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In this paper, we study the asymptotic behavior of solutions to the Kirchhoff type stochastic plate equation driven by additive noise
defined on unbounded domains. We first prove the uniform estimates of solutions and then establish the existence and upper
semicontinuity of random attractors.

1. Introduction

Plate equations can be found in many fields such as certain
physical areas as to vibration and elasticity theories of solid
mechanics. In this paper, we consider the following
Kirchhoff type stochastic plate equation with additive noise
defined on

utt + αut + Δ2ut + Δ2u + λu − M ‖∇u‖
2

 Δu

+f(x, u) � g(x, t) + βh(x)
dW

dt
,

u(x, τ) � u0(x),

ut(x, τ) � u1(x),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(1)

where x ∈ Rn, t> τ with τ ∈ R, α, λ> 0 and β are positive
constants, f is a nonlinearity satisfying certain growth and
dissipative conditions, g(x, ·) and h are given functions in
L2
loc(R, L2(Rn)) and H2(Rn), respectively, and W(t) is a

two-sided real-valuedWiener process on a probability space.
+e function M(·) satisfies the following conditions:

(1) M ∈ C1(R), such that

M1 ≤M(s)≤M2, (2)

where M1 and M2 are some positive real constants.
(2) Let M(z) � 

z

0 M(r)dr; for ∀ z≥ 0,

M(z)z ≥ M(z)≥ 0. (3)

For the nonlinear function f(x, u), we presume
f(x, ·) ∈ C2(R) and let F(x, u) � 

u

0 f(x, s) ds; for x ∈ Rn

and u ∈ R, there exist positive constants ci(i � 1, 2, 3), such
that

|f(x, u)|≤ c1|u|
k

+ η1(x), η1 ∈ L
2
R

n
( , (4)

f(x, u)u − c2F(x, u)≥ η2(x), η2 ∈ L
1
R

n
( , (5)

F(x, u)≥ c3|u|
k+1

− η3(x), η3 ∈ L
1
R

n
( , (6)

zf

zu
(x, u)




≤ϖ, (7)

where ϖ> 0, 1≤ k≤ (n + 4/n − 4). Note that (4) and (5)
imply

F(x, u)≤ c |u|
2

+|u|
k+1

+ η21 + η2 . (8)

As for deterministic plate equations, many authors have
showed the existence of global attractors (see [1–9]). For the
stochastic case, the existence of random attractors for plate
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equations has been investigated in [10, 11, 12] on bounded
domains. In addition, there are results about the existence of
random attractors and asymptotic compactness for plate
equations on unbounded domains in [13–18].

When M(s) ≡ 0 in (1), we have investigated the exis-
tence of a random attractor for plate equations with additive
noise and nonlinear damping defined on Rn (see [14]).
However, when equation (1) is Kirchhoff type, the problem
is not yet considered by any predecessors.

To overcome the noncompactness of Sobolev embed-
dings on Rn, we will apply the idea of uniform estimates on
the tails of solutions as in [19, 20] as well as the compactness
methods introduced in [21]. More precisely, we first show
that the tails of the solutions of (1) are uniformly small
outside a bounded domain for large time, and then we derive
the asymptotic compactness of solutions in bounded do-
mains by splitting the solutions.

+is paper is organized as follows. In Section 2, we
present some notations and proposition about random
dynamical systems. In Section 3, we define a continuous
cocycle for equation (1) in H2(Rn) × L2(Rn). In Section 4,
we obtain all necessary uniform estimates of solutions. In
Section 5, we show the existence and uniqueness of a
random attractor for (1) defined on Rn.

2. Notations

In this section, we present some basic notations and known
results on nonautonomous random dynamical systems
which can be found in [22, 20].

Let (X, ‖ · ‖X) be a complete separable metric space and
be (Ω, F, P, θt t∈R) an ergodic metric dynamical system (see
[23]).

Proposition 1. Let D be an inclusion closed collection of
some families of nonempty subsets of X andΦ be a continuous
cocycle on X over (Ω, F, P, θt t∈R). +en, Φ has a unique
D-pullback random attractor A in D if Φ is D-pullback
asymptotically compact in X and Φ has a closed measurable
D-pullback absorbing set K in D.

Next, we present criteria concerning upper semi-
continuity of nonautonomous random attractors with re-
spect to a parameter.

Theorem 1. Let (X, ‖ · ‖X) be a separable Banach space and
Φ0 be an autonomous dynamical system with the global
attractor A0 in X. Given β> 0, suppose that Φβ is the per-
turbed random dynamical system with a random attractor
Aβ ∈ D and a random absorbing set Eβ ∈ D. +en, for
P − a.e.τ ∈ R, ω ∈ Ω,

dH Aβ(τ,ω),A0 ⟶ 0, as β⟶ 0, (9)

if the following conditions are satisfied:

(i) +ere exists some deterministic constant c such that,
for P − a.e.τ ∈ R,ω ∈ Ω,

limsup
β⟶0

Eβ(τ,ω)
�����

�����X
≤ c. (10)

(ii) +ere exists β0 > 0, such that for P − a.e.τ ∈
R,ω ∈ Ω,

∪
0< β≤ β0

Aβ(τ,ω) is precompact inX. (11)

(iii) For P − a.e.τ ∈ R,ω ∈ Ω, t≥ 0, βn⟶ 0, and
xn, x ∈ X with xn⟶ x, it holds that

lim
n⟶∞
Φβn

(t, τ,ω)xn � Φ0(t)x, (12)

where ‖Eβ(τ,ω)‖X � supx∈Eβ(τ,ω)‖x‖X.

3. Cocycles for Stochastic Plate Equation

In this section, we present some basic settings about (1) and
prove that it generates a continuous cocycle in
H2(Rn) × L2(Rn).

Let − Δ denote the Laplace operator in Rn, A � Δ2, with
the domain D(A) � H4(Rn). We can define the powers A]

of A for ] ∈ R. +e space V] � D(A)]/4 is a Hilbert space
with the following inner product and norm.

(u, v)] � A
v/4

u, A
v/4

v ,

‖ · ‖] � (A)
v/4����

����.
(13)

Set H � H2(Rn) × L2(Rn) with norm

‖Y‖H � ‖v‖
2

+ δ2 + λ − δα ‖u‖
2

+(1 − δ)‖Δu‖
2

 
1/2

, (14)

for Y � (u, v)⊤ ∈H, where ⊤ stands for the transposition.
Let ξ � ut + δu, where δ is a small positive constant

whose value will be determined later; then, (1) is equivalent
to

du

dt
� ξ − δu,

dξ
dt

� [δ(α + A − δ) − A]u − (α + A − δ)ξ

− λu + M ‖∇u‖
2

 Δu − f(x, u) + g(x, t) + βh(x)
dW

dt
,

u(x, τ) � u0(x), ξ(x, τ) � ξ0(x),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

where ξ0(x) � u1(x) + δu0(x), x ∈ Rn.
For g: we assume that there exists a positive constant σ

such that


τ

− ∞
e
σs

‖g(·, s)‖
2ds<∞, ∀τ ∈ R, (16)

and

lim
r⟶∞


τ

− ∞


|x|≥r
e
σs

|g(·, s)|
2dxds � 0, ∀τ ∈ R, (17)

where | · | denotes the absolute value of real number in R.
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Denote ω(t) � W(t) � W(t, x), t ∈ R; then, we con-
sider the Ornstein–Uhlenbeck equation dy + ydt � dW(t)

and the Ornstein–Uhlenbeck process

y θtω(  � − 
0

− ∞
e

s θtω( (s)ds, t ∈ R. (18)

From [24], it is known that the random variable |y(ω)| is
tempered, and there is a θt-invariant set Ω ⊂ Ω of fullP measure
such that y(θtω) is continuous in t for every ω ∈ Ω. Put

z θtω(  � z x, θtω( 

� h(x)y θtω( ,
(19)

which solves
dz + zdt � hdW. (20)

Lemma 1 (see [25]). For any ε> 0, there exists a tempered
random variable c: Ω⟶ R+, such that for all t ∈ R,ω ∈ Ω,

z θtω( 
����

����≤ e
ε|t|

c(ω)‖h‖,

∇z θtω( 
����

����≤ e
ε|t|

c(ω)‖∇h‖,

Δz θtω( 
����

����≤ e
ε|t|

c(ω)‖Δh‖,

(21)

where c(ω) satisfies

e
− ε|t|

c(ω)≤ c θtω( ≤ e
ε|t|

c(ω). (22)

Now, let v(t, τ,ω) � ξ(t, τ,ω) − βz(θtω), and we have

du

dt
� v − δu + βz θtω( ,

dv

dt
� (δ − α − A)v +[δ(− δ + α + A) − λ − A]u

+β[1 − (α + A − δ)]z θtω(  + M ‖∇u‖
2

 Δu

− f(x, u) + g(x, t),

u(x, τ, τ) � u0(x), v(x, τ, τ) � v0(x),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(23)

where v0(x) � ξ0(x) − z(θτω), x ∈ Rn. We will consider (23)
for ω ∈ Ω and write Ω as Ω from now on.

+e well-posedness of the deterministic problem (23) in
H2(Rn) × L2(Rn) can be established by standard methods as
in [13, 26–28]. If (2)–(7) are fulfilled, let φ(β)(t + τ, τ,

θ− τω,φ(β)
0 ) � (u(t + τ, τ, θ− τω, u0), v(t + τ, τ, θ− τω, v0))

⊤,
where φ(β)

0 � (u0, v0)
⊤. +en, for every ω ∈ Ω, τ ∈ R and

φ(β)
0 ∈H(Rn), problem (23) has a unique (F,B

(H2(Rn)) × B(L2(Rn)))-measurable solution φ(β)

(·, τ,ω,φ(β)
0 ) ∈ C([τ,∞),H(Rn)) with φ(β)(τ, τ,ω,φ(β)

0 ) �

φ(β)
0 ,φ(β)(t, τ,ω,φ(β)

0 ) ∈H0(R
n) being continuous in φ(β)

0 for
each t> τ. Moreover, for every
(t, τ,ω,φ0) ∈ R+ × R ×Ω × H(Rn), the mapping

Φβ t, τ,ω,φ(β)
0  � φ(β)

t + τ, τ, θ− τω,φ(β)
0 , (24)

generates a continuous cocycle from R+ × R ×Ω × H(Rn) to
H(Rn) over R and (Ω, F, P, θt t∈R).

4. Uniform Estimates of Solutions

In this section, we derive uniform estimates on the solutions
of problem (23) and construct a tempered pullback ab-
sorbing set.

Let δ ∈ (0, 1) be small enough such that

δ2 + λ − δα> 0, 1 − δ > 0, (25)

and define σ appearing in (17) by

σ � min α − δ, δ,
c2δ
2

 . (26)

Lemma 2. Assume that (2)–(7) and (16) hold.+en, for every
τ ∈ R,ω ∈ Ω, and D � D(τ,ω): τ ∈ R,ω ∈ Ω{ } ∈ D, there
exists T � T(τ,ω, D)> 0 such that for all t≥T,

φ(β) τ, τ − t, θ− τω,φ0( 
�����

�����
2

H
+ 

τ

τ− t
e
σ(s− τ)

v s, τ − t, θ− τω, v0( 
����

����
2ds

+ 
τ

τ− t
e
σ(s− τ)

u s, τ − t, θ− τω, u0( 
����

����
2ds + 

τ

τ− t
e
σ(s− τ) Δu s, τ − t, θ− τω, u0( 

����
����
2ds

+ 
τ

τ− t
e
σ(s− τ) Δv s, τ − t, θ− τω, u0( 

����
����
2ds

< c + cβ2 
0

− ∞
e
σs 1 + Δz θsω( 

����
����
2

+ ∇z θsω( 
����

����
2

+ z θsω( 
����

����
2

+ z θsω( 
����

����
k+1
H2 ds,

(27)

where φ(β)
0 � (u0, v0)

⊤ ∈ D(τ − t, θ− tω) and c is a positive
constant depending on λ, σ, α, and δ but independent of τ,ω,
and D.

Proof. Taking the inner product of (23)2 with v in L2(Rn),
we find that
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1
2

d

dt
‖v‖

2
� − (α − δ)(v, v) − λ + δ2 − δα (u, v)

− (1 − δ)(Au, v) − (Av, v)

+ β(1 − α + δ) z θtω( , v( 

− β Az θtω( , v(  +(g(x, t), v)

+ M ‖∇u‖
2

 Δu − (f(x, u), v).

(28)

By (23)1, we get

v �
du

dt
+ δu − βz θtω( . (29)

Next, we estimate some terms of (28).

(u, v) � u,
du

dt
+ δu − βz θtω(  

�
1
2

d

dt
‖u‖

2
+ δ‖u‖

2
− β u, z θtω( ( 

≥
1
2

d

dt
‖u‖

2
+ δ‖u‖

2
− β z θtω( 

����
����‖u‖

≥
1
2

d

dt
‖u‖

2
+
3δ
4

‖u‖
2

−
β2

3δ
z θtω( 

����
����
2
,

(30)

− (Au, v) � − Δ2u,
du

dt
+ δu − βz θtω(  

� −
1
2

d

dt
‖Δu‖

2
+ − δ‖Δu‖

2
+ β Δu,Δz θtω( ( 

≤ −
1
2

d

dt
‖Δu‖

2
+ − δ‖Δu‖

2
+ +β Δz θtω( 

����
����‖Δu‖

≤ −
1
2

d

dt
‖Δu‖

2
+ −

3δ
4

‖Δu‖
2

+ +
β2

3δ
Δz θtω( 

����
����
2
,

(31)

(f(x, u), v) � f(x, u),
du

dt
+ δu − βz θtω(  

�
d

dt

Rn

F(x, u)dx + δ(f(x, u), u)

− β f(x, u), z θtω( ( .

(32)

By (5), we get

(f(x, u), u)≥ c2 
Rn

F(x, u)dx + 
Rn
η2(x)dx. (33)

By conditions (4) and (6), we obtain

β f(x, u), z θtω( ( 

≤ β
Rn

(c1|u|
k

+ η1(x)) z θtω( 


dx

≤ β η1(x)
����

���� z θtω( 
����

���� + c1β 
Rn

|u|
k+1

dx 
k/k+1

z θtω( 
����

����k+1

≤ β η1(x)
����

���� z θtω( 
����

����

+ c1β 
Rn

F(x, u) + η3(x)dx 
k/k+1

z θtω( 
����

����k+1

≤
1
2
η1(x)

����
����
2

+
β2

2
z θtω( 

����
����
2

+
δc2

2

Rn

F(x, u)dx

+
δc2
2


Rn
η3(x)dx + cβ2 z θtω( 

����
����

k+1
H2 .

(34)

Using the Cauchy–Schwarz inequality and the Young
inequality, there holds

β(1 − α + δ) z θtω( , v( ≤
2(1 − α + δ)

2β2

α − δ
z θtω( 

����
����
2

+
α − δ
8

‖v‖
2
,

(35)

− β Az θtω( , v(  � − β Δz θtω( ,Δv( ≤
β2

2
Δz θtω( 

����
����
2

+
1
2
‖Δv‖

2
,

(36)

(g(x, t), v)≤ ‖g(x, t)‖‖v‖≤
2

α − δ
‖g(x, t)‖

2
+
α − δ
8

‖v‖
2
.

(37)

By (2) and (3) we have

M ‖∇u‖
2

 Δu, v 

� M ‖∇u‖
2

 Δu, ut + δu − βz θtω(  

� −
1
2

d

dt
M ‖∇u‖

2
  + δM ‖∇u‖

2
  ‖∇u‖

2
 

− β M ‖∇u‖
2

  ∇u,∇z θtω( 

≤ −
1
2

d

dt
M ‖∇u‖

2
  − δM ‖∇u‖

2
  ‖∇u‖

2
 

+
δ
4

M ‖∇u‖
2

  ‖∇u‖
2

  + cβ2M ‖∇u‖
2

  ∇z θtω( 
����

����
2

≤ −
1
2

d

dt
M ‖∇u‖

2
  −

3δ
4

M ‖∇u‖
2

  ‖∇u‖
2

 

+ cβ2 ∇z θtω( 
����

����
2

≤ −
1
2

d

dt
M ‖∇u‖

2
  −

3δ
4

M ‖∇u‖
2

  + cβ2 ∇z θtω( 
����

����
2
.

(38)
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By (30)–(38), it follows from (28) that

1
2

d

dt
‖v‖

2
+ δ2 + λ − δα ‖u‖

2
+(1 − δ)‖Δu‖

2
+ M ‖∇u‖

2
  + 2

Rn
F(x, u)dx 

≤ −
3
4

(α − δ)‖v‖
2

−
3
4
δ δ2 + λ − δα ‖u‖

2
−
3
4
δ(1 − δ) ‖∇u‖

2
  −

3δ
4

M ‖∇u‖
2

 

−
δc2
2


Rn

F(x, u)dx −
1
2

‖∇v‖
2

  + cβ2 1 + Δz θtω( 
����

����
2

+ Δz θtω( 
����

����
2

+ Δz θtω( 
����

����
2

+ Δz θtω( 
2

�����

�����
k+1

H2  + c‖g(x, t)‖
2
.

(39)

By (14) and (26), we get from (39) that

d

dt
‖φ‖

2
H + 2

Rn
F(x, u)dx  + σ ‖φ‖

2
H + 2

Rn
F(x, u)dx 

+
1
2

(α − δ)‖v‖
2

+
1
2
δ δ2 + λ − δα ‖u‖

2
+
1
2
δ(1 − δ)‖Δu‖

2
+‖Δv‖

2
+
δ
2

M ‖∇u‖
2

 

≤ cβ2 1 + Δz θtω( 
����

����
2

+ ∇z θtω( 
����

����
2

+ z θtω( 
����

����
2

+ z θtω( 
����

����
k+1
H2  + c‖g(x, t)‖

2
.

(40)

Multiplying (40) by eσt and integrating over (τ − t, τ)

and then replacing ω by θ− τω, we get

φ τ, τ − t, θ− τω,φ0( 
����

����
2
H

+ 2
Rn

F x, u τ, τ − t, θ− τω, u0( ( dx 

+
1
2

(α − δ) 
τ

τ− t
e
σ(s− τ)

v s, τ − t, θ− τω, v0( 
����

����
2ds

+
1
2
δ δ2 + λ − δα  

τ

τ− t
e
σ(s− τ)

u s, τ − t, θ− τω, u0( 
����

����
2ds

+
1
2
δ(1 − δ) 

τ

τ− t
e
σ(s− τ) Δu s, τ − t, θ− τω, u0( 

����
����
2ds + 

τ

τ− t
e
σ(s− τ) Δv s, τ − t, θ− τω, v0( 

����
����
2ds

+
δ
2


τ

τ− t
e
σs M Δu s, τ − t, θ− τω, u0( 

����
����
2

 ds

≤ e
− σt φ0

����
����
2
H

+ 2
Rn

F x, u0( dx 

+ c 
τ

τ− t
e
σ(s− τ)1 + Δz θs− τω( 

����
����
2

+ Δz θs− τω( 
����

����
2

+ Δz θs− τω( 
����

����
2

+ z θs− τω( 
����

����
k+1
H2 ds

+ 
τ

τ− t
e
σ(s− τ)

‖g(x, s)‖
2

≤ e
− σt φ0

����
����
2
H

+ 2
Rn

F x, u0( dx  + cβ2 
0

− t
e
σs1 + Δz θsω( 

����
����
2

+ z θsω( 
����

����
2

+ ∇z θsω( 
����

����
2

+ z θsω( 
����

����
k+1
H2 ds

+ 
τ

− ∞
e
σ(s− τ)

‖g(x, s)‖
2
.

(41)
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It follows from Lemma 1 that


0

− t
e
σs Δz θsω( 

����
����
2

+ Δz θsω( 
����

����
2

+ Δz θsω( 
����

����
2

+ Δz θsω( 
����

����
k+1
H2 ds

≤ 
0

− ∞
e
σs Δz θsω( 

����
����
2

+ Δz θsω( 
����

����
2

+ Δz θsω( 
����

����
2

+ Δz θsω( 
����

����
k+1
H2 ds

≤ 
0

− ∞
e
σs/2

c
2
(ω) ‖Δh‖

2
+‖∇h‖

2
+‖h‖

2
  + c

k+1
(ω) ‖Δh‖

k+1
+‖∇h‖

k+1
+‖h‖

k+1
  ds< +∞.

(42)

From (8),


Rn

F x, u0( dx≤ c 1 + u0
����

����
2

+ u0
����

����
k+1
H2 . (43)

Because φ0 � (u0, v0)
⊤ ∈ D(τ − t, θ− tω) and D ∈ D, we

get from (43) that

lim
t⟶+∞

e
− σt φ0

����
����
2
H

+ 2
Rn

F x, u0( dx  � 0. (44)

+erefore, (17), (42), and (43) deduce the desired result
(27). □

Lemma 3. Assume that (2)–(7) and (16) hold. +en, there
exists a random ball Eβ(τ,ω): τ ∈ R,ω ∈ Ω  ∈ D centered
at 0 with random radius

ϱ(τ,ω) � c + cβ2 
0

− ∞
e
σs 1 + z θsω( 

����
����
2

+ z θsω( 
����

����
2

+ z θsω( 
����

����
2

+ z θsω( 
����

����
k+1
H2 ds, (45)

such that Eβ(τ,ω): τ ∈ R,ω ∈ Ω  ∈ D is a closed measur-
able D-pullback absorbing set for the continuous cocycle
associated with problem (23) in D, that is, for every
τ ∈ R,ω ∈ Ω, and D � D(τ,ω): τ ∈ R,ω ∈ Ω{ } ∈ D, there
exists T � T(τ,ω, D)> 0, such that for all t≥T,

Φβ t, τ − t, θ− tω, D τ − t, θ− tω( ( ⊆A(τ,ω). (46)

Proof. +is is an immediate consequence of (24) and
Lemma 2.

Let ρ: Rn⟶ R be a smooth function such that
0≤ ρ(x)≤ 1 for all x ∈ Rn, and

ρ(x) � 0 for 0≤ |x|≤ 1; and ρ(x) � 1 for |x|≥ 2. (47)

For every r ∈ N, let

ρr(x) � ρ
x

r
 , x ∈ Rn

. (48)

+en, there exist positive constants c4, c5, c6, and c7
independent of k such that |Δρr(x)|≤ 1/rc4, |Δρr(x)|≤ 1/rc5,
|Δρr(x)|≤ 1/rc6, |Δ2ρr(x)|≤ 1/rc7 for all x ∈ Rn and r ∈ N.

Givenr≥ 1, denoteHr � x ∈ Rn: |x|< r{ } and Rn∖Hr be
the complement ofHr. To prove asymptotic compactness of
solution on Rn, we prove the following lemma. □

Lemma 4. Assume that (2)–(7) and (16) hold.+en, for every
τ ∈ R,ω ∈ Ω, and D � D(τ,ω): τ ∈ R,ω ∈ Ω{ } ∈ D, there
exist T � T(τ,ω, D, ε)> 0 and R � R(τ,ω, ε)≥ 1, such that
for all t≥T, r≥ R,

φ(β) τ, τ − t, θ− τω,φ0( 
�����

�����
2

H Rn∖Hr( )
≤ ε, (49)

where φ(β)
0 � (u0, v0)

⊤ ∈ D(τ − t, θ− tω).

Proof. Taking the inner product of (3.7)2 with ρr(x)v in
L2(Rn), we obtain

1
2

d

dt

Rn
ρr(x)|v|

2dx � − (α − δ)
Rn
ρr(x)|v|

2dx − λ + δ2 − δα 
Rn
ρr(x)uvdx

− (1 − δ)
Rn
ρr(x)(Au)vdx − 

Rn
ρr(x)(Av)vdx + β(1 − α + δ)

Rn
ρr(x)z θtω( vdx

− β
Rn
ρr (x)Az θtω( ( vdx + 

Rn
ρr(x)g(x, t)vdx + 

Rn
ρr(x)M ‖∇u‖

2
 Δuvdx

− 
Rn
ρr(x)f(x, u)vdx.

(50)

6 Complexity



Using the Young inequality and the Sobolev interpola-
tion inequality,

‖∇v‖≤ ς‖v‖ + Cς‖Δv‖,∀ς> 0. (51)

We have


Rn
ρr(x)uvdx � 

Rn
ρr(x)u

du

dt
+ δu − βz θtω(  dx

� 
Rn
ρr(x)

1
2

d

dt
u
2

+ δu
2

− βz θtω( u dx

≥
1
2

d

dt

Rn
ρr(x)|u|

2
dx +

δ
2


Rn
ρr(x)|u|

2
dx −

β2

2δ

Rn
ρr(x) z θtω( 



2
dx,

(52)

− 
Rn
ρr(x) · Au · vdx

� − 
Rn
Δu · Δ ρr(x)

du

dt
+ δu − ϵz θtω(   dx

� − 
Rn
Δu · Δρr(x) · tvn + q2h∇ρrx(x)7 · C∇; v + ρr(x) · Δ

du

dt
+ δu − ϵz θtω(   dx

≤
c5

r

Rn

|Δu · v|dx +
2c4

r

Rn

|Δu · ∇v|dx −
1
2

d

dt

Rn
ρr(x)|Δu|

2
dx − δ

Rn
ρr(x)|Δu|

2
dx

+ ϵ
Rn
ρr(x)‖Δu‖Δz θtω( dx

≤
c5

2r
|Δu|

2
d +|v|

2
d  +

2c4

r
‖Δu‖ ς‖v‖ + Cς‖Δv‖  −

1
2

d

dt

Rn
ρr(x)|Δu|

2
dx

− δ
Rn
ρr(x)|Δu|

2
dx +

δ
2


Rn
ρr(x)|Δu|

2
dx +
ϵ2

2δ

Rn
ρr(x) Δz θtω( 



2
dx

≤
c5

r
‖Δu‖

2
+‖v‖

2
  +

c4

r
‖Δu‖

2
+ 2ς2‖v‖

2
+ 2C

2
ς‖Δv‖

2

−
1
2

d

dt

Rn
ρr(x)|Δu|

2
dx −

δ
2


Rn
ρr(x)|Δu|

2
dx +
ϵ2

2δ

Rn
ρr(x) Δz θtω( 



2
dx,

(53)


Rn
ρr(x)f(x, u)vdx � 

Rn
ρr(x)f(x, u)

du

dt
+ δu − βz θtω(  dx

�
d

dt

Rn
ρr(x)F(x, u)dx + δ

Rn
ρr(x)f(x, u)udx − β

Rn
ρr(x)f(x, u)z θtω( dx.

(54)

By (6), we get

δ
Rn
ρr(x)f(x, u)udx ≥ c2δ

Rn
ρr(x)F(x, u)dx + δ

Rn
ρr(x)η2(x)dx. (55)

By (4) and (6), we get

Complexity 7



β
Rn
ρr(x)f(x, u)z θtω( dx ≤ β

Rn
ρr(x) c1|u|

k
+ η1(x)  z θtω( 


dx

≤
1
2


Rn
ρr(x) η1(x)



2
dx +

β2

2

Rn
ρr(x) z θtω( 



2
dx

+ cβ2
Rn
ρr(x) z θtω( 



k+1

dx +
c2δ
2


Rn
ρr(x) F(x, u) + η3(x)( dx.

(56)

For the remainder terms, using the Cauchy–Schwarz
inequality and the Young inequality, we have

− 
Rn
ρr(x) · Av · vdx � − 

Rn
Δ2v · ρr(x) · vdx � − 

Rn
Δv · Δ ρr(x) · v( dx

� − 
Rn
Δv · Δρr(x) · v + 2∇ρr(x) · ∇v + ρr(x) · Δv( dx

≤
c5

2r
‖Δv‖

2
+‖v‖

2
  +

2c4

r
‖Δv‖‖Δv‖ − 

Rn
ρk(x)|Δv|

2
dx

≤
c5

2r
‖Δv‖

2
+‖v‖

2
  +

2c4

r
‖Δv‖ ς‖v‖ + Cς‖Δv‖  − 

Rn
ρr(x)|Δv|

2
dx

≤
c5

2r
‖Δv‖

2
+‖v‖

2
  +

c4

r
‖Δv‖

2
+ 2ς2‖v‖

2
+ 2C

2
ς‖Δv‖

2
  − 

Rn
ρr(x)|Δv|

2
dx,

(57)

− β
Rn
ρr(x)Az θtω(  · vdx � − β

Rn
Δ2z θtω(  · ρr(x) · vdx � − β

Rn
Δz θtω(  · Δ ρr(x) · v( dx

� − β
Rn
Δz θtω(  · Δρr(x) · v + 2∇ρr(x) · ∇v + ρr(x) · Δv( dx

≤
c5β
r


Rn
Δz θtω(  · v


dx +

2c4β
r


Rn
Δz θtω(  · ∇v


dx + β

Rn
ρr(x) Δz θtω( 


 · |Δv|dx

≤
c5β
2r
Δz θtω( 

����
����
2

+‖v‖
2

  +
2c4β

r
Δz θtω( 

����
���� ς‖v‖ + Cς‖Δv‖  + β

Rn
ρr(x) Δz θtω( 


 · |Δv|dx

≤
c5β
2r
Δz θtω( 

����
���� +‖v‖

2
  +

c4β
r
Δz θtω( 

����
����
2

+ 2ς2‖v‖
2

+ 2C
2
ς‖Δv‖

2
 

+ 
Rn
ρr(x)|Δv|

2
dx +

β2

4

Rn
ρr(x) Δz θtω( 



2
dx,

(58)

β(1 − α + δ)
Rn
ρr(x)z θtω( vdx

≤
(1 − α + δ)

2β2

α − δ

Rn
ρr(x) z θtω( 



2
dx +

α − δ
4


Rn
ρr(x)|v|

2
dx,

(59)


Rn
ρr(x)g(x, t)vdx ≤

1
α − δ


Rn
ρr(x)|g(x, t)|

2
dx +

α − δ
4


Rn
ρr(x)|v|

2
dx. (60)

8 Complexity




Rn
ρr(x)M ‖∇u‖

2
 Δuvdx � 

Rn
ρr(x)M ‖∇u‖

2
 Δu ut + δu − βz θtω( ( dx

� −
1
2

d

dt

Rn
ρr(x) M ‖∇u‖

2
 dx − δ

Rn
ρr(x)M ‖∇u‖

2
 |∇u|

2
dx

+ β
Rn
ρr(x)M ‖∇u‖

2
 ∇u∇z θtω( dx

≤ −
1
2

d

dt

Rn
ρr(x) M‖∇u‖

2
 dx − δ

Rn
ρr(x) M‖∇u‖

2
 |∇u|

2
dx

+
δ
2


Rn
ρr(x) M‖∇u‖

2
 |∇u|

2
dx + cβ2

Rn
ρr(x)M‖∇u‖

2 ∇z θtω( 



2
dx

≤ −
1
2

d

dt

Rn
ρr(x) M‖∇u‖

2
 dx −

δ
2


Rn
ρr(x) M‖∇u‖

2
 |∇u|

2
dx + cβ2

Rn
ρr(x) ∇z θtω( 



2
dx

≤ −
1
2

d

dt

Rn
ρr(x) M ‖∇u‖

2
 dx −

δ
2


Rn
ρr(x) M ‖∇u‖

2
 dx + cβ2

Rn
ρr(x) ∇z θtω( 



2
dx.

(61)

It follows from (52)–(61) that

1
2

d

dt

Rn
ρr(x)|v|

2
+ δ2 + λ − δα

����
����|u|

2
+(1 − δ)|Δu|

2
+ M ‖∇u‖

2
  + 2F(x, u)dx

≤
c

r
‖Δv‖

2
+‖v‖

2
+‖Δu‖

2
+ Δz θtω

����
����

����
����
2�����

����� −
α − δ
2


Rn
ρr(x)|v|

2
dx −

δ δ2 + λ − δα 

2

× 
Rn
ρr(x)|u|

2
dx −

δ‖1 − δ‖

2

Rn
ρr(x)|Δu|

2
dx −

c2δ
2


Rn
ρr(x)F(x, u)dx

−
δ
2


Rn
ρr(x) M ‖∇u‖

2
 dx + cβ2

Rn
ρr(x)1 + Δz θtω( 



2

+ ∇z θtω( 



2

+ ∇z θtω( 



2

+ ∇z θtω( 



k+1

+|g(x, t)|
2
dx.

(62)

Denote

X � |v|
2

+ δ2 + λ − δα |u|
2

+(1 − δ)|Δu|
2

+ M‖∇u‖
2
. (63)

By (26), we get

1
2

d

dt

Rn
ρr(x)(X + 2F(x, u))dx + σ

Rn
ρr(x)(X + 2F(x, u))dx

≤
c

r
‖Δv‖

2
+‖v‖

2
+‖Δu‖

2
+ Δz θtω

����
����

����
����
2

+ cβ2
Rn
ρr(x)1 + Δz θtω

����
����



2

+ ∇z θtω( 



2

+ ∇z θtω( 



2

+ ∇z θtω( 



k+1

+|g(x, t)|
2
dx.

(64)

Multiplying (64) by eσt and integrating over (τ − t, τ)

and then replacing ω by θ− τω, we get

Complexity 9




Rn
ρr(x) X τ, τ − t, θ− τω, X0(  + 2F x, u τ, τ − t, θ− τω, u0( ( ( dx

≤ e
− σt


Rn
ρr(x) X0 + 2F x, u0( ( dx +

c

r

τ

τ− t
e
σ(s− τ) Δv s, τ − t, θ− τω, v0( 

����
����
2

+ Δv s, τ − t, θ− τω, v0( 
����

����
2

+ Δu s, τ − t, θ− τω, u0( 
����

����
2

+ Δz θs− τω( 
����

����
2
ds

+ cβ2 
τ

τ− t
e
σ(s− τ)


Rn
ρr(x)1 + Δz θs− τω( 



2

+ ∇z θs− τω( 



2

+ ∇z θs− τω( 



2

+ ∇z θs− τω( 



k+1

+|g(x, s)|
2
dx ds

≤ e
− σt


Rn
ρr(x) X0 + 2F x, u0( ( dx +

c

r

τ

τ− t
e
σ(s− τ) Δv s, τ − t, θ− τω, v0( 

����
����
2

+ v s, τ − t, θ− τω, v0( 
����

����
2

+ Δu s, τ − t, θ− τω, u0( 
����

����
2
ds +

c

r

0

− t
e
σs

‖Δz θsω( ‖
2
ds

+ c 
τ

τ− t
e
σs


|x|≥r

|g(x, s)|
2
dx ds + cβ2 

0

− t
e
σs


|x|≥r

1 + Δz θsω( 



2

+ ∇z θsω( 



2

+ z θsω( 



2

+ z θsω( 



k+1

dx ds

≤ e
− σt


Rn
ρr(x) X0 + 2F x, u0( ( dx +

c

r

τ

τ− t
e
σ(s− τ) Δv s, τ − t, θ− τω, v0( 

����
����
2

+ v s, τ − t, θ− τω, v0( 
����

����
2

+ Δu s, τ − t, θ− τω, u0( 
����

����
2
ds +

c

r

0

− ∞
e
σs ∇z θsω( 



2
ds

+ c 
τ

− ∞
e
σs


|x|≥r

g(x, s)
2
dx ds + cβ2 

0

− ∞
e
σs


|x|≥r

1 + Δz θsω( 



2

+ ∇z θsω( 



2

+ z θsω( 



2

+ z θsω( 



k+1

dx ds.

(65)

Due to φ(β)
0 ∈ D(τ − t, θ− tω) ∈ D and (43), it is easy to

obtain that there exists T1 � T1(τ, ε,ω, D)> 0, such that for
all t> T1,

e
− σt


Rn
ρr(x)X0 + 2F x, u0( dx ≤ ε. (66)

By Lemma 2, there are T2 � T2(τ, ε,ω, D)> 0 and
R1 � R1(ε,ω, D)> 1, such that for all t> T2 and r> R1,

c

r
2 

τ

τ− t
e
σ(s− τ) Δv s, τ − t, θ− τω, v0( 

����
����
2

+ v s, τ − t, θ− τω, v0( 
����

����
2

+ Δus, τ − t, θ− τω, u0
����

����
2
ds ≤ ε.

(67)

By Lemma 1, there are T3 � T3(ε,ω)> 0 and
R2 � R2(ε,ω)> 1, such that for all t> T3 and r> R2,

cβ2 
0

− ∞
e
σs


|x|≥r

1 + Δz θsω( 



2

  + ∇z θsω( 



2

+ z θsω( 



2

+ z θsω( 



k+1

dxds

+
c

r
2 

0

− ∞
e
σs Δz θsω( 

����
����
2
ds ≤ ε.

(68)

By equation (17), there is R3 � R3(τ, ε)> 1, such that for
all r> R3,

c 
τ

− ∞
e
σs


|x|≥r

|g(x, s)|
2
dx ds≤ ε. (69)

Denote T � max T1,
T2,

T3 , R � max R1,
R2,

R3 ; by
(65)–(69), for all t> T and r> R, we have
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Rn
ρr(x) X τ, τ − t, θ− τω, X0( (

+ 2F x, u τ, τ − t, θ− τω, u0( ( dx ≤ 4ε,
(70)

which implies

φ(β) τ, τ − t, θ− τω,φ(β)
0 

�����

�����
2

H Rn∖Hr( )
≤ 4ε. (71)

Let ρ � 1 − ρ with ρ given by (48). Fix r≥ 1 and set

u t, τ,ω, u0(  � ρr(x)u t, τ,ω, u0( ,

v t, τ,ω, v0(  � ρr(x)v t, τ,ω, v0( ,
 (72)

and then φ(β)(t, τ,ω, φ0
(β)) � (u(t, τ,ω, u0), v(t, τ,ω, v0))

⊤

is the solution of problem equation (23) on the bounded
domain H2r, where φ0

(β) � ρr(x)φ(β)
0 ∈H(H2r).

Multiplying (23) by ρr(x) and using (72), we find that

du

dt
� v − δu + β ρr(x)z θtω( ,

dv

dt
� − (α − δ)v − λ + δ2 − δα u − (1 − δ)Au − Av

+β(1 − α + δ) ρr(x)z θtω( 

− β ρr(x)Az θtω(  + ρr(x)g(x, t) + M ‖∇u‖
2

 Δu

− M ‖∇u‖
2

 Δ ρr(x)u

− 2M ‖∇u‖
2

 ∇ ρr(x)∇u − ρr(x)f(x, u)

+4(1 − δ)Δ∇ ρr(x)∇u

+6(1 − δ)Δ ρr(x)Δu + 4(1 − δ)∇ ρr(x)Δ∇u

+(1 − δ)uA ρr(x)

+4Δ∇ ρr(x)∇v + 6Δ ρr(x)Δv + 4∇ ρr(x)Δ∇v + vA ρr(x).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(73)

Consider the eigenvalue problem.

Au � λu inH2r, with u

�
zu

zn

� 0 on zH2r.

(74)

Problem (74) has a family of eigenfunctions ei i∈N with
the eigenvalues λi i∈N:

λ1 ≤ λ2 ≤ · · · ≤ λi ≤ . . . , λi⟶ +∞(i⟶ +∞), (75)

such that ei i∈N is an orthonormal basis of L2(H2r). Given n,
let Xn � span e1, . . . , en  and Pn: L2(H2r)⟶ Xn be the
projection operator. □

Lemma 5. Assume that (2)–(7) and (16) hold.+en, for every
τ ∈ R,ω ∈ Ω, and D � D(τ,ω): τ ∈ R,ω ∈ Ω{ } ∈ D, there
exist T � T(τ,ω, D, ε)> 0 and R � R(τ,ω, ε)≥ 1 and
N � N(τ,ω, ε)> 0, such that for all t≥ T, r≥ R, and n≥N,

I − Pn( φ(β) τ, τ − t, θ− τω, φ(β)
0 

�����

�����
2

H H2r( )
≤ ε, (76)

where φ(β)
0 � ρr(x)φ(β)

0 ,φ(β)
0 � (u0, v0)

⊤ ∈ D(τ − t, θ− tω).

Proof. Let un,1 � Pnu, un,2 � (I − Pn)u, vn,1 � Pnv, vn,2 �

(I − Pn)v. Applying I − Pn to (73)1, we obtain

vn,2 �
dun,2

dt
+ δun,2 − β I − Pn(  ρr(x)z θtω( . (77)

+en, applying I − Pn to (73)2 and taking the inner
product of the resulting equation with vn,2 in L2(H2r), we
have

1
2

d

dt
vn,2

����
����
2

� − (α − δ) vn,2
����

����
2

− λ + δ2 − δα  un,2, vn,2  − (1 − δ) Aun,2, vn,2  − Avn,2, vn,2 

+ β(1 − α + δ) ρr(x)z θtω( , vn,2  − β ρr(x)Az θtω( , vn,2  + ρr(x)g(x, t), vn,2 

+ M ‖∇u‖
2

 Δun,2, vn,2  − M ‖∇u‖
2

 Δ ρr(x)u + 2M ‖∇u‖
2

 ∇ ρr(x)∇u, vn,2 

− ρr(x)f(x, u), vn,2  + 4(1 − δ)Δ∇ ρr(x)∇u + 6(1 − δ)Δ ρr(x)Δu(

+ 4(1 − δ)∇ ρr(x)Δ∇u +(1 − δ)uA ρr(x), vn,2

+ 4Δ∇ ρr(x)∇v + 6Δ ρr(x)Δv + 4∇ ρr(x)Δ∇v + vA ρr(x), vn,2 .

(78)
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Next, we estimate some terms of (78).

un,2, vn,2  � un,2,
dun,2

dt
+ δun,2 − β I − Pn(  ρr(x)z θtω(  

≥
1
2

d

dt
un,2

����
����
2

+ δ un,2
����

����
2

− β
�����

�����un,2‖ · ‖ I − Pn(  ρr(x)z θtω( 
����

����

≥
1
2

d

dt
un,2

����
����
2

+
δ
2

un,2
����

����
2

− cβ2 I − Pn(  ρr(x)z θtω( 
����

����
2
,

(79)

− Aun,2, vn,2  � − Δun,2,Δ
dun,2

dt
+ δun,2 − β I − Pn(  ρr(x)z θtω(   

≤ −
1
2

d

dt
Δun,2

����
����
2

− δ Δun,2
����

����
2

+ β Δun,2
����

���� · I − Pn( Δ ρr(x)z θtω( ( 
����

����

≤ −
1
2

d

dt
Δun,2

����
����
2

−
δ
2

+
7

α − δ
  Δun,2

����
����
2

+ cβ2 I − Pn( Δ ρr(x)z θtω( ( 
����

����
2
.

(80)

Denote θ � n(k − 1)/4(k + 1); by (4), we get

ρr(x)f(x, u), vn,2 ≤ c1
Rn

ρr(x)|u|
k

vn,2


dx + 
Rn

ρr(x) η1(x)


 vn,2


dx

≤ c1‖u‖
k
k+1 vn,2

����
����k+1 + η1

����
���� vn,2
����

����

≤ c1‖u‖
k
k+1 Δvn,2

����
����
θ

vn,2
����

����
1− θ

+ λ− 1/2
n+1 η1

����
���� Δvn,2
����

����

≤ c1λ
θ− 1/2
n+1 ‖u‖

k
H2 Δvn,2

����
���� + λ− 1/2

n+1 η1
����

���� Δvn,2
����

����

≤ λ− 1/2
n+1 Δvn,2

����
���� c1λ

θ
2
n+1‖u‖

k
H2 + η1

����
����

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

≤
1
6
Δvn,2

����
����
2

+
3
2
λ− 1

n+1 c1λ
θ/2
n+1‖u‖

k
H2 + η1

����
���� 

2
.

(81)

For the remainder terms on the right-hand side of (74),
we have

− β ρr(x)Az θtω( , vn,2 ≤ β I − Pn(  ρr(x)Δz θtω( 
����

���� · Δvn,2
����

����

≤
3β2

2
I − Pn(  ρr(x)Δz θtω( 

����
����
2

+
1
6
Δvn,2

����
����
2
,

(82)

β(1 − α + δ) ρr(x)z θtω( , vn,2 ≤ β(1 − α + δ) I − Pn(  ρr(x)z θtω( 
����

���� · vn,2
����

����

≤ cβ2 I − Pn(  ρr(x)z θtω( 
����

����
2

+
α − δ
28

vn,2
����

����
2
,

(83)
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ρr(x)g(x, t), vn,2 ≤ I − Pn(  ρr(x)g(x, t)
����

���� · vn,2
����

����

≤
7

2(α − δ)
I − Pn(  ρr(x)g(x, t)

����
����
2

+
α − δ
14

vn,2
����

����
2
,

(84)

(1 − δ) 4Δ∇ ρr(x) · ∇u + 6Δ ρr(x) · Δu + 4∇ ρr(x) · Δ∇u + uA ρr(x), vn,2 

≤
4c6(1 − δ)

r
λ− 1/4

n+1 ‖Δu‖ · vn,2
����

���� +
6c5(1 − δ)

r
‖Δu‖ · vn,2

����
����

+
4c4(1 − δ)

r
λ− 1/4

n+1 ‖Δu‖ · Δvn,2
����

���� +
c7(1 − δ)

r
‖u‖ · vn,2

����
����

≤ cλ− − 1/2
n+1 ‖Δu‖

2
+
1
3
Δvn,2

����
����
2

+
c

r
‖u‖

2
+‖Δu‖

2
  +

5(α − δ)

28
vn,2

����
����
2
,

(85)

4Δ∇ ρr(x) · ∇v + 6Δ ρr(x) · Δv + 4∇ ρr(x) · Δ∇v + vA ρr(x), vn,2 

≤
4c6

r
λ− 1/4

n+1 ‖Δv‖ · vn,2
����

���� +
6c5

r
‖Δv‖ · vn,2

����
���� +

4c4

r
λ− 1/4

n+1 ‖Δv‖ · vn,2
����

���� +
c7

r
‖Δv‖ · vn,2

����
����

≤ cλ− 1/2
n+1 ‖Δv‖

2
+
1
3
Δvn,2

����
����
2

+
c

r
‖v‖

2
+‖Δv‖

2
  +

5(α − δ)

28
vn,2

����
����
2
,

(86)

M ‖∇u‖
2

 Δun,2, vn,2 ≤
7

α − δ
Δun,2

����
����
2

+
α − δ
56

vn,2
����

����
2
, (87)

M ‖∇u‖
2

 Δ ρr(x)u + 2M ‖∇u‖
2

 ∇ ρr(x)∇u, vn,2 ≤
c

r
‖Δu‖

2
+
α − δ
56

vn,2
����

����
2
. (88)

By (30)–(39), we get

1
2

d

dt
vn,2

����
����
2

+ δ2 + λ − δα  un,2
����

����
2

+(1 − δ) Δun,2
����

����
2

 

≤ −
α − δ
2

vn,2
����

����
2

−
δ
2

δ2 + λ − δα  un,2
����

����
2

−
δ
2

(1 − δ) Δun,2
����

����
2

+ cβ2 I − Pn(  ρr(x)z θtω( 
����

����
2

+ I − Pn(  Δ ρr(x)z θtω( ( 
����

����
2

+ I − Pn( ρ
|x|2

r2
 Δz θtω( 

��������

��������

2
⎛⎝ ⎞⎠

+ c I − Pn(  ρr(x)g(x, t)
����

����
2

+ cλ− 1/2
n+1 ‖Δu‖

2
+‖Δv‖

2
  +

c

r
‖u‖

2
+‖v‖

2
+‖Δu‖

2
+‖Δv‖

2
 

+
3
2
λ− 1

n+1 c1λ
θ/2
n+1‖u‖

k
H2 + η1

����
���� 

2
.

(89)

By (13), (25), and (89), we get

d

dt
φ(β)

n,2

�����

�����
2

H H2r( )
 ≤ − σ φ(β)

n,2

�����

�����
2

H H2r( )
+ cβ2 I − Pn(  ρr(x)z θtω( 

����
����
2



+ I − Pn( Δ ρr(x)z θtω( ( 
����

����
2

+ I − Pn(  ρr(x)Δz θtω( 
����

����
2


+ c I − Pn(  ρr(x)g(x, t)
����

����
2

+ cλ− 1/2
n+1 ‖Δu‖

2
+‖Δv‖

2
  +

c

r
‖u‖

2
+‖v‖

2
+‖Δu‖

2
+‖Δv‖

2
 

+
3
2
λ− 1

n+1 c1λ
θ/2
n+1‖u‖

k
H2 + η1

����
���� 

2
.

(90)
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As η1 ∈ L2(Rn), λn⟶∞, there exist N1 � N1(ε)> 0
and R1 � R1(ε)> 0 such that for all n> N1 and r> R1,

d

dt
φ(β)

n,2

�����

�����
2

H H2r( )
 ≤ − σ φ(β)

n,2

�����

�����
2

H H2r( )
+ c I − Pn(  ρr(x)g(x, t)

����
����
2

+
c

r
+ ε  ‖u‖

2
+‖v‖

2
+‖Δu‖

2
+‖Δv‖

2
 

+ ε 1 +‖u‖
2k
H2 + y θtω( 



2

 .

(91)

Multiplying (91) by eσt and integrating over (τ − t, τ)

and then substituting ω by θ− τω, for all n> N1 and r> R1, we
have

φ(β)
n,2 τ, τ − t, θ− τω, φ(β)

n,2,0

�����

�����
2

H H2r( )
≤ e

− σt φ(β)
n,2,0

�����

�����
2

H H2r( )
+ c 

τ

− ∞
e
σ(s− τ)

I − Pn(  ρr(x)g(x, s)
����

����
2
ds

+
c

r
+ ε  

τ

τ− t
e
σ(s− τ)

u s, τ − t, θ− τω, u0( 
����

����
2

+ v s, τ − t, θ− τω, v0( 
����

����
2

+ Δu s, τ − t, θ− τω, u0( 
����

����
2

+ Δv s, τ − t, θ− τω, v0( 
����

����
2
ds

+ ε
τ

τ− t
e
σ(s− τ) 1 + u s, τ − t, θ− τω, u0( 

����
����
2k

H2 + y θs− τω( 



2

 ds.

(92)

By (4), φ(β)
0 ∈ D(τ − t, θ− tω), and D(τ − t, θ− tω) ∈ D,

there exist T1 � T1(τ, ε, D,ω)> 0 and R1 � R1(τ, ε,ω)> 1,
such that if t> T1 and r> R1, then

e
− σt

φ(β)
n,2,0

�����

�����
2

H H2r( )
≤ ε. (93)

For the second term on the right-hand side of (92), by
(16), we know that there is N � N(τ, ε,ω)> 0, such that for
all n> N,

c 
τ

− ∞
e
σ(s− τ)

I − Pn(  ρr(x)g(x, s)
����

����
2
ds ≤ ε. (94)

For the third and fourth terms on the right-hand side of
(93), by Lemma 2, there exist T2 � T2(τ, ε, D,ω)> 0 and
R2(τ, ε,ω)> 1, such that for all t> T2 and r> R2, there holds

c

r
+ ε  

τ

τ− t
e
σ(s− τ)

u s, τ − t, θ− τω, u0( 
����

����
2

+ v s, τ − t, θ− τω, v0( 
����

����
2

+ Δu s, τ − t, θ− τω, u0( 
����

����
2

+ Δv s, τ − t, θ− τω, v0( 
����

����
2
ds ≤ ε.

(95)

For the last term on the right-hand side of (93), by
Lemma 2, there is T3 � T3(τ, ε, D,ω)> 0, such that for all
t> T3, it follows that


τ

τ− t
e
σ(s− τ) 1 + u s, τ − t, θ− τω, u0( 

����
����
2k

H2 + y θs− τω( 



2

 ds <∞.

(96)

Denote T � max T1,
T2,

T3  and R � max R1,
R2 .

+en, by (92)–(96), for all t> T, r> R, and n> N, we get

φ(β)
n,2 τ, τ − t, θ− τω, φ(β)

n,2,0

�����

�����
2

H H2r( )
≤ cε, (97)

which completes the proof. □

5. Random Attractors

In this section, we prove the existence of D-pullback
attractors for stochastic problem (23).

Lemma 6. Assume that (2)–(7) and (16) hold. +en, the
solution of problem (23) is asymptotic compactness inH(Rn);
that is, for every τ ∈ R,ω ∈ Ω, and B � B(τ,ω):{

τ ∈ R,ω ∈ Ω} ∈ D, the sequence φ(β)(τ, τ − tm, θ− τω,φ(β)
0,m) 

14 Complexity



has a convergent subsequence in H(Rn) provided tm⟶∞
and φ(β)

0,m ∈ B(τ − tm, θ− tm
ω).

Proof. We first let tm⟶∞, B ∈ D, and φ(β)
0,m ∈

B(τ − tm, θ− tm
ω). By Lemma 2, φ(β)(τ, τ − tm, θ− τω,φ(β)

0,m)  is
bounded in H(Rn); that is, for every τ ∈ R,ω ∈ Ω, there
exists M1 � M1(τ,ω, B)> 0 such for all m>M1,

φ(β) τ, τ − tm, θ− τω,φ(β)
0,m 

�����

�����
2

H Rn( )
≤ ϱ2(τ,ω). (98)

In addition, it follows from Lemma 4 that there exist
r1 � r1(τ, ε,ω)> 0 and M2 � M2(τ, B, ε,ω)> 0, such that for
every m≥ M2,

φ(β) τ, τ − tm, θ− τω,φ(β)
0,m 

�����

�����
2

H Rn∖Hr1 
≤ ε. (99)

Next, by using Lemma 5, there are N � N(τ, ε,ω)> 0,
r2 � r2(τ, ε,ω)≥ r1, and M3 � M3(τ, B, ε,ω)> 0, such that
for every m≥ M3,

I − PN( φ(β) τ, τ − tm, θ− τω, φ(β)
0,m 

�����

�����
2

H H2r2 
≤ ε. (100)

Using (73) and (98), we find that
PNφ(β)(τ, τ − tm, θ− τω, φ(β)

0,m)  is bounded in the finite-di-
mensional space PNH(H2r2

), which together with (100)
implies that φ(β)(τ, τ − tm, θ− τω, φ(β)

0,m)  is precompact in
H2(H2r2

) × L2(H2r2
).

Note that ρr(x) � 1 for |x|≤ r2. Recalling (73), we find
that φ(β)(τ, τ − tm, θ− τω,φ(β)

0,m)  is precompact in H(Hr2
),

which along with (99) shows the precompactness of this
sequence in H(Rn). +is completes the proof.

+e main result of this section is given below. □

Theorem 2. Assume that (2)–(7) and (16) hold. +en, the
continuous cocycle Φβ associated with problem (23) has a
uniqueD-pullback attractorAβ � Aβ(τ,ω): τ ∈ R,ω ∈ Ω 

in H(Rn).

Proof. +is is an immediate consequence of Proposition 1
and Lemmas 2 and 6. □

6. Upper Semicontinuity of Pullback Attractors

In this section, we will use +eorem 1 to consider an upper
semicontinuity of random attractors Aβ(ω) when β⟶ 0.
To indicate the dependence of solutions on β, we, respec-
tively, write the solutions of problem (23) as u(β) and v(β),
that is, (u(β), v(β)) satisfies

du
(β)

dt
� v

(β)
− δu

(β)
+ βz θtω( ,

dv
(β)

dt
� (δ − α − A)v

(β)
+[δ(− δ + α + A) − λ − A]u

(β)

+β[1 − (α + A − δ)]z θtω( 

+M ∇u(β)
�����

�����
2

 Δu(β)
− f x, u

(β)
  + g(x, t),

u
(β)

(τ, τ, x) � u
(β)
0 (x), v

(β)
(τ, τ, x) � v

(β)
0 (x).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(101)

When β � 0, the random problem (23) reduces to a
deterministic one:

du
(0)

dt
� v

(0)
− δu

(0)
,

dv
(0)

dt
� (δ − α − A)v

(0)
+[δ(− δ + α + A) − λ − A]u

(0)

+M ∇u(0)
�����

�����
2

 Δu(0)

− f x, u
(0)

  + g(x, t),

u
(0)

(τ, τ, x) � u
(0)
0 (x), v

(0)
(τ, τ, x) � v

(0)
0 (x).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(102)

By+eorem 2, the deterministic and autonomous system
Φ0 generated by (102) is readily verified to admit a global
attractor A0 in H(Rn).

Theorem 3. Assume that (2)–(7) and (16) hold. +en, the
random dynamical system Φβ generated by (23) has a unique
D-pullback attractor Aβ(τ,ω) τ∈R,ω∈Ω in H(Rn). More-
over, the family Aβ β> 0 of random attractors is upper
semicontinuous.

Proof. By Lemma 3 and +eorem 2, Φβ has a closed mea-
surable random absorbing set Eβ(τ,ω) and a unique random
attractor Aβ.

(i) In Lemma 2, we have proved that the system Φβ
possesses a closed random absorbing set
Eβ � Eβ(τ,ω)τ∈R,ω∈Ω  in D, which is given by

Eβ(τ,ω) � (u, v) ∈ H
2
R

n
(  × L

2
R

n
( : ‖u‖

2
H2 Rn( ) +‖v‖

2
L2 Rn( ) ≤R1(τ,ω) . (103)

+en, we get
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limsup
β⟶0

Eβ(τ,ω)
�����

�����H Rn( )
≤ c, (104)

which deduces condition (i) in +eorem 1
immediately.

(ii) Given β ∈ (0, 1], let E1(τ,ω) � (u, v) ∈{ H2(Rn)×

L2(Rn): ‖u‖2H2(Rn)+ ‖v‖2L2(Rn) ≤R∗(τ,ω)}, where

R∗(τ,ω) � c + c 
0

− ∞
e
σs 1 + Δz θsω( 

����
����
2



+ ∇z θsω( 
����

����
2

+ z θsω( 
����

����
2

+ z θsω( 
����

����
k+1
H2 ds.

(105)

+en,
∪

0< β≤ 1
Aβ(τ,ω)⊆ ∪

0< β≤ 1
Eβ(ω)⊆E1(τ,ω). (106)

First, by (106), Lemma 4, and the invariance of
Aβ(τ,ω), we obtain that for every β> 0 and
P − a.e.τ ∈ R, ω ∈ Ω, there exists r0 � r0(ω, ε)≥ 1
such that


|x|≥r0

‖u(x)‖
2

+‖Δu(x)‖
2

+‖v(x)‖
2

 dx ≤ ε, for all (u, v) ∈ ∪
0< β≤ 1

Aβ(τ,ω). (107)

Second, by (106), the proof of Lemma 5, Lemma 6,
and the invariance of Aβ(τ,ω), we know that there
exists r1 � r1(ω, ε)≥ r0 such that for all r≥ r1, the
set ∪ 0< β≤ 1Aβ(τ,ω) is precompact in H(Hr),
which together with (107) implies that
∪ 0< β≤ 1Aβ(τ,ω) is precompact in H(Rn).

(iii) Let φ(0) � (u(0), v(0)) be a mild solution of (102)
with initial data φ(0) � (u(0), v(0)), and U � u(β)−

u(0), V � v(β) − v(0). By (101) and (102), we get

dU

dt
� V − δU + βz θtω( ,

dV

dt
� (δ − α − A)V +[δ(− δ + α + A − λ) − A]U

+ M ∇u(β)
�����

�����
2

  − M ∇u(0)
�����

�����
2

 ΔU  − f x, u
(β)

 

+f x, u
(0)

  + β[1 − (α + A − δ)]z θtω( ,

U(τ, τ, x) � U0(x), V(τ, τ, x) � V0(x).

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(108)

Taking the inner product of (108)2 with V in L2(Rn), we
get

1
2

d

dt
‖V‖

2
+ δ2 + λ − δα ‖U‖

2
+(1 − δ)‖ΔU‖

2
 

≤ −
3
4

(α − δ)‖V‖
2

−
3
4
δ δ2 + λ − δα ‖U‖

2

−
3
4
δ(1 − δ)‖ΔU‖

2

+ M ∇u(β)
�����

�����
2

  − M ∇u(0)
�����

�����
2

 ΔU, V 

+ − f x, u
(β)

  + f x, u
(0)

 , V 

+ cβ2 1 + Δz θtω( 
����

����
2

+ z θtω( 
����

����
2

 .

(109)

Taking advantage of M(a2) − M(b2)≤
M′(sup a2, b2 )|a + b| · |a − b| and Lemma 2, we get

M ∇u(β)
�����

�����
2

  − M u
(0)

�����

�����
2

 ΔU, V 

≤ M′ sup ∇u(β)
�����

�����
2
, ∇u(0)
�����

�����
2

   ∇u(β)
�����

�����

+ ∇u(0)
�����

�����| · | ∇u(β)
�����

����� − ∇u(0)
�����

�����|ΔU, V

≤ c‖ΔU‖
2

+ c‖V‖
2
.

(110)

By (7), we get
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f x, u
(0)

  − f x, u
(β)

 , V 


≤ c‖U‖
2

+ c‖V‖
2
, (111)

which along with (107)-(108) implies

d

dt
‖V‖

2
+ δ2 + λ − δα ‖U‖

2
+(1 − δ)‖ΔU‖

2
 

≤ c ‖V‖
2

+ δ2 + λ − δα ‖U‖
2

+(‖1 − δ‖)‖ΔU‖
2

 

+ cβ2 1 + Δz θtω( 
����

����
2

+ z θtω( 
����

����
2

 .

(112)

Applying Gronwall inequality to (112) over (τ, t), we
have

u
(β)

t, τ,ω, u
(β)
0  − u

(0)
t, τ, u

(0)
0 

�����

�����
2

H2 Rn( )
+ v

(β)
t, τ,ω, v

(β)
0  − v

(0)
t, τ, v

(0)
0 

�����

�����
2

L2 Rn( )

≤ ce
c(t− τ)

u
(β)
0 − u

(0)
0

�����

�����
2

H2 Rn( )
+ v

(β)
0 − v

(0)
0

�����

�����
2

L2 Rn( )
  + cβ2 

t

τ
e

c(t− s)1 + Δz θsω( 
����

����
2

+ z θsω( 
����

����
2
ds,

(113)

which along with (i), (ii), and+eorem 1 completes the proof
[29]. □
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