

0.0014 0.0014 0.1745

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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R12 �

0.1231 0.0008 0.0008

0.0008 0.1231 0.0008

0.0008 0.0008 0.1231

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R22 �

0.1145 − 0.0005 − 0.0005

− 0.0005 0.1145 − 0.0005

− 0.0005 − 0.0005 0.1145

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R32 �

0.1434 0.0020 0.0020

0.0020 0.1434 0.0020

0.0020 0.0020 0.1434

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R42 �

0.0863 0.0001 0.0001

0.0001 0.0863 0.0001

0.0001 0.0001 0.0863

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R52 �

0.1176 − 0.0002 − 0.0002

− 0.0002 0.1176 − 0.0002

− 0.0002 − 0.0002 0.1176

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R62 �

0.0641 − 0.0005 − 0.0005

− 0.0005 0.0641 − 0.0005

− 0.0005 − 0.0005 0.0641

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R72 �

0.0886 − 0.0005 − 0.0005

− 0.0005 0.0886 − 0.0005

− 0.0005 − 0.0005 0.0886

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R82 �

0.1177 − 0.0004 − 0.0004

− 0.0004 0.1177 − 0.0004

− 0.0004 − 0.0004 0.1177

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R92 �

0.1230 − 0.0001 − 0.0001

− 0.0001 0.1230 − 0.0001

− 0.0001 − 0.0001 0.1230

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R102 �

0.0675 − 0.0005 − 0.0005

− 0.0005 0.0675 − 0.0005

− 0.0005 − 0.0005 0.0675

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R112 �

0.0878 − 0.0006 − 0.0006

− 0.0006 0.0878 − 0.0006

− 0.0006 − 0.0006 0.0878

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

R122 �

0.1055 − 0.0008 − 0.0008

− 0.0008 0.1055 − 0.0008

− 0.0008 − 0.0008 0.1055

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S12 �

0.1889 − 0.0000 − 0.0000

− 0.0000 0.1889 − 0.0000

− 0.0000 − 0.0000 0.1889

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S22 �

0.0736 0.0000 0.0000

0.0000 0.0736 0.0000

0.0000 0.0000 0.0736

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S32 �

0.1937 − 0.0000 − 0.0000

− 0.0000 0.1937 − 0.0000

− 0.0000 − 0.0000 0.1937

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

S42 �

0.0685 0.0000 0.0000

0.0000 0.0685 0.0000

0.0000 0.0000 0.0685

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(58)
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Figure 1: ,e mRNA concentrations x(t) in Example 1.
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Figure 2: Protein concentrations y(t) in Example 2.

Table 1: ,e maximum allowable time delay upper bound for τ2 with different values of σ12.

σ12 0.125 0.25 0.55 1.0 1.1

[15] 0.5 — — − 8 —
[16] — — 1.0 — —
[17] 2.8273 2.1661 1.1544 0.4904 0.3845
[18] 3.2957 3.1932 2.9455 2.5661 2.4799
Corollary 3.3 5.4924 5.0257 4.6412 4.4670 3.9249
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Example 2

A �

3 0 0

0 3 0

0 0 3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

B �

0 0 − 2.5

− 2.5 0 0

0 − 2.5 0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

C �

2.5 0 0

0 2.5 0

0 0 2.5

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

D �

0.8 0 0

0 0.8 0

0 0 0.8

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(59)

g(y) � y2/1 + y2 and U � diag 0.65, 0.65, 0.65{ }.
Furthermore, for the parameters listed above, let τd � 0.5

and σd � 0.5.
In order to compare the results in [15–18], using Cor-

ollary 1, the comparison results are listed in Table 1 for τ2.
Clearly, the results proposed in this study provide a larger
admissible upper bound delay to guarantee the asymptoti-
cally stable system (52). In addition, the trajectories of the
genetic regulatory network (52) are shown in Figures 3
and 4.

Remark 2. ,e discussion in Example 2 illustrates that the
conditions in this study (Corollary 1) is less conservative
than those in [15–18], which shows the superiority of our
method compared with that in [15–18].

Example 3. Consider the following switched GRNs with
time-varying delay:

_x(t) � − Ap(t)x(t) + Bp(t)g(y(t − τ(t))),

_y(t) � − Cp(t)y(t) + Dp(t)(x(t − σ(t))),

⎧⎨

⎩ (60)

with

A1 �
3 0

0 3
⎡⎢⎣ ⎤⎥⎦,

B1 �
0.81 − 0.20

0.10 0.64
⎡⎢⎣ ⎤⎥⎦,

C1 �
3 0

0 3
⎡⎢⎣ ⎤⎥⎦,

D1 �
1 0

0 1
⎡⎢⎣ ⎤⎥⎦,

A2 �
4 0

0 4
⎡⎢⎣ ⎤⎥⎦,

B2 �
0.1 − 1

− 1 0.1
⎡⎢⎣ ⎤⎥⎦,

C2 �
4 0

0 4
⎡⎢⎣ ⎤⎥⎦,

D2 �
0.8 0

0 0.8
⎡⎢⎣ ⎤⎥⎦.

(61)

,e activation function is chosen as U � diag 0.2, 0.2{ }, and
the values of c1, c2, T are given as follows:
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Figure 4: ,e trajectories of y(t) in Example 2.
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Figure 3: ,e trajectories of x(t) in Example 2.
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σ1 � 0.2,

σ2 � 3.2,

σd � 1,

τ1 � 0.1,

τ2 � 0.3,

τd � 0.1,

c1 � 1,

c2 � 3.2,

T � 4,

μ � 0.9.

(62)

By employing the LMI toolbox in MATLAB, solve LMIs
(16)–(20), and the feasible solutions are then reached.

5. Conclusion

In this study, a finite-time stability analysis for switched
GRNs with time-varying delays has been investigated. We
utilized the reciprocally convex combination method,
Wirtinger’s integral inequality, and new triple integral with
exponential function in Lyapunov–Krasovskii functionals;
a less conservative LMI-based finite-time stability criterion is
obtained with the switched ADT approach to reduce the
conservatism of our results, compared with existing ones. A
numerical example has been given to demonstrate the ef-
fectiveness and the advantage of our proposed methods.
State estimation as well as other research topics such as
switched lure systems and complex networks [55, 56] and
stabilization of probabilistic Boolean networks [57, 58] of the
time delay systems will be further investigated based on the
methods proposed in this study.

Data Availability

No data were used to support this study.

Conflicts of Interest

,e authors declare that there are no conflicts of interest.

Authors’ Contributions

B.H. involved in funding acquisition; G.R. conceptualized
the study, wrote the original draft, and validated; G.R., B.H.,
M.S.A., and S.S. developed software; G.R. and B.H. per-
formed formal analysis, developed methodology, and
reviewed and edited the manuscript; S.S., B.P., G.K.T., and
M.S.A. supervised the study. All authors have read and
agreed to the published version of the manuscript.

Acknowledgments

,is work was supported by the Basic Sciences and Math-
ematics, Faculty of Engineering, ,ai-Nichi Institute of
Technology, Bangkok, 10250, ,ailand.

References

[1] V. Vembarasan, G. Nagamani, P. Balasubramaniam, and
J. H. Park, “State estimation for delayed genetic regulatory
networks based on passivity theory,” Mathematical Bio-
sciences, vol. 244, no. 2, pp. 165–175, 2013.

[2] M. S. Ali, N. Gunasekaran, C. K. Ahn, and P. Shi, “Sampled-
data stabilization for fuzzy genetic regulatory networks with
leakage delays,” IEEE/ACM Transactions on Computational
Biology and Bioinformatics, vol. 15, no. 1, pp. 271–285, 2018.

[3] X. Zhang, L. Wu, and J. Zou, “Globally asymptotic stability
analysis for genetic regulatory networks with mixed delays: an
m-matrix-based approach,” IEEE/ACM Transactions on
Computational Biology and Bioinformatics, vol. 13, no. 1,
pp. 135–147, 2016.

[4] T. Liu, X. Zhang, and X. Gao, “Stability analysis for con-
tinuous-time and discrete-time genetic regulatory networks
with delays,” AppliedMathematics and Computation, vol. 274,
pp. 628–643, 2016.

[5] K. Ratnavelu, M. Kalpana, and P. Balasubramaniam, “As-
ymptotic stability of Markovian switching genetic regulatory
networks with leakage and mode-dependent time delays,”
Journal of the Franklin Institute, vol. 353, no. 7, pp. 1615–1638,
2016.

[6] L. Wang, Z.-P. Luo, H.-L. Yang, and J. Cao, “Stability of
genetic regulatory networks based on switched systems and
mixed time-delays,” Mathematical Biosciences, vol. 278,
pp. 94–99, 2016.

[7] L. Lu, Z. Xing, and B. He, “Non-uniform sampled-data
control for stochastic passivity and passification of markov
jump genetic regulatory networks with time-varying delays,”
Neurocomputing, vol. 171, pp. 434–443, 2016.

[8] F.-X. Wu, “Global and robust stability analysis of genetic
regulatory networks with time-varying delays and parameter
uncertainties,” IEEE Transactions on Biomedical Circuits and
Systems, vol. 5, no. 4, pp. 391–398, 2011.

[9] P. Smolen, D. A. Baxter, and J. H. Byrne, “Mathematical
modeling of gene networks,” Neuron, vol. 26, no. 3,
pp. 567–580, 2000.

[10] H. Jong, “Modelling and simulation of genetic regulatory
systems: a literature review,” Journal of Computational Bi-
ology, vol. 9, pp. 67–103, 2002.

[11] A. Liu, L. Yu, W. Zhang, and B. Chen, “H∞ filtering for
discrete-time genetic regulatory networks with random de-
lays,” Mathematical Biosciences, vol. 239, pp. 97–105, 2012.

[12] W. Wang, S. Zhong, and F. Liu, “New delay-dependent
stability criteria for uncertain genetic regulatory networks
with time-varying delays,” Neurocomputing, vol. 93, pp. 19–
26, 2012.

[13] W. Yu, J. Lu, Z. D. Wang, J. Cao, and Q. Zhou, “Robust H∞
control and uniformly bounded control for genetic regulatory
network with stochastic disturbance,” IET Control $eory &
Applications, vol. 4, pp. 1687–1706, 2014.

[14] Y. He, J. Zeng, M. Wu, and C. Zhang, “Robust stabilization
and H∞ controllers design for stochastic genetic regulatory
networks with time-varying delays and structured un-
certainties,” Mathematical Biosciences, vol. 236, pp. 53–63,
2012.

[15] F. Ren and J. Cao, “Asymptotic and robust stability of genetic
regulatory networks with time-varying delays,” Neuro-
computing, vol. 71, no. 4, pp. 834–842, 2008.

[16] W. Zhang, J.-A. Fang, and Y. Tang, “Stochastic stability of
markovian jumping genetic regulatory networks with mixed

Complexity 19



time delays,” Applied Mathematics and Computation, vol. 217,
no. 17, pp. 7210–7225, 2011.

[17] H. Wu, X. Liao, S. Guo, W. Feng, and Z. Wang, “Stochastic
stability for uncertain genetic regulatory networks with in-
terval time-varying delays,” Neurocomputing, vol. 72, no. 13,
pp. 3263–3276, 2009.

[18] W. Wang, Y. Wang, S. K. Nguang, S. Zhong, and F. Liu,
“Delay partition method for the robust stability of uncertain
genetic regulatory networks with time-varying delays,”
Neurocomputing, vol. 173, pp. 899–911, 2016.

[19] J. Liu, E. Tian, Z. Gu, and Y. Zhang, “State estimation for
markovian jumping genetic regulatory networks with random
delays,” Communications in Nonlinear Science and Numerical
Simulation, vol. 19, no. 7, pp. 2479–2492, 2014.

[20] X. Lou, Q. Ye, and B. Cui, “Exponential stability of genetic
regulatory networks with random delays,” Neurocomputing,
vol. 73, no. 4, pp. 759–769, 2010.

[21] K. Mathiyalagan and R. Sakthivel, “Robust stabilization and
H∞ control for discretetime stochastic genetic regulatory
networks with time delays,” Canadian Journal of Physics,
vol. 90, pp. 939–953, 2012.

[22] X. Wan, L. Xu, H. Fang, and G. Ling, “Robust non-fragile H∞
state estimation for discrete-time genetic regulatory networks
with Markov jump delays and uncertain transition proba-
bilities,” Neurocomputing, vol. 154, pp. 162–173, 2015.

[23] G. Wang and J. Cao, “Robust exponential stability analysis for
stochastic genetic networks with uncertain parameters,”
Communications in Nonlinear Science and Numerical Simu-
lation, vol. 14, no. 8, pp. 3369–3378, 2009.

[24] X. Li, R. Rakkiyappan, and C. Pradeep, “Robust μ-stability
analysis of Markovian switching uncertain stochastic genetic
regulatory networks with unbounded time-varying delays,”
Communications in Nonlinear Science and Numerical Simu-
lation, vol. 17, pp. 3894–3905, 2012.

[25] Y. Li, Y. Zhu, N. Zeng, and M. Du, “Stability analysis of
standard genetic regulatory networks with time-varying de-
lays and stochastic perturbations,” Neurocomputing, vol. 74,
no. 17, pp. 3235–3241, 2011.

[26] A. Liu, L. Yu, D. Zhang, and W. Zhang, “Finite-time H∞
control for discrete-time genetic regulatory networks with
random delays and partly unknown transition probabilities,”
Journal of the Franklin Institute, vol. 350, pp. 1944–1961, 2013.

[27] J. H. Koo, D. H. Ji, S. C. Won, and J. H. Park, “An improved
robust delay-dependent stability criterion for genetic regu-
latory networks with interval time delays,” Communications
in Nonlinear Science and Numerical Simulation, vol. 17, no. 8,
pp. 3399–3405, 2012.

[28] P.-L. Liu, “Robust stability analysis of genetic regulatory
network with time delays,” ISA Transactions, vol. 52, no. 3,
pp. 326–334, 2013.

[29] D. Zhang and L. Yu, “Passivity analysis for stochastic mar-
kovian switching genetic regulatory networks with time-
varying delays,” Communications in Nonlinear Science and
Numerical Simulation, vol. 16, no. 8, pp. 2985–2992, 2011.

[30] M. Mohammadian, A. H. Abolmasoumi, and H. R. Momeni,
“H∞ mode-independent filter design for Markovian jump
genetic regulatory networks with time-varying delays,”
Neurocomputing, vol. 87, pp. 10–18, 2012.

[31] Y. Sun, G. Feng, and J. Cao, “Stochastic stability of Markovian
switching genetic regulatory networks,” Physics Letters A,
vol. 373, no. 18, pp. 1646–1652, 2009.

[32] L. Yin, “Finite-time stability analysis of switched genetic
regulatory networks,” Journal Applied Mathematics, vol. 2014,
Article ID 730292, 11 pages, 2014.

[33] Y. Yao, J. Liang, and J. Cao, “Stability analysis for switched
genetic regulatory networks: an average dwell time approach,”
Journal of the Franklin Institute, vol. 348, no. 10, pp. 2718–
2733, 2011.

[34] X. Wan, L. Xu, H. Fang, F. Yang, and X. Li, “Exponential
synchronization of switched genetic oscillators with time-
varying delays,” Journal of the Franklin Institute, vol. 351,
no. 8, pp. 4395–4414, 2014.

[35] X.-M. Sun, G.-P. Liu, W. Wang, and D. Rees, “Stability
analysis for networked control systems based on average dwell
time method,” International Journal of Robust and Nonlinear
Control, vol. 20, no. 15, pp. 1774–1784, 2010.

[36] Z. Xiang, Y. N. Sun, and M. S. Mahmoud, “Robust finite-time
H∞ control for a class of uncertain switched neutral systems,”
Communications in Nonlinear Science and Numerical Simu-
lation, vol. 17, pp. 1766–1778, 2012.

[37] X. Liu, “Stabilization of switched linear systems with mode-
dependent time-varying delays,” Applied Mathematics and
Computation, vol. 216, no. 9, pp. 2581–2586, 2010.

[38] J. Cheng, H. Zhu, S. Zhong, F. Zheng, and Y. Zeng, “Finite-
time filtering for switched linear systems with a mode-de-
pendent average dwell time,” Nonlinear Analysis: Hybrid
Systems, vol. 15, pp. 145–156, 2015.

[39] M. Syed Ali and S. Saravanan, “Robust finite-time H∞ control
for a class of uncertain switched neural networks of neutral-
type with distributed time varying delays,” Neurocomputing,
vol. 177, pp. 454–468, 2016.

[40] N. Jiang, X. Liu, W. Yu, and J. Shen, “Finite-time stochastic
synchronization of genetic regulatory networks,” Neuro-
computing, vol. 167, pp. 314–321, 2015.

[41] X. Lin, H. Du, S. Li, and Y. Zou, “Finite-time stability and
finite-time weighted L2-gain analysis for switched systems
with time-varying delay,” IET Control $eory, vol. 7,
pp. 1058–1069, 2013.

[42] X. Fan, Y. Xue, X. Zhang, and J. Ma, “Finite-time state ob-
server for delayed reaction-diffusion genetic regulatory net-
works,” Neurocomputing, vol. 227, pp. 18–28, 2017.

[43] J. Qiu, K. Sun, C. Yang, X. Chen, X. Chen, and A. Zhang,
“Finite-time stability of genetic regulatory networks with
impulsive effects,” Neurocomputing, vol. 219, pp. 9–14, 2017.

[44] M. Syed Ali and S. Saravanan, “Finite-time stability for
memristor based uncertain neural networks with time-
varying delays- via average dwell time approach,” Chinese
Journal of Physics, vol. 55, no. 5, pp. 1953–1971, 2017.

[45] M. Syed Ali and S. Saravanan, “Finite-time L2-gain analysis
for switched neural networks with time-varying delay,”
Neural Computing and Applications, vol. 29, pp. 975–984,
2018.

[46] S. Wang, T. Shi, M. Zeng, L. Zhang, F. E. Alsaadi, and
T. Hayat, “New results on robust finite-time boundedness of
uncertain switched neural networks with time-varying de-
lays,” Neurocomputing, vol. 151, pp. 522–530, 2015.

[47] X. Li, X. Lin, S. Li, and Y. Zou, “Finite-time stability of
switched nonlinear systems with finite-time unstable sub-
systems,” Journal of the Franklin Institute, vol. 352, no. 3,
pp. 1192–1214, 2015.

[48] W. Wang, Y. Dong, S. Zhong, and F. Liu, “Finite-time robust
stability of uncertain genetic regulatory networks with time-
varying delays and reaction-diffusion terms,” Complexity,
vol. 2019, Article ID 8565437, 18 pages, 2019.

[49] Z. Wu, Z. Wang, and T. Zhou, “Finite-time stability of
fractional-order time-varying delays gene regulatory net-
works with structured uncertainties and controllers,” Com-
plexity, vol. 2020, Article ID 2315272, 19 pages, 2020.

20 Complexity



[50] J. Zhou, S. Xu, and H. Shen, “Finite-time robust stochastic
stability of uncertain stochastic delayed reaction-diffusion
genetic regulatory networks,”Neurocomputing, vol. 74, no. 17,
pp. 2790–2796, 2011.

[51] X. M. Sun, J. Zhao, and D. J. Hill, “Stability and L2-gain
analysis for switched delay systems: a delay-dependent
method,” Automatica, vol. 42, pp. 1769–1774, 2006.

[52] K. Gu, V. L. Kharitonov, and J. Chen, Stability of Time Delay
Systems, Birkhuser, Boston, MA, USA, 2003.

[53] P. Park, J. W. Ko, and C. Jeong, “Reciprocally convex ap-
proach to stability of systems with time-varying delays,”
Automatica, vol. 47, no. 1, pp. 235–238, 2011.

[54] A. Seuret and F. Gouaisbaut, “Wirtinger-based integral in-
equality: application to time-delay systems,” Automatica,
vol. 49, no. 9, pp. 2860–2866, 2013.

[55] W. Duan, Y. Li, J. Chen, and L. Jiang, “New results on stability
analysis of uncertain neutral-type lure systems derived from
a modified lyapunov-krasovskii functional,” Complexity,
vol. 2019, Article ID 1706264, 20 pages, 2019.

[56] C. Huang, X. Zhang, H.-K. Lam, and S.-H. Tsai, “Synchro-
nization analysis for nonlinear complex networks with re-
action-diffusion terms using fuzzy-model-based approach,”
IEEE Transactions on Fuzzy Systems, vol. 1, 2020.

[57] C. Huang, J. Lu, D. W. C. Ho, G. Zhai, and J. Cao, “Stabi-
lization of probabilistic Boolean networks via pinning control
strategy,” Information Sciences, vol. 510, pp. 205–217, 2020.

[58] C. Huang, J. Lu, G. Zhai, J. Cao, G. Lu, and M. Perc, “Stability
and stabilization in probability of probabilistic boolean net-
works,” IEEE Transactions on Neural Networks and Learning
Systems, vol. 32, no. 1, p. 241, 2021.

Complexity 21


