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Economics and management believe that income and price play decisive roles in consumer demand for commodities. However,
there is no analysis of the order-preserving or order-reversing mapping between consumer demand and utility when income and
price are not constrained. Customer utility is always determined by the amount of commodities in real life. This research analyzes
the mapping relationship between the amount of commodities and utility. The set which consists of consumption bundles with a
binary relation is a poset. The set of utility values with the binary relation is a chain. Furthermore, the relationship between
consumption bundles and utilities is illustrated by figures. If the increasing directions of utility and the amount of commodities are
consistent, the utility function is order-preserving. If they are opposite, the utility function is order-reversing. Finally, examples are

included to illustrate the mapping relationship between consumption bundles and utilities.

1. Introduction

Customer preference is an important market information
which is a useful guideline during decision-making. Pref-
erence is often reflected by customer utility. Utility refers to
the psychological satisfaction when customers purchase
commodities [1]. Utility can be divided into cardinal utility
and ordinal utility. Because the utility cannot be well
quantified, the study of utility in economics is mainly the
analysis of ordinal utility. Theories and applications of
preference and utility have been hot questions. For example,
Kruse [2] proposed a separation of the von Neu-
mann-Morgenstern utility function into two parts. One part
measures the preferences under certainty; the other part
measures the pure risk preferences. Revealed preference
theory is a domain within economics that studies ration-
alizability of behavior by utility functions [3]. In economic
evaluation of health programmes, measuring health-related
quality of life is an important aspect, and the development of
utility-based (preference-based) measures is advanced by the
discipline of health economics. Different preference mea-
sures are applied for valuing health states to produce a
weighted health state index [4]. Estimating preferences for

states of health has been an active area of research in recent
years. Unlike psychophysical approaches, which discrimi-
nate levels of health status, preference-based approaches
incorporate values or utilities for health outcomes and can
be used in cost-effectiveness analyses to aid resource allo-
cation decisions [5]. Revicki and Kaplan [6] summarized
selected evidence pertaining to the relationship between
psychometric health status measures and utility/preference
measures of health outcome. Furthermore, preference and
utility have been introduced in more literatures in several
fields, such as [7-16].

Customer demand for the commodities is closely related
to their purchase probability, which depends on their utility
[17]. Customer utility theory, which is generated based on
combination of consumer behavior and modern utility
theory, is the main theory in the field of marketing man-
agement. When customers purchase commodities, the use
value of commodities is obtained, and a kind of con-
sumption desire is satisfied. In reality, besides being closely
related to the customer utility value of commodities brand,
the quantity of commodities also determines the customer
utility after using commodities [18, 19]. This paper analyzes
the relationship between the amount of commodities,
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customer preference, and utility; The purpose is to reflect
customer preference according to the amount of com-
modities. The objects of consumer choice are consumption
bundles; All the consumption bundles constitute a set; the
set with a binary relation is a poset. Consumer preference is
complete, reflexive, and transitive. Utility reflects the degree
of consumer likes consumption bundle. Any two utility
values can be compared. The set which consists of all the
utility values is a chain. If the amount of commodities in the
consumption bundle is greater, the utility value of the
customer is greater, then, the utility function is order-pre-
serving. If the amount of commodities is smaller, the utility
value of the customer is greater, then the utility function is
order-reversing. In this case, if the relationship between
utility and the amount of commodities is known, customer
preferences can be directly reflected by the amount of
commodities, and it is more beneficial to make decisions for
enterprises.

The remainder of the paper is as follows: in Section 2,
consumer preference and chain are introduced. In Section 3,
mapping between consumption bundle and utility is ana-
lysed. Section 4 presents classic examples to illustrate the
mapping relation. Section 5 concludes this paper.

2. Preliminaries

2.1. Consumer Preference. Preference refers to how much
consumers like the commodities. The objects of consumer
choice are called consumption bundles, denoted by X. There
are M commodities to consume, N objects of consumer
choice, X ={X',X?,..., XN}, and X' ={x|,x},...,x},},
i=1,2,...,N.

Preference relation >, >, and ~ are binary relations
defined in consumption bundles X. X!, X/ € X; if the
consumer prefers or is indifferent between the two bundles
X' and X/, we say that the consumer weakly prefers X' to X/,
and write X’ > X/. If the consumer strictly prefers bundle X’
to X/, preference relation is denoted by >, and we write
X' > XJ. If the consumer is indifferent between two bundles
X' and X/, preference relation is denoted by the symbol ~,
and X'~X/.

In order to illustrate how the consumer preference re-
lations work, three axioms are given as follows:

(1) Complete: From any consumption bundles X‘lf
X/ € X, we assume that X’ = X/ or X’ = X' or X'~X/

(2) Reflexive: any bundle X’ is at least as good as itself,
X~X

(3) Transitive: if X! = X/ and X/ » X, then we assume
that X’ » X*

2.2. Chain. Let P be a set. An order on P is a binary relation
R on P such that, for all x and y,

(i) xRx
(ii) xRy and yRx imply x = y
(iii) xRy and yRz imply xRz
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Conditions (i), (ii), and (iii) are referred as reflexivity,
antisymmetry, and transitivity. The set P, equipped with an
order relation R is said to be a poset, and is denoted by (P, R). If
any two elements of P are comparable, then P is a chain [20].

Definition 1. Let (P;, >) and (P,, >) be posets; > is a
binary relation. A map y: P, — P, is said to be

(i) Order-preserving if x > y in P; implies y (x) >y (y)
in P,

(i) Order-reversingif x > y in P; implies y (y) <y (x) in
P,

3. Mapping between Consumption Bundle
and Utility

3.1. Analysis of Mapping Relations. Let the binary relations
> and < be symbols of quantity. X = {X', X?,..., XN} isa
quantity set; some elements may be incomparable. Taking an
arbitrary element X’ from X, we have X' < X, that is to say,
X <xf, X <xb, -oe, xh <X, then, X with the binary re-
lation < is reflexive. Arbitrary elements X', X/ € X; if
X' <X/ and X/ <X, then X' = X/, X with the binary re-
lation < is antisymmetric. For arbitrary elements X', X/,
XFe X, X%, XN}, if X'<X/ and X/<X*, then
X'<X* and then, X with < is transitive. Thus,
{X',X?,..., XN} with the binary relation < is a poset.

Taking an arbitrary consumption bundles X’ from X, we
know that X' is at least as good as itself, i.e., X'~ X/, that is to
say, x' > x'; then, X with preference relation > is reflexive.
From any consumption bundle X', X/ € X, if X’ > X/ and
X/ > X', then the consumer is indifferent between the
two consumption bundles, and X'~X/, X with preference
relation > is antisymmetric. Furthermore, consumption
bundles are complete and transitive from consumer pref-
erence axioms; we know X with preference relation > is a
chain.

A utility function is a way of assigning a number to every
possible consumption bundle such that more-preferred
bundles get assigned larger numbers than less-preferred
bundles. That is, a bundle X' is preferred to a bundle X/ if
and only if the utility of X" is larger than the utility of X/ [21].
In the case, a real function u: RM — R is called a utility
function if the real function satisfies

(1) u(X")2u(X/) if and only if X' > X/

(2) u(X) = u(XY) if and only if X' ~ X/

If the utility function value of u is equal to a constant c,
the preference of consumption bundles {x|u(x)=c} is
indifferent, and the graph is an indifference curve. The range
of utility function on X is u(X) = {u (X"),u(X?),...,u(XM)}.
Taking any utility function values u (X’), u (X/), and u (X*),
we have

(@) u(X)zu(X")

() I w(X)z2u(X)) and u(X)>u(X'), then
u(X) = u (X%
(i) If w(X)>u(X/) and u(X/)>u(X*), then

u(X") > u(Xxk)
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The set u(X) with order relation > is reflexive, anti-
symmetric, and transitive; then, (u(X), >) is a poset.
Moreover, consumption bundles are complete; then, utility
function values are also complete, u (X), with order relation
> is a chain.

For arbitrary consumer choices X’ and X/, if X’ > X/ and
u(X")2u(X/), then the utility function u is order-pre-
serving. If X'>X/ and u(X')<u(X/), then the utility
function is order-reversing. For the convenience of reading,
the notations and their meanings are summarized in Table 1.

3.2. The Application of Mapping Relations. The formation of
consumers’ preferences is mostly determined by many
factors, such as consumers’ social environment, customs,
family background, and fashion transformation. The strong
tendency of consumers’ purchase behavior can be caused by
consumer preference. If consumers’ preferences and in-
tentions are explored and predicted, the market demand of
products will inevitably be improved. Therefore, it is very
necessary to study order-preserving and order-reversing
mappings between consumption bundles and utilities. In
view of the choice behavior of different passengers, a the-
oretical basis for the optimal design of train operation can be
provided based on the mapping relationship between ticket
price and passengers’ age, travel distance, and monthly
income. If the logistics cost of commodities is reduced, the
selling price of goods will be reduced. Consumers can buy
more homogeneous commodities without changing their
consumption expenditures, so as to make consumers more
effective and drive consumer behavior. The circulation and
sharing of data resources is the key to big data application,
and the premise of data circulation is reasonable fixing a
price. With the mapping relationship between the cost of
data production and user utility, the consumption behavior
of buyers is analysed, and then, prices of big data products
can be fixed.

4. Illustrated Examples

For the sake of focusing on the tradeoff between one
commodity and everything else, two commodities are used
in this section to analyse the mapping of consumer choice
and utility. x; denotes the amount of one commodity.
Another commodity is “all other commodities,” and its
amount is denoted by x,. In this way, we can consider
consumption choices involving many commodities and still
use two-dimensional diagrams. The complete consumption
bundle is, therefore, denoted by (x;, x,). As noted above, we
will occasionally abbreviate this consumption bundle by x.

4.1. Perfect Substitutes. Two commodities are perfect sub-
stitutes if the consumer is willing to substitute one com-
modity for the other at a constant rate. Utility function of
perfect substitute is

u(x),x,) = kjx, +kox,, (1)

where 0<kj < + 00 and 0<k? < + co. The important fact
about perfect substitutes is that the indifference curves have

TaBLE 1: Japanese companies.

Notation Meaning

> Weakly prefer

> Strictly prefer

~ Indifferent

R Binary relation

< Less than or equal to
= Equal to

> Greater than or equal to

a constant slope. Suppose u(x;, x,) = u;; the preference of
consumption bundles {(x,x,) | kjx; + kix, = u;} is indif-
ferent, and corresponding function of indifference curve is
as follows:
1k 1
Xy = Uy — X, X € [0>1”1]- (2)
ky ki ky

The graph of the indifference curve is depicted in
Figure 1. The amount of one commodity can be equal to
zero; the commodity is completely substituted by another
commodity.

For any consumption bundles (x}, x}) and (x7, x3), their
utility values are kix}+kix) and kjxi+kix3. If
(x1,x3)> (x},x3), we have xj>x} and x}>x%;
u(xy, x3) = kix] + k2x) > klx? + kix3 = u(x},x3). Increas-
ing both the amounts of commodities at the same time will
move the consumer to a more-preferred position, so the
direction of increasing preference is the top right, as illus-
trated in Figure 2. If the amounts of commodities are in-
creased, their positions can be shown by the shaded part in
the coordinate system. The direction of increasing prefer-
ence is indicated by the arrow. From the analysis, we know
that (x,>) and (u(x), =) are posets; then, the utility
function of perfect substitute is order-preserving.

4.2. Perfect Complements. Perfect complements are com-
modities that are always consumed together in fixed pro-
portions. The two commodities complement each other.
Suppose the fixed proportion is 1: k,, i.e., x;: x, = 1: k,. If
Xyt %, > 1: k,, the first commodity is redundant, and the
redundant amount does not do the consumer a bit of good. If
X;: x, <1: k,, another commodity is redundant, and the
redundant amount is useless to the consumer. The utility
function of perfect complements is

u(xy,x,) = min{xl,%}. (3)
2

There are three function values uj, u3, and u3, and
u) <u3 <u3. Their indifference curves min{x,, x,/k,} = uj,
min{x,, x,/k,} = u2, and min{x,, x,/k,} = u3 are depicted
in Figure 3, respectively. The indifference curves are
L-shaped, with the vertex of the L occurring where the
proportion of the two commodities is 1: k,. Increasing both
the commodities at the same time will move the consumer to
a more-preferred position, so the direction of increasing
preference is again the top right.
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FiGgure 1: The indifference curve of perfect substitutes.
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FIGURE 2: The preference and commodities for perfect substitutes.
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FiGgure 3: The indifference curve of perfect complements.

Utility function values of (x},x}) and (x3,x3) are
min{xj, x}/k,} and min{x?, x3/k,}. If (x}, x3) > (x3, x3), then
x> X7 and x5k, = x31k, and then
min{x1, x}/k,} > min{x?, x3/k,}. If the amounts of com-
modities are increased, their positions are shown by the shaded
part in Figure 4. (x, >) and (u(x), >) are posets; then, the
utility function of perfect complements is order-preserving.

4.3. Bads. A bad is a commodity that the consumer does
not like. If the two commodities are bads, the more the
commodities, the lower the preference. With the increase
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FiGure 4: The preference
complements.

and commodities for perfect

of commodity quantity, the value of the utility function
will be smaller and smaller. That is to say, if
(x1,x3) > (x},x3), u(x],x3)<u(x?,x3), then the utility
function of bads is order-reversing. If the first commodity
is a bad and another is not a bad, we usually put a negative
sign before the bad item, or put the bad item in the de-
nominator for the utility function of bads; then, the utility
function of bads is neither order-preserving nor order-
reversing. For example, the utility function is the fol-
lowing form:

u(xy, %) = =xp + %5 (4)

Indifference curves are depicted in Figure 5; the direction
of increasing preference is top left, toward the direction of
decreasing the first commodity and increasing the second
commodity, just as the arrows in the diagram illustrate. For
any consumption bundles (x1,x}) and (x?, x2), their utility
values are u(x},x}) = —x} + x} and u(x3,x3) = —x7 + x3. If
(x1,x3) > (x3, x3), inequality u (x],x}) > u(x3, x3) may not
be valid.

So, the utility function is neither order-preserving nor
order-reversing.

4.4. Neutrals. A commodity is a neutral commodity if the
consumer does not care about it. If the second commodity is
a neutral, the consumer only cares about the first com-
modity, but does not care at all about the second commodity.
The more the first commodity, the higher the consumer
preference. The consumer preference will not change when
increasing or decreasing amount of the second commodity.
In this case, indifference curves will be vertical lines as
depicted in Figure 6.

For any consumption bundles (x},x}) and (x?,x3), if
xi>x? and xj<x3, the utility function values are
u(x},x3), u(x?,x3), and wu(xj,x})>u(x},x3). So, the
utility function of neutrals is neither order-preserving
nor order-reversing. If the two commodities are neutrals,
the consumer preference will not change when in-
creasing or decreasing the commodities; the utility
function of neutrals is neither order-preserving nor
order-reversing.
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X2

FIGUre 5: The preference and commodities for bads.
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FIGURE 6: The preference and commodities for neutrals.

4.5. Satiation. We sometimes want to consider a situation
involving satiation, where there is some overall best
bundle for the consumer, and the “closer” consumer is to
that best bundle, the better off the consumer is in terms of
his own preferences.

Suppose the consumer has the most preferred bundle of
commodities (X;,%,), and the closer bundle to (x;,%,), the
greater the utility value, and (X, X,) is called a satiation
point. As depicted in Figure 7, the direction of increasing
preference is the satiation point.

There exists two consumption bundles (x},x}),
(x3,x%), and xl=%-¢ xl=X%-¢& xI=X +2¢
x3=%x,+2, and £>0. xl<x? and xi<xi ie,
(x1,x3) < (x3,x3). Since consumption bundle (x},x}) is
closer to satiation point than (x%,x3) to satiation point,
then utility function value of (x!,x}) is greater than the
utility  function value of (x},x3). That is,
u(x},x}) >u(xi, x3), as depicted in Figure 7. Indifference
curves are closed curves; there exists a consumption bundle
(x3,x3) which is indifferent to consumption bundle
(x%,x%), but (x3,x3) < (x], x3). Thus, the utility function of
satiation is neither order-preserving nor order-reversing.

X2

X1

FIGURE 7: The preference and commodities for satiation.

5. Conclusions

Customer preference is an important market information
during decision-making. Management and economics be-
lieve that income and price play decisive roles in consumer



demand for commodities. However, there is no analysis of
the relationship between consumer demand and utility when
income and price are not constrained. Furthermore, cus-
tomer utility is always determined by the amount of com-
modities in real life. Consumption bundles are reflexive,
antisymmetric, and transitive; then, the bundle set with the
binary relation < is a poset. Utility values are complete,
reflexive, antisymmetric, and transitive; then, the set of
utility values with < is a chain. The utility function is order-
preserving if the amount of commodities in the consump-
tion bundle is greater, and the utility value also is greater.
The utility function is order-reversing if the amount of
commodities is smaller, but the utility value is greater. The
analysis of order-preserving or order-reversing mapping is
helpful to guide, improve, and optimize consumption be-
havior and provide the basis for the market strategies.
Furthermore, if customer preference is affected by multiple
attributes of commodity and the mapping relationships
between different attributes and preference are inconsistent,
the mapping relationship is a further research.
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