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In the present paper, we introduce new models of pendulum motions for two cases: the first model consists of a pendulum with
massMmoving at the end of a string with a suspended point moving on an ellipse and the second one consists of a pendulumwith
massMmoving at the end of a spring with a suspended point on an ellipse. In both models, we use the Lagrangian functions for
deriving the equations of motions. %e derived equations are reduced to a quasilinear system of the second order. We use a new
mathematical technique named a large parameter method for solving both models’ systems. %e analytical solutions are obtained
in terms of the generalized coordinates.We use the numerical techniques represented by the fourth-order Runge–Kutta method to
solve the autonomous system for both cases. %e stabilities of the obtained solutions are studied using the phase diagram
procedure. %e obtained numerical solutions and analytical ones are compared to examine the accuracy of the mathematical and
numerical techniques. %e large parameter technique gives us the advantage to obtain the solutions at infinity in opposite with the
famous Poincare’s (small parameters) method which was used by many outstanding scientists in the last two centuries.

1. Introduction

%e pendulum motions are considered as one of the im-
portant problems in theoretical mechanics. %ese problems
are studied by many authors in [1–5]. %e authors used the
small parameter technique for solving their problems. In [6],
the author studied the properties of the relative periodic
motions of a coherent object suspended by a flexible wire at a
regular rotating vertical plane. He used Lagrange’s equations
to obtain the motion equations while neglecting nonlinear
boundaries. He found periodic solutions to equations using
the small parameter method. In [7], the movement of a
variable-length pendulum was studied and perturbation
analysis [8] was used to determine the properties of the
movement. In [9], the authors studied a simple pendulum
revolving around an axis that has a double linear torque and
is subject to periodic movements. %e researchers showed
that this natural system becomes an effective way to

determine the change in the median resonance (parametric).
In [10], the author concluded solutions for a simple pen-
dulum in the presence of excitation in the polar direction.

Nobody thought about using another technique espe-
cially the large parameter method although this technique
allows us to give the problem new conditions that cannot be
assumed previously. Also, this technique gives us the chance
to study the problems in a new domain of the problem (at
infinity). %e applied work has many applications in the
rotary planet motions around the Sun and the rotary mo-
tions of bodies around the Earth. Also, there are many
applications in satellite motions, antennas, and navigations.
In the first problem, the angular velocity ω is the one for the
point Q instead of point A in the previous works (see
Figure 1). Also, the angle ωt is the angle between the line OQ
and the fixed vertical downward x-axis in the plane xy in-
stead of the angle between the line OA and the x-axis.
However, in the second problem, we take a rigid body M
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instead of a particle in the first one and spring instead of a
string in the first. So, the second problem takes a compli-
cated study and procedure for obtaining the solutions in
terms of three generalized coordinates instead of one in the
first problem. We take into consideration the mentioned
descriptions above for studying the following two models
and constructing the equations of motions using the La-
grangian function. We achieve the solutions by the large
parameter method instead of the small one. %is method is
considered as a new procedure [11] which gives new con-
siderations for these problems.

2. The First Pendulum Model

In this section, we study a pendulum of mass M and string
length ℓ with suspended point A moving on an ellipse (see
Figure 1). For this case, we take a point Q on the auxiliary
circle of radius a to correspond the point A on the ellipse. Let
O be the common center of both the ellipse and the circle
such that the line AQ is perpendicular on the major axis of
the ellipse. When point A moves on the ellipse, the point Q
moves on the circle with angular velocity ω in the plane xy.
Let A begin the motion at the initial moment t � 0 in an
anticlockwise direction. After a time t, the coordinates of the
point A becomes (xA, yA) such that

ωt � cos− 1 xA

a
  � sin− 1 yA

b
 , (1)

where 2a and 2b are the major and the minor axes of the
ellipse, respectively.%e coordinates (X, Y) ofm are obtained
as

ωt � cos− 1 (X − ℓ cosΦ)

a
  � sin− 1 (Y − ℓ sinΦ)

b
 , (2)

whereΦ is the angle between the string and the vertical axis.
Assume the following parameters [12],

μ �
b

ℓ
≻≻1,

a � b],

(3)

where μ is a large parameter, that is, ℓ << b.
Also, we assume the variables

ℓω2
n � g,

ωΩ � ωn,

Φ � μ− 1 φ,

τ
ω

� t,

(4)

where g is the gravity of acceleration, ωn is the normal
angular velocity, and φ is the generalized coordinate for the
problem.

2.1. Equation of Motion. Using Lagrange’s equation, we get
the equation of motion of the pendulum in the form as
follows:

d
dτ

z(T − V)

zφ′
  −

z(T − V)

zφ
  � 0, (5)

where T is the kinetic energy and V is the potential one.
Substituting (2), (3), and (4) into (5), we get

φ″ +Ω2φ � sin τ − μ− 1]φ cos τ − 0.5μ− 2φ2 sin τ

+ 0.17μ− 3]φ3 cos τ.
(6)

%e solution of this equation means that we obtain φ in
terms of the large parameter and the time.

2.2. Approximate Periodic Solution. Now, we will find the
approximated periodic solutions for the nonresonance case
[12]; that is Ω is irrational value. However, here we use the
large parameter technique instead of the small one which
was used previously. %e solutions of (6) are obtained in the
form of power series expansions of powers of 1/μ as follows:

φ(τ, μ) � φ0(τ) + μ− 1φ1(τ) + μ− 2φ2(τ) + μ− 3φ3(τ) + . . . .

(7)

Substituting from (7) into (6) and equating coefficients
of like powers of (1/μ) of both sides, we get a system of
differential equations containing φi, i � 1, 2, 3, . . ., which is
solved to obtain the following:

ℓ

ΦA Q

X

y

x Y

a
Ob

a

ωt

Figure 1: %e pendulum motion on an ellipse.
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Ω2 − 1 φ(τ, μ) � sin τ − μ− 1 ]
Ω2 − 4 

sin τ cos τ

+ μ− 2 2]2 Ω2 − 1  − 3 Ω2 − 4 

8 Ω2 − 1 
2
Ω2 − 4 

sin τ +
2]2 Ω2 − 1  + Ω2 − 4 

8 Ω2 − 1  Ω2 − 4  Ω2 − 9 
sin 3 τ⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦

+ ] sin 2 τμ− 3

5Ω4 − 62Ω2 + 123  − 3]2 Ω2 − 1  Ω2 − 5 

12 Ω2 − 1 
2
Ω2 − 4 

2
Ω2 − 9 

−
5Ω4 − 44Ω2 + 51  + 3]2 Ω2 − 1 

2

12 Ω2 − 1 
2
Ω2 − 4  Ω2 − 9  Ω2 − 16 

cos 2 τ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ · · · ·

(8)

3. The Second Pendulum Model

In this section, we consider a rigid body pendulum of mass
M suspended with a massless spring with a length ρ(t) which
is suspended at a point O1 on the ellipse [3]. According to
[3], the point Q moves on the auxiliary circle with constant
angular velocity ω and corresponds to point O1 on the el-
lipse. Consider that the circle has radius b and the angle
between the line OQ and the horizontal axis depends on t
only. Consider the motion in the plane xy. From [3], the
point O1 moves from t � 0, θ � 0, andφ � 0 in the coun-
terclockwise direction.

3.1. Determining of Lagrangian Function. After a while t, the
point O1 will create an angle (ωt) with the horizontal axis,
that is:

ωt � cos− 1 xO1

a
  � sin− 1 yO1

b
 , (9)

where 2a and 2b are the minor and major diagonal of the
ellipse, respectively.

Consider that the coordinates of the center of mass of the
body are given by

Xc � a cosωt + ρ sin θ + h sinφ, (10)

Yc � b sinωt + ρ cos θ + h cosφ. (11)

We calculate the velocity of the center c by differentiating
(9) and (10). Consider the following parameters and vari-
ables [3]:

μ �
h

d
≻≻1,

ρ(t) � d + β(t),

ω2
n �

K

Mω2,

Jσ2 � Mh
g

ω2 + c ,

(12)

cω2
�

K(d − l)

M − g
,

θ � μ− 1 Θ, (θφ),

(13)

where d is the spring length at relative equilibrium, J denotes
the principal moment of inertia for the axis cζ, l is the free
length of the spring, μ is a large parameter, K is the force
constant of the spring, and β,Θ, andΦ are the generalized
coordinates. Use (9), (10), (11), and (13) to find the kinetic
energy and potential one and then construct the Lagran-
gian� kinetic energy–potential one in terms of the gener-
alized coordinates as follows:
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2L

ω2 � M

β′2 +(d + β)
2μ− 2Θ′2 + h

2μ− 2Φ′2 + a
2sin2 τ + b

2cos2 τ

+2hβ′μ− 2Φ′

Θ −
1
6
μ− 2Θ3 −

1
2
μ− 2ΘΦ2 +

1
12
μ− 4Θ3Φ2 −Φ +

1
2
μ− 2Θ2Φ

+
1
6
μ− 2Φ3 −

1
12
μ− 4Θ2Φ3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+2(d + β)hμ− 2Θ′Φ′

1 −
1
2
μ− 2Θ2 −

1
2
μ− 2Φ2

+
1
4
μ− 4Θ2Φ2 + μ− 2ΘΦ −

1
6
μ− 4Θ3Φ −

1
6
μ− 4ΘΦ3 +

1
36
μ− 6Θ3Φ3

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

−2β′μ− 1
aΘ sin τ −

1
6
μ− 2

aΘ3 sin τ − μb cos τ +
1
2
μ− 1

bΘ2 cos τ 

−2(d + β)μ− 1Θ′ a sin τ −
1
2
μ− 2

aΘ2 sin τ + μ− 1
bΘ cos τ −

1
6
μ− 3

bΘ3 cos τ 

−2hμ− 1Φ′ a sin τ −
1
2
μ− 2

aΦ2 sin τ + μbΦ cos τ −
1
6
μ− 3

bΦ3 cos τ 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ Jμ− 2Φ′2 + Mg/ω2
(d + β) 2 − μ− 2Θ2  + h 2 − μ− 2Φ2   −

K(d + β − ℓ)2

ω2 .

(14)

3.2. Equations of Motion. Making use of Lagrange’s equa-
tions (14), (11), and (13), we get the equations of motion as
follows:

β″ + ωn
2β � b sin τ − c + μ− 1

aΘ cos τ + hΘ′2 

+ μ− 2
h Φ″Φ −Φ″Θ +Φ′2  + βΘ′2 + 0.5Θ2

g

ω2 − b sin τ  ,

(15)

hΘ″ � a cos τ − μ− 1 2β′Θ′ + Θ b sin τ +
g

ω2  + hΦ″  − 0.5aμ− 2Θ2 cos τ, (16)

μ− 1
h +

J

Mh
 Φ″ +

g

ω2Φ  � a cos τ − hΘ″ + μ− 1
−2β′Θ′ − βΘ″ + β″Φ − bΦ sin τ 

+ μ− 2
−
1
2

aΦ2 cos τ +
1
2

hΘ″ Θ2 +Φ2  − h Θ″ΘΦ − ΘΘ′2 + Θ′2Φ  

+ μ− 3
(Θ −Φ)

2 β′Θ′ +
1
2
βΘ″  + βΘ′2(Θ −Φ) +

1
6
β″(Θ −Φ)

3
+
1
6

bΦ3 sin τ .

(17)

Substituting (15) and (16) into (17), we get

4 Complexity



Φ″ + σ2Φ J � Mh

Θ g/ω2
+ b sin τ  − ωn

2βΦ + μ− 1
Φ aΘ cos τ + hΘ′2 

+0.5a cos τ Θ2 −Φ2  + 0.5hΘ″(Θ −Φ)
2

+ hΘ′2(Θ −Φ)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+ μ− 2

hΦΦ″(Φ −Θ) +Φ hΦ′2 + bΘΘ′ cos τ  − 0.5bΦ sin τ Θ2 + 0.33Φ2 

+
g

ω2Θ
2Φ + β′Θ′(Θ −Φ)

2
+ 0.5βΘ″(Θ −Φ)

2
+ βΘΘ′2 + 0.17β″(Θ −Φ)

3

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (18)

Equations (15),(16), and (18) are a quasilinear system of
the second order which describes the pendulum equations
for this model. We aim to solve this system by a new
procedure named the large parameter method [11] to get the
approximated periodic solutions.

3.3. Approximate Periodic Solutions. In this section, we
search the approximated periodic solutions for the case of
nonresonance using the large parameter technique. As-
suming the solutions for (15–18), the following is obtained:

β(τ, μ) � β0 + μ− 1β1 + μ− 2β2 + . . . , (19)

Θ(τ, μ) � Θ0 + μ− 1Θ1 + μ− 2Θ2 + . . . , (20)

Φ(τ, μ) � Φ0 + μ− 1Φ1 + μ− 2Φ2 + . . . . (21)

Substituting (18), (19), and (20) into (15), (16), and (18)
and equating coefficients of same powers of μ in both sides,

we get a system of nine equations which give the following
solutions [3]:

β(τ, μ) �
b

ω2
n − 1

sin τ −
c

ω2
n

− μ− 1 a
2

h ω2
n − 4 

cos 2 τ + . . . ,

Θ(τ, μ) � −
a

h
cos τ + μ− 1

(a sin 2 τ − Γ cos τ) + . . . ,

Φ(τ, μ) � −
Ma

J
 

g

ω2 σ2 − 1 
cos τ −

b

2 ω2
n − 1  σ2 − 4 

sin 2 τ⎡⎢⎣ ⎤⎥⎦ + . . . .

(22)

%e force of the spring will be

F � k d − l +
c

ω2
n

  +
b

ω2
n − 1

sin τ − μ
a
2

h ω2
n − 4 

cos 2 τ + . . .⎡⎢⎣ ⎤⎥⎦.

(23)

4. Numerical Considerations

In this section, we treat the previously mentioned models by
nine programs for obtaining both the analytical and the
numerical solutions for different cases of the motions. We
use the fourth-order Runge–Kutta method for obtaining the
numerical solutions for systems of motions of the different
problems. So, we obtain five tables of results and 33 figures
for a description of the motions at different values of the

pendulum parameters. %ese tables and figures describe the
behavior of the motion and the influence of the different
parameters on the solutions.

4.1. >e Numerical Considerations of the First Model. In this
section, we discuss the analytical and numerical solutions for
the first model mentioned above. We compare these solu-
tions, and we will discuss the maximum value of the angleΦ.
We divide the problem into the following cases.

4.1.1.>e First Case (] � 0 and μ � 5000). Since ] � a/b � 0,
then a � 0, that is, the pendulum moves horizontally on a
straight line of length 2b [13]. From Table 1, we note that the
amplitude of the vibrations and the angular velocity decrease
whenΩ increases. Also, we note from the table that for every
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value ofΩ there is a great value for Φ (the angle between the
pendulum rib and the vertical axis). %is case is represented
(see Figure 2).

At the initial moment (τ � 0), the pendulum is sus-
pended at point O and its rib is represented by the vector
OB , i.e., (Φ � 0). %e angle Φ increases counterclockwise
until it reaches the maximum value when the suspension
point is at A(τ � π/2). At τ � π the suspension, the point
returns to the initial position O. %en, the angle Φ increases
in a clockwise direction until it reaches its maximum value at
the point A′(τ � 3π/2). %e suspension point will then be
directed towards the point O until it reaches the initial
position (τ � 2π). In this case, the graphical representations
of analytical and numerical solutions appear (see Figures 3
and 4).

4.1.2.>e Second Case (] � 1 and μ � 5000). In this case, ] �

a/b � 1 and then a� b; this means that the point of sus-
pension of the pendulum moves on a circle of radius a. It is
obvious from Table 2 that when the value ofΩ increases, the
angular velocity decreases and the amplitude of the vibra-
tions decreases. %e movement of the suspension point on
the circumference of a circle can be illustrated (see Figure 5).
At the initial moment (τ � 0), the point of suspension of the
pendulum is at S and its rib is represented by the vector SB ,
i.e., (Φ � 0). %en, the pendulum’s suspension point moves
counterclockwise towards point A. %e angle Φ increases
counterclockwise until it reaches the maximum value when
the suspension point is at A(τ � π/2). When the suspension
point reaches the point S′(τ � π), the angle Φ becomes zero
and the pendulum rib becomes vertical again. %en, the
angle Φ increases until it reaches its maximum value at the
point A′(τ � 3π/2). After that, the suspended point will be
directed towards point S until it reaches the primary position
(τ � 2π) and completes the period. As for this case, the
graphical representations for both analytical and numerical
solutions appear (see Figures 6 and 7).

Table 1: φmax of the first case (] � 0, μ � 5000).

Ω φmax
analytical φmax

numerical

2.1 0.2933488 0.2930785
2.3 0.2331735 0.2331879
2.5 0.1905422 0.1905665
2.7 0.1590564 0.1590581
2.8 0.146291 0.1463126
3.1 0.1160335 0.1161796
3.3 0.1010852 0.1011365
3.5 0.08887673 0.08893137
3.7 0.07879558 0.07887411
4.1 0.06324854 0.06334555
4.3 0.0571738 0.05724992
4.5 0.05194685 0.05202674
4.7 0.04741498 0.0474991
5.2 0.03840205 0.03847147
5.4 0.03551105 0.03557474

b AA′

B

ℓ

O b

B

ℓ

B

ℓ ΦmaxΦmax

Figure 2: Description of the pendulum motion for case (i) in
Section 4.1.
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τ

-0.4

-0.2

0
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φ

Ω = 2.1
Ω = 2.3

Figure 3: %e analytical solutions for case (i) in Section 4.1.
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τ
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Figure 4: %e numerical solutions for case (i) in Section 4.1.

6 Complexity



4.1.3. >e >ird Case (] � 1.5 and μ � 5000). It is clear
from Table 3 that the amplitude of the vibrations de-
creases when the value of Ω increases and thus the an-
gular velocity decreases. %e graphical representations of
the analytical and numerical solutions are shown (see
Figures 8 and 9).

4.1.4. >e Fourth Case (Ω � 1.5 and μ � 1250). Table 4
shows the analytical and numerical solutions of different
values of ] belonging to the period [0, 1]. From Table 4, we
conclude that the higher the value μ makes the smaller the
amplitude of the vibrations. %e graphical representations
for this case are obtained (see Figures 10 and 11).

4.1.5. >e Fifth Case (Ω � 2.5 and μ � 1250). Table 5 gives
the analytical and numerical solutions for different values of
] belonging to the period [0, 1]. We conclude that the higher

Table 2: φmax of the second case (] � 1, μ � 5000).

Ω φmax
analytical φmax

numerical

2.1 0.3213152 0.3233396
2.3 0.2336605 0.2339807
2.5 0.19085 0.1909746
2.7 0.159339 0.1591531
2.8 0.1466192 0.1466426
3.1 0.1156941 0.1158647
3.3 0.1010075 0.1010626
3.5 0.08884358 0.0889034
3.7 0.07877824 0.07885911
4.1 0.06324223 0.06336687
4.3 0.05716965 0.0572462
4.5 0.05194401 0.05202422
4.7 0.04741298 0.0474967
5.2 0.03840113 0.03846995
5.4 0.03551035 0.03557364

S

S′

B

ℓ

b AA′

ΦmaxΦmax
B B

ℓℓ

ℓ

O b

Figure 5: Description of the pendulum motion for case (ii) in
Section 4.1.
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φ
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Figure 6: %e analytical solutions for case (ii) in Section 4.1.
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τ

-0.2
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φ

Ω = 2.5
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Figure 7: %e numerical solutions for case (ii) in Section 4.1.

Table 3: φmax of the third case (] � 1.5, μ � 5000).

Ω φmax
analytical φmax

numerical

2.1 0.3433021 0.3466265
2.3 0.2382122 0.2389854
2.5 0.1912348 0.1914796
2.7 0.1596922 0.1597867
2.8 0.1470294 0.1470511
3.1 0.1152698 0.1154751
3.3 0.1009105 0.1009705
3.5 0.08880214 0.08886883
3.7 0.07875657 0.07884256
4.1 0.06323432 0.06333476
4.3 0.05716445 0.0572428
4.5 0.05194046 0.05202207
4.7 0.04741048 0.04749489
5.2 0.03839997 0.03846891
5.4 0.03550947 0.03557289

0 100 200 300
τ

-0.15
-0.1

-0.05
0

0.05
0.1

0.15

φ

Ω = 2.8
Ω = 3.1

Figure 8: %e analytical solutions for case (iii) in Section 4.1.
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the value ], the slower the amplitude of the vibrations will
increase. From Table 5, we find that the difference between
numerical and analytical results is very small and can be
neglected. Moreover, the graphic representations of this case
are shown (see Figures 12 and 13).

4.2. >e Numerical Considerations of the Second Model.
%is section will be devoted to verifying the accuracy of the
analytical solutions resulting in the secondmodel mentioned
above by using computer programs. %ese solutions will be
represented graphically in several cases as follows.

4.2.1. >e First Case (b � 0 and μ � 2500). Since b � 0, this
means that the movement of the pendulum is horizontal
along its longitude 2a. %is is evident from the graphical
representations of the analytical solutions shown through
the graphs (see Figures 14–16). In this case, we note the
stability of the solutions that we obtained as evidence (see
Figures 17–19).

4.2.2. >e Second Case (a � b and μ � 2500). In this case,
the point of suspension of the pendulum moves over a circle
of radius a. We obtain the graphic representations of the
analytical solutions in a suitable manner of the case (i) (see
Figures 20–22).We note the stability of solutions in this case,
as evidenced (see Figures 23–25).

0 100 200 300
τ

-0.15
-0.1

-0.05
0

0.05
0.1

0.15

φ

Ω = 2.8
Ω = 3.1

Figure 9: %e numerical solutions for case (iii) in Section 4.1.

Table 4: φmax of the fourth case (Ω � 1.5, μ � 1250).

] φmax
analytical φmax

numerical

0 0.8000296 0.8000393
0.1 0.8000292 0.800032
0.2 0.800028 0.8000173
0.3 0.8000258 0.7998232
0.4 0.8000228 0.7998127
0.5 0.8000191 0.799799
0.6 0.8000144 0.799782
0.7 0.8000089 0.7997616
0.8 0.8000026 0.7997379
0.9 0.7999954 0.7997114
1 0.7999873 0.7996807

0 100 200 300
τ

-0.1

-0.05

0

0.05

0.1

φ

v = 0
v = 1

Figure 10: %e analytical solutions for case (iv) in Section 4.1.

0 100 200 300
τ

-0.1

-0.05

0

0.05

0.1

φ

v = 0
v = 1

Figure 11: %e numerical solutions for case (iv) in Section 4.1.

Table 5: φmax of the fifth case (Ω � 2.5, μ � 1250).

] φmax
analytical φmax

numerical

0 0.1904803 0.190602
0.1 0.1904805 0.1906011
0.2 0.1904811 0.1906013
0.3 0.1904821 0.1906015
0.4 0.1904834 0.1906024
0.5 0.1904851 0.1906038
0.6 0.1904873 0.1906058
0.7 0.1904897 0.1906083
0.8 0.1904926 0.1906113
0.9 0.1904959 0.1906149
1 0.1904996 0.1906189

0 100 200 300
τ

-0.06
-0.04
-0.02

0
0.02
0.04
0.06

φ

v = 0
v = 1

Figure 12: %e analytical solutions for case (v) in Section 4.1.
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Figure 14: %e analytical solution β for case (i) in Section 4.1.
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Figure 13: %e numerical solutions for case (v) in Section 4.1.
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Figure 15: %e analytical solution Θ for case (i) in Section 4.2.
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0
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Figure 16: %e analytical solution Φ for case (i) in Section 4.2.
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β
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Figure 17: %e stability phrase β′ and β for case (i) in Section 4.2.
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-80000 -60000 -40000 -20000 0 20000 40000 60000 80000
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Figure 18: %e stability phrase Θ′ andΘ for case (i) in Section 4.2.
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Figure 19: %e stability phrase Φ′ andΦ for case (i) in Section 4.2.
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Figure 20: %e analytical solution β for case (ii) in Section 4.2.
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Figure 22: %e analytical solution Φ for case (ii) in Section 4.2.
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Figure 21: %e analytical solution Θ for case (ii) in Section 4.2.
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Figure 23: %e stability phrase β′ and β for case (ii) in Section 4.2.
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Figure 24: %e stability phrase Θ′ andΘ for case (ii) in Section 4.2.
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Figure 25: %e stability phraseΦ′ andΦ for case (ii) in Section 4.2.
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Figure 27: %e analytical solution Θ for case (iii) in Section 4.2.
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Figure 28: %e analytical solution Φ for case (iii) in Section 4.2.
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Figure 26: %e analytical solution β for case (iii) in Section 4.2.
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4.2.3.>e>ird Case (b � 2a and μ � 2500). In this case, the
pendulum’s suspension point moves on the ellipse of its
largest and minimum axial as a and b, respectively. Con-
cerning this case, the graphic representations of the ana-
lytical solutions appear suitably for case (i) (see

Figures 26–28).We note the stability of solutions in this case,
as evidenced (see Figures 29–31).

4.2.4. >e Fourth Case (a � 0). %e pendulum, in this case,
moves vertically along a vertical line along its length, and the
graphic representations of the analytical solutions are rep-
resented (see Figure 32). In this case, we note the stability of
the solutions as shown (see Figure 33). In this case, we
deduce that Θ(τ) � Φ(τ) � 0.

5. Conclusions

Two new models have been introduced for the movement of
the pendulum in the presence of new primary conditions
that are not previously defined. Poincare’s method fails to
solve these problems in the presence of the new condition so
we must search for a new technique that matches these
changes. A large parameter was defined to achieve a large
parameter method for solving this problem under the new
assumptions. %e equations for the motility of the models
are deduced and solved using the large parameter method
for obtaining the solutions analytically. %e fourth-order
Ronge–Kutta numerical method is presented for solving the
system of equations numerically through computer pro-
grams. Also, numerical and analytical solutions were
compared by 5 tables and 33 graphs. It turned out that the
analytical solutions conform to the numerical solutions,
which proves the validity of the serious methods used in the
solutions. %e solutions stabilities are given by the phase
diagrams procedure. %is paper is a generalization of many
previous works.%e twomodels are classified into nine cases
depending on the parameters of the motion. From this, we
conclude that the cases studied were implemented in re-
search [6, 7, 10, 13]. %ere are generalized cases of the
pendulum movement because of introducing the coherent
body instead of the particle as well as the movement on an
ellipse instead of moving on a circle and taking a flexible wire
instead of a string. %e previous solutions are obtained as
special cases of solutions in this paper. We also conclude the
following points:

(1) %e approximate periodic solutions are obtained
using the large parameter method because Poincare’s
technique is failed in this case
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Figure 30:%e stability phraseΘ′ andΘ for case (iii) in Section 4.2.
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Figure 29: %e stability phrase β′ and β for case (iii) in Section 4.2.
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Figure 31:%e stability phraseΦ′ andΦ for case (iii) in Section 4.2.
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Figure 32: %e analytical solution β for case (iv) in Section 4.2.
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Figure 33: %e stability phrase β′ and β for case (iv) in Section 4.2.
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(2) %e amount of angular velocity in the case of
nonresonant vibrations must take no integer values
to avoid the singularity in the solution

(3) %e approximate periodic solutions were obtained in
terms of periodic functions.
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