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Optimization for vertical vibration performance of a rail-train coupling system is investigated in this paper with the introduction
of inerters for both primary and secondary suspensions. A model of a typical Chinese passenger train that travels on a traditional
rail with track, sleepers, and ballast is simulated. -e goal is to improve the ride quality for the train and vibration attenuation for
the rail system in response to track irregularities. Optimizations for only inertance and all suspension parameters are carried out
by the particle swarm algorithm (PSO). Performance benefits for both the train and the rail system are demonstrated and
suspension layouts with inerters connected in parallel and series are compared with the traditional one in both time domain and
frequency domain.

1. Introduction

Vertical performance of a train when it travels on a track is an
important index for the running quality, such as the riding
comfort for a passenger train. Improvement of the perfor-
mance has been explored for years. And, the parameters
optimization of the train or rail system has been proven useful
by using many methods. Optimization of a light rail vehicle
was done by Pombo et al. [1] using the direct multisearch
(DMS) method with consideration of a curve and slope rail to
get better running safety and ride quality. In the study by [2],
the suspension parameters of high-speed rail vehicles are
obtained via the Taguchi robust optimization method leading
to an obvious improvement in the vertical running stability of
the vehicle under different running conditions. And, Liu et al.
[3] dealt with multiobjective optimization for the suspension
parameters of railcars and proposed an optimization strategy
combining the collaborative optimization method and the
metamodel method. -e results show that the dynamic
performance of railcars is improved remarkably with the
robust collaborative optimization of the suspension

parameters. In paper [4], using a combination of multibody
dynamics and a genetic algorithm (GA), the curving per-
formance of a transit rail vehicle model with 21 degrees of
freedom was optimized, where the optimal design variables
were searched for minimizing the noise or wear arising from
misalignment of the wheelsets with the track. Wang et al. [5]
used the improved sequential quadratic programming (SQP)
method to generate a sequence of improving profiles to
improve vehicle running stability in the switch panel of high-
speed railway turnouts, which would decrease the rolling radii
difference. Furthermore, in study [6], Dullinger took both GA
and SQP for multiobjective optimization of the traction
system configuration of trains’ decision variables. And, the
particle swarm optimization (PSO) algorithm was used by
Sun [7] to optimize the parameters of suspensions. -e ad-
vantages of PSO, which are simple programming and fast
searching speed, have been proven efficienct in the suspension
optimization.

Some modelling and control strategies can also benefit
the performance of a system [8–10], even when there are
some uncertainties [11, 12]. However, on comparing the cost
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of the systemmodelling and control, structure improvement
can be more practical. A mechanical network element called
inerter is reported these days since it was brought out by
Smith [13] and successfully used to benefit a car suspension
[14]. Great interest has been put in inerters from different
fields such as car suspensions, energy sink [15], isolation
system [16], and civil engineering [17]. Rail vehicles with
inerters are also explored. Wang [18, 19] investigated the
performance benefits of train suspension systems employing
an inerter in both vertical performance and lateral stability.
Passenger comfort, dynamic wheel load, and critical speed
were evaluated with different inerter combinations. Wang
et al. [20] also constructed a 28 degree-of-freedom train
model with inerters to investigate the critical speed, settling
time, and passenger comfort for a full train system. Jiang
[21, 22] focused on the improvement of rail vehicle per-
formance with inerters in both lateral and vertical sus-
pension systems. In [21], a two-axle single-stage railway
vehicle was investigated under track irregularities. And, in
[22], the lateral bodymovement of the vehicle when entering
a curved track was considered in the lateral direction.

Research studies have proven that either parameters
optimization or inerters are of great benefits to the per-
formance of rail vehicles, which will be a novel way to
optimize the train problems. However, few reported the
effect on the rail when the inerter-equipped train travels
over. -is paper firstly considers a typical Chinese passenger
train on active duty and uses PSO to optimize its first and
second suspension parameters for better ride comfort and
suspension displacements, while inerters are introduced in
both suspensions. -en, a rail-train coupling system is in-
troduced to evaluate the effect of the optimization param-
eters to the rail system which consists of rail, sleepers, and
ballast.

-is paper is organized as follows: in Section 2, a 10-
degree of freedom and a 16-degree of freedom train models
with contact force are described. Different suspension lay-
outs with inerters, which are parallel and series connected,
are considered. Section 3 shows optimization of the sus-
pension parameters to minimize the ride comfort and
suspension displacements. Section 4 describes the perfor-
mance of the rail-train coupling system. -e acceleration of
rail, sleepers, and ballast is discussed in different suspension
layouts. Lastly, some conclusions are made in Section 5.

2. System Description

Although nowadays the high-speed railway develops rapidly,
our national rail net is mostly served by the traditional
railway, which consists of rail, sleepers, and ballast. So,
analysis of a traditional railway is still of important worth.
And, a commonly seen passenger train is also considered in
this paper. -e rail-train coupling system is established the
same as in the research of Zhai [23]. Figure 1 shows the rail-
train system, in which the train model consists of one car
body, two bogies and four wheelsets, and the rail model
consists of rail, uniformly distributed sleepers and ballast
underneath. Only vertical direction is focused in the fol-
lowing sections.

2.1. Model of the Rail System. As shown in Figure 1, rail,
sleepers, and ballast are all considered in the rail system in
this paper. -e rail is modelled as a continuous Euler beam
with discrete sleeper supports which can be expressed as
follows [23]:
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where EI is the rail beam bending stiffness (N·m2), Zr is the
vertical displacement of the rail (m), x is the location of the
rail (m), xi is the location of the ith rail pad (m), which
supports the rail, xwj is the location of the jth wheel (m),
where contact force between the wheel and rail exists, Frsi is
ith rail pad supporting force (N), and pj is the jth wheel-rail
contact force (N). δ denotes the Dirac function. And, the
other parameters can be found in Table 1.

the sleepers are modelled as uniformly distributed. It can
be expressed easily by the Newton–Euler approach. On the
contrary, the ballast is modelled as a discrete ballast mass
according to [23]. -e expression of the discrete ballast mass
Mb is as follows:

Mb � ρbVb � ρbhb lelb + le + lb( hb tan α +
4
3
h
2
b tan

2 α , (2)

where all the meaning of parameters can be found in Table 1.
And, it is worth to mention, in this paper, the ballast mass is

discrete and has no overlapping since standard sleeper
spacing is taken.

-e three layers of springs and dampers represent the
elasticity and damping of the rail pad, the ballast, and the
subgrade, respectively. By using the Ritz method [24],
equation (1) of the rail can be converted into the second-order
ordinary differential equation. -e system dynamics equa-
tions of the rail, sleeper, and ballast can be established by the
Newton–Euler approach and are shown in the appendix.
Table 1 shows the parameters of the rail in the equations.

2.2. TrainModel and Suspensions with the Inerter. As shown
in Figure 1, one car body, two bogies, and four wheelsets are
modelled. 10 degrees of freedom are considered, as shown in
Table 2.

Springs and dampers between wheels and bogies repre-
sent the elasticity and damping of the primary suspension,
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and those between car body and bogies represent the sec-
ondary suspension of the train. -e traditional suspension
consists of a parallel combination of a spring and a damper.
To make the basic understanding of the effect by the inerter,
only one inerter is added in each suspension. It is arranged in
parallel or series with the damper, as shown in Figure 2.

In this paper, the parallel or series layout will be in-
vestigated separately, which means the same type of layout
will be added in all suspensions at the same time. So, the

dynamic equations can be obtained as in the appendix. -e
equations of the traditional suspension are omitted since it
will be same as the parallel equations when b� 0 kg. On the
contrary, an extra freedom between the inerter and damper
should be considered when they are series connected. -e
train model with the series-connected inerter has 16 degrees
of freedom with 6 suspension’s extra freedom. All the pa-
rameters of the train are given in Table 3.

2.3. Contact Force between the Wheel and Rail. -ere are
mainly normal force and creep force in the wheel-rail in-
teraction. However, analysis of vertical performance can
neglect the creep force with only normal force in consid-
eration. In this case, the normal force, which is the contact
force between the wheel and rail, can use the nonlinear
Hertzian elastic contact theory to model. -e nonlinear
Hertzian elastic contact theory has been applied for the
wheel-rail contact for years because of its easy calculation
and high accuracy [25].

To calculate the normal force, the wheel-rail normal
elastic compressing deformation at each contact point at
every moment must be obtained. -e equation of the theory
is

p(t) �
1
G
δZ(t) 

(3/2)

, (3)

where G is the wheel-rail contact coefficient (m/N2/3) and
δZ(t) is the elastic compressing deformation (m). In this
paper, the wheel with cone tread is selected, so the wheel-rail
contact coefficient is G � 4.57R−0.149e−8, in which R is wheel
radius.

When only vertical direction is considered, the com-
pressing deformation equals to the vertical relative dis-
placement of the wheel and rail. -e expression is as
follows:

δZ(t) � Zw(t) − Zr xw, t(  − Z0(t), (4)

where Zw(t) is the vertical displacement of the wheel (m),
Zr(xw, t) is the vertical displacement of the rail under the
wheel (m), and Z0(t) is the rail irregularity in the vertical
direction. When the compressing deformation is analysed, it
can be applied for 4 wheels using a time delay.-e time delay
is simply calculated by distances between each wheel divided
by the traveling speed of the train. If the time for the first
wheel is tw1 � t0, then, tw2 � t0 + (2lt/v), tw3 � t0 + (2lc/v),
and tw4 � t0 + (2(lc + lt)/v), where v is the speed of the train.

2.4. System Input and Equation-Solving Method

2.4.1. System Input. Since the different directions of motion
are weakly coupled in the rail-train system, the height ir-
regularity, which mainly affects the vertical motion of the
system, is only considered as the system input. A height
irregularity power spectral density (PSD) obtained by
Federal Railway Administration of America is introduced in
this paper. -e expression is
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Figure 1: A rail-train coupling model [23].

Table 1: Parameters of the rail system.

Symbol Parameter Unit Nominal
value

E Elastic modulus of rail N/m2 2.059×1011

I Rail cross-sectional inertia m4 3.217×10−5

mr Rail mass per unit length kg/m 60.64
ms Sleeper mass (half ) kg 125.5
Kp Rail pad stiffness N/m 1.0×108

Cp Rail pad damping N·s/m 7.5×104

ls Sleeper spacing m 0.545

le
Effective support length of half

sleeper m 0.95

lb Sleeper bottom width m 0.273
ρb Ballast density kg/m3 1.8×103

Eb Elastic modulus of ballast N/m2 1.1× 108

Cb Ballast damping N·s/m 5.88×104

Kw Ballast shear stiffness N/m 7.84×107

Cw Ballast shear damping N·s/m 8×104

α Ballast stress distribution angle (°) 35
hb Ballast thickness m 0.35

Ef Subgrade K30 modulus MPa/
m 1.9×108

Cf Subgrade damping N·s/m 1.0×105

Table 2: 10 degrees of freedom of the train.

Component Translational motion Pitch motion
Car body Zc βc

Bogie Zti(i � 1 ∼ 2) βti(i � 1 ∼ 2)

Wheelsets Zwi(i � 1 ∼ 4) —
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Sv(Ω) �
kAvΩ

2
c

Ω2 Ω2 +Ω2c 
. (5)

In which, Ω is the spatial frequency of track irregularity
(1/m), k is the safety number, Av is the roughness constant
(cm2·rad/m), and Ωc is the cut-off frequencies (rad/m).

According to the rail PSD parameters, a class 6 rail is
selected with allowed max speed of 176 km/h.-e roughness
constant is Av = 0.0339 cm

2·rad/m, and the cut-off fre-
quencies is Ωc = 0.8245 rad/m. And, we use a safety number
k = 2.5. In this paper, the speed takes a middle value of the
speed range as 90 km/h, which is also a normal speed used in
reality. -e time-domain irregularity can be transformed
from PSD by using the trigonometric series method [26], as
shown in Figure 3.

2.4.2. Numerical Method for Equation Solving. From Section
2.1 to 2.3, the equations of the rail-train coupling system can
be expressed as a unified matrix form as follows:

M €X + C _X + KX � F, (6)

where M, C, and K are the mass (including inerters),
damping, and stiffness matrices and F is the forces of the
system.

However, the size of the matrix depends on the number
of the system’s degrees of freedom. Take the mass matrix for
example, it will consist of the train body, bogies, wheelsets,
modes of rail, sleepers, and discrete ballasts. -e size will
equal the total number of them. Such a large matrix
transformation and calculation is hard to be solved in the
theoretical way. So, the step-by-step time integration
method will be used to solve the equations of the system. In

this paper, the method in [27] is used, which is successfully
applied in the field of analysis of vehicle-track coupled
dynamics. -e basic scheme is constructed as follows:

X{ }n+1 � X{ }n + v{ }nΔt +
1
2

+ ψ  A{ }nΔt
2

− ψ A{ }n−1Δt
2
,

v{ }n+1 � v{ }n + (1 + φ) A{ }nΔt − φ A{ }n−1Δt,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(7)

where n indicates the steps and ψ and φ are parameters that
control the stability and numerical dissipation of the algo-
rithm; we take ψ = 0.25 and φ = 0.5 in this paper. In ad-
dition, to keep the stability of the integration, time steps are
used in 10−5 s for train analysis and optimization, and 10−6 s
for rail-train coupling system analysis. -e error to control
the integration uses 0.1.

3. Optimization of Suspension Performance

3.1. Optimization of Suspension Parameters. Once an inerter
is arranged in the suspension layout, the parameters should
be identified. -e PSO is taken to do the optimization of the
suspension parameters. A simplification is made here that,
due to the complexity the rail system brings to the matrix
and all the optimizing parameters are of the suspension of
the train, only the train model is used to do the optimization.
-e objective of this procedure is to minimize the train body
acceleration for better riding comfort and less primary
suspension displacement.

For the riding comfort, the RMS value of the train body
acceleration atb is used as an index with the comparison of
the traditional suspension atb0. On the contrary, the less
the primary suspension displacement is, the less the force

Table 3: Parameters of the train model.

Symbol Parameter Unit Nominal value
mc Vehicle body mass kg 38500
mt Bogie frame mass kg 2980
mw Wheelset mass kg 1350
Jc Vehicle pitch inertia kg·m2 2.446×106

Jt Bogie pitch inertia kg·m2 3605
Kpz Primary suspension stiffness per axle box N/m 2.14×106

Ksz Secondary suspension stiffness N/m 2.535×106

Cpz Primary suspension damping per axle box N·s/m 4.9×104

Csz Secondary suspension damping N·s/m 1.96×105

lc Semilongitudinal spacing of vehicle m 8.4
lt Semilongitudinal spacing of bogie m 1.2
R Wheel radius m 0.4575

k c

(a)

k c b

(b)

k

c

b

(c)

Figure 2: Suspension candidates with the inerter. (a) Traditional one. (b) Parallel one. (c) Series one.
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applied on the wheelsets will be, which are contacted with
the rail. So, the RMS value of primary suspension dis-
placements xp will be mainly focused. For the optimizing
procedure, the train body acceleration and primary sus-
pension displacements are equally considered. So, their
weight in the optimization will be 0.5 for each value.
Furthermore, all primary suspension displacements of
four wheels are taking an equal weight, which is 0.125 out
of 0.5. -e optimized objective function can be written as
follows:

minY � 0.5 ×
atb

atb0
+ 

4

i�1
0.125 ×

xpi

xpi0
. (8)

In which, i stands for the number of the wheelset, xpi is
the primary suspension displacement on the ith wheel, and
xpi0 is that of the traditional one. For all the parameter range
of stiffness K and damping C, the upper and lower limits are
roughly 30% up and down the parameters of the traditional
suspension, as shown in Table 4. For the inerter’s value B, a
range of 0–60000 kg is used during the optimization.

Optimization is carried out by two steps. First, keep theK
and C their traditional value and optimize inertance B only;
Table 5 shows the optimal values of the inerters in parallel
and series layouts. And, the second step optimizes all the
values of K, C, and B. -e optimized parameters are shown
in Table 6. It is also worth to mention that the primary
suspensions are considered the same in the front and rear
bogies.

3.2. Performance Verification. From Section 3.1, optimiza-
tion is carried out in two cases. Both two cases are studied in
this section to verify the performance and find a better
parameter setting for the next coupling system analysis. -e
train model with different suspension layouts is simulated at
the speed of 90 km/h. Acceleration of the train body and
displacements of both the body and the primary suspension
are discussed.

In the following figures, the legend needs to explain in
advance that, the “tradition” black solid curve represents the
traditional layout, the “parallel” red dash curve represents
the layout with the optimized inerter in parallel, and the
“series” blue dot-dash curve represents the layout with the
optimized inerter in series. Furthermore, the “parallel for all”
pink dot curve represents the parallel layout with all opti-
mized K, C, and B values. And, the last, the “series for all”
green thin line with star marks’ curve represents the series
layout with all optimized K, C, and B values.

-e accelerations of the train body in all layouts are
shown in Figure 4, and all the curves have a good agreement
in tendency. Compared with the traditional layout, all four
inerter ones contribute an improvement of 8.12% for
“parallel,” 8.74% for “series,” 23.26% for “parallel for all,”
and 45.68% for “series for all,” respectively, as shown in
Table 7 and 8. From Figure 5, PSD of accelerations of the
train body shows that all the inerter layouts lower the natural
frequency of the train body from 1.6Hz to 1.2Hz. All of
them but “series” have lowered the amplitude at the natural
frequency as well. We can also see that “parallel for all”
introduces more noise in a frequency range around
10–40Hz.

-e displacements of the train body are discussed as well.
From Figure 6, the displacements can be seen that, except the
curve of “series for all,” the other curves are basically the
same in the time domain, which can be proven in Tables 7
and 8 that there is almost no improvement, while the curve
of “series for all” contributes 13.63% improvement. In the
frequency domain in Figure 7, all curves with the inerter
lower the natural frequency but the series curve has its
amplitude increased.

For the primary suspension displacement, in Figures 8
and 9, no improvement occurs in both parallel and series
curves in the time and frequency domain. On the contrary,
cases of “parallel for all” and “series for all” improve the

Table 4: -e optimal parameter ranges.

Parameter K (kN/m) C (kN/m/s) B (kg)
Lower limits 1500 35 0
Upper limits 3300 250 60000

Table 5: -e optimal parameter of the suspension (only B).

Inerter Suspension B (kg)

In parallel Primary 208
Secondary 7861

In series Primary 49844
Secondary 33168

Table 6: -e optimal parameter of the suspension (K, C, and B).

Inerter Suspension K (kN/m) C (kN/m/s) B (kg)

In parallel Primary 2554.6 147.4 200
Secondary 2415.3 131.1 34200

In series Primary 3276.3 243.3 58900
Secondary 2519.9 170.5 32200
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displacements of the primary suspension by 16.58% and
34.39%, respectively. -e natural frequency is the same as
train body displacements that lowered from 1.6Hz to 1.2Hz.

From all the analysis above, we can see that, after the
optimization, the inerter layouts do have the benefit for the
performance of the train. And, with the optimizing values of
all parameters, the layouts show a better improvement than
the ones with only inertance optimized. We will investigate
the performance of the rail-train coupling system in the next
section with these parameters in Table 6.

4. Performance of the Rail-Train
Coupling System

Performance of the rail-train coupling system is analysed in
this section. -e rail uses a distance of 175m, which consists
320 sleepers in total. And, the maximum mode number of
the rail selects 160. -e ballast is modelled as the discrete

ballast mass as mentioned in section 2 with the shear
stiffness and damping counted. And, no overlapping of
adjacent ballast masses occurs in this paper. Both the dis-
placement of wheels and rails are considered in this part as
equation (4), so the contacting force will be calculated by
equation (3). -e traveling speed is 90 km/h as well.
Comparison of the performance between the layouts with
the inerter and the traditional layout is analysed as follows.

4.1. Performance of the Train. Performance of the train body
is discussed first to check if the benefit with the inerter still
holds. In the simulation, a balance procedure is arranged in
the beginning, which means to lay the train on the track and
make the forces on wheels balance to the weight of the train.
So, the performance we are looking through will neglect the
balance period and start from 0.5 s. A 2.5 s period of the
curve is analysed in this section.

Table 7: -e performance with B optimized.

Vehicle body accelerations (m/s2) Vehicle body displacement (m) Primary suspension displacement (m)
Tradition 0.6878 0.1265 0.0514
Parallel 0.632 0.1264 0.0514
Improvement 8.12% 0 0
Series 0.6277 0.1276 0.0515
Improvement 8.74% −0.1% −0.3%

Table 8: -e performance with K, C, and B optimized.

Vehicle body accelerations (m/s2) Vehicle body displacement (m) Primary suspension displacement (m)
Tradition 0.6878 0.1265 0.0514
Parallel for all 0.5278 0.1216 0.0429
Improvement 23.26% 3.85% 16.58%
Series for all 0.3737 0.1092 0.0337
Improvement 45.68% 13.63% 34.39%
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-e acceleration of the train body and its PSD are firstly
analysed. Figure 10 shows the accelerations of the train body
in the time domain. And, from the curves, improvement is
still unclear except the max peak location. However, as
calculated in Table 9, the RMS value of the acceleration gives
a 43.64% and 30.29% improvement, respectively. Further-
more, lots of noise can be found in the curve of parallel
compared with the others in Figure 10. It can be explained by
Figure 11, which shows PSD of train body acceleration. In
Figure 11, the inerters in both parallel and series layouts
show an influence that the natural frequency of the accel-
eration has been lowered both in amplitude and frequency.
-e natural frequency changes from 1.6Hz to 1.2Hz, which

is the same as Section 3.2, and the amplitude lowered from
0.3448 to 0.1967 and 0.2795 (m/s2)2/Hz. However, the iso-
lation for higher frequencies, which is in the range of
10–40Hz, is weakened by using the inerter, especially in the
parallel layout.

-e pitch of the train body is also considered in Fig-
ures 12 and 13. Compared to the traditional layout, the
natural frequency of pitch is lowered form 2.4Hz to 0.8Hz.
However, pitch accelerations of the layouts with the inerter
suffer influence of the high frequencies as well. -e RMS
value of the parallel layout worsens 9.73% because of the
introduction of the high frequencies, while the RMS value of
the series layout improves to 15.84%.
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From the acceleration of the train body, we can see that
either the train model only or the rail-train coupling system
can be improved by the introduction of inerters. However,

the pitch acceleration suffers more noise when the inerter is
connected in parallel, so the combination of inerters matters
and the optimization needs to be thorough.

Table 9: -e performance of the rail-train coupling system.

Acceleration Vehicle body (m/s2) Vehicle pitch (rad/s2) Rail (m/s2) Sleeper (m/s2) Ballast (m/s2)
Tradition 0.3841 0.0196 0.6176 0.8573 0.5934
Parallel 0.2165 0.0215 0.6214 0.7469 0.5046
Improvement 43.64% -9.73% -0.6% 12.88% 14.96%
Series 0.2678 0.0165 0.5794 0.6839 0.4608
Improvement 30.29% 15.84% 6.19% 20.24% 22.35%
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4.2. Performance of the Rail System. In this section, per-
formance of the rail system is analysed. -e location 1/2L is
selected in the middle of the whole distance, at which all the
rail, sleeper, and ballast are discussed.

Figure 14 shows the acceleration of the rail at 1/2L in the
time domain. In Figure 14(a), the time window is the same as
train analysis when the whole train runs over the middle
location of the rail. Two severe vibration periods happen in
the time line which indicates that the front and rear bogies
run over the location.-emax acceleration of the rail in 1/2L
is around 3-4m/s2. In Figure 14(b), a zoomed figure of
Figure 14(a) is shown, which reflects the acceleration of the
rail when the front bogie runs over, and it can be seen more

in detail that both layouts with the inerter have a good
agreement in tendency with the traditional one. However,
the series one shows better vibration attenuation than the
parallel one in some peaks. -e RMS values prove the
performances of the figure also shown in Table 9. For the
parallel layout, 0.6% deterioration happens compared with
the traditional one, which is so small that can be neglected.
On the contrary, the series one gives a 6.19% improvement
in the RMS value of the acceleration.

In the frequency domain, curves in Figure 15(a) are the
PSD of all three layouts.-e series one has a lower PSD curve
during 0–10Hz. -e natural frequencies of the three curves
are the same at 41.6Hz in Figure 15(b). However, both
inerter layouts show a lower amplitude of the PSD in natural
frequency, and the series one gives much more attenuation
about 22.2%.

Figure 16 shows the performance of the middle sleeper.
From Figure 16(a), max acceleration is around 4m/s2.
Figure 16(b) shows details that both layouts with the inerter
attenuate the vibration of the sleeper, and the series one does
better. RMS values of the sleeper acceleration in Table 9 show
the improvement of 12.88% and 20.24%, respectively,
compared with the traditional layout.

And, in the frequency domain in Figure 17, same as the
PSD of the rail, all the layouts give the similar tendency of the
curves. -e natural frequency is 41.6Hz as well, and inerter
layouts lower the amplitude of the PSD. For the parallel
layout, the attenuation is 21.45%, and for the series one, the
number is 31.91%. However, around 20Hz, both the layouts
with inerters show the deterioration compared to the tra-
ditional layout.

-e vibration of ballast is a very important index for the
ballast track.-e running safety and serve period of the track
system are all affected by its performance. We can see from
Figures 18(a) and 18(b) that the max amplitude of the ballast
is less than 3m/s2, and the layouts with the inerter attenuate
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the vibration of the ballast. -e improvement of the RMS
value is 14.96% and 22.35% for parallel and series layouts,
respectively. In the frequency domain in Figure 19, the
natural frequencies are the same as the rail and sleeper,
which is 41.6Hz. And, the drop of the amplitude is 22.28%
and 32.5% for parallel and series layouts. -e deterioration
exists around 20Hz as well.

After evaluating both the performances of the train and
rail system, both layouts with the inerter can benefit from the
dynamic response in some level. And, we can find that the
series layout is better than the parallel one. Inerters can
attenuate vibration well when its natural frequency is under
10Hz, while more vibration is introduced in a range of
10–40Hz.
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5. Conclusions

In this paper, vertical vibration performance of a rail-train
coupling system is optimized and analysed with the intro-
duction of inerters for both primary and secondary sus-
pensions. -e influence of the inerter for both the train and
the rail system is discussed.-e following conclusions can be
drawn based on the obtained results.

(1) -e inerter can be of benefit to both the typical
Chinese passenger train and the traditional rail
system with sleepers and ballast in their coupling
system. 30.29% and 15.84% improvements are given
in the train body acceleration and its pitch accel-
eration by the series layout. And, for the rail system,
6.19%, 20.24%, and 22.35% improvements are shown
for the rail, sleeper, and ballast, respectively.-is is of
significant meaning for a ballast rail system. Serving
period and maintaining consumption will be
improved.

(2) -e parallel and series connection layouts with the
inerter are introduced and optimized by PSO. In the
simulation of this study, the series layout shows a

better performance in either amplitude attenuation
or high frequency block aspects. -e parallel layout
gives a deterioration in the pitch acceleration of the
train body.

(3) In this paper, inerters in both parallel and series
layouts can attenuate vibration well in the range of
0–10Hz, and the natural frequency of the train
model lowered because of inerters. However, more
noise is introduced in a range of 10–40Hz for the
train and around 20Hz for the rail.

Two basic combinations of the inerters are discussed in
this paper; for the future work, more complex but practical
combination can be explored for better performance of the
rail-train coupling system.

Appendix

Equations of the rail and train
system with inerters:

Rail:

€qk(t) + 
N

i�1
CpiYk xi(  

MN

h�1
Yh xi(  _qh(t) +

EI

mr

kπ
l

 

4

qk(t) + 
N

i�1
KpiYk xi(  

MN

h�1
Yh xi( qh(t) − 

N

i�1
CpiYk xi(  _Zsi(t)

− 

N

i�1
KpiYk xi( Zsi(t) � 

4

j�1
pj(t)Yk xwj , (k � 1 ∼ NM).

(A.1)

Sleeper:

Msi
€Zsi(t) + Cpi + Cbi  _Zsi(t) + Kpi + Kbi Zsi(t) − Cbi

_Zbi(t) − KbiZbi(t) − Cpi 

MN

h�1
Yh xi(  _qh(t)

− Kpi 

MN

h�1
Yh xi( qh(t) � 0, (i � 1 ∼ N).

(A.2)

Ballast:

Mbi
€Zbi(t) + Cbi + Cfi + 2Cwi  _Zbi(t) + Kbi + Kfi + 2Kwi Zbi(t) − Cbi

_Zsi(t) − KbiZsi(t) − Cwi
_Zb(i+1)(t) − KwiZb(i+1)(t)

− Cwi
_Zb(i−1)(t) − KwiZb(i−1)(t) � 0, (i � 1 ∼ N).

(A.3)

Train:
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(1) 10 degrees of freedom with parallel connected
inerters.

Body:

mc€zc + 2Bsz€zc + 2Csz _zc + 2Kszzc − Bsz€zt1 − Bsz€zt2 − Csz _zt1 − Csz _zt2 − Kszzt1 − Kszzt2 � mcg,

Jc
€βc + 2Bszl

2
c
€βc + 2Cszl

2
c

_βc + 2Kszl
2
cβc + Bszlc€zt1 − Bszlc€zt2 + Cszlc _zt1 − Cszlc _zt2 + Kszlczt1 − Kszlczt2 � 0.

(A.4)

Bogies:

mt€zt1 + 2Bpz + Bsz €zt1 + 2Cpz + Csz  _zt1 + 2Kpz + Ksz zt1 − Bsz€zc − Bpz€zw1 − Bpz€zw2

− Csz _zc − Cpz _zw1 − Cpz _zw2 − Kszzc − Kpzzw1 − Kpzzw2 + Bszlc
€βc + Cszlc

_βc + Kszlcβc � mtg,

Jt
€βt1 + 2Bpzl

2
t
€βt1 + 2Cpzl

2
t

_βt1 + 2Kpzl
2
tβt1 + Bpzlt€zw1 − Bpzlt€zw2 + Cpzlt _zw1 − Cpzlt _zw2 + Kpzltzw1 − Kpzltzw2 � 0,

mt€zt2 + 2Bpz + Bsz €zt2 + 2Cpz + Csz  _zt2 + 2Kpz + Ksz zt2 − Bsz€zc − Bpz€zw3 − Bpz€zw4

− Csz _zc − Cpz _zw3 − Cpz _zw4 − Kszzc − Kpzzw3 − Kpzzw4 − Bszlc
€βc − Cszlc

_βc − Kszlcβc � mtg,

Jt
€βt2 + 2Bzl

2
t
€βt2 + 2Cpzl

2
t

_βt2 + 2Kpzl
2
tβt2 + Bpzlt€zw3 − Bpzlt€zw4 + Cpzlt _zw3 − Cpzlt _zw4 + Kpzltzw3 − Kpzltzw4 � 0.

(A.5)

Wheelsets:

mw€zw1 + Bpz€zw1 + Cpz _zw1 + Kpzzw1 − Bpz€zt1 − Cpz _zt1 − Kpzzt1 + Bpzlt
€βt1 + Cpzlt

_βt1 + Kpzltβt1 � mwg − P1,

mw€zw2 + Bpz€zw2 + Cpz _zw2 + Kpzzw2 − Bpz€zt1 − Cpz _zt1 − Kpzzt1 − Bpzlt
€βt1 − Cpzlt

_βt1 − Kpzltβt1 � mwg − P2,

mw€zw3 + Bpz€zw3 + Cpz _zw3 + Kpzzw3 − Bpz€zt2 − Cpz _zt2 − Kpzzt2 + Bpzlt
€βt2 + Cpzlt

_βt2 + Kpzltβt2 � mwg − P3,

mw€zw4 + Bz€zw4 + Cpz _zw4 + Kpzzw4 − Bpz€zt2 − Cpz _zt2 − Kpzzt2 − Bpzlt
€βt2 − Cpzlt

_βt2 − Kpzltβt2 � mwg − P4.

(A.6)

(2) 16 degrees of freedom with the inerter connected in
series with the damper.

Body:

mc€zc + 2Bsz€zc + 2Kszzc − Bsz€zs1 − Bsz€zs2 − Kszzt1 − Kszzt2 � mcg,

Jc
€βc + 2Bszl

2
c
€βc + 2Kszl

2
cβc + Bszlc€zs1 − Bszlc€zs2 + Kszlczt1 − Kszlczt2 � 0.

(A.7)

Bogies:

mt€zt1 + 2Bpz€zt1 + 2Kpz + Ksz zt1 − Bpz€zz1 − Bpz€zz2 − Csz _zs1 + Cpz _zt1 − Kszzc − Kpzzw1 − Kpzzw2 + Kszlcβc � mtg,

Jt
€βt1 + 2Bpzl

2
t
€βt1 + 2Kpzl

2
tβt1 + Bpzlt€zz1 − Bpzlt€zz2 + Kpzltzw1 − Kpzltzw2 � 0,

mt€zt2 + 2Bpz€zt2 + 2Kpz + Ksz zt2 − Bpz€zz3 − Bpz€zz4 − Csz _zs2 + Cpz _zt2 − Kszzc − Kpzzw3 − Kpzzw4 − Kszlcβc � mtg,

Jt
€βt2 + 2Bpzl

2
t
€βt2 + 2Kpzl

2
tβt2 + Bpzlt€zz3 − Bpzlt€zz4 + Kpzltzw3 − Kpzltzw4 � 0.

(A.8)
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Wheelsets:

mw€zw1 + Cpz _zw1 + Kpzzw1 − Cpz _zz1 − Kpzzt1 + Kpzltβt1 � mwg − P1,

mw€zw2 + Cpz _zw2 + Kpzzw2 − Cpz _zz2 − Kpzzt1 − Kpzltβt1 � mwg − P2,

mw€zw3 + Cpz _zw3 + Kpzzw3 − Cpz _zz3 − Kpzzt2 + Kpzltβt2 � mwg − P3,

mw€zw4 + Cpz _zw4 + Kpzzw4 − Cpz _zz4 − Kpzzt2 − Kpzltβt2 � mwg − P4.

(A.9)

Extra freedom between the damper and inerter in the
suspension (Zsi represents the extra freedom between the
damper and inerter in the ith secondary suspension; and, Zzi

represents the extra freedom between the damper and
inerter in the jth primary suspension):

Bsz€zs1 − Bsz€zc + Bszlc
€βc + Csz _zs1 − Csz _zt1 � 0,

Bsz€zs2 − Bsz€zc − Bszlc
€βc + Csz _zs2 − Csz _zt2 � 0,

Bpz€zz1 − Bpz€zt1 + Bpzlt
€βt1 + Cpz _zz1 − Cpz _zw1 � 0,

Bpz€zz2 − Bpz€zt1 − Bpzlt
€βt1 + Cpz _zz2 − Cpz _zw2 � 0,

Bpz€zz3 − Bpz€zt2 + Bpzlt
€βt2 + Cpz _zz3 − Cpz _zw3 � 0,

Bpz€zz4 − Bpz€zt2 − Bpzlt
€βt2 + Cpz _zz4 − Cpz _zw4 � 0.

(A.10)
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