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This paper addresses the adaptive asymptotic tracking control problem for nonlinear systems whose virtual control gains are
unknown nonlinear functions of system states. Only in the first step, the Nussbaum gain technique is utilized to handle the
uncertain virtual control gain. In the remaining steps, virtual control gains are dealt with by constructing novel control laws
without the approximation of the uncertain nonlinear functions and external disturbances by neural networks or fuzzy logic. New
adaptive laws are defined to compensate for unknown virtual control gains, uncertain parameters, and external disturbances.
Finally, an adaptive tracking controller is designed and applied to the control of a 3-order robot system, which guarantees the
boundedness of all the signals in the closed-loop system and asymptotic stability of the tracking error.

1. Introduction

The tracking control has received considerable attention for
the purpose of ensuring the output of the system is tracking a
desired trajectory. To deal with the uncertainties in non-
linear systems, one of the most popular methods, adaptive
control, has been introduced for controller design. There
have been many related results in this area [1-11]. An
adaptive data-driven controller was designed for nonlinear
systems using goal representation heuristic and dynamic
programming [4]. In view of unknown nonlinear fractional-
order systems, an adaptive control scheme was proposed [5].
For nonlinear systems with dead-zone and actuator failure,
two novel finite-time adaptive tracking controllers were
developed [7-9]. By introducing a new performance func-
tion, [10, 11] they constructed two adaptive tracking con-
trollers via prescribed performance control and funnel
control, respectively. It needs to be emphasized that the
VCGs (virtual control gains) of systems in the above papers
are assumed to be known.

However, the VCGs are uncertain for many actual
systems. In response to this challenge, the Nussbaum gain
technique was first proposed [12]. There have been many
achievements for nonlinear systems, whose VCGs were
unknown constants [13-16]. Two adaptive control strategies
were given for unknown nonlinear SISO (single input, single
output) systems and stochastic nonlinear systems based on
state observers [13, 14]. In consideration of unmodeled
dynamics and an unknown dead-zone, an improved control
strategy was addressed [15]. In view of nonlinear systems
with actuator faults and state/input constraints, a controller
was designed based on dynamic surface and Nussbaum gain
[16]. Taking into account uncertain time-varying VCGs, an
improved adaptive control method was given [17], which
was further improved [18] such that the Nussbaum gain
technique was applied to nonlinear systems whose virtual
control gains were unknown nonlinear functions of system
states. To handle time-varying uncertain control gains, new
Nussbaum functions were defined [19]. Two adaptive robust
control schemes were proposed [20] for nonlinear systems


mailto:wei.xiao.k@chnenergy.com.cn
https://orcid.org/0000-0002-6903-8192
https://orcid.org/0000-0002-5412-1196
https://orcid.org/0000-0001-9082-2638
https://orcid.org/0000-0001-7632-6873
https://orcid.org/0000-0003-2455-8167
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/7408077

with certain and uncertain signs of VCGs. Aiming at
nonlinear systems with uncertain dead-zone output, an
adaptive fuzzy control scheme was designed using a state
observer [21]. To achieve full state constraints, adaptive
tracking control was studied by the Barrier Lyapunov
function [22]. Considering MIMO (multiple input, multiple
output) nonlinear systems with input saturations and un-
certain control gains, two adaptive NN (neural network)
controllers were constructed [23, 24]. A dynamic surface
control strategy was given for nonlinear systems with un-
certain VCGs using fuzzy logic [25].

Fuzzy logic and neural networks were also usually ap-
plied to handle the unknown VCGs. The VCGs were sup-
posed to have known upper and lower bounds and were
approximated by fuzzy logic, and then the adaptive fuzzy
tracking controllers were constructed for strict feedback [26]
and switched nonlinear systems [27]. Two adaptive fuzzy
control schemes were proposed for nonaffine [28] and
nonstrict-feedback [29] nonlinear systems based on funnel
control and dynamic surface control, respectively. Several
adaptive NN tracking controllers were constructed for
different-type uncertain nonlinear systems [30-32]. Besides,
by utilizing |z| — z2/Vz? + 8* < § with § > 0 and z being any
real number, two controllers were designed by invoking the
lower bounds of unknown VCGs [33, 34]. By describing
UVCCs in terms of their known and unknown parts, a new
adaptive tracking controller was constructed and applied to
the attitude control of quadrotors [35]. More research results
on nonlinear systems with unknown VCGs can be seen in
[36, 37].

In summary, only the boundedness of tracking error can
be obtained in the aforementioned achievements. The better
tracking performance of asymptotic stability was not
researched for nonlinear systems with uncertain VCGs being
functions of system states. Recently, an adaptive asymptotic
tracking control method was presented in [38]. There were
also some others that dealt with unknown nonlinear
functions and external disturbances by neural networks.
However, according to the literature review, there has been
no work reported on adaptive asymptotic tracking con-
trollers for nonlinear systems with VCGs being uncertain
state functions without using fuzzy logic or neural networks.

Inspired by the mentioned research achievements, the
paper is concerned with adaptive tracking control for
nonlinear systems with external disturbances, whose VCGs
are uncertain functions of system states. An adaptive
tracking controller is designed in a stepwise strategy and
applied to the control of a robot system, which ensures both
the boundedness of all the signals in the closed-loop system
and the asymptotic stability of the tracking error. The ef-
fectiveness and practicability of the developed control
strategy are validated by both theoretical analysis and
simulations.

The paper possesses the following features:

(1) Different from the control methods based on the
Nussbaum gain technique [13-25], a Nussbaum
function is only employed in the first step and an
improved adaptive law for the Nussbaum variable is
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defined such that the asymptotic stability of the
tracking error is achieved. This is the main im-
provement on [13-32], which can only guarantee
that the tracking error is bounded. Without using
fuzzy logic or neural networks [26-32], and the
lemma of |z| — z2/Vz2 + 8% < 8 [33, 34], novel control
laws are constructed in the remaining steps without
the bounds of the unknown VCGs.

(2) To compensate for unknown VCGs, unknown ex-
ternal disturbances, and parameter uncertainties,
new adaptive laws are adopted so that the as-
sumption of unknown VCGs can be relaxed as in
Assumption 2, where unknown VCGs only have
unknown lower and upper bounds
[22, 25, 26, 29, 31, 34, 38]. Unknown VCGs are
assumed to be bound by with known upper and
lower bounds [14, 18], known lower bounds [27, 30],
and known upper bounds [13, 16]. In [32], unknown
VCGs are assumed to be strictly either positive or
negative. All the above assumptions are more re-
strictive. Therefore, the proposed controller can be
suitable for more nonlinear systems.

(3) The reference signal is only required to be differ-
entiable and the assumption is written as Assump-
tion 1, which is less restrictive than the related
assumption that the reference signal and its time
derivatives up to the n-th order are continuous and
bounded [13, 17, 18, 20-22, 26, 28-31, 33, 38].

The outline of this paper is presented below. In Section 2,
the preliminaries and problem formulation are described.
The design of an adaptive control algorithm and stability
analysis are given in Section 3. Sections 4 and 5 provide the
simulation examples of a second-order nonlinear system and
a robotic system, respectively, and the summary of the paper.

2. Problem Formulation and Preliminaries

The uncertain nonlinear system is considered as follows:

% =g ®)xi +0 9, (), +d; (1), i=1,...,n-1,
%= gn(Z)u+0 9, (x,) +d, (),
Y =X

(1)

where X; = [x,,...,x;]T € R, ucR, yeR are the state
vector, input, and output of the system, respectively,
i=1,...,n g;(x;) € R denotes the VCG, which is an un-
known smooth non-zero nonlinear function. 8 € R% is an
unknown parameter vector, and ¢;(X;) € R®. denotes a
nonlinear function, which is known and smooth, s; is a
positive integer; d; (t) € R is an unknown bounded external
disturbance.

Assumption 1 (see [24]). The ideal output vector y;(t) =
[ya(t), yq ®).7 is absolutely continuous and bounded.
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Assumption 2 (see [22]). Let us assume that the sign of
g; (x;). does not change for all x; and g; (). satisfies

0<gim§|gi (Ei)lggiM< +00, (2)

with g, and g;,, being unknown positive constants.
“imm

It is reasonable that g;(X;). is bigger than a positive
constant g, due to the system controllable condition of
g; (X;) being away from 0, which could eliminate the con-
troller singularity problem and has been given in many
control strategies [22, 25, 26, 29, 31, 34, 38] and the refer-
ences therein. It is worth noting that the VCGs in the above
references possess the following synthesis: the lower and
upper bounds of the VCGs are only used in the procedures
of the controller design and are not required in the con-
troller, which means that g. and g, can be unknown.

. . im -

Without loss of generality, we assume that g; (X;) > 0.

Assumption 3. There exists an unknown positive constant d,
satisfying

Id, (1)| <, (3)

Definition 1 (see [12]). A continuous function N (¢) is
named as Nussbaum function when the following conditions
hold:

1 £
lim sup— J N (¢)d¢ = +o0,
¢e—E & 0
(4)
1 €
lim inf- J N(¢)d¢ = —00.
£—00 e Jo

There are many Nussbaum-type functions, such as
e sin ((71/2)¢), e cos((71/2)c), ¢ sin(¢), and ¢* cos (¢).

Lemma 1 (see [18]). Let g(x) € [g;, g,] with g;, g, being
non-zero real numbers and 0 ¢ [g;,9,], N(¢) is an even
Nussbaum function, z (t) is an absolutely continuous func-
tion, and x (t) is another function. If there exist 1 > 0 and a real
constant y such that a function V (t) should be subject to

Viyze" jo(g(x(‘r))N({(T)) + D¢ (D) dr+y, Ve [o,t],
(5)

then ((t), I:) (g (x(D))IN({ () + D{(1)e'*dr and V (t) are
all bounded on [0, tf].

According to Proposition 2 in [39], ¢ £ can be extended to
+00, when the solution of the closed-loop system is bounded.

3. Design and Analysis of the Controller

The procedure of the adaptive controller design and stability
analysis are presented.

Firstly, the common coordinate transformation is in-
troduced as

21 =%~ Yo

Zi =X~ %

(6)

i=2,...,n

with a;_, being the intermediate control law\designed later.
The system (1) is changed into

(2, =g, (%)%, + 9T§01 (%) +dy () = Y

Zi = gi(X)x; + 079, (%), +dy (1) — 6y,
1i=2,...,n-1, (7)
Z‘Vl = g’Vl (En)u + 0T¢n (En) + dn (t) - dn—l’

L y = x,.

In order to estimate the unknown VCGs g;(¥;), un-
known parameter vector 6, and uncertain external distur-
bances d; (t), define

o =|r|, i=12....n (8)
Q=@ ~ @ 9
where |- | is the 2-norm of vectors, I'; is an unknown

bounded vector given later; ®@; is the approximation error
with @; being the estimation of ®;.

In what follows, the controller will be constructed in a
stepwise strategy via backstepping. For convenience, let
9i = 9;(%;), ¢; = ¢; (%), and d; = d; (¢).

Step 1. We choose the first Lyapunov function candidate as

1 5
Vi=o—2 +—0), (10)
zglm qu
where g, is a positive constant.
Differentiating V| and invoking (9) produce
. 1 . 1. ..
Vi=—22, -—®,0,. (11)
“lm Q
Substituting z, in (7) into (11) and considering (6) yield
. z T . 1. .
V= _1(91Z2 +gio +0 ¢ +d; - )’d) - —0,0;. (12)
glm 4

Based on Young inequality, we have

lg lg
LINRY ISRy Y}
Iim 29 2 9im
1 T 9T9 T 2 al
—0 z1¢15277‘f’1§0121 +2 >
1m 41 9, I im
1 1 2 2 b 1 1 =2 2 b
—=z,d, < —dz] 3 ! Si_dy% > L
Iim 1 91m 9, 19 I1m
1 . 1 1 202 Cl 1 .2 2
——Z1Y4< VaZ = Yamc1t 5
9y 2009, 0" 29, 2009, " 29,
(13)

where a,, by, and ¢, are positive constants and y 4, is the
maximum of |y,| and unknown.
By invoking (13), V', is described as
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1

; 2 Lgwm 2, 1 g1m 2 0'0 T 2
Vis—ag0 +£7Z1 Eizz+g7¢l¢lzl
Lim glm glm 1 glm
(14)
1 1 = b 1 . 1. .
L lga, e b L e b L5,
2b, g,, 20, 291, 261 9y 29, @
Let us define Substituting (15) and (16) into (14) results in
G 00 1 2 3
T, = |:g1M, )dz,m} (15)
glm glm glm glm
11 , 1 1
Y=o g |- 16
1 [2 20,7191 28, 2c1] (16)
. 1lg a b c 1. .
V1§£21a1+—g1—Mz2+FlYszf+ Ly L 3,0,
“1im 2 “1im zglm 2glm 2glm ql
(17)
1g . b 1. .
=912 3 g2, Y|z +2a1 +3 L+ 261 -—®,0,
Lim glm glm glm glm ql
¢ =AMz @, (20)

In the following, the virtual control signal «; is defined as

a, = N(¢a,, (18)

@, =kyz; + @Y,z (19)
where N (¢) is a Nussbaum-type even function and k, is a
positive design parameter.

¢ is adjusted according to the following law:

v, Sile(C)% tzi0 —z0 + ®T||Y1 "z% +
C1lm
IR
=_k ZZ+LN +———1 D, — Y
g (©¢+5 ql(l oY,

The adaptive law @, is defined as

@, = qi|Y,|z} - 0,@,. (22)

91
Ag

“1m

.1,
N(¢)s+=¢+

V,< —kz +
1 121 1

0y~
13,0
91

Step 2. A Lyapunov function candidate is given as

where A >0 is a design parameter.

Remark 1. From (19) and the definition of @;, @, it can be
known that all the terms of ¢ are nonnegative, which is the
key to proving the asymptotic stability of the tracking error
later.

By invoking (18) and (20), Vl is shown as

b,
2glm

ay
2glm

2glm
(21)
ay b,

13
diMm 2 + +
Zglm 2glm

Je) + 5 ez

“1lm

‘

zglm‘

With o, >0 being a design parameter.
Replacing @; in (21) by (22), V; can be given as

ay b,

2!
+ .
2glm 2glm 2glm

l glez
2 glm ’

1t (23)
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_ 1 5, 1 where g, >0 is a constant.
Vo=Vt 29 Z * quwl’ (24) Based on (23) and z, in (7), we have
L2m
1 1_ .
V2 = V1 +—=2,2, ——®,0,
“L2m q2
R s
< —klzf+lg1 N(Q+7¢+ 10,0, +§%—MZ§ (25)
glm 4 1im
a9 b, T . o 1. .
+ + + zz(g2x3 +0 ¢,+d, - ocl) + - —®,®,.
2glm 2glm me zglm 92
From (18), &, is expressed as Substituting (26) into (25) leads to
oa; . N Jda . +a(x1 N a(xla) (26)
0 =—X; +— .
1o, T3y, e e,

91 N SN Lgwm 2, &
— k2 + N@Q¢+5¢+—0,®, + - =2, + ——
Ag A g 29 29,

Lim “1lm

b, cl 1 T
@ﬁL@”L@Zz(gz (23 +0‘2)+9 P2 +dz) (27)

163@ 1Za ( oo ) L <a(x1 a(xl aalo)
5 1) g, 25, g1%, 1 9, 3 Yat aC 5601

According to Young inequality, the following inequal-
ities hold

13
&ZZ% <=9 2 »‘727MZ§,
Iom 2 9, Iom
1 1 1= b
—=z,d, < —d§z§ 2
me 2b2 me me
L, ( aal(p ) 1 670 Bocl(P g a,
L2m ? ? axl : 2a2 me axl : 2Q2m)
(28)
_LZ %}) <L 1 )'/2 (aal) ZZ + C2
Do Oya’ 200 g, M\Oya) 7 29y,
1 a(xl 1 1 _2 2 a(xl 2 2 lZ
. s 1 < —_
mezzaxlglxz - 212 meglsz axl 22 ’ 2g2m’
_Z <aoc1 +%® )< 1 1 (8061 a‘xlm )2 2, M
9, \ 05 0@, ') " 2m, Gy \ 06 B(DI % 29,

where a,, b,, ¢,, I, and m, are positive constants.
Substituting (28) into (27) leads to
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. N lg Sa,+b+c g
Vo< —k2+ - IL N(Qe+ -6+ 2@,@, +- IM2 Y ETI TG T2
E g, N g, Y, T,
13 1g 1 100 o P, 1 1
+ = gz—Mzg += gz—Mzg — =@y + —— — 9, — 0, z% + —dzzg (29)
2g,. 29, q, 2a, g, 0x, 2b, g,
1 1 oa, \’ 13 oa, \’ l 1 2z2 (0a oa >’ m
+——)'/§M<—l) z§+—gl—Mx§(—1) z5 + 2 +——2(—1¢+—16'01) +—=
265 Gy, ¥4 2 Dom 0x, 29y 22 Gy 9 0, 29,,,
I, and Y, are written as Invoking (30) and (31) produces
_ - Tn 32 2 =2
I {f/w O 06 ymwl} (30)
glm me me me QZm me me
2 2
Y. = 1 |2 =0 /0x,00|" 1 (3a/9y,) v
22 2a, 2, 2, 2| (31)
v - (0, /0x,x,)* (0, /d¢é + 0a, /0@, @, )
2 21, ’ 2m, '
; 1 01~ 2. +b +c
V < —k 2 gl N . - _lm ) ¥,
S e, NOEEg @ Ty
(32)
L m, . 92 . 2 1gom o 1< .
T R ;Y. M2 8,0,
2Q2m ' 222"1 ' QZmZZ“Z ' 2" 2"22 ' 2 _ZmZ3 2 e
Designing the following virtual control signal as and substituting it into (32) give
a, = -k,z, - (D2||Y2||z2. (33)
: R PP
Vo< k2t + A:Zl N(@é+yi+iae, -2 (k22 + @,V |22)
<1im <2m
(34)

*
+®,

Y'|z2+iai+bi+ci+ A L™ 1Gm 2 1= .
21|22
i=1 Zgim 2g2m 2g2m 2 Iom gy

where k, >0 is a design parameter. —(g,/ 9, )(kyz5 + @,|[Y,llz3)  are  nonpositive, and
(9,/ g_m > 1, which means that (g,/g, ) can be replaced by
Remark 2. . Based on (32), Assumption 2, and the definition 71% o

1 in the controller design.
of ®@,, it is easy to check that all the items of V, is changed to

2 2
. 2 g .1 o« a; +b; +¢
V,< —Zkizi +/1g1 N(c)c+1c+q—i®1®1+zi

i=1 J1m i=1 2gim
(35)
L, my, L. 2y, 1 9am »
+2g2m + 2, q2®2(®2 + q2||Y2||z2) +3 ; z5.

<2m
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We construct an adaptive law as where 0, is a positive constant.

. Substituting (36) into (35) produces
@, = %”Yz”Z% = 0,0, (36) &

+b,+ l 1g
gl N(C)C+/\C+Z 3.0, +Za G, 2 , ™ +fgz—Mz§.
i=1 71m i= lql gim 2g2m 2g2m 2 QZm

MN

Step j (3<j<n—1): For the j th subsystem of (6), a  where q; >0 is a design parameter.

Lyapunov function candidate is iteratively chosen from the Differentiating V'; produces
previous step. ) ) 1 1
1 5, 1, J 1t %
V.=V. +— 24 — & Iim q; ’
iT Vi j 7 (38) j

By an induction argument, V ;_, is deduced as

j-1

-1 1 -
Zkz a+b +¢; Z Zli+mi+1gj71,Mzg
J,
_im :1 i=2 gim 2 gj—l,m
where a;, b;, ¢;, I;, m;, 0;, q; are all positive constants. Substituting (40) into (39) gives

-1
Zk 91 N(e+ 2 C+Z %0, + Za +b; +c+]zli+mi

Iim i=14i gim i=2 zgim
1Gjm o % T . 1 .
+zg zj+g—(gjzj+1+gjocj+0 ¢j+dj_“j—l)_a®j®j’
<j-1,m < jm ]
where Furthermore, Vj is expressed as
j-1
i = Oa;_; .\ ot 1)'/51 . o - Oa;_y 3
J- i -
= 0x; 0yy4 oc B(Dj,l (42)

: 2
®; = ‘ij1||ij1“Zj-1 — 010,

Zk 91 N(¢)¢+~ <+Z —iR,® Zl a+bi+g lei+mi+lyj—1,MZ;
Im A y j

in1 i zm i=2 2gim 2 gj—lm
i-1
9; 9j z; z; U arxj_l z arxj_l,
+—z.z; +—z-oc-+—d-——z GiXiy ——— y
%+l i%i j ivit+l d
G jm im G im Gjm i=1 0x; I jm 94
z: [Oa;_ o, . z, 1 0a,_ 1. .
——]< Uy 1<D]'1>+—J(9T 9~ P | -—8,0;
gjm a(: acoj_l g]m i=1 axi q]

Based on the completion of squares, one has

(37)

(39)

(40)

(41)

(43)
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o" j’laocj_l 3 1 678 16“ g aj
—Z ¢' - ¢' =7 ¢ - Z -~
im N7 & ox ) 2a Gim = ax 72,
) . (4)
1 aaj_l . 1 1 .2 (a(x]_1> 2 Cj 1 1- a(x]‘_l
% Yaso—— z;+ -z iXis1s
gjm ! ayd 2C]- g]m M ayd zg]m gjm J; a !
; 2
1 Oat; 1 2 l; z; (Oaj_y, Oaj;.
<— -1 Dy )
2 g, 91M<Z 0x; > +2ﬂjm Gjm \ 06 Ha@j,l i
2 2
z; (0 o,
si—’( Tty S ! 1) +—1
2m; g, 0 0 29,,
wherea, b, c;,|; and m; are positive design parameters and Invoking (44), V j Is rewritten as
g;M = max{glM’ e ’??—I,M .
it J b I
1 %i%.0, a,+1+c,+z,+ml
/\ i=1 11 i=1 gm i=2 zglm
» 2
19; 1 19, ; 11 1 670 0w
911M§+_91_M§ o §+1+izj“1+7 jf P j_z a] 9, Z? (45)
2g]lm 2g]m zgjm g]m ng 2a g i=1 i
- 2
1 1 , (&)cx ) 11, laocj_l 1 1 1 (E}cx]_l o ) 5
Y zZi+ g X Zi—-—00; +——— | z
2; g aM\ 9y )| ; M ; ox; )i 7 2m; g 0 0®, ]
Similarly, we define By invoking (46) and (47), Vj is shown as
6'6 d 1
rj ngIM gJ_M__Jyd_MgJ_M_:I, (46) Zk 91 N(Q)e+= c+z ‘D®+Zw
gj—l,m g]m g]m g]m gjm gjm gjm 1m i=1 4gi glm
[ y i mi 1 g iM 9j 1. .
1 “(pj— -, (3at;_,/0x; (pIH . +Z S == §+1 =7 JY5)25 - —00;
Y] =1 )_yY'lyY 2 |» i= glm g]m q"
2 2a; 2. IV
L / / (48)
- 2 i1 2
Y = ((ao‘j—l/ayd)) (ZLI (a“j—l/axi)xiﬂ) (47) Defining the j th virtual control law as
i 2¢; ’ 2 ’ " “
L =—kiz,-@:|Y:|z,. (49)
- . . 2 77 ARl | )
v - ((a(xj_l/ac)c +<aocj_1/a®j_l)®j_l)
2= 2m, ‘ and substituting it into (48) to yield
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where k. >0 is a constant.

; a;+b; +¢ X
V< - Zkz +A:Zl N(C)C+ c+ Z —Lo,@; + ZT Similar to (36), ®; can be specified as
iz14i Zim
n = 2 —_ . .
S Lem, 1T &; =¥l - o0, (51)
+y 1+,!7221+@Hy|‘]_ —0;0;, . . .
= 20y, 2 im q; with 0;> O.bellng.a design parameter.
(50) Then, V is given as

a;+b;,+¢ L1+ m, <
+Z ’2 ! Zg]M zﬁﬂ. (52)
gzm i= gtm gjm

Zk

Step n: following the similar procedure for (38) in Step j, ~ and V,, is presented as
the Lyapunov function candidate for the last step is designed

. 1. 1. .
as V,=—=2,2,+V,, ——0,0,, (54)
1 1 - o
=2
Vo=Vt ?z + EG) (53) where g, >0 is a constant.
~nm

It follows from (52) that

1 n-1 —
Zai+bi+ci+zli+mi+lgn,1M )

Z kiz Z, (55)
i=1 zgim i=2 2gim 2 gn—l,m "
where a;, b, ¢;, I;, m;, 0;, and g; are all positive constants. V, is given as
a +b;+¢;
Z kiz
gim
(56)
=L +m, 1 . 19, 1. .
+ Z 1y —zn(gnu +67, +d, - ocn_l) += g"—lei - 0,0,
i=2 gim gnm 2 ﬂn—l,m 9n
where Furthermore, V, is reformulated as
< oa aoc . 0a,_,. Oa,q .
Z nl nlyd+ n1C+ nl‘Dn—l)
04 0g 0@, (57)
: 2
®, 1= qn—luYn—l”Zn—l =0, 10, 1.
Z kz Loy Z S0+ Z va+ bt
o C i1 9i 2g,,
S +m 1 Gnm RIS z, "2 oa
+y At IM2  In w2, d, -0 X, 58
; zgim 2 gn—l,m Inm Inm i=1 axi " ( )

Zn <a(xn71&+ aacnfl('b )_i aanfl )+ Zn GT _
gnm aC aa”‘l " gnm ayd & gnm o
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Repeating the similar procedures in Step j, we have

Complexity

O ST B
9o "\ & ox; V)T 2a, G & ox T 2g,
! z,d, <L 1zp b )
nm Zb" 9 o zgnm
1 Oa, . 1 2 [Oa,_ Z2+ ¢,
g 2y ay yd zcn g —Vam ay zgnm’ (59)
1 S oa, 1 . [ 0a, 2 n
_az < a —_ 9i% 1+1 2l gnM<ll aixi+1 zn+2gnm’
aan 1 a(xn I\D < zfu a‘xn—l . _'_ao‘n—lé'J 2 + mn
g, \ 9 a(D ") 2g m,\ 0 ¢ 0, , ! 2g,’
1
T, = |:g”1Mﬂd_yd_Mg"_M_:|’ (60)
ﬁn—l,m gnm gnm Qnm gnm gnm
n—l 2
Y = l “§0n i=1 (a‘xn—l/axi)gpi" * Y*
"2 2a, e
" 2
Y* = (a(xn—l/ayd)z (21:11 (a“n—l/axi)xiﬂ) (61)
nl 2¢, ’ 21, ’
Y* — [ ((a‘xnf l/aC)C + (a‘xn—l/amn—l)d)rl—l)2
n2 zmn >
where a,, b,, c,, L, and m,, are positive design parameters Substituting (60) and (61) into (58) results in
n n n n n g p g
and Gy = Max{Gipp - - - ’yfl—l,Mf'
n-1 ) g 1 n-1 o
=Y kzi + 2 N(Qi+ 28+ Y D,
i=1 Ag,,, A Ha
(62)
& a; + b +¢ I, +m,
+ Z
i=1 1m =2 zm < nm
Similar to (49) and (51), the real control law and #n th Z kiz 91 N+~ C + Z —®,;®;
adaptive law can be defined, respectively, as follows: A, =1 4 (65)
L b l. ;
= —k,z, = @Y, |2, (63) + Z 4+ 0 t+¢ Z 12‘\;”11.
i= 1m i=2 “Iim
and
According to the above controller design, the main
@, = qn“Yn” Zfl -0,d,, (64) conclusion is summarized as

where k, and o, are positive design parameters.
By some direct calculations, V,, can be described as

Theorem 1. For system (1) with Assumptions 1-3, there
exists an adaptive controller with the adaptive laws in (21),
(35), (51), (65), and real control signal u in (64), which can



Complexity

guarantee the boundedness of all the signals in the closed-
loop system for t € [0, +00) and asymptotic convergence of
the tracking error.

Proof: . since ®,®; = @; (®F (1/2)@;, it is

easy to check that

-®)< (12)@;* -

n

- O~ O~ & 0 or? i <2
— = — —®, " - ;.
2 g00= 2 3ol ~B)s Yye ) oy
(66)
Substituting (66) into (65) leads to
91
Zk N(c)c+lc+z L@
,lm q
n n n
_Z&é?+zai+bi+ci+zli+mi (67)
=24 5 29, iz 29
1
< —kV, + 1+ L N (e +~c
Aglm /1
with
k = min{2k,,...,2k,,0,,...,0,},
n (68)

Zal+b + Zli+Mi+i<i®;2>-

i= 1m i=2 2'gim i=1 qu

Moving —«V/, to the left-hand side and then multiplying
both sides of (67) by e produce

d(Vne”t)
dt

t
<1 + 91

1
N(¢)ée™ + 1 ce™. (69)
L1m

Integrating (69) gives

V, (0 ~V,(0)< jogi; 96D N (e (et

<1m

(70)
C(T) KT Kt
+ j P dr e (¢ - 1),

By some direct calculations, (70) is described as

e_ ( 1) . KT
(ACES L( p N(g('r))+l>c('r)e dr+y. (71)

“1lm

where y =V, (0) + (1/x) is a positive constant.

By virtue of Lemma 1, it is shown that V, (t)., N (¢(1)).,
¢(7) are bound for t € [0, +00). Therefore, the boundedness
of all the signals in the closed-loop system is certified for
t € [0, +00).

Furthermore, using the definition of ¢, it can be seen that

¢ =Mkyzi +A@, || Y, |27 2 Ak, 27 (72)

Based on the boundedness of ¢(t), the following in-
equality holds.

11

t
1imH+OOJ M zidr <lim,_, o (¢(£) = (0)) < + co.
0
(73)

From the definition of Z, in (6) and the boundedness of
X1, X,, and y,, it is easily shown that z,; is bounded.
Thus, by utilizing Barbalat’s Lemma, one has

lim,_,z,(t) =0. (74)
which means that the tracking error is asymptotically stable.

Control parameters selection. The selection ranges of ¢; and
k; are wide. The bigger the parameters o; and k;, the faster the
asymptotic convergence and response. Besides, A is the other
key parameter, which affects the asymptotic convergence of
the tracking error. According to the simulation tests (see
Figure 1), the bigger A the faster the transient process and the
smaller the steady-state errors. But it cannot be too big. In
addition, the choices of a;, b;, ¢;, and g; are flexible. O

4. Simulation Results

To illustrate the feasibility of the developed adaptive control
approach, an uncertain nonlinear system and a single-link
robot are considered.

4.1. Simulation of a Second-Order Nonlinear System. Let us
consider the strict-feedback nonlinear system as

Xy = gy (%)%, + 0", (x,) +d, (1),
%y = g, (%y)u+ 60" 9, (%,) +dy (1), (75)
Yy =X

where g, =1+0.1 sin x; with g,,, =09 and g,,, = 1.1,
g2—1+01cosxlsmx2 with g,,, =0.9, and gZM—ll

0=11, 1] @, = cos x|, @, =sin x,cos x,, d; =e 'sint,
d,=e"cost.

The  desired  trajectories are  selected  as
ya (t) =4 sin(0.27t). and yy, (t) = 2.5(sin(0.5¢) + sin t).

In order to see the controller performance under different
initial conditions for the system states, the initial value of x;,
is given as 1.5 and 3, respectively; ¢(0) = 1; and other initial
conditions are chosen to be 0.

The intermediate control signal «;, Nussbaum variable ¢,
and actual control law u of the developed control strategy are
defined as (17), (19), and (64), where n=2, k; =5, and
ky=10,a,=a,=b,=b,=¢c,=¢, =1, =m, =10, = 0.1,
0.5, 1, and 3. It is worth noting that the upper limit of A is 3.5.
Otherwise, the controller is easy to be ill-defined such that
the states in the system are divergent.

@, and ®, are designed as (21) and (65), with n =2,
g =¢9,=1,and 0, =0, =0.1.

The proposed controller (PC) is compared with the
adaptive fuzzy (AFC) [28] and adaptive controllers (AC)
[34], respectively.

The AFC is presented as
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Complexity

-04 L .

0 5 10 15 20 25 30
time (sec)
z, with A = 0.1 - - z;ywithA=1
—— z;withA=0.5 -—- z;withA=3
FiGure 1: The tracking errors with different A.
. 1 - Figures. 1-11 display the simulation results. In Figure 1, the
a; = kiz; + 0.5z, + —52,0,R| R, ), tracking errors are drawn under different A. It can be seen that
2a; . .
the transient processes of the tracking errors are faster and the
1 T steady-state errors decrease as A increase. Under different initial
ul =+ kyz, + 0.5z, + —2z,0,R, R, |, . .
2a2 values x; (0) = 1.5 and 3, the comparisons of tracking per-

(76)
61 = qlzziRlTRl - 0,0,
2a;

9 2,7
= —a2Z2R2 R, - 0,0,.

2

6,

where 6; and R, are defined in [28], k;, a;, g;, and 0; are taken
the same values as the PC,i=1, 2.
The AC is given as

-2
_ Z1% —
a = \/m, o, =kz, + Co1||Y1||zl,
z,0
u= 22 o, =k,z, + ®2||Y2”zz,

(77)

Vw8
@, = ‘11”Y1“Z% - 0,0,
@, = %”YZHZ; = 0,0,

where k;, a;, b;, ¢;, I,, m,, q;, and o; are as same as the PC,
i=1,2.6,, 6, are positive constants, &; = 0.1, §, = 1.

+==,%; =

formance for the desired trajectory y,, between the AFC, AC,
and PC are displayed in Figures 2-4. It is shown that the
tracking performance with the PC is better and the tracking
error is much smaller. Furthermore, the AFC can only ensure
the boundedness of tracking errors, and the PC guarantees the
asymptotic convergence of tracking errors, which is obvious in
Figure 2. In addition, the absolute mean and root mean square
values of tracking errors with the PC are smaller than the values
with AFC and AC. Figures 5-7 draw the comparisons of
tracking errors and tracking performance for the ideal tra-
jectory y4,, and the similar conclusion can be obtained as
Figures 2—-4. The inputs u are given in Figure 8, which are large
at the initial stage and converge rapidly to a range defined by
+10. The states x, and adaptive parameters @], @, are pre-
sented in Figures 9 and 10, which are all bounded. Finally,
Figure 11 shows the Nussbaum variables ¢, which tends to
positive constants from the initial values 1 as time goes on.

4.2. Simulation of a 3-Order Robot. In order to demonstrate
the practicability, the developed controller is applied to the
following 3-order robot system [40].

T, . 1 -Rx; - K, x,
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3 T T T T T
-1 . . . . .
0 5 10 15 20 25 30
time (sec)
--- zy with AFC and x, (0) = 1.5 - - - z; with AFCand x, (0) =3
—— zywithPCandx; (0) =15 - z, with PCand x; (0) =3
FIGURE 2: The comparison of tracking errors between PC and AFC with y,,.
3
25}
2 b
g5 15}
b}
2 1
£
s
&
-1 . . . .
0 5 10 15 20 25 30
time (sec)
--— z;with ACand x; (0) = 1.5 - - - z; with ACand x; (0) =3
—— z;withPCand x; (0) = 1.5 - z, with PCand x, (0) =3
F1GURE 3: The comparison of tracking errors PC and AC with y,;.
where x,, x,, and x; denote the angle, angular velocity, B,
and motor current of the manipulator, respectively. M is B = K
the system inertia, K,, = KN, represents the coefficient
between the current and moment with K being the N = m,dg + mydg (79)
constant torque, and N, expressing the joint reduction 2K, K,
ratio. Furthermore, 7, represents the uncertain distur- ) 5 5
: ; J md m,d 2m,0
bance of torque by the external environment, L is the M=l M 28| 2
armature inductance and unknown, K, denotes the back K, 3K, K, 5K,

electromotive force constant, R displays the circuitous
resistance, and V is the input voltage. The formulae of B,
N, and M are introduced as follows:

where K, expresses the coefficient of the electromechanical
conversion of armature current to torque and B, shows the
coefficient of viscous friction at the joint. g is the gravity
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20 25 30

time (sec)
--— ywith AFC --- ywith PC
— ywith AC Yai

FIGURE 4: The trajectories with x, (0) = L.5.

time (sec)

---z; with AFCand x, (0) = 1.5 - - - z; with AFCand x, (0) =3

‘‘‘‘‘‘ z; with PCand x, (0) = 1.5

—— z; with PCand x, (0) =3

FIGURE 5: The comparison of tracking errors between PC and AFC with y,,.

coefficient, J denotes the rotor inertia, d represents the link
length, § is the radius of the load, and m, and m, display the
mass of the link and load. Moreover, the parameter values are as

J = 1.625 x 10 kg - m?,

d =0.305m,
m, = 0.506 kg,
m, = 0.434kg,
K, =09V,

rad

N.m.s
B, =16.25x 10"° ,
0 rad
8 =0.023m,
" (80)
K, =09N -
L=25%x10"H.

The external disturbance 7, is defined as the Gaussian
white noise written as wgn (1, L, 0.2) with L being the time
series.

The initial condition vector is selected as [ x, (0), x,
(0),x3 (0),631 (0))‘:‘)2 (0),
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15

Tracking error

!

\\\J/\/

15 20 25 30

time (sec)

--- z; with ACand x; (0) = 1.5 - - - z; with ACand x, (0) =3
—— z;withPCandx, (0) =15 - z; with PCand x, (0) =3

FIGURE 6: The comparison of tracking errors between PC and AC with y4,.

time (sec)

- - ywith AFC
—— ywith AC

--- ywith PC

Yaz

FiGure 7: The trajectories with x; (0) = 1.5.

®;(0)] =[0.1rad, 0, 0, 0, 0, 0, 0.7]. The reference
trajectory is chosen to be a step signal. To satisfy the first
order differentiability, it is written as
yq =0.5(tanh (p(t —5)) +t1) with p = 2.

The Nussbaum variable ¢, control laws «y, «,u, and
adaptive laws @,, @,, ®; are defined as (19), (17), (32), (64),
(21), (35), and (65) with k, = 10, k, = 12, k; = 20, g, = 0.02,
q, = 0.01, g; = 0.025, 0, = 15, 0, = 12, 05 = 28, and A = 10.
The other parameters are equal to 1.

Figures 12-15 show the simulation results of the 3-order
single-link robot. The angle tracking error is displayed in
Figure 12, which converges to the initial value 0.1ra d
rapidly and oscillates at the step time ¢ = 5s. In Figure 13, the
output can track the reference trajectory well. This is a step
signal. The input voltage u is presented in Figure 14. It is
easily seen that the oscillation also occurs at the step time.
The angular velocity x, and motor current x; are given in
Figure 15, respectively, both of which are bounded.
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20 T T T

10

-10

-20

— - -

-30

40 |

-50 . .
0 5 10 15

time (sec)

- uwithyg;
--- uwithyy,

F1GURE 8: The control inputs u with x, (0) = 1.5.

20

time (sec)

== X, withyg,
- - X, withyg,

FIGURE 9: The state variables x, with x; (0) = 1.5.

20

Complexity



Complexity

14 N,

12}

N - . SISV
0.8 . NN

0.6

04

time (sec)

== @ withyg; — w; withyg,
W, with Yai —-—-- W, with Ya2

FiGure 10: The adaptive parameters @, ®, with x; (0) = 1.5.

2.5+

1.5+

0.5

0 L L L

0 5 10 15
time (sec)

-~ - gwithyy,

--- ¢withyy,

FIGURE 11: The Nussbaum variables ¢ with x, (0) = 1.5.
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0.2 T T T T T
0.15 1
0.1 E
0.05 H 1
0+
-0.05 1 1 1 L L
0 5 10 15 20 25 30
time (sec)
—— 1z, with the proposed controllor
FIGURE 12: The angle error.
1.2 T T T T T

202 . . . . .
0 5 10 15 20 25 30

time (sec)

—— y with the proposed controller

FIGURe 13: The output and desired trajectories.
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19

10 +

20 25 30

time (sec)

FIGURE 14: The input voltage.

1.5 T T

-0.5

15 20 25 30

time (sec)

— X
X3

F1GURE 15: The angular velocity and motor current.

5. Conclusion

In the article, an adaptive asymptotic tracking controller has
been designed for nonlinear systems with uncertain VCGs.
Compared with these existing achievements, the developed
control method could not only handle the VCGs in the form
of unknown nonlinear functions but also achieve the as-
ymptotic stability of the tracking error, which was carried
out without the approximation by fuzzy logic or neural
network and repetitive use of Nussbaum-type functions.
New adaptive laws were defined to compensate for unknown
virtual control gains, uncertain parameters, and external
disturbances. Finally, the proposed control scheme was
designed and applied to the control of a robot system. Both

theoretical analysis and simulation were used to validate the
effectiveness and practicability of the developed control
strategy. In the future, we plan to apply the proposed
controller to MIMO nonlinear systems by combining dead
zone, saturation, hysteresis, and so on.
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