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A new three-parameter extension of the generalized-exponential distribution, which has various hazard rates that can be
increasing, decreasing, bathtub, or inverted tub, known as the Marshall-Olkin generalized-exponential (MOGE) distribution
has been considered. So, this article addresses the problem of estimating the unknown parameters and survival characteristics
of the three-parameter MOGE lifetime distribution when the sample is obtained from progressive type-II censoring via
maximum likelihood and Bayesian approaches. Making use of the s-normality of classical estimators, two types of ap-
proximate confidence intervals are constructed via the observed Fisher information matrix. Using gamma conjugate priors,
the Bayes estimators against the squared-error and linear-exponential loss functions are derived. As expected, the Bayes
estimates are not explicitly expressed, thus the Markov chain Monte Carlo techniques are implemented to approximate the
Bayes point estimates and to construct the associated highest posterior density credible intervals. The performance of
proposed estimators is evaluated via some numerical comparisons and some specific recommendations are also made. We
further discuss the issue of determining the optimum progressive censoring plan among different competing censoring plans
using three optimality criteria. Finally, two real-life datasets are analyzed to demonstrate how the proposed methods can be
used in real-life scenarios.

1. Introduction

Several extensions of the exponential distribution such as
Weibull, gamma, generalized-exponential, and Nadarajah-
Haghighi distributions among others have been proposed in
literature. A general technique that allows to adding a new
shape parameter to expand a family of distributions is
originally proposed by Marshall and Olkin [1]. Applying the
Marshall-Olkin  technique to generalized-exponential

distribution, Risti¢ and Kundu [2] introduced the three-
parameter Marshall-Olkin generalized-exponential
(MOGE) distribution. However, suppose that the lifetime
random variable X of an individual testing item follows a
three-parameter MOGE («, 3,6). Hence, its cumulative
distribution function (CDF) F(.), probability density
function (PDF) f(-), reliability function (RF) R(-), and
hazard function (HF) h(-), at distinct time ¢, are given,
respectively, by
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where f=1-pf, a>0, and >0 are the shape parameters
and 0> 0 is the scale parameter. Risti¢ and Kundu [2] de-
rived several properties of the MOGE distribution and es-
timated its parameters using the likelihood method.

Using some specified values on the range of «, 8, and 6,
different shapes of the density and failure rate functions of the
MOGE distribution are displayed in Figure 1. It shows that the
density shapes are decreasing or unimodal while the HF shapes
can be increasing, decreasing, bathtub, or inverted tub. Since the
bathtub HF shape is quite beneficial in several lifetime data,
therefore the MOGE distribution is justly flexible and can be
used to provide a good description of different types of censored
data, for details, it can be seen in Risti¢ and Kundu [2]. From (1),
three lifetime submodels can be obtained as special cases from
the MOGE distribution, namely,

(i) Marshall-Olkin exponential distribution, by Mar-
shall and Olkin [1]; if setting a = 1.

(ii) Generalized-exponential distribution, by Gupta and
Kundu [3]; if setting 0 = 1.

(iii) Exponential distribution, discussed by Johnson and
Kotz [4]; if setting a = 6 = 1.

Statistical life distributions under censoring plans have
received great interest owing to their wide application in
numerous fields such as engineering, social sciences, mar-
keting, and medicine. One of the most popular censoring
mechanisms, which is of great importance in reliability
studies, is known as type-II progressive censoring scheme
(PCS-T2). This censoring scheme can be described as follows:
suppose that n identical and independent units are put on a
life-testing experiment at time zero and the progressive
censoring scheme R = (R},R,,...,R,,) is prefixed, where
m( <n) is the number of observed failures that is decided by
the experimenter in advance. At the time of the first failure
occur (say x,.,,,.,,)> R; of survival items are randomly removed
from the remaining live (n — 1) units. Again, at the time of the
next failure occur (say x,.,,.,), R, of survival items are ran-
domly removed from the remaining live (n— R, —2) units

Complexity

and continue the test. This procedure continues until all
remaining live R, units are removed from the experiment at the
time of the mth failure observed. It is clear thatn —m = Y| R,.
For more details, one may refer to an excellent monograph
presented by Balakrishnan and Cramer [5].

However, the likelihood function of the PCS-T2 sample
Xjmn fO1r 1 =1,2,...,m, is defined as

L(®|X) = Cnf(xi1MT”;®)[1 _F(‘xi:m:n;@)]Ri’ (5)
i=1

where C=n(n-R,-1)... (n- Zgl (R;+1)) and O is
parameter vector.

In literature, several authors including Amin [6], Kim
et al. [7], Huang and Wu [8], Dey et al. [9], Panahi [10],
Muhammed and Almetwally [11], Elshahhat and Rastogi
[12], Maiti and Kayal [13], Dey et al. [14], Maiti et al. [15],
and Elshahhat and Abu El Azm [16] studied a wide variety of
inferential problems for different lifetime distributions
under type-II progressively censored samples.

In the context of censoring mechanisms, to the best of
our knowledge, we have not encountered any work related to
the estimation of parameters and/or survival characteristics
of the MOGE distribution under incomplete (censored)
sampling, which is of considerable interest and practical
significance in many practical situations. So, in this study, we
shall exclusively focus on both classical and Bayesian ap-
proaches of estimation to derive the both point and interval
estimators of the MOGE parameters «, f3, and 0, as well as its
time parameters R(t) and h(t) under PCS-T2. Our objec-
tives in this study are as follows: first, deriving the maximum
likelihood estimators (MLEs) for the unknown MOGE
parameters or any function of them. Correspondingly, using
observed Fisher information matrix, two-sided asymptotic
confidence intervals are also established. Second, obtain the
Bayes estimators of the unknown quantities a, f3, 8, R(t), and
h(t) using independent gamma priors based on the two
popular symmetric and asymmetric loss functions. Markov
chain Monte Carlo (MCMC) techniques are also used to
carry out the Bayes estimates and associated credible interval
estimates from the complex posterior functions. Third,
determine the optimum progressive censoring plan from a
class of all possible removal patterns that contain a mag-
nificent amount of information regarding the unknown
model parameter under consideration. Lastly, the perfor-
mance of the proposed methods is compared through an
extensive simulation study in terms of their simulated root
mean squared-error, mean relative absolute bias, average
confidence lengths, and coverage percentages. To discuss
how the proposed methods can be applied in a real phe-
nomenon, two real-life data sets are analyzed. We also
suggest the use of “maxLik” and “coda” statistical packages
in R programming software to evaluate the theoretical
findings. Finally, some specific recommendations are made.

The rest of the paper is arranged as follows: classical and
Bayes estimations of unknown parameters and the reliability
characteristics are presented in Sections 2 and 3, respec-
tively. Optimum progressive censoring plans are discussed
in Section 4. Monte Carlo simulation is performed in Section
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FIGURE 1: Plots of the density and hazard rate functions of the MOGE distribution.

5. Two applications using real data sets are presented in
Section 6. Finally, we conclude the paper in Section 7.

2. Likelihood Inference

In this section, the point and interval estimators of the
unknown parameters and the reliability characteristics of the
MOGE distribution based on PCS-T2 are derived.

2.1. Point Estimators. Suppose X = {(X|.mm R1)> (X2
Ry, ..., (xR} is @ PCS-T2 data obtained from

MOGE (a, 8, 0). From (1) and (2), with ignoring any additive
constant, the likelihood function (5) becomes

L(a, B,0|x) o< B (ae)me*92ﬁ1 x;

- Tn —(Ri+ (6)
TTv @ -vr )" (5+ v @) 2,
i=1

where x; is used instead of x;,., and. y;(0) =1 —exp
(-0x;),i=1,2,...,m.

From (6), the log-likelihood function, €(-) =log L(-),
can be written as

2(a, 3, 01x) o< log (B) + m log (af) — OmX + (o — 1) i log (v; (0))

i=1

(7)

+ Y Rlog(1 -y (6)) = Y (R; +2)log(B + By (6)).
i=1 i=1

Setting the first-partial derivatives of (7) with respect to
each unknown parameter to zero, the respective MLEs of a,

B, and 0 are the solutions to the following normal equations
as

0=+ log(7(®) - Y. Riog(7,(®)7 (®)(1 - fp?(é))'l
i=1 i=1
®)
= - ~ /. = ~ _\—1
~B Y. (R +2)log(7,8)7 @B+ By )
i=1
n n Aa —~ —~ :Aa \—1
0=5-2 & +2)(1-7@)(F+F7 @) - ©)
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where ¥/ (0) =x;(1- 1//1(9)) fori=1,.

Obviously, from (8) and (10), the MLEs a, ﬁ and 6 of the
parameters «, f3, and 0, respectively, cannot be obtained ana-
lytically but can be evaluated using any iterative approximation
technique. Once &, B, and 8 calculated, using the invariance
property of MLEs, the corresponding MLEs R () and 7 (t) of
R(t) and h(t) at any given time ¢ >0 can be easily derived by
replacing «, 3, and 0 with @, ﬁ and 0 in (3) and (4), respectively.

2.2. Asymptotic Intervals. To construct the 100 (1 — 7)% two-
sided AClIs for the unknown parameters &, 8, and 6, or any
life function such as R(t) and h(t) (say ¢), the asymptotic
variances or covariances (by inverting the Fisher informa-
tion matrix I(-)) of the MLEs &, 3, and 0 must be obtained as
-1 —
Zn on
-1 ,~ -~ -

(@) =2y Zxn =[921 922
Ly Ly Lyl

(11)

031 03 O33

Under some mild regularity conditions of the MLEs,
using the concept of large sample theory, we have the as-
ymptotic normality approximation (NA) of ¢ is approxi-
mately multivariate normal with mean vector ¢ and
variance-covariance matrix I"! (¢), i.e, § ~ N;[o, "' (9)],
where ¢ = (a, 3, 0)7 is the parametric vector of «, 3, and 6.
By differentiating (7) partially with respect to a, B, and 0,
locally at their MLEs @, B, and 0, the Fisher’s elements Z;
for i, j = 1,2,3, are obtained and provided in Appendix A

Slmllarly, based on NA of the MLEs R(t) and h(¢), 1t is
clear that R~ N[R(?), Or( t] and h(t) N[h(t), 0 ah z)]
Thus, ACIs for R(t) and h(t) can be constructed using the
corresponding normality. To obtain ACIs of R(t) and h(t),
we need to compute their variances. Following Greene [17],
the delta method is used to find 5%2 and Efl of R(t) and h(t),
respectively, as:

2= [Ve I (), Vi ]l 5
‘712% [ R 3 ¢ f] =9 (12)
5= % .9, 5
where,
0
Vi = ( R(1), ﬁR(t) R(t))
(13)

0
v, h —h
( (0, P (0,45

h(t))
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(& +2)7 ®)(7.®)"(B +E¢?(9’>71’

Then, based on NA, the 100 (1 — 7)% two-sided AClIs for
the unknown parameter o, f3, 6, R(t) or h(t) (say ) is given
by:

= ~2
K i ZT/Z O”};,

(14)
where z,,, is the upper (7/2)"
normal distribution.

Though, the main problem of asymptotic NA confidence
interval is that it may give a negative value in lower bound
for a lifetime parameter. To handling this drawback, Meeker
and Escobar [18] developed the normal approximation for
the log-transformed (NL) of MLE. They also showed that
ACI has better CP based on NL compared to NA. However,
based on NL, the 100(1 — 7)% two-sided ACI of x is given by

quantile of the standard

(15)
K

3. Bayesian Inference

In this section, we discuss the Bayes inference of the model
parameters a, f3, and 0, as well as, the reliability parameters
R(t) and h(t) using progressively type-1I censoring.

3.1. Prior Information and Loss Functions. Since the gamma
G (-) density provides various shapes based on parameter
values and is flexible in nature, so the utilizing of inde-
pendent gamma priors are relatively simple which may yield
to results with more explicit posterior density expressions
Muse et al. [19]; for more details, it can be seen in [14, 20, 21].
Thus, the gamma conjugate priors G, (ay,b,), Gg(a,,b,),
and Gy(as, b;) are used to adapt the support of MOGE
parameters a, f3, and 0, respectively. However, the joint prior
PDF of «, f, and 0 becomes

ﬂ((x, ﬁ, 0) e (Xﬂl— lﬁﬂz— 16a3— le—(bla+b2ﬁ+b39)’ a, ﬁ, 0 > 0’

(16)

where the hyperparameters a;, b;, i = 1,2,3, are chosen to
reflect prior knowledge about the unknown parameters a, 3,
and 6, and they assumed to be known as non-negative.
The choice of (symmetric and/or symmetric) loss
function is an important issue in Bayesian analysis. So, to
develop the objective estimates, two well-known loss
functions namely, squared-error loss (SEL) and linear-ex-
ponential loss (LL), are considered. However, any other loss
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function can be easily incorporated. The SEL function is
defined as

Ss(6,9) = (6 ¢), (17)

where %being an estimate of ¢. Under (13), the Bayes es-
timate ¢ is the posterior mean of ¢.
On the other hand, the LL function, ; (-), is defined as

SL(¢,$):exp(v($—¢))—v($—¢)—1, v#0. (18)

The sign and magnitude of v represent the direction and
degree of symmetry, respectively (if v > 0, overestimation is
more serious than underestimation and v <0 means the
opposite). Using (14), the Bayes estimator ¢, of ¢ is given by:

¢, =0 1ln(E¢ [ei v |x] ),

provided the above exception exists, and is finite. When v
close to 0, the LL function is approximately the SEL function
and it can become almost symmetric, as can be seen in
Pandey and Rai [22].

v#0, (19)

3.2. Posterior Analysis. Using (6) and (12), the joint posterior
PDF of «, f, and 6 can be written as

n(a, ﬁ, Olx) = K~ L yarm= lﬁazm— 10a3+m— 1~ (ab,+Bb,+0 (by+mx))

<TTv @0y )" (55 B )

(20)

where K is the normalizing constant of (15).

Due to nonlinear expression in (6), the closed-form of
the marginal PDF for each unknown parameter is not
possible. Thus, we purpose to apply some simulation al-
gorithms such as the MCMC methods to approximate the
Bayesian estimates and to find associated credible intervals.
So the MCMC methods have been widely used in Bayesian
computational analysis. At first, from (15), we derive the
conditional posterior distributions of «, 8, and 6, respec-
tively, as

7 (@l 0,x) o e O T (1= (0)" (B + Byt 0) 7, (21)
i=1
* a,+n—1 _—pb, = N0 _(Ri+2)
g (Bla, 0,%) o B e TT(B+Bvi (9) , (22)
i=1
75 (Bla, B, x) oc 67" 10 (bs+71%) ﬁ YO (1 -y () (B+ Byt () ), (23)
i=1
where b} (0) = b, - Y, log (y; (6)). Step 1: Put g = 1.

It can be seen, from (16)-(18), that the conditional
distributions of «, f3, and 0 cannot be reduced to any
standard distribution so that the exact inferences from their
marginal densities cannot be easily obtained. Thus, to
generate samples from posterior distribution whenever the
posterior PDF cannot be reduced to any familiar distribu-
tion, the Metropolis—Hastings algorithm can be easily used
for this purpose (see Gelman et al. [23] for detail).

3.3. M-H Algorithm. The Metropolis-Hastings (M-H) algo-
rithm is a general member of the MCMC family of simu-
lation techniques. In this subsection, the M-H algorithm
with normal proposal distributions is conducted to generate
samples of «, 3, and 6 from (16), (17), and (18), respectively.
Precisely, Figure 2 indicates that the distribution of MOGE
parameters behaves similar to the normal distribution. Next,
to obtain the Bayes estimates and the associated credible
intervals, do the following generation steps:

Step 2: Set initial values (@, B, 0 = (&,5,0).
Step 3: Generate o f3; and 0* from (16)-(18) with

normal distributions N (@, 0 ) N(ﬁ ) and N (6, 0p)s
respectively, as follows:

(a) Calculate Q, = 7 (a*| B9 V,09° Y, x)/m* (al9~V)
B, 69 ,%), Qg =mi (B, 0, %)/
(ﬁ(y—l)kx(g), G(g_l),x) and Qp = ”Z (9*|0c(g),
B x)/m; (09 [al, B9, x).

(b) Generate sample variates u;, u,, and u; from the
uniform U (0, 1) distribution.

(©) If u;<min{1,Q,}, set a'? =a*, else set a'9 =
aloD),

d 1t uzsmin{l,Qﬁ}, set B9 =p*, else set p9 =
/3(

(e) Igf(ﬂ) u?(;r_nn{l ,Qpl, set 09 =0", else set
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FIGURE 2: Plots of the conditional distributions of «, §, and 6.

Step 4: Obtain R (t) and h(9 (t), for a specified time
t >0 by replacing a, 8, and 6 with their «@, 9, and
0'9, respectively.

Step 5: Put g=g + 1.

Step 6: Redo Steps 3-5 G times to obtain the MCMC
simulated variates of &, 3, 0, R(t), or h(t) (say «) as
k@ = (a'9), 9,09, RO (1), h9 (1)) for
g=12,...,G.

Step 7: Use outputs in Step 6, compute the Bayesian
estimates of x under SEL and LL functions given in (13)
and (14), respectively, as:

G (9)
= Zg:G0+1 K (24)

“TTG-Gy)

G (9)
_ 1, [ exp(-vk'?)
=_] 9=Go , 0, 25
Kr Uog[ G-Gy) v# (25)

where G is the burn-in period.

3.4. Credible Intervals. To construct the Bayes credible in-
terval (BCI) and highest posterior density (HPD) credible
interval for the parameter of interest, the MCMC simulated
variates of the target parameter are used. Under HPD
credible interval, for every point inside the interval, the study
distribution must be greater than that for every point outside
the interval. Therefore, it has the shortest length among all
possible credible intervals. According to the procedure
proposed by Chen and Shao [24], the HPD credible interval
can be constructed. Now, to establish the BCIs (or HPD
credible intervals) of the unknown parameters «, 3, and 0 or
the survival characteristics R (¢) and h (t), for short say x, one
can be easily perform the following process:

Step 1: Order the simulated MCMC variates of «9 for
g=Go+1,...,G, a8 kG 1) K(Gyr2p - - - K(G)-
Step 2: Set the level of significance 7.

Step 3: Obtain the 100(1-7) BCI of «x as
(K(cho) (112 ®(G-G,) (14/2))‘

Step 4: Obtain the 100 (1 — 7)% HPD credible interval
is given by,
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K(g°) K (g°+1-7) (G-Gy) )’ (26)
where g* = G, + 1,...,G is chosen, such that,

*(g+{0-0(6-G))]) T *(97)
(27)

B 1sgsr?(icr;l—co)<x(g+[(1‘f) (-G ~ K(g))'

Here, [x] denotes the largest integer less than or equal
to x.

4. Optimum Progressive Censoring Plans

In reliability field, the problem to determine the “optimal”
censoring scheme from a set of available censoring schemes
is main issue. So, to great the information included in the
unknown parameters under consideration, Balakrishnan
and Aggarwala [25] first discussed the optimal censoring
plan via several setups. Following Ng et al. [26], the values of
n (total test units) and m (effective sample) must be fixed in
advance, then one can be easily determine the optimal
censoring design (Ry,R,,...,R,, where )" R, =n—m)
under type-II progressive censoring by considering the
following optimum criteria:

(i) Criterion-A: Minimize — trace (I"! (-)).
(i) Criterion-B: Minimize — det(I"'(-)).

(iii) Criterion-C: Maximize — trace (I(-)).

CS-1: R =n—-m,

R, =0fori+1,

CS—-2: 3

To examine the effects of the prior parameters a; and b;
for i = 1,2, 3 on the Bayesian analysis, two informative sets
of the hyperparameters are used; called Prior-1 (say P1):
(a;,ay,a5) = (1.6,1,0.4) and b; = 2,i = 1,2, 3, and Prior-II
(say P2): (a,,a,,a;) = (4,2.5,1) and b; = 5,i = 1,2, 3. These
values are specified in such a way that the expected value of
prior became the expected value of the corresponding pa-
rameter. If one setting a;,b; =0,i=1,2,3, the posterior
distribution (20) is reduced in proportion to the corre-
sponding likelihood function (6). So, if one does not have
prior information on the unknown parameter, we recom-
mend to use the frequentist estimates instead of the Bayes
estimates because the latter are more computationally
expensive.

R, =n—-m,R; = 0for

Ry =n—-m,R; = 0for

Regarding to criteria A and B, our goal is to minimize the
trace and determinant of I"!(-) while regarding to the
criterion C our goal is to maximize the main diagonal el-
ements of I(-), with respect to MLE ¢ of ¢. The optimized
PCS-T2 plan that provides more information corresponds to
the smallest value of criteria (A and B) with the highest value
of C-criterion.

5. Monte Carlo Simulation

To show the performance of the proposed estimators of the
unknown parameters «, 3, and 0 as well as the survival
characteristics R(t) and h(t), a Monte Carlo simulation
study is carried out. Using various combinations of » (total
test units), m (effective sample size), and R (progressive
censoring), a large 1,000 PCS-T2 samples are generated from
the MOGE distribution when the true value of parameters
a, B, 0 is taken as (0.8,0.5,0.2). Thus, for time ¢ = 0.1, the
actual value of the reliability and hazard functions is used as
0.91683 and 0.68856, respectively. In this study, some
specified values of #, m, and R are also taken in account such
as n = 30 (small), 60 (moderate), and 90 (large). As soon as
the number of failed subjects achieves (or exceeds) m, where
the failure proportion (FP), (m/n)100%, is taken as 30, 60,
and 90%, the experiment is terminated.

Moreover, for given n and m, different censoring
schemes R to remove survival items during the test are also
considered as:

L m, if miseven, (28)

m, if misodd,

CS-3:R,=n-m,R; =0fori#m.

To develop the Bayesian calculations, following the M—-H
algorithm proposed in Section 3.3, we generate G = 12,000
MCMC samples and then the first G, = 2,000 iterations
have been discarded as burn-in. Hence, using 10,000 MCMC
samples, the average Bayes point estimates and associated
BCI/HPD credible intervals of the unknown parameters «, 3,
0, R(t), and h (t) are computed. Here, the Bayesian estimates
relative to SEL and LL (v (= -3,-0.03,+3)) are developed.

For each considered setting, the average point estimates
(APEs) using the proposed frequentist and Bayes approaches
of a, B, 6, R(t), or h(t) (say y) are computed by



79,9 =1,2,3,4,5, (29)

Ms

1
AvE(7) = 1
J

Il
—

where 7 is the desired estimate of the parametric function #,
7 éj) denotes the obtained estimate at the j — th sample of the
unknown parameter 7, 98 is number of generated sequence
data, , = a, 1, = B, 13 = 6, 1, = R(t), and #5 = h(t).
Comparison between different point estimates of «, S, 6,
R(t), or h(t) (say #n) is made based on their root mean
squared-error (RMSE) and mean relative absolute bias
(MRAB) values using the following formulae, respectively, as

j=1 (30)

=1 Mg (31)
q=1,2,3,4,5.

Further, the performances of different type of the (1 —
7)% two-sided asymptotic/credible intervals estimates are
compared using their average confidence lengths (ACLs)
and the average coverage percentages (CPs) as:

1 & e .
ACL(n,) = 5 2(%(a)") - £ (7)) )
=

q=1,2,3,4,5,

CP(nq) = é % 1(3(;;(1‘));%(?0)))(%)’

=1 q 4

~

(33)
q=1,2,3,4,5,

where £ () and % (-) denote the lower and upper bounds,
respectively, of (1 — 7)% asymptotic (or credible) interval of
the unknown parameter 7,.

All numerical computations were performed using R
4.0.4 software with three useful packages, namely: (i) “coda”
package proposed by Plummer et al. [27]; (i) “maxLik”
package proposed by Henningsen and Toomet [28]; (iii)
“GoFKernel” package by Pavia [29]. Recently, the same
packages are also recommended by Elshahhat and Nassar
[30].

The simulation results of a, 8, 6, R(t), and h(t) are
presented in Tables 1-10 and are also displayed with

Complexity

heatmaps in Figures 3-7. In each heatmap plot, the “x-lab”
display the proposed estimation point (or interval) methods
while the “y-lab” represents the different choices of n, FP%,
and censoring schemes. For specification, using P1 for ex-
ample, we have used the notation “SEL-P1” for the Bayes
(SEL) estimates; “LL1-P1” for the Bayes (LL) estimates when
v=-3; “LL2-P1” for the Bayes (LL) estimates when
v =-0.03; “LL3-P1” for the Bayes (LL) estimates when
v = +3; “BCI-P1” and “HPD-P1” denote to the BCI and
HPD credible intervals, respectively. Also, “ACI-NA” and
“ACI-NL” denote to ACI based on NA and NL methods,
respectively. All simulation results are presented in Ap-
pendix B. Now, we can make the following observations:

(i) In general, all estimates of the unknown param-
eters o, 5, and 6 or the time parameters R(t) and
h(t) are very good in term of minimum RMSEs
and MRABs.

(ii) As n (or m) increases, the proposed estimate be-
come more better. This pattern is also observed
when )", R; decreases.

(iii) Due to gamma prior information, the Bayesian
estimates perform better than the competing fre-
quentist estimates.

(iv) Bayes estimates using LL function of all unknown
parameters are or may be overestimates (or un-
derestimates) when v <0 (or v>0).

(v) RMSEs and MRABs of the Bayes (LL) estimates are
smaller than the Bayes (SEL) estimates, in most
cases, when v close to a positive value.

(vi) On the basis of smallest ACLs and highest CPs, it is
noted that the ACI-NA approach is the best
compared to those obtained based on the ACI-NL
approach, similarly, the interval estimates based on
the HPD method are the best compared to those
obtained based on the BCI method.

(vii) Comparing CSs 1 and 3, it is observed that RMSEs,
MRABs, and ACLs of &, 3, and 0 are greater based
on CS-3 than CS-1, thus the associated CPs of the
same unknown parameters are greater based on
CS-1 than CS-3.

(viii) It is also a predictable fact because of the expected
duration of the test items using CS-1 (where n — m
subjects at the time of 1% failure observed are
removed) is greater than the CS-3 (where n—m
subjects are withdrawn at the time of m' failure
observed).

(ix) Estimates of R(t) and h (t) have the lowest RMSEs,
MRABs, and ACLs as well as the highest CPs based
on CS-3 than CS-1.

(x) Since the corresponding variance of P2 is less than
the variance of P1, one can be seen that the Bayes
(point/interval) estimates performed satisfactory
based on P2 than P1 as expected.
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TaBLE 1: The APEs (first-line), RMSEs (second-line), and MRABs (third-line) of a.
¢ SEL LL
Prior — FP Scheme MLE I I I I
v —> -3 -0.03 +3 -3 -0.03 +3
30% 1 0.8465 0.7242 0.7955 0.7305 0.7243 0.7100 0.8022 0.7957 0.7759
0.3001 0.1508 0.0898 0.1081 0.1190 0.1361 0.0306 0.0307 0.0557
0.2790 0.1484 0.0512 0.1347 0.1482 0.1681 0.0344 0.0357 0.0394
2 0.9038 0.8281 0.8056 0.8360 0.8282 0.8050 0.8124 0.8057 0.7892
0.3662 0.1113 0.0949 0.0632 0.0719 0.0906 0.0350 0.0436 0.0659
0.3144 0.0924 0.0729 0.0785 0.0888 0.1077 0.0427 0.0524 0.0720
3 0.9373 0.7476 0.8241 0.7547 0.7477 0.7268 0.8312 0.8242 0.8026
0.5291 0.1148 0.0943 0.0599 0.0695 0.0919 0.0321 0.0306 0.0536
0.3934 0.0861 0.0579 0.0744 0.0858 0.1085 0.0391 0.0360 0.0563
60% 1 0.8669 0.7651 0.8201 0.7764 0.7653 0.7396 0.8271 0.8202 0.8023
0.2799 0.1105 0.0879 0.0698 0.0766 0.0956 0.0078 0.0186 0.0503
0.2573 0.0948 0.0312 0.0869 0.0947 0.1125 0.0087 0.0157 0.0531
2 0.8742 0.8039 0.7980 0.8136 0.8040 0.7771 0.8050 0.7981 0.7827
30 0.2755 0.1029 0.0847 0.0371 0.0351 0.0633 0.0162 0.0205 0.0482
0.2568 0.0640 0.0494 0.0450 0.0411 0.0621 0.0190 0.0231 0.0404
3 0.8447 0.7963 0.7312 0.8034 0.7964 0.7837 0.7405 0.7314 0.7132
0.2701 0.1045 0.0819 0.0462 0.0559 0.0907 0.0199 0.0278 0.0452
0.2573 0.0700 0.0535 0.0567 0.0653 0.0914 0.0199 0.0327 0.0466
90% 1 0.8641 0.7906 0.6813 0.7961 0.7907 0.7767 0.6922 0.6814 0.6655
0.2482 0.1094 0.0771 0.0245 0.0377 0.0769 0.0077 0.0176 0.0442
0.2382 0.0797 0.0271 0.0295 0.0434 0.0755 0.0065 0.0129 0.0301
2 0.8580 0.7288 0.7580 0.7372 0.7290 0.7138 0.7659 0.7581 0.7424
0.2566 0.0994 0.0848 0.0165 0.0231 0.0585 0.0153 0.0193 0.0463
0.2383 0.0602 0.0485 0.0176 0.0224 0.0484 0.0177 0.0208 0.0380
3 0.8714 0.7785 0.8176 0.7841 0.7786 0.7656 0.8261 0.8177 0.8001
0.2576 0.0926 0.0796 0.0289 0.0290 0.0521 0.0198 0.0248 0.0426
0.2412 0.0658 0.0434 0.0332 0.0268 0.0430 0.0207 0.0238 0.0346
30% 1 0.8904 0.8470 0.8063 0.8543 0.8472 0.8280 0.8141 0.8064 0.7824
0.2091 0.1016 0.0956 0.0563 0.0532 0.0609 0.0160 0.0203 0.0602
0.2003 0.0842 0.0436 0.0678 0.0607 0.0718 0.0186 0.0228 0.0494
2 0.8819 0.7575 0.7643 0.7637 0.7576 0.7406 0.7704 0.7644 0.7491
0.2231 0.0962 0.0891 0.0493 0.0561 0.0760 0.0302 0.0383 0.0631
0.2098 0.0693 0.0542 0.0608 0.0671 0.0830 0.0370 0.0445 0.0636
3 0.8770 0.7792 0.8481 0.7847 0.7793 0.7661 0.8551 0.8482 0.8291
0.2592 0.1015 0.0843 0.0654 0.0617 0.0622 0.0206 0.0303 0.0602
0.2262 0.0956 0.0341 0.0805 0.0728 0.0737 0.0235 0.0306 0.0507
60% 1 0.8690 0.8154 0.7935 0.8219 0.8155 0.7958 0.7994 0.7936 0.7761
0.1940 0.0890 0.0835 0.0238 0.0255 0.0528 0.0090 0.0200 0.0532
0.1836 0.0466 0.0248 0.0277 0.0302 0.0519 0.0088 0.0158 0.0374
2 0.8592 0.7462 0.8143 0.7513 0.7463 0.7336 0.8200 0.8144 0.7997
60 0.1919 0.0933 0.0877 0.0419 0.0455 0.0740 0.0299 0.0298 0.0513
0.1829 0.0672 0.0475 0.0511 0.0530 0.0743 0.0355 0.0352 0.0543
3 0.8461 0.7755 0.8581 0.7812 0.7756 0.7594 0.8644 0.8582 0.8422
0.1838 0.1013 0.0803 0.0569 0.0539 0.0615 0.0191 0.0253 0.0509
0.1773 0.0864 0.0340 0.0689 0.0618 0.0727 0.0222 0.0259 0.0475
90% 1 0.8621 0.7934 0.7912 0.7986 0.7935 0.7810 0.7959 0.7912 0.7796
0.1801 0.0743 0.0715 0.0098 0.0186 0.0418 0.0082 0.0171 0.0395
0.1721 0.0317 0.0230 0.0090 0.0144 0.0291 0.0059 0.0116 0.0260
2 0.8568 0.8221 0.8339 0.8284 0.8222 0.8032 0.8408 0.8341 0.8132
0.1848 0.0914 0.0801 0.0369 0.0397 0.0560 0.0219 0.0228 0.0412
0.1767 0.0532 0.0443 0.0454 0.0460 0.0633 0.0253 0.0270 0.0421
3 0.8436 0.8102 0.7770 0.8164 0.8103 0.7920 0.7824 0.7771 0.7632
0.1808 0.0858 0.0782 0.0201 0.0292 0.0550 0.0166 0.0226 0.0492
0.1726 0.0394 0.0310 0.0220 0.0286 0.0460 0.0192 0.0265 0.0424
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TaBLE 1: Continued.

¢ SEL LL

Prior — FP Scheme MLE I I 1 I

v—> -3 —-0.03 +3 -3 —-0.03 +3
30% 1 0.8978 0.7893 0.7682 0.7945 0.7894 0.7753 0.7737 0.7683 0.7535

0.1915 0.0840 0.0783 0.0272 0.0353 0.0613 0.0174 0.0259 0.0512

0.1805 0.0397 0.0259 0.0329 0.0396 0.0581 0.0193 0.0252 0.0416

2 0.8705 0.7742 0.7940 0.7794 0.7743 0.7607 0.7994 0.7941 0.7791
0.1889 0.0825 0.0809 0.0233 0.0317 0.0576 0.0136 0.0197 0.0475

0.1816 0.0357 0.0302 0.0280 0.0348 0.0531 0.0159 0.0216 0.0409

3 0.8751 0.8020 0.8011 0.8076 0.8021 0.7866 0.8067 0.8012 0.7856
0.1910 0.0830 0.0748 0.0181 0.0276 0.0551 0.0117 0.0193 0.0470

0.1772 0.0326 0.0247 0.0199 0.0265 0.0447 0.0138 0.0197 0.0385

60% 1 0.8762 0.7918 0.7805 0.7978 0.7919 0.7746 0.7857 0.7806 0.7667
0.1686 0.0835 0.0770 0.0250 0.0332 0.0588 0.0094 0.0203 0.0496

0.1598 0.0370 0.0253 0.0301 0.0367 0.0548 0.0074 0.0145 0.0410

2 0.8516 0.7721 0.8036 0.7776 0.7722 0.7575 0.8093 0.8037 0.7876

90 0.1590 0.0797 0.0784 0.0221 0.0305 0.0555 0.0086 0.0186 0.0473
0.1534 0.0322 0.0201 0.0258 0.0321 0.0492 0.0082 0.0147 0.0332

3 0.8507 0.7787 0.7884 0.7841 0.7788 0.7642 0.7932 0.7885 0.7764

0.1505 0.0804 0.0729 0.0135 0.0209 0.0501 0.0102 0.0189 0.0429

0.1493 0.0271 0.0207 0.0157 0.0217 0.0414 0.0120 0.0173 0.0296

90% 1 0.8489 0.7797 0.7705 0.7846 0.7798 0.7672 0.7759 0.7706 0.7562
0.1504 0.0825 0.0757 0.0160 0.0251 0.0536 0.0089 0.0195 0.0469

0.1460 0.0226 0.0173 0.0179 0.0243 0.0360 0.0068 0.0132 0.0309

2 0.8454 0.7981 0.7920 0.8035 0.7982 0.7835 0.7970 0.7921 0.7791
0.1413 0.0780 0.0745 0.0105 0.0189 0.0459 0.0083 0.0179 0.0431

0.1373 0.0231 0.0193 0.0120 0.0180 0.0359 0.0060 0.0120 0.0281

3 0.8471 0.8010 0.8007 0.8071 0.8011 0.7845 0.8058 0.8008 0.7875
0.1474 0.0800 0.0800 0.0127 0.0195 0.0468 0.0101 0.0168 0.0410

0.1432 0.0291 0.0281 0.0149 0.0207 0.0393 0.0085 0.0144 0.0334

TaBLE 2: The APEs (first-line), RMSEs (second-line), and MRABs (third-line) of S.

n SEL LL

Prior — FP Scheme MLE I I I II

v—> -3 -0.03 +3 -3 —0.03 +3
30% 1 1.9985 0.5629 0.5427 0.5691 0.5630 0.5571 0.5471 0.5428 0.5390

1.9726 0.0894 0.0749 0.0692 0.0630 0.0571 0.0480 0.0432 0.0402

2.4722 0.1327 0.1067 0.1383 0.1260 0.1142 0.0941 0.0855 0.0788

2 1.8432 0.5834 0.5514 0.5870 0.5834 0.5804 0.5586 0.5515 0.5449
1.5105 0.0957 0.0859 0.0874 0.0836 0.0805 0.0741 0.0680 0.0643

2.1497 0.1668 0.1355 0.1739 0.1668 0.1608 0.1454 0.1350 0.1282

3 6.0528 0.5304 0.4064 0.5336 0.5304 0.5279 0.4145 0.4065 0.4009
1.6522 0.1195 0.1161 0.0899 0.0904 0.0961 0.0835 0.0954 0.1001

2.9469 0.2079 0.2070 0.1710 0.1777 0.1914 0.1539 0.1870 0.1983

60% 1 1.0393 0.5479 0.4952 0.5490 0.5480 0.5470 0.5055 0.4953 0.4887
1.7948 0.0672 0.0546 0.0493 0.0482 0.0472 0.0381 0.0392 0.0393

1.5525 0.0973 0.0961 0.0980 0.0959 0.0940 0.0729 0.0762 0.0780

2 0.9105 0.5565 0.5675 0.5583 0.5565 0.5548 0.5727 0.5675 0.5641

30 1.4539 0.0852 0.0660 0.0592 0.0566 0.0549 0.0586 0.0522 0.0458
1.3115 0.1350 0.1129 0.1171 0.1129 0.1097 0.1167 0.1030 0.0898

3 1.6928 0.4110 0.5678 0.4243 0.4111 0.4043 0.5715 0.5678 0.5641

2.1120 0.0841 0.0612 0.0715 0.0679 0.0642 0.0353 0.0316 0.0286

2.1506 0.1420 0.0803 0.1429 0.1356 0.1282 0.0671 0.0609 0.0557

90% 1 0.8250 0.5188 0.4619 0.5214 0.5188 0.5169 0.4635 0.4619 0.4606
1.1076 0.0501 0.0429 0.0238 0.0201 0.0177 0.0282 0.0168 0.0155

1.1141 0.0873 0.0490 0.0427 0.0376 0.0339 0.0408 0.0305 0.0289

2 0.8093 0.4851 0.5093 0.4869 0.4851 0.4837 0.5117 0.5093 0.5071
0.9211 0.0409 0.0363 0.0158 0.0163 0.0171 0.0154 0.0125 0.0100

1.0725 0.0623 0.0484 0.0295 0.0302 0.0326 0.0233 0.0186 0.0142

3 0.7959 0.4810 0.5145 0.4866 0.4811 0.4770 0.5180 0.5145 0.5122
0.8940 0.0536 0.0461 0.0261 0.0254 0.0270 0.0229 0.0170 0.0136

1.1052 0.0696 0.0413 0.0486 0.0460 0.0478 0.0359 0.0290 0.0245
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TaBLE 2: Continued.
N SEL LL
Prior — FP Scheme MLE I I I 11
v—> -3 -0.03 +3 -3 -0.03 +3
30% 1 0.8289 0.4609 0.5271 0.4696 0.4609 0.4563 0.5292 0.5271 0.5254
1.2792 0.0775 0.0648 0.0484 0.0458 0.0457 0.0302 0.0312 0.0347
1.1895 0.1102 0.0973 0.0955 0.0910 0.0874 0.0584 0.0606 0.0688
2 0.8221 0.5196 0.5524 0.5226 0.5197 0.5177 0.5534 0.5524 0.5515
1.0056 0.0674 0.0582 0.0536 0.0525 0.0522 0.0246 0.0206 0.0181
1.1491 0.1150 0.1069 0.1048 0.1049 0.1031 0.0451 0.0393 0.0353
3 2.3964 0.4963 0.4363 0.4996 0.4964 0.4943 0.4451 0.4363 0.4319
1.2605 0.0918 0.0505 0.0275 0.0279 0.0289 0.0632 0.0661 0.0691
1.7870 0.1550 0.0725 0.0508 0.0512 0.0551 0.1159 0.1273 0.1361
60% 1 0.6404 0.5408 0.4696 0.5440 0.5408 0.5387 0.4756 0.4697 0.4656
0.6240 0.0585 0.0582 0.0452 0.0435 0.0440 0.0280 0.0277 0.0258
0.7339 0.0910 0.0817 0.0880 0.0817 0.0876 0.0519 0.0543 0.0509
2 0.6507 0.4515 0.5102 0.4552 0.4515 0.4490 0.5145 0.5102 0.5072
60 0.6429 0.0503 0.0485 0.0475 0.0504 0.0516 0.0203 0.0136 0.0093
0.7673 0.0564 0.0897 0.0477 0.0970 0.1020 0.0290 0.0205 0.0145
3 0.8705 0.4746 0.5283 0.4780 0.4747 0.4725 0.5325 0.5283 0.5257
1.2345 0.0552 0.0500 0.0212 0.0207 0.0217 0.0355 0.0294 0.0293
1.5016 0.0726 0.0595 0.0404 0.0385 0.0421 0.0651 0.0566 0.0562
90% 1 0.5737 0.5100 0.5455 0.5139 0.5100 0.5078 0.5478 0.5455 0.5438
0.4576 0.0458 0.0447 0.0438 0.0414 0.0390 0.0197 0.0129 0.0091
0.6049 0.0639 0.0317 0.0820 0.0794 0.0773 0.0277 0.0201 0.0155
2 0.5792 0.4880 0.5030 0.4920 0.4881 0.4857 0.5072 0.5030 0.5004
0.4528 0.0478 0.0448 0.0182 0.0156 0.0157 0.0179 0.0107 0.0068
0.6110 0.0440 0.0462 0.0342 0.0294 0.0291 0.0208 0.0140 0.0105
3 0.6153 0.4814 0.4741 0.4855 0.4814 0.4790 0.4780 0.4742 0.4719
0.5390 0.0523 0.0421 0.0143 0.0100 0.0085 0.0284 0.0284 0.0261
0.7138 0.0596 0.0348 0.0235 0.0184 0.0159 0.0531 0.0525 0.0514
30% 1 0.6918 04963 04965 04988 04963 04947 04989 04966  0.4950
1.0070 0.0400 0.0370 0.0184 0.0138 0.0110 0.0143 0.0097 0.0070
0.8784 0.0299 0.0305 0.0271 0.0221 0.0190 0.0186 0.0150 0.0132
2 0.6603 0.5138 0.4904 0.5163 0.5138 0.5122 0.4936 0.4904 0.4885
0.7114 0.0442 0.0435 0.0283 0.0245 0.0223 0.0222 0.0163 0.0131
0.8485 0.0469 0.0285 0.0518 0.0467 0.0435 0.0343 0.0276 0.0245
3 1.4694 0.4988 0.5048 0.5026 0.4988 0.4967 0.5082 0.5049 0.5029
1.2001 0.0448 0.0425 0.0181 0.0154 0.0149 0.0176 0.0112 0.0075
1.0183 0.0425 0.0250 0.0334 0.0288 0.0272 0.0190 0.0136 0.0106
60% 1 0.5322 0.5110 0.5059 0.5136 0.5111 0.5095 0.5083 0.5059 0.5044
0.4071 0.0387 0.0365 0.0159 0.0107 0.0083 0.0120 0.0082 0.0067
0.5394 0.0277 0.0198 0.0225 0.0181 0.0158 0.0166 0.0125 0.0099
2 0.5573 0.5193 0.5138 0.5212 0.5194 0.5181 0.5171 0.5138 0.5118
920 0.3903 0.0440 0.0391 0.0234 0.0205 0.0187 0.0171 0.0143 0.0130
0.5467 0.0399 0.0388 0.0424 0.0387 0.0362 0.0317 0.0270 0.0237
3 0.6249 0.4900 0.5005 0.4935 0.4901 0.4879 0.5033 0.5005 0.4988
0.8033 0.0442 0.0403 0.0175 0.0104 0.0076 0.0155 0.0096 0.0061
1.0769 0.0251 0.0204 0.0247 0.0178 0.0141 0.0187 0.0126 0.0088
90% 1 0.5475 0.5075 0.5008 0.5103 0.5075 0.5057 0.5029 0.5008 0.4994
0.3430 0.0377 0.0345 0.0133 0.0098 0.0075 0.0110 0.0080 0.0059
0.4828 0.0228 0.0171 0.0206 0.0150 0.0114 0.0165 0.0118 0.0087
2 0.5332 0.4969 0.5234 0.5004 0.4969 0.4948 0.5259 0.5234 0.5217
0.3258 0.0426 0.0378 0.0198 0.0156 0.0138 0.0165 0.0110 0.0088
0.4729 0.0296 0.0281 0.0325 0.0276 0.0252 0.0264 0.0199 0.0166
3 0.5489 0.5036 0.5049 0.5073 0.5036 0.5015 0.5079 0.5049 0.5031
0.4135 0.0438 0.0390 0.0168 0.0101 0.0064 0.0137 0.0088 0.0060
0.5669 0.0203 0.0198 0.0198 0.0126 0.0085 0.0162 0.0102 0.0067
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TaBLE 3: The APEs (first-line), RMSEs (second-line), and MRABs (third-line) of 6.

n SEL LL

Prior — FP Scheme MLE I 1 I 1I

v—> -3 -0.03 +3 -3 -0.03 +3
30% 1 0.3717 0.1597 0.1297 0.1647 0.1597 0.1562 0.1365 0.1297 0.1250

0.3998 0.0943 0.0671 0.0398 0.0421 0.0445 0.0676 0.0719 0.0758

1.1666 0.4028 0.2552 0.1830 0.2015 0.2188 0.3174 0.3513 0.3750

2 0.5022 0.0924 0.2262 0.1026 0.0925 0.0868 0.2341 0.2262 0.2212
0.6359 0.1299 0.0712 0.1031 0.1093 0.1139 0.0462 0.0384 0.0339

1.7861 0.6028 0.2124 0.4870 0.5376 0.5658 0.2090 0.1817 0.1645

3 1.1230 0.1331 0.1982 0.1378 0.1332 0.1298 0.2000 0.1982 0.1968
1.8096 0.0854 0.0654 0.0655 0.0686 0.0713 0.0354 0.0362 0.0381

1.6811 0.3790 0.2378 0.3108 0.3342 0.3509 0.1651 0.1677 0.1849

60% 1 0.2717 0.1672 0.2235 0.1730 0.1673 0.1636 0.2256 0.2235 0.2218
0.1825 0.0653 0.0430 0.0346 0.0356 0.0377 0.0273 0.0246 0.0225

0.6336 0.2301 0.1441 0.1605 0.1641 0.1818 0.1281 0.1177 0.1092

2 0.2958 0.1643 0.2363 0.1719 0.1643 0.1591 0.2418 0.2363 0.2329

30 0.2429 0.0753 0.0656 0.0376 0.0396 0.0430 0.0427 0.0311 0.0245
0.7644 0.2776 0.2008 0.1738 0.1798 0.2045 0.1705 0.1312 0.1058

3 0.3477 0.1967 0.1665 0.2017 0.1967 0.1922 0.1724 0.1666 0.1630

0.4242 0.0683 0.0401 0.0074 0.0074 0.0099 0.0104 0.0089 0.0082

1.4417 0.3104 0.1088 0.0313 0.0316 0.0440 0.0427 0.0386 0.0363

90% 1 0.2443 0.2157 0.1969 0.2191 0.2157 0.2133 0.1986 0.1970 0.1957
0.1392 0.0467 0.0316 0.0234 0.0180 0.0146 0.0090 0.0074 0.0067

0.4836 0.1247 0.0788 0.0955 0.0785 0.0667 0.0394 0.0344 0.0318

2 0.2546 0.2167 0.2185 0.2196 0.2168 0.2148 0.2215 0.2185 0.2165
0.1539 0.0433 0.0450 0.0218 0.0178 0.0152 0.0254 0.0208 0.0179

0.5352 0.1202 0.1101 0.0978 0.0838 0.0738 0.1073 0.0926 0.0827

3 0.2506 0.2621 0.1967 0.2633 0.2621 0.2609 0.1995 0.1967 0.1947
0.1698 0.0564 0.0335 0.0635 0.0622 0.0610 0.0095 0.0067 0.0064

0.6328 0.2147 0.1031 0.3167 0.3105 0.3047 0.0377 0.0307 0.0297

30% 1 0.2633 0.1889 0.1408 0.1903 0.1889 0.1878 0.1469 0.1408 0.1372
0.1908 0.0827 0.0574 0.0586 0.0614 0.0639 0.0243 0.0149 0.0132

0.6170 0.3539 0.1095 0.2683 0.2960 0.3142 0.0965 0.0685 0.0614

2 0.3201 0.1452 0.2157 0.1526 0.1452 0.1406 0.2207 0.2158 0.2129

0.2967 0.0842 0.0538 0.0541 0.0572 0.0606 0.0292 0.0204 0.0157

0.8839 0.3342 0.1129 0.2474 0.2738 0.2972 0.1037 0.0789 0.0645

3 0.6700 0.2126 0.1977 0.2147 0.2126 0.2112 0.1994 0.1977 0.1965

1.1081 0.0626 0.0543 0.0408 0.0431 0.0452 0.0218 0.0133 0.0083

1.2887 0.2553 0.1497 0.1921 0.2103 0.2237 0.0771 0.0508 0.0336

60% 1 0.2305 0.1945 0.1990 0.2011 0.1946 0.1912 0.2039 0.1990 0.1958
0.1106 0.0551 0.0477 0.0398 0.0347 0.0319 0.0193 0.0127 0.0101

0.4023 0.1675 0.1050 0.1853 0.1676 0.1566 0.0698 0.0538 0.0468

2 0.2409 0.2121 0.2267 0.2135 0.2121 0.2109 0.2298 0.2267 0.2245

60 0.1442 0.0640 0.0428 0.0467 0.0484 0.0500 0.0182 0.0167 0.0168
0.4870 0.2808 0.1113 0.2199 0.2366 0.2472 0.0855 0.0776 0.0760

3 0.2676 0.1579 0.2101 0.1616 0.1579 0.1553 0.2154 0.2102 0.2067

0.2763 0.0509 0.0333 0.0219 0.0207 0.0213 0.0093 0.0070 0.0060

1.0459 0.1464 0.0734 0.1029 0.0950 0.0967 0.0390 0.0322 0.0287

90% 1 0.2121 0.2098 0.2335 0.2140 0.2098 0.2073 0.2371 0.2335 0.2313
0.0846 0.0526 0.0315 0.0197 0.0128 0.0123 0.0128 0.0127 0.0087

0.3163 0.1479 0.0971 0.0698 0.0593 0.0579 0.0601 0.0492 0.0366

2 0.2148 0.1527 0.1875 0.1560 0.1527 0.1506 0.1904 0.1875 0.1856
0.0909 0.0502 0.0319 0.0324 0.0281 0.0252 0.0148 0.0128 0.0113

0.3345 0.1478 0.0931 0.1492 0.1336 0.1225 0.0676 0.0604 0.0546

3 0.2157 0.1836 0.1973 0.1877 0.1837 0.1810 0.1992 0.1973 0.1960
0.1115 0.0368 0.0314 0.0183 0.0147 0.0124 0.0089 0.0068 0.0058

0.4229 0.0721 0.0691 0.0737 0.0632 0.0561 0.0375 0.0311 0.0274




Complexity 13
TasLE 3: Continued.
N SEL LL
Prior — FP Scheme MLE I 1 I 11
v—> -3 —-0.03 +3 -3 -0.03 +3
30% 1 0.2435 0.2101 0.1928 0.2126 0.2101 0.2085 0.1957 0.1928 0.1911
0.1384 0.0424 0.0398 0.0175 0.0129 0.0101 0.0165 0.0124 0.0115
0.4771 0.0896 0.0543 0.0763 0.0640 0.0584 0.0443 0.0588 0.0538
2 0.2616 0.2103 0.1986 0.2134 0.2104 0.2085 0.2009 0.1986 0.1972
0.1991 0.0451 0.0413 0.0243 0.0190 0.0160 0.0153 0.0118 0.0108
0.6324 0.1075 0.0840 0.1025 0.0863 0.0764 0.0685 0.0560 0.0506
3 0.4731 0.2010 0.2066 0.2035 0.2010 0.1995 0.2090 0.2066 0.2052
0.7870 0.0494 0.0422 0.0367 0.0333 0.0313 0.0194 0.0140 0.0107
0.9913 0.1631 0.0824 0.1755 0.1630 0.1549 0.0615 0.0465 0.0371
60% 1 0.2107 0.1925 0.2057 0.1957 0.1926 0.1906 0.2086 0.2058 0.2040
0.0837 0.0410 0.0382 0.0169 0.0137 0.0127 0.0162 0.0110 0.0077
0.3132 0.0853 0.0525 0.0628 0.0504 0.0426 0.0432 0.0291 0.0204
2 0.2203 0.1892 0.1933 0.1929 0.1892 0.1871 0.1964 0.1933 0.1915
90 0.0973 0.0420 0.0357 0.0198 0.0146 0.0144 0.0125 0.0090 0.0071
0.3522 0.0948 0.0549 0.0813 0.0690 0.0666 0.0486 0.0388 0.0330
3 0.2094 0.1940 0.2326 0.1962 0.1940 0.1926 0.2351 0.2326 0.2310
0.2080 0.0442 0.0366 0.0263 0.0218 0.0193 0.0126 0.0104 0.0096
0.8395 0.1030 0.0737 0.1167 0.1024 0.0936 0.0577 0.0492 0.0451
90% 1 0.2093 0.2057 0.2060 0.2088 0.2057 0.2039 0.2086 0.2060 0.2044
0.0672 0.0406 0.0381 0.0161 0.0112 0.0081 0.0154 0.0102 0.0066
0.2584 0.0505 0.0493 0.0448 0.0322 0.0244 0.0401 0.0289 0.0196
2 0.2087 0.2021 0.2172 0.2044 0.2022 0.2007 0.2205 0.2173 0.2153
0.0718 0.0410 0.0354 0.0174 0.0140 0.0106 0.0116 0.0073 0.0047
0.2694 0.0607 0.0510 0.0672 0.0518 0.0425 0.0331 0.0226 0.0162
3 0.2053 0.2093 0.2205 0.2123 0.2093 0.2074 0.2233 0.2205 0.2187
0.0925 0.0369 0.0355 0.0156 0.0111 0.0082 0.0129 0.0084 0.0058
0.3563 0.0453 0.0434 0.0454 0.0337 0.0263 0.0429 0.0312 0.0241
TABLE 4: The APEs (first-line), RMSEs (second-line), and MRABs (third-line) of R (¢).
N SEL LL
Prior — FP Scheme MLE I I I II
v—> -3 -0.03 +3 -3 -0.03 +3
30% 1 0.9212 0.9094 0.9365 0.9151 0.9095 0.8942 0.9430 0.9366 0.9177
0.1454 0.0984 0.0797 0.0564 0.0625 0.0761 0.0095 0.0203 0.0696
0.1394 0.0673 0.0236 0.0612 0.0672 0.0788 0.0099 0.0166 0.0444
2 0.9191 0.9565 0.9112 0.9636 0.9566 0.9349 0.9164 0.9112 0.8991
0.1461 0.1013 0.0742 0.0480 0.0456 0.0717 0.0209 0.0280 0.0473
0.1377 0.0671 0.0325 0.0510 0.0461 0.0612 0.0218 0.0269 0.0390
3 0.9240 0.9206 0.9016 0.9285 0.9207 0.8929 0.9070 0.9017 0.8869
0.1425 0.1006 0.0854 0.0324 0.0367 0.0736 0.0124 0.0224 0.0513
0.1365 0.0380 0.0340 0.0346 0.0380 0.0524 0.0107 0.0166 0.0326
60% 1 0.9237 0.9146 0.9096 0.9226 0.9148 0.8882 0.9135 0.9096 0.9007
0.1385 0.0942 0.0658 0.0280 0.0284 0.0510 0.0090 0.0179 0.0477
0.1342 0.0450 0.0176 0.0286 0.0293 0.0461 0.0060 0.0108 0.0271
2 0.9200 0.9284 0.9097 0.9363 0.9285 0.9004 0.9138 0.9097 0.9007
30 0.1364 0.1002 0.0656 0.0362 0.0425 0.0615 0.0113 0.0196 0.0419
0.1315 0.0478 0.0298 0.0390 0.0446 0.0566 0.0097 0.0143 0.0264
3 0.9246 0.8979 0.9074 0.9001 0.8979 0.8942 0.9141 0.9075 0.8898
0.1371 0.0793 0.0651 0.0179 0.0244 0.0466 0.0105 0.0184 0.0502
0.1328 0.0319 0.0236 0.0183 0.0231 0.0449 0.0108 0.0140 0.0297
90% 1 0.9242 0.9072 0.8551 0.9113 0.9073 0.8978 0.8607 0.8552 0.8446
0.1346 0.0889 0.0643 0.0093 0.0168 0.0353 0.0074 0.0166 0.0337
0.1303 0.0314 0.0171 0.0065 0.0104 0.0207 0.0052 0.0106 0.0202
2 0.9216 0.8758 0.8921 0.8811 0.8759 0.8649 0.8968 0.8921 0.8810
0.1348 0.0819 0.0542 0.0220 0.0262 0.0590 0.0106 0.0178 0.0348
0.1305 0.0401 0.0246 0.0221 0.0268 0.0555 0.0079 0.0117 0.0210
3 0.9240 0.8820 0.9195 0.8851 0.8820 0.8757 0.9235 0.9196 0.9108
0.1354 0.0636 0.0484 0.0161 0.0213 0.0275 0.0069 0.0147 0.0294
0.1316 0.0228 0.0213 0.0163 0.0206 0.0247 0.0045 0.0108 0.0228




14 Complexity

TaBLE 4: Continued.

B SEL LL

Prior — FP Scheme MLE I I 1 I

v—> -3 —-0.03 +3 -3 —-0.03 +3
30% 1 0.9268 0.9228 0.9327 0.9266 0.9229 0.9143 0.9403 0.9328 0.9073

0.1321 0.0985 0.0778 0.0255 0.0278 0.0656 0.0129 0.0199 0.0482

0.1285 0.0436 0.0237 0.0258 0.0288 0.0537 0.0132 0.0160 0.0289

2 0.9206 0.9200 0.9031 0.9261 0.9201 0.9024 0.9082 0.9031 0.8891
0.1291 0.0844 0.0777 0.0341 0.0396 0.0545 0.0158 0.0216 0.0486

0.1248 0.0409 0.0295 0.0365 0.0408 0.0509 0.0160 0.0199 0.0344

3 0.9256 0.9011 0.9167 0.9047 0.9011 0.8933 0.9205 0.9168 0.9079
0.1295 0.0765 0.0658 0.0180 0.0210 0.0435 0.0109 0.0183 0.0384

0.1258 0.0299 0.0206 0.0182 0.0194 0.0306 0.0111 0.0160 0.0268

60% 1 0.9248 0.9223 0.9042 0.9281 0.9224 0.9056 0.9095 0.9043 0.8903
0.1285 0.0822 0.0629 0.0147 0.0222 0.0487 0.0123 0.0159 0.0291

0.1254 0.0285 0.0232 0.0150 0.0196 0.0370 0.0080 0.0137 0.0246

2 0.9216 0.8793 0.9102 0.8834 0.8794 0.8701 0.9138 0.9103 0.9022

60 0.1268 0.0774 0.0770 0.0209 0.0223 0.0516 0.0118 0.0196 0.0402
0.1235 0.0356 0.0177 0.0211 0.0231 0.0378 0.0094 0.0149 0.0302

3 0.9219 0.9144 0.9296 0.9196 0.9145 0.9005 0.9331 0.9297 0.9222

0.1271 0.0762 0.0622 0.0140 0.0203 0.0430 0.0092 0.0169 0.0309

0.1238 0.0222 0.0175 0.0133 0.0171 0.0284 0.0093 0.0135 0.0258

90% 1 0.9240 0.9096 0.9071 0.9129 0.9096 0.9024 0.9104 0.9071 0.9000
0.1270 0.0586 0.0584 0.0097 0.0161 0.0301 0.0083 0.0148 0.0288

0.1242 0.0125 0.0114 0.0070 0.0106 0.0184 0.0047 0.0082 0.0160

2 0.9226 0.9307 0.9244 0.9358 0.9307 0.9170 0.9297 0.9245 0.9101
0.1261 0.0745 0.0613 0.0137 0.0204 0.0426 0.0084 0.0154 0.0309

0.1229 0.0272 0.0162 0.0141 0.0193 0.0360 0.0056 0.0093 0.0179

3 0.9207 0.9165 0.9013 0.9217 0.9166 0.9027 0.9052 0.9014 0.8922
0.1263 0.0633 0.0606 0.0139 0.0187 0.0353 0.0085 0.0148 0.0267

0.1230 0.0182 0.0170 0.0127 0.0169 0.0257 0.0085 0.0130 0.0224

30% 1 0.9295 0.9050 0.9032 0.9091 0.9051 0.8953 0.9079 0.9033 0.8911
0.1275 0.0769 0.0677 0.0142 0.0224 0.0455 0.0107 0.0185 0.0385

0.1247 0.0178 0.0133 0.0130 0.0178 0.0302 0.0085 0.0138 0.0238

2 0.9207 0.9028 0.9090 0.9070 0.9028 0.8926 0.9132 0.9091 0.8991

0.1228 0.0720 0.0696 0.0127 0.0206 0.0405 0.0088 0.0169 0.0365

0.1201 0.0194 0.0154 0.0108 0.0153 0.0264 0.0054 0.0099 0.0233

3 0.9246 0.9120 0.9108 0.9162 0.9121 0.9021 0.9151 0.9109 0.9006

0.1243 0.0712 0.0676 0.0159 0.0217 0.0406 0.0106 0.0190 0.0351

0.1217 0.0184 0.0196 0.0158 0.0194 0.0242 0.0078 0.0124 0.0273

60% 1 0.9257 0.9125 0.9050 0.9178 0.9126 0.8984 0.9092 0.9051 0.8950
0.1239 0.0732 0.0666 0.0120 0.0210 0.0447 0.0107 0.0184 0.0374

0.1210 0.0179 0.0130 0.0097 0.0148 0.0292 0.0083 0.0128 0.0235

2 0.9208 0.9094 0.9168 0.9141 0.9095 0.8974 0.9213 0.9169 0.9058

90 0.1226 0.0684 0.0670 0.0098 0.0171 0.0403 0.0083 0.0162 0.0361
0.1201 0.0144 0.0131 0.0100 0.0143 0.0261 0.0052 0.0102 0.0208

3 0.9218 0.9054 0.8990 0.9097 0.9054 0.8949 0.9024 0.8991 0.8918

0.1214 0.0689 0.0614 0.0098 0.0185 0.0395 0.0093 0.0163 0.0342

0.1190 0.0144 0.0141 0.0071 0.0119 0.0240 0.0067 0.0110 0.0221

90% 1 0.9232 0.9055 0.9004 0.9092 0.9055 0.8969 0.9049 0.9005 0.8891
0.1230 0.0717 0.0635 0.0109 0.0189 0.0440 0.0091 0.0179 0.0347

0.1203 0.0153 0.0126 0.0083 0.0128 0.0281 0.0084 0.0123 0.0217

2 0.9212 0.9104 0.9084 0.9143 0.9105 0.9013 0.9121 0.9084 0.9000
0.1214 0.0645 0.0625 0.0086 0.0159 0.0336 0.0081 0.0157 0.0324

0.1188 0.0121 0.0117 0.0056 0.0098 0.0198 0.0052 0.0092 0.0184

3 0.9221 0.9094 0.9074 0.9140 0.9094 0.8980 0.9110 0.9074 0.8994
0.1213 0.0667 0.0609 0.0085 0.0166 0.0366 0.0083 0.0160 0.0320

0.1187 0.0140 0.0116 0.0070 0.0113 0.0222 0.0064 0.0103 0.0190




Complexity 15
TaBLE 5: The APEs (first-line), RMSEs (second-line), and MRABs (third-line) of h(t).
" SEL LL
Prior — FP Scheme MLE I I I I
v—> -3 -0.03 +3 -3 -0.03 +3
30% 1 0.6786 0.6490 0.4730 1.0081 0.6503 0.6053 0.8772 0.4746 0.4135
0.4189 0.3983 0.3037 0.3506 0.2297 0.2758 0.2550 0.0978 0.1235
0.4643 0.4215 0.1969 0.3822 0.3112 0.3995 0.2773 0.1351 0.1792
2 0.7198 0.3130 0.7049 0.7986 0.3149 0.2535 1.0613 0.7064 0.6347
0.4300 0.4258 0.3264 0.4134 0.3863 0.3559 0.3609 0.1400 0.0874
0.4225 0.3955 0.2592 0.4186 0.3267 0.3182 0.3559 0.1918 0.1243
3 0.7028 0.5604 0.7902 0.9726 0.5619 0.5121 1.0398 0.7911 0.7488
0.4035 0.3519 0.2761 0.3228 0.2499 0.2226 0.2378 0.1138 0.0916
0.3973 0.2968 0.2013 0.3362 0.2596 0.2563 0.2216 0.1490 0.1329
60% 1 0.6373 0.6189 0.7311 1.0722 0.6206 0.5652 0.9240 0.7318 0.7019
0.2817 0.2489 0.2273 0.2967 0.2206 0.2524 0.2053 0.0696 0.0235
0.3326 0.2614 0.1357 0.2540 0.2630 0.2644 0.2421 0.0655 0.0281
2 0.6791 0.5351 0.7158 1.0068 0.5368 0.4875 0.9794 0.7168 0.6678
30 0.2723 0.2760 0.2196 0.2166 0.2310 0.2026 0.2084 0.0909 0.0682
0.3064 0.2625 0.2374 0.2433 0.2363 0.2921 0.2290 0.0960 0.0863
3 0.6295 0.8216 0.6625 0.9191 0.8221 0.7905 1.0846 0.6642 0.5971
0.2569 0.2416 0.2293 0.2519 0.1547 0.1796 0.2307 0.0712 0.0825
0.3064 0.2601 0.1867 0.2792 0.2070 0.2231 0.2102 0.0982 0.1188
90% 1 0.6354 0.7311 1.0063 0.9878 0.7320 0.6968 1.2238 1.0074 0.9395
0.2435 0.2181 0.2073 0.2160 0.0735 0.0835 0.2031 0.0685 0.0108
0.2830 0.2400 0.1280 0.2346 0.1007 0.1209 0.2316 0.0631 0.0119
2 0.6478 0.9153 0.8195 1.1731 0.9164 0.8494 1.0931 0.8206 0.7742
0.2392 0.2236 0.2048 0.2042 0.1767 0.1625 0.1868 0.0784 0.0412
0.2783 0.2421 0.1951 0.2037 0.2210 0.1594 0.1876 0.0743 0.0504
3 0.6329 0.9357 0.6420 1.0617 0.9362 0.9110 0.8771 0.6429 0.6068
0.2520 0.2101 0.1811 0.2309 0.1368 0.1021 0.2238 0.0674 0.0605
0.2906 0.2589 0.1722 0.2419 0.1940 0.1481 0.2047 0.0899 0.0874
30% 1 0.6572 0.6334 0.5008 0.8137 0.6341 0.6085 0.9592 0.5025 0.4503
0.2770 0.2216 0.1936 0.2428 0.2062 0.2392 0.2269 0.0965 0.0813
0.3112 0.2877 0.1898 0.2408 0.2760 0.2461 0.2334 0.1031 0.1162
2 0.7069 0.5881 0.7386 0.9764 0.5896 0.5409 1.0929 0.7398 0.7037
0.2509 0.2335 0.1953 0.2291 0.1600 0.1669 0.2032 0.1093 0.1201
0.2686 0.2560 0.1108 0.2125 0.1755 0.2144 0.1871 0.1484 0.1724
3 0.6664 0.7734 0.6881 0.9706 0.7741 0.7482 0.8778 0.6888 0.6640
0.2240 0.2168 0.2107 0.2125 0.1148 0.1314 0.1838 0.0797 0.0778
0.2495 0.1789 0.1540 0.2096 0.1546 0.1901 0.2033 0.1071 0.1123
60% 1 0.6459 0.6104 0.7490 1.0076 0.6118 0.5727 1.0645 0.7502 0.7022
0.2024 0.1942 0.1316 0.1860 0.1100 0.1175 0.1846 0.0753 0.0318
0.2390 0.2236 0.1566 0.1953 0.1509 0.1682 0.1622 0.0895 0.0338
2 0.6694 0.9138 0.7268 1.0909 0.9145 0.8849 0.9477 0.7276 0.6962
60 0.1812 0.1645 0.1403 0.1761 0.1295 0.1656 0.1558 0.0855 0.0192
0.2099 0.1719 0.1248 0.1844 0.1522 0.2052 0.1763 0.0744 0.0220
3 0.6636 0.6473 0.5887 0.9432 0.6483 0.6112 0.8412 0.5896 0.5577
0.1903 0.1728 0.1686 0.1814 0.0976 0.0758 0.1754 0.0712 0.0536
0.2194 0.1673 0.1129 0.1995 0.1243 0.1041 0.1723 0.0982 0.0770
90% 1 0.6474 0.7180 0.7401 0.9405 0.7188 0.6931 0.9683 0.7409 0.7137
0.1790 0.1405 0.1203 0.1800 0.0752 0.0272 0.1548 0.0597 0.0099
0.2122 0.0968 0.0691 0.1662 0.0760 0.0365 0.1597 0.0445 0.0082
2 0.6556 0.5421 0.6030 0.8506 0.5432 0.5095 0.9075 0.6041 0.5698
0.1668 0.1608 0.1393 0.1537 0.1288 0.1496 0.1505 0.0675 0.0146
0.1916 0.1562 0.1220 0.1589 0.1328 0.1600 0.1442 0.0567 0.0136
3 0.6640 0.6565 0.7657 0.9680 0.6576 0.6169 0.9671 0.7664 0.7416
0.1719 0.1650 0.1341 0.1667 0.0918 0.0600 0.1616 0.0520 0.0279
0.1975 0.1260 0.0966 0.1957 0.1130 0.0866 0.1522 0.0610 0.0367
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TaBLE 5: Continued.

n SEL LL

Prior — FP Scheme MLE I I I I

v—> -3 -0.03 +3 -3 -0.03 +3
30% 1 0.6373 0.7468 0.7389 0.9890 0.7476 0.7205 1.0140 0.7398 0.7106

0.2188 0.1862 0.1647 0.2079 0.0963 0.0513 0.1662 0.0791 0.0461

0.2541 0.1226 0.0864 0.1992 0.1135 0.0733 0.1727 0.0876 0.0618

2 0.6982 0.7529 0.7146 1.0105 0.7538 0.7262 0.9498 0.7154 0.6888
0.1849 0.1549 0.1386 0.1543 0.0876 0.0640 0.1480 0.0622 0.0268

0.2073 0.1416 0.1010 0.1675 0.0975 0.0902 0.1481 0.0641 0.0373

3 0.6728 0.6961 0.7050 0.9358 0.6969 0.6698 0.9488 0.7059 0.6785
0.1762 0.1599 0.1423 0.1481 0.1236 0.0880 0.1320 0.0724 0.0236

0.2017 0.1664 0.0849 0.1652 0.1668 0.1274 0.1401 0.0650 0.0304

60% 1 0.6504 0.6771 0.7389 0.9836 0.6782 0.6460 0.9926 0.7398 0.7121
0.1648 0.1605 0.1503 0.1567 0.0791 0.0329 0.1555 0.0735 0.0257

0.1910 0.1122 0.0848 0.1524 0.0857 0.0464 0.1492 0.0774 0.0342

2 0.6759 0.6928 0.6549 0.9933 0.6938 0.6629 0.9278 0.6559 0.6264

90 0.1509 0.1448 0.1258 0.1360 0.0715 0.0395 0.1291 0.0585 0.0118
0.1721 0.0948 0.0710 0.1494 0.0947 0.0547 0.1402 0.0499 0.0205

3 0.6722 0.7314 0.8027 0.9686 0.7322 0.7050 1.0055 0.8034 0.7763

0.1462 0.1419 0.1124 0.1359 0.0734 0.0281 0.1249 0.0696 0.0228

0.1706 0.1277 0.0841 0.1440 0.0768 0.0393 0.1268 0.0634 0.0296

90% 1 0.6526 0.7377 0.7658 0.9747 0.7386 0.7119 1.0271 0.7667 0.7390
0.1459 0.1422 0.1259 0.1526 0.0764 0.0251 0.1394 0.0696 0.0249

0.1686 0.0889 0.0783 0.1441 0.0744 0.0339 0.1416 0.0726 0.0320

2 0.6702 0.7082 0.7249 0.9323 0.7089 0.6833 0.9652 0.7258 0.6980
0.1391 0.1232 0.1142 0.1305 0.0639 0.0121 0.1202 0.0562 0.0105

0.1616 0.0880 0.0665 0.1471 0.0540 0.0144 0.1388 0.0487 0.0137

3 0.6626 0.7148 0.7406 0.9811 0.7157 0.6822 0.9649 0.7414 0.7156
0.1380 0.1259 0.1109 0.1211 0.0611 0.0190 0.1201 0.0583 0.0169

0.1637 0.0882 0.0833 0.1407 0.0626 0.0239 0.1091 0.0587 0.0226

TaBLE 6: The ACLs/CPs of asymptotic/credible interval estimates of a.

ACI-NA BCI
n
FP Scheme ACI-NL HPD

Prior — I 11 I II

ACL CP ACL CP ACL CP
30% 1 1.5136 0.963 0.3198 0.988 0.2507 0.999
2.0153 0.935 0.2705 0.959 0.1942 0.972
2 1.6241 0.963 0.3085 0.988 0.2710 0.999
2.0466 0.933 0.2496 0.957 0.2316 0.970
3 1.8642 0.930 0.2966 0.954 0.2804 0.967
2.0752 0.931 0.2569 0.955 0.2393 0.968
60% 1 1.2520 0.966 0.2967 0.991 0.2257 0.999
1.4132 0.942 0.2644 0.966 0.1706 0.979
30 2 1.2288 0.970 0.2835 0.995 0.2668 0.999
1.3672 0.947 0.2401 0.972 0.2202 0.984
3 1.1503 0.948 0.2776 0.973 0.2344 0.985
1.6574 0.935 0.2320 0.959 0.1790 0.972
90% 1 1.1156 0.982 0.2389 0.997 0.2069 0.999
1.2204 0.958 0.1992 0.983 0.1595 0.996
2 1.1042 0.978 0.2630 0.994 0.2420 0.999
1.2040 0.949 0.2074 0.974 0.1959 0.986
3 1.1252 0.966 0.2347 0.991 0.2147 0.999

1.2621 0.941 0.1799 0.965 0.1697 0.978
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TaBLE 6: Continued.
ACI-NA BCI
n
FP Scheme ACI-NL HPD
Prior — I 11 I II
ACL CP ACL CP ACL CP
30% 1 1.0578 0.971 0.2607 0.997 0.2495 0.999
1.1375 0.939 0.2003 0.964 0.1968 0.977
2 1.0423 0.965 0.2327 0.991 0.2083 0.999
1.1156 0.943 0.1841 0.968 0.1577 0.982
3 1.3312 0.953 0.2442 0.979 0.2028 0.992
1.6050 0.930 0.1917 0.955 0.1597 0.968
60% 1 0.8704 0.979 0.2009 0.995 0.1897 0.999
0.9127 0.947 0.1452 0.973 0.1349 0.986
60 2 0.8333 0.971 0.2249 0.997 0.1962 0.999
0.8713 0.949 0.1687 0.973 0.1460 0.985
3 0.9457 0.956 0.2241 0.982 0.1908 0.995
1.0345 0.938 0.1770 0.963 0.1386 0.976
90% 1 0.7658 0.990 0.1903 0.997 0.1730 0.999
0.7945 0.961 0.1457 0.987 0.1294 0.999
2 0.7514 0.987 0.2059 0.996 0.1925 0.999
0.7789 0.949 0.1600 0.974 0.1404 0.988
3 0.7766 0.969 0.1927 0.995 0.1848 0.999
0.8087 0.942 0.1419 0.967 0.1334 0.980
30% 1 0.8749 0.977 0.1865 0.997 01730 0.999
0.9156 0.945 0.1338 0.973 0.1243 0.988
2 0.8202 0.968 0.1867 0.997 0.1801 0.999
0.8548 0.945 0.1376 0.973 0.1283 0.988
3 1.0393 0.958 0.2030 0.987 0.1799 0.999
1.1490 0.938 0.1517 0.966 0.1292 0.981
60% 1 0.7025 0.981 0.1818 0.999 0.1674 0.999
0.7232 0.949 0.1322 0.977 0.1177 0.992
90 2 0.6679 0.985 0.1783 0.999 0.1702 0.999
0.6866 0.950 0.1281 0.979 0.1193 0.993
3 0.7937 0.974 0.1869 0.999 0.1658 0.999
0.8015 0.940 0.1358 0.968 0.1183 0.983
90% 1 0.6217 0.996 0.1817 0.999 0.1575 0.999
0.6369 0.969 0.1318 0.998 0.1104 0.999
2 0.6081 0.998 0.1731 0.998 0.1664 0.999
0.6224 0.961 0.1247 0.990 0.1188 0.999
3 0.6364 0.981 0.1730 0.999 0.1645 0.999
0.6531 0.947 0.1230 0.975 0.1179 0.990

(xi) In summary, the Bayesian inference via M-H al-
gorithm of the unknown life parameters «, 3, 0,
R(t), and h(t) of the Marshall-Olkin generalized-
exponential lifetime model is recommended.

6. Real-Life Applications

To show the potentiality and flexibility of the proposed
methodologies to real phenomenon, in this section we shall
provide two real data sets obtained from different fields. First
data set (denoted by Data-I) represents the failure times of
n =18 electronic devices, as can be seen in Wang [31].
Recently, this data set has also been discussed by Elshahhat

and Abu El Azm [16]. Other data set (denoted by data-II),
reported by Hinkley [32], consists of the amount of pre-
cipitation (inches) having n = 30 successive values in March
at Minneapolis/St Paul. The lifetime points (in order) of both
data sets I and II are presented in Table 11.

Using Table 11, plots of the empirical/estimated scaled
TTT-transform of the MOGE distribution are provided in
Figure 8. It shows that the scaled TTT-transform is (a)
convex and then concave for data-I while is concave for data-
I1. It also suggests that increasing and bathtub shaped failure
rates are suitable for the fitting MOGE lifetime model.

Before discussing our proposed estimators, the MOGE
distribution is compared with seven popular Marshall-Olkin



18 Complexity
TaBLE 7: The ACLs/CPs of asymptotic/credible interval estimates of f.
ACI-NA BCI
n
FP Scheme ACI-NL HPD
Prior — I 11 I II
ACL CP ACL CP ACL CP
30% 1 2.1029 0.935 0.2470 0.959 0.1885 0.970
2.8978 0.946 0.2156 0.965 0.1737 0.976
2 2.5156 0.933 0.2201 0.968 0.1847 0.979
2.9665 0.947 0.2080 0.970 0.1693 0.981
3 2.6728 0.930 0.2628 0.941 0.1667 0.951
3.2831 0.931 0.2238 0.945 0.1612 0.955
60% 1 2.0646 0.947 0.1941 0.968 0.1159 0.975
2.8450 0.959 0.1883 0.968 0.0998 0.979
30 2 2.1457 0.949 0.1811 0.969 0.1210 0.980
2.9067 0.953 0.1541 0.975 0.1088 0.986
3 2.2594 0.935 0.2288 0.949 0.1598 0.959
3.1135 0.935 0.2030 0.967 0.1436 0.978
90% 1 2.0477 0.961 0.1289 0.968 0.1022 0.979
2.4218 0.967 0.1099 0.970 0.0925 0.981
2 2.0345 0.959 0.1401 0.975 0.1055 0.986
2.7836 0.968 0.1266 0.982 0.0899 0.993
3 2.0779 0.942 0.1986 0.956 0.1369 0.967
2.8034 0.952 0.1746 0.977 0.1134 0.988
30% 1 1.2260 0.942 0.2037 0.966 0.1402 0.975
1.3398 0.960 0.1696 0.966 0.1155 0.981
2 1.5492 0.943 0.1570 0.968 0.1501 0.984
1.4873 0.976 0.1351 0.973 0.1247 0.986
3 1.6245 0.936 0.1887 0.946 0.1353 0.957
1.8239 0.946 0.1531 0.965 0.1128 0.961
60% 1 1.1900 0.949 0.1913 0.969 0.1296 0.984
1.1409 0.968 0.1652 0.975 0.1129 0.984
60 2 1.2970 0.959 0.1435 0.971 0.1233 0.985
1.2537 0.981 0.1177 0.983 0.0968 0.992
3 1.1520 0.941 0.1408 0.955 0.1259 0.965
1.3875 0.965 0.1152 0.971 0.1005 0.983
90% 1 0.8932 0.964 0.1273 0.978 0.1136 0.984
1.0309 0.973 0.1007 0.979 0.0948 0.986
2 0.9701 0.970 0.1225 0.976 0.0947 0.992
1.1368 0.988 0.1010 0.985 0.0809 0.999
3 1.0142 0.947 0.1339 0.966 0.1202 0.972
1.2175 0.978 0.1074 0.980 0.0927 0.994
30% 1 0.6642 0.945 0.1061 0.979 0.0905 0.985
0.7152 0.979 0.0833 0.977 0.0676 0.985
2 0.7568 0.945 0.1033 0.975 0.0900 0.987
0.9429 0.979 0.0799 0.978 0.0671 0.992
3 0.8374 0.940 0.1188 0.977 0.1022 0.965
1.1004 0.948 0.0938 0.980 0.0753 0.984
60% 1 0.5277 0.958 0.1021 0.980 0.0874 0.988
0.6272 0.981 0.0811 0.979 0.0643 0.995
90 2 0.5950 0.967 0.1031 0.975 0.0817 0.990
0.6820 0.982 0.0775 0.985 0.0612 0.998
3 0.8045 0.947 0.1046 0.985 0.0979 0.974
0.8527 0.979 0.0771 0.984 0.0737 0.990
90% 1 0.3216 0.969 0.0882 0.983 0.0800 0.998
0.4431 0.986 0.0658 0.980 0.0589 0.999
2 0.4885 0.981 0.1019 0.988 0.0996 0.996
0.6032 0.989 0.0770 0.987 0.0716 0.998
3 0.5997 0.958 0.1037 0.986 0.0973 0.985
0.6263 0.980 0.0760 0.986 0.0724 0.998
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TaBLE 8: The ACLs/CPs of asymptotic/credible interval estimates of 6.
ACI-NA BCI
n
FP Scheme ACI-NL HPD
Prior — I 11 I II
ACL CP ACL CP ACL CP
30% 1 1.0555 0.956 0.2068 0.967 0.1862 0.973
1.6742 0.947 0.1822 0.960 0.1589 0.970
2 1.5785 0.951 0.2301 0.964 0.2296 0.972
1.9251 0.943 0.2042 0.956 0.2004 0.969
3 1.8426 0.950 0.2061 0.962 0.1821 0.973
2.1218 0.947 0.1950 0.960 0.1556 0.972
60% 1 0.6223 0.959 0.1748 0.972 0.1369 0.978
0.9152 0.952 0.1504 0.969 0.1103 0.978
30 2 0.7489 0.959 0.2242 0.966 0.1769 0.975
1.2099 0.950 0.1894 0.963 0.1497 0.973
3 1.4160 0.955 0.1805 0.969 0.1349 0.978
1.8741 0.951 0.1577 0.964 0.1156 0.973
90% 1 0.4788 0.965 0.1491 0.978 0.1036 0.985
0.6136 0.956 0.1224 0.971 0.0871 0.974
2 0.5126 0.967 0.1378 0.972 0.1291 0.978
0.6598 0.951 0.1168 0.964 0.1065 0.976
3 1.2041 0.957 0.1161 0.972 0.1029 0.984
1.5174 0.962 0.0979 0.974 0.0951 0.975
30% 1 0.6254 0.960 0.1750 0.969 0.1545 0.974
1.5286 0.948 0.1455 0.965 0.1210 0.977
2 0.8538 0.958 0.1975 0.971 0.1460 0.978
1.4900 0.962 0.1668 0.974 0.1171 0.978
3 1.6051 0.959 0.1680 0.963 0.1561 0.975
1.6117 0.958 0.1409 0.965 0.1338 0.976
60% 1 0.4083 0.973 0.1679 0.976 0.1254 0.984
0.4828 0.960 0.1421 0.973 0.1088 0.981
60 2 0.4731 0.960 0.1305 0.974 0.1234 0.980
0.5953 0.965 0.1100 0.978 0.0998 0.983
3 1.1866 0.958 0.1392 0.972 0.0940 0.980
1.4610 0.960 0.1143 0.969 0.0759 0.977
90% 1 0.3181 0.979 0.1205 0.985 0.0916 0.986
0.3563 0.962 0.0956 0.975 0.0771 0.981
2 0.3324 0.968 0.1193 0.980 0.0992 0.982
0.3783 0.968 0.0965 0.982 0.0855 0.984
3 0.4527 0.962 0.0971 0.975 0.0902 0.987
1.0251 0.964 0.0773 0.975 0.0726 0.982
30% 1 0.4902 0.971 0.1126 0.984 0.1041 0.986
0.9675 0.961 0.0877 0.974 0.0799 0.983
2 0.6296 0.962 0.1087 0.975 0.1066 0.979
0.9274 0.967 0.0839 0.980 0.0784 0.989
3 1.2145 0.965 0.1153 0.978 0.1017 0.982
1.4497 0.967 0.0912 0.980 0.0793 0.984
60% 1 0.3222 0.976 0.0979 0.986 0.0959 0.987
0.3627 0.967 0.0722 0.980 0.0707 0.984
90 2 0.3707 0.976 0.0954 0.989 0.0945 0.991
0.4293 0.972 0.0713 0.985 0.0709 0.986
3 0.9149 0.968 0.1003 0.981 0.0863 0.990
0.9867 0.969 0.0756 0.982 0.0643 0.992
90% 1 0.2581 0.980 0.0936 0.989 0.0885 0.990
0.2776 0.968 0.0704 0.983 0.0656 0.986
2 0.2686 0.979 0.0927 0.990 0.0920 0.992
0.2911 0.975 0.0694 0.988 0.0695 0.995
3 0.3640 0.978 0.0880 0.988 0.0825 0.991
0.5262 0.970 0.0650 0.983 0.0596 0.990
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TaBLE 9: The ACLs/CPs of asymptotic/credible interval estimates of R (%).
ACI-NA BCI
n
FP Scheme ACI-NL HPD
Prior — I 11 I 11
ACL CP ACL CP ACL CP
30% 1 0.2452 0.947 0.2138 0.961 0.1930 0.970
0.1823 0.948 0.1936 0.962 0.1731 0.971
2 0.2263 0.952 0.1981 0.966 0.1601 0.975
0.1658 0.950 0.1605 0.964 0.1536 0.973
3 0.2355 0.941 0.2297 0.955 0.2101 0.964
0.2134 0.946 0.1770 0.960 0.1699 0.969
60% 1 0.1968 0.954 0.1637 0.968 0.1555 0.977
0.1639 0.950 0.1593 0.964 0.1449 0.973
30 2 0.2215 0.944 0.1865 0.958 0.1522 0.967
0.1621 0.947 0.1524 0.961 0.1427 0.970
3 0.1848 0.949 0.1804 0.963 0.1386 0.972
0.1857 0.948 0.1349 0.962 0.1033 0.971
90% 1 0.1571 0.955 0.1504 0.969 01112 0.979
0.1506 0.952 0.1150 0.966 0.1107 0.975
2 0.2060 0.942 0.1761 0.956 0.1494 0.965
0.1608 0.945 0.1496 0.959 0.1365 0.968
3 0.1571 0.956 0.1609 0.970 0.1291 0.980
0.1467 0.953 0.1163 0.967 0.1012 0.976
30% 1 0.2225 0.968 0.1797 0.981 0.1412 0.989
0.1599 0.961 0.1413 0.973 0.1267 0.982
2 0.1952 0.962 0.1693 0.975 0.1144 0.983
0.1419 0.968 0.1200 0.981 0.1145 0.989
3 0.1764 0.965 0.1425 0.978 0.1417 0.986
0.1272 0.968 0.1028 0.981 0.1009 0.989
60% 1 0.1868 0.969 0.1423 0.982 0.1210 0.990
0.1356 0.965 0.1211 0.978 0.1023 0.986
60 2 0.1694 0.965 0.1603 0.978 0.1092 0.986
0.1203 0.970 0.1156 0.983 0.1078 0.991
3 0.1738 0.967 0.1450 0.980 0.1316 0.988
0.1246 0.971 0.1104 0.984 0.0996 0.992
90% 1 0.1271 0.972 0.1304 0.985 0.1096 0.993
0.1097 0.974 0.0911 0.987 0.0896 0.995
2 0.1664 0.969 0.1441 0.982 0.1077 0.990
0.1182 0.973 0.1092 0.986 0.1048 0.994
3 0.1408 0.968 0.1465 0.981 0.1283 0.989
0.1130 0.976 0.1151 0.989 0.0961 0.997
30% 1 0.1641 0.964 0.1391 0.977 0.1165 0.988
0.1166 0.960 0.1032 0.972 0.0964 0.984
2 0.1542 0.970 0.1476 0.983 0.0933 0.994
0.1068 0.968 0.1018 0.981 0.0934 0.992
3 0.0969 0.968 0.1398 0.981 0.1129 0.992
0.1153 0.974 0.0992 0.987 0.0979 0.998
60% 1 0.1502 0.972 0.1389 0.985 0.1002 0.996
0.1144 0.976 0.1003 0.989 0.0956 0.998
90 2 0.1411 0.974 0.1398 0.987 0.0904 0.998
0.0980 0.973 0.0961 0.986 0.0904 0.997
3 0.0932 0.977 0.1397 0.990 0.1103 0.998
0.0933 0.975 0.1007 0.988 0.0940 0.999
90% 1 0.1459 0.965 0.1256 0.978 0.0911 0.989
0.0986 0.961 0.0896 0.973 0.0883 0.985
2 0.1344 0.975 0.1244 0.988 0.0899 0.999
0.0940 0.976 0.0922 0.989 0.0899 0.998
3 0.0895 0.978 0.1376 0.991 0.1091 0.998
0.0895 0.976 0.1091 0.989 0.0888 0.999
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TaBLE 10: The ACLs/CPs of asymptotic/credible interval estimates of 4 (¢).
ACI-NA BCI
n
FP Scheme ACI-NL HPD
Prior — I 11 I 11
ACL CP ACL CP ACL CP
30% 1 1.5013 0.949 0.9965 0.962 0.9859 0.973
1.8475 0.958 0.8069 0.966 0.8042 0.974
2 1.3225 0.946 1.0254 0.961 1.0064 0.970
1.5260 0.951 0.8197 0.962 0.8468 0.972
3 1.1862 0.960 1.0191 0.965 0.9190 0.972
1.3247 0.948 0.8363 0.960 0.7316 0.971
60% 1 1.0750 0.960 0.8859 0.964 0.8399 0.974
1.2229 0.962 0.7755 0.968 0.6627 0.975
30 2 0.9821 0.966 0.9481 0.967 0.8518 0.973
1.0785 0.961 0.8087 0.964 0.7109 0.975
3 0.9753 0.950 0.7517 0.962 0.6660 0.973
0.9963 0.958 0.6133 0.965 0.5898 0.972
90% 1 0.9178 0.955 0.7219 0.966 0.6399 0.977
1.0102 0.965 0.5738 0.974 0.4976 0.982
2 0.8950 0.968 0.9327 0.970 0.8243 0.982
0.9778 0.962 0.7221 0.975 0.6718 0.984
3 0.8953 0.954 0.7328 0.968 0.5662 0.980
0.9828 0.962 0.5670 0.971 0.4578 0.983
30% 1 1.0510 0.959 09113 0.974 0.7610 0.986
1.1716 0.961 0.7126 0.972 0.5693 0.983
2 0.8889 0.959 0.8581 0.972 0.7133 0.983
0.9495 0.959 0.6782 0.974 0.5331 0.985
3 0.8095 0.964 0.7332 0.975 0.6713 0.982
0.8654 0.957 0.5011 0.969 0.5254 0.980
60% 1 0.7787 0.966 0.8358 0.975 0.5622 0.985
0.8301 0.964 0.6715 0.973 0.4359 0.984
60 2 0.6770 0.960 0.6730 0.974 0.6690 0.985
0.7076 0.960 0.5248 0.975 0.5102 0.986
3 0.7082 0.966 0.6931 0.976 0.5625 0.986
0.7527 0.960 0.5689 0.970 0.4243 0.981
90% 1 0.6606 0.969 0.5723 0.976 0.5362 0.986
0.6917 0.965 0.4253 0.974 0.3939 0.985
2 0.6405 0.967 0.6526 0.978 0.6484 0.989
0.6680 0.961 0.5093 0.973 0.4960 0.985
3 0.6488 0.968 0.6590 0.975 0.5191 0.987
0.6765 0.967 0.5528 0.978 0.3816 0.984
30% 1 0.8486 0.966 0.6336 0.977 0.5739 0.986
0.9153 0.964 0.4651 0.973 0.4120 0.984
2 0.6994 0.966 0.6088 0.977 0.5780 0.988
0.7293 0.971 0.4337 0.982 0.4182 0.990
3 0.6569 0.969 0.5669 0.979 0.5424 0.988
0.6857 0.968 0.4324 0.976 0.4062 0.990
60% 1 0.6434 0.967 0.5452 0.978 0.5434 0.989
0.6713 0.971 0.3947 0.978 0.3889 0.990
90 2 0.5641 0.969 0.5525 0.982 0.5402 0.990
0.5685 0.970 0.4125 0.981 0.3821 0.991
3 0.6081 0.972 0.5508 0.983 0.5379 0.992
0.6571 0.969 0.4015 0.979 0.3904 0.990
90% 1 0.5399 0.968 0.5339 0.982 0.5300 0.993
0.5562 0.973 0.3789 0.984 0.3728 0.995
2 0.5448 0.970 0.5272 0.982 0.5153 0.992
0.5414 0.972 0.3959 0.983 0.3681 0.993
3 0.5299 0.977 0.5475 0.984 0.5206 0.994
0.5447 0.971 0.3964 0.980 0.3738 0.989
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FIGURE 3: Heatmaps for the simulated results. (a) RMSE, (b) RMAB, (c) ACL, and (d) CP of a.
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FIGURE 4: Heatmaps for the simulated results. (a) RMSE, (b) RMAB, (c) ACL, and (d) CP of 5.
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FIGURE 5: Heatmaps for the simulated results. (a) RMSE, (b) RMAB, (c) ACL, and (d) CP of 6.

extended distributions as competitors, namely: Marshall-
Olkin extended Weibull (MOEW), Marshall-Olkin logistic
exponential (MOLE), Marshall-Olkin alpha power expo-
nential (MOAPE), Marshall-Olkin Nadarajah-Haghighi
(MONH), Marshall-Olkin Gompertz (MOG), Marshall-
Olkin Lomax (MOL), and Marshall-Olkin exponential

(MOE) distributions. The corresponding probability den-
sities of the competing models (for x >0 and «, 8,0 > 0) are
tabulated in Table 12.

To judge the performance of the considered models,
several goodness-of-fit criteria, namely, estimated negative
log-likelihood (ENL), Akaike information (AI), consistent
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TaBLE 11: Failure times of data sets I and II.

Data Times
I 5 11 21 31 46 75 98 122 145 165
196 224 245 293 321 330 350 420
0.32 0.47 0.52 0.59 0.77 0.81 0.81 0.90 0.96 1.18
II 1.20 1.20 1.31 1.35 1.43 1.51 1.62 1.74 1.87 1.89
1.95 2.05 2.10 2.20 2.48 2.81 3.00 3.09 3.37 4.75
1.0 1.0
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: :
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Ficure 8: Empirical and estimated scaled TTT-transform plot of the MOGE distribution. (a) Data-I. (b) Data-II.

TABLE 12: Some useful Marshall-Olkin life models.

Model f(x) Author(s)

MOEW af0x* ' exp (-0x%)/ (1 - Bexp 6x%))? Cordeiro and Lemonte [33]
MOLE a6 exp (0x) (exp (6x) — 1) 1/(1 + ﬁ(exp(@x) —1)™)? Mansoor et al. [34]
MOAPE 6B log (a)exp (—0x)al =P/ (o — 1) (B+ B(1/ (= 1)) (a (1P (- Ox)) — 1))’ Nassar et al. [35]
MONH 0B (1 + 0x) Lexp (1 — (1+6x)%)/(1 - Bexp(1— (1+6x)%))? Lemonte et al. [36]
MOG af exp (Ox)exp (- (a/0) (exp (6x) — 1))/ (1 - ﬂexp( (a/@) (exp (6x) — 1)))? Eghwerido et al. [37]
MOL aBB(1+ 6x)* Y+ 6x)" - /3) Ghitany et al. [38]
MOE 0B exp (—0x)/ (B + [3(1 — exp (- 6x)))> Marshall and Olkin [1]
Akaike information (CAI), Bayesian information (BI), calculated statistics based on data sets I and II are reported in

Hannan-Quinn information (HQI), Anderson-Darling  Table 14. It indicates that the MOGE model provides the best
(AD), Cramer von Mises (CvM) and Kolmogorov-Smirnov fit than other competing models for the given data sets. Plots
(KS) distance with its P-value are used. For each model, we of the estimated densities and reliability functions of all fitted
estimate the parameters with their standard errors (SEs) by =~ models are displayed in Figure 9. It shows that the MOGE
utilizing the method of maximum likelihood, see Table 13.  distribution for both data sets I and II captures the general
Generally, the lowest values of these statistics (except the  pattern of the histograms and also supports the numerical
highest P-value) represent the best fit to the given data. The = findings established here. Also, quantile-quantile plots of the
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TaBLE 13: MLEs with their (SEs) of the competing distributions.

Model MLE (SE)

a B 0
Data-1
MOGE 0.6490 (0.5526) 4.5237 (6.4116) 0.0090 (0.0030)
MOEW 0.6927 (0.1490) 0.2761 (0.2874) 0.0114 (0.0157)
MOLE 0.8497 (0.2631) 1.9676 (1.5960) 0.0086 (0.0048)
MOAPE 1.0462 (2.6066) 2.3850 (3.5866) 0.0086 (0.0029)
MONH 1.0053 (0.5547) 2.6755 (2.7688) 0.0088 (0.0106)
MOG 0.0139 (0.0148) 4.8900 (7.7044) 0.0014 (0.0045)
MOL 2.4924 (1.0329) 2.6491 (2.4099) 0.0055 (0.0035)
MOE — 9.8556 (3.5453) 0.0132 (0.0051)
Data-11
MOGE 3.3527 (1.2959) 1.2211 (1.5027) 1.2271 (0.4267)
MOEW 2.4651 (0.5673) 0.1748 (0.2675) 0.0624 (0.0951)
MOLE 1.9930 (1.0694) 0.9614 (4.5808) 0.4598 (0.7649)
MOAPE 17.022 (34.498) 2.4018 (2.9264) 1.4241 (0.3697)
MONH 0.7013 (0.4966) 24.895 (59.086) 4.5347 (11.584)
MOG 1.9963 (0.9514) 13.623 (12.192) 0.1311 (0.2301)
MOL 12.687 (10.343) 12.129 (8.4767) 0.1508 (0.1575)
MOE — 9.8857 (6.2279) 1.5511 (0.3205)

TABLE 14: Summary fit for the competing models.
Model ENL Al CAI BI HQI AD CvM KS (P-value)
Data-1
MOGE 109.9511 225.9023 227.6165 228.5734 226.2706 0.2602 0.0349 0.0994 (0.9863)
MOEW 115.9579 237.9373 239.6516 240.6084 238.3056 0.6553 0.1059 0.2019 (0.4019)
MOLE 110.0574 226.1147 227.8290 228.7858 226.4830 0.2956 0.0419 0.0857 (0.9977)
MOAPE 110.1670 226.3339 228.0482 229.0051 226.7022 0.2966 0.0417 0.1122 (0.9580)
MONH 110.1754 226.3507 228.0650 229.0218 226.7190 0.2880 0.0401 0.1199 (0.9309)
MOG 110.9341 227.8682 229.5825 230.5393 228.2365 0.3399 0.0481 0.1288 (0.8898)
MOL 111.6748 229.3495 231.0638 232.0206 229.7178 0.4579 0.0673 0.1349 (0.8565)
MOE 111.7332 227.4664 228.2664 229.2471 227.7119 0.2395 0.0310 0.1993 (0.4172)
Data-11
MOGE 38.0814 82.1628 83.0858 86.3664 83.5075 0.1030 0.0141 0.0601 (0.9999)
MOEW 38.1435 82.2871 83.2102 86.4907 83.6318 0.1107 0.0149 0.0602 (0.9999)
MOLE 38.3690 82.7381 83.6611 86.9417 84.0828 0.1163 0.0157 0.0585 (0.9999)
MOAPE 38.9348 83.8696 84.7927 88.0732 85.2144 0.1744 0.0228 0.0538 (0.9999)
MONH 39.0908 84.1817 85.1047 88.3852 85.5264 0.1860 0.0246 0.0549 (0.999)
MOG 39.1869 84.3738 85.2968 88.5773 85.7185 0.1740 0.0230 0.0661 (0.9994)
MOL 39.2394 84.4788 85.4019 88.6824 85.8236 0.1039 0.0140 0.0603 (0.9999)
MOE 39.3771 82.7542 83.1986 85.5566 83.6507 0.2401 0.0328 0.0646 (0.9996)

fitted models are also investigated in Figure 10. It yields that
the MOGE model fits the given data sets more closely and
supports the numerical findings.

Now, using some specified choices of m and R, dif-
ferent PCS-T2 samples are generated from data sets I and
I, see Table 15. For brevity, the PCS (2,0,0,0,2) is ab-
breviated by (2, 0°,2). Using the M-H algorithm described
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FIGURE 9: Plots of histogram and fitted PDFs (left-panel) fitted/empirical RFs (right-panel) of MOGE and competing models under data sets
I and II. (a) Data-1. (b) Data-II.
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Figure 10: The Q-Q plots of MOGE and competing models under data sets I and II. (a) Data-1. (b) Data-II.
TaBLE 15: Three generated PCS-T2 samples from data sets I and II
Data n(m) Scheme Censored data
R, = (9, 0%) 5, 196, 224, 245, 293, 321, 330, 350, 420
I 18 (9) R, = (0%,9,0%) 5, 11, 21, 31, 46, 321, 330, 350, 420
R; = (0%,9) 5, 11, 21, 31, 46, 75, 98, 122, 145
R, = (15,0'%) 0.77, 1.31, 0.32, 0.59, 0.81, 2.81, 1.87, 1.18, 1.35, 4.75, 2.48, 0.96, 1.89, 0.90, 2.05
1I 30 (15) R, = (07,15,07) 0.77, 1.74, 0.81, 1.20, 1.95, 1.20, 0.47, 1.43, 1.35, 4.75, 2.48, 0.96, 1.89, 0.90, 2.05

R; = (0%, 15)

0.77, 1.74, 0.81, 1.20, 1.95, 1.20, 0.47, 1.43, 3.37, 2.20, 3.00, 3.09, 1.51, 2.10, 0.52
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TaBLE 16: The frequentist and bayes estimates (with their SEs) under data sets I and II.
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Scheme

vV —

Parameter

MLE

SEL

-2

LL
—-0.02

Data-1

R

R,

D™ R

R(100)
h(100)
o
B
0
R(100)
h(100)
o
B
0
R(100)
h(100)

0.2442 (0.3133)
302.82 (2.9810)
0.0156 (0.0042)
0.9471 (0.0451)
0.0010 (0.0006)
0.6520 (0.4854)
2.7522 (4.3540)
0.0057 (0.0031)
0.6659 (0.1229)
0.0039 (0.0016)
0.9315(0.5133)
0.5257 (2.5912)
0.0026 (0.0098)
0.6057 (0.1072)
0.0043(0.0020)

0.2441 (1.10x107°)
302.82 (1.09 x 107°)
0.0157 (9.77 x 1079)
0.9462 (5.84 % 107%)
0.0009 (1.54x107°)
0.6520 (1.90x 10~°)
2.7521 (1.89 x 107°)
0.0057 (5.44 x 1079)
0.6646 (2.45x10™%)
0.0039 (4.16 x1079)
0.9315 (6.31 x1079)
0.5257 (6.29 x 107°)
0.0027 (2.81 x107°)
0.5974 (2.75x 10™*)
0.0044 (3.69 x 107°)

0.2442 (2.38x10°%)
302.82 (1.14x1077)
0.0157 (5.05x1077)
0.9463 (6.21 x 107°)
0.0010 (2.24x1077)
0.6520 (3.68 x 10°8)
2.7521 (4.54 x 1078)
0.0057 (2.06 x10~7)
0.6661 (5.21 x1079)
0.0039 (2.52x1077)
0.9315 (1.10x1077)
0.5257 (1.36 x 1077)
0.0027 (8.15%x1077)
0.5993 (5.39 x 107%)
0.0044 (9.90 x 1077)

0.2442 (3.33x10°8%)
302.82 (5.71 x 1078)
0.0157 (4.90x1077)
0.9462 (6.75x 107%)
0.0010 (2.23x1077)
0.6519 (1.94 x 10°8)
2.7522 (1.02x1077)
0.0057 (2.02x1077)
0.6646 (4.17 x 107°)
0.0039 (2.49x1077)
0.9315 (1.16 x 107 7)
0.5257 (1.42x1077)
0.0027 (8.13x1077)
0.5974 (6.59 x 107%)
0.0044 (9.88x1077)

0.2442 (9.16 x 107 %)
302.82 (1.19 x 107?)
0.0157 (4.75x1077)
0.9461 (7.29 x 107°)
0.0010 (2.23x1077)
0.6520 (7.68 x 10~8)
2.7521 (1.59 x 1077)
0.0057 (1.97 x 1077)
0.6661 (1.37 x107%)
0.0039 (2.47 x10°7)
0.9315 (1.23x1077)
0.5257 (1.48x1077)
0.0027 (8.12x1077)
0.5955 (7.79 x 107%)
0.0044 (9.86 x 1077)

Data-I1

R,

o
B
0
R(1)
h(1)
o
B
0
R(1)
h(1)
o
B
G
R(1)
h(1)

4.2551 (1.4664)
0.3270 (0.8587)
0.8510 (0.8031)
0.7602 (0.0747)
0.7139 (0.2696)
4.9887 (2.1453)
0.9138 (2.3699)
1.0688 (0.9528)
0.8674 (0.0514)
0.4216 (0.1402)
4.3478 (1.9903)
1.6147 (2.4821)
1.4146 (0.5795)
0.7918 (0.0788)
0.5857 (0.2394)

4.2535 (5.09 x 107 %)
0.3455(4.39 x 1074)
0.8586 (4.28 x 10™4)
0.7600 (3.06 x 10™%)
0.7119 (8.57 x 107%)
4.9941 (1.25%1073)
0.9500 (1.15x 1073)
1.0867 (7.30 x 107 %)
0.8619 (2.42 x 107%)
0.4359 (6.97 x 10™*)
43514 (1.92x1073)
1.6355 (1.82x 107 3)
1.4307 (1.04x1073)
0.7835 (3.61 x 107%)
0.6097 (9.78 x 10~ %)

4.2600 (3.12x107%)
0.3504 (1.48 x 107%)
0.8632 (7.69 x 107°)
0.7623 (1.39x107%)
0.7310 (1.07 x 107%)
5.0334 (2.83x107%)
0.9835 (4.41 x 107%)
1.1002 (1.98 x 10~%)
0.8633 (2.57 x 10~°)
0.4485 (1.70 x 107 %)
44437 (6.07x107%)
1.7195 (6.63 x 107%)
1.4583 (2.77x107%)
0.7867 (3.23x107°)
0.6348 (3.11x107%)

4.2536 (9.42x107%)
0.3456 (1.17 x 107%)
0.8586 (4.82x107%)
0.7600 (6.12x1077)
0.7121 (1.18 x 107%)
4.9945 (3.63 x107°)
0.9503 (2.31 x 107 %)
1.0868 (1.14 x 10~ %)
0.8619 (3.47 x107°)
0.4360 (9.14x107°)
4.3523 (2.83x107°)
1.6363 (1.37 x 107%)
1.4310 (1.04 x 10~ %)
0.7835 (5.24x107°)
0.6099 (1.53x 107 %)

4.2471 (5.09x107%)
0.3407 (8.69x107°)
0.8540 (1.90x1075)
0.7576 (1.58x107%)
0.6942 (1.25x107%)
4.9548 (2.14x107%)
0.9173 (2.20 x 107°)
1.0735 (2.98 x 10~%)
0.8604 (4.42x107%)
0.4242 (1.64x107°)
4.2601 (5.55x107%)
1.5536 (3.86 x 10~ %)
1.4042 (6.55% 107%)
0.7802 (7.35x107°)
0.5869 (7.61 x 1079)

TaBLE 17: The 95% asymptotic/credible interval estimates [with their CLs] under data sets I and IL

Scheme

Parameter

ACI-NA

ACI-NL

BCI

HPD

Data-1

R

R,

DD R

R(100)
1(100)
(04
B
0
R(100)
1(100)
(44
B
0
R(100)
h(100)

(0.0000, 0.8595) [0.8582]
(296.14, 307.82) [11.680]
(0.0073, 0.0239) [0.0166]
(0.8588, 0.9999) [0.1411]
(0.0000, 0.0022) [0.0022]
(0.0000, 1.6033) [1.6033]
(0.0000, 11.286) [11.286]
(0.0000, 0.0118) [0.0118]
(0.4251, 0.9067) [0.4816]
(0.0007, 0.0070) [0.0063]
(0.0000, 1.9375) [1.9375]
(0.0000, 5.6043) [5.6043]
(0.0000, 0.0219) [0.0219]
(0.3956, 0.8159) [0.4203]
(0.0004, 0.0082) [0.0078]

(0.0198, 3.0176) [2.9978]
(296.19, 307.88) [11.691]
(0.0092, 0.0265) [0.0173]
(0.8628, 0.9999) [0.1371]
(0.0003, 0.0036) [0.0033]
(0.1515, 2.8051) [2.6536]
(0.1239, 61.137) [61.137]
(0.0019, 0.0166) [0.0147)
(0.4638, 0.9560) [0.4922]
(0.0017, 0.0088) [0.0071]
(0.3163, 2.7428) [2.4264]
(0.0001, 8244.3) [8244.3]
(0.0001, 4.0602) [4.0601]
(0.4282, 0.8569) [0.4287]
(0.0017, 0.0107) [0.0090]

(0.2382, 0.2501) [0.0118]
(302.81, 302.83) [0.0117]
(0.0127, 0.0188) [0.0061]
(0.9260, 0.9620) [0.0360]
(0.0006, 0.0015) [0.0009]
(0.6460, 0.6578) [0.0118]
(2.7463, 2.7581) [0.0118]
(0.0041, 0.0075) [0.0034]
(0.5889, 0.7407) [0.1518]
(0.0027, 0.0053) [0.0026]
(0.9296, 0.9335) [0.0039]
(0.5237, 0.5276) [0.0039]
(0.0019, 0.0036) [0.0017]
(0.5170, 0.6866) [0.1696]
(0.0033, 0.0056) [0.0023]

(0.2382, 0.2501) [0.0118]
(302.81, 302.83) [0.0117]
(0.0126, 0.0187) [0.0060]
(0.9280, 0.9636) [0.0356]
(0.0006, 0.0015) [0.0009]
(0.6461, 0.6579) [0.0118]
(2.7465, 2.7583) [0.0118]
(0.0041, 0.0075) [0.0034]
(0.5900, 0.7417) [0.1516]
(0.0026, 0.0052) [0.0026]
(0.9295, 0.9334) [0.0039]
(0.5237, 0.5276) [0.0039]

) [0.0017]

) [0.1690]

) [ ]

0.0023

(0.0019, 0.0036
(0.5164, 0.6854
(0.0033, 0.0056

Data-I11

R

o4

B

0
R(1)
h(1)

(1.3811, 7.1292) [5.7481]
(0.0000, 2.0101) [2.0101]
(0.0000, 2.4250) [2.4250]
(0.6137, 0.9066) [0.2929]
(0.1854, 1.2424) [1.0570]

(2.1656, 8.3608) [6.1952]
(0.0019, 56.228) [56.226]
(0.1338, 5.4104) [5.2765]
(0.6270, 0.9216) [0.1371]
(0.3405, 1.4967) [1.1562]

(4.0952, 4.4105) [0.3153]
(0.2136, 0.4867) [0.2731]
(0.7269, 0.9931) [0.2662]
(0.6563, 0.8470) [0.1906]
(0.4684, 1.0015) [0.5331]

(4.0955, 4.4107) [0.3152]
(0.2147, 0.4873) [0.2726]
(0.7294, 0.9952) [0.2659]
(0.6664, 0.8539) [0.1875]
(0.4530, 0.9793) [0.5263]
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TaBLE 17: Continued.
Scheme  Parameter ACI-NA ACI-NL BCI HPD
o (0.7840, 9.1933) [8.4093] (2.1475, 11.588) [9.4409] (4.6080, 5.3856) [0.7776] (4.6064, 5.3816) [0.7752]
B (0.0000, 5.5587) [5.5587] (0.0057, 147.40) [147.39] (0.6005, 1.3118) [0.7113] (0.5975, 1.3079) [0.7103]
R, 0 (0.0000, 2.9362) [2.9362]  (0.1862, 6.1331) [5.9469]  (0.8663, 1.3248) [0.4585]  (0.8644, 1.3219) [0.4574]
R(1) (0.7667, 0.9680) [0.2013] (0.7723, 0.9741) [0.2018] (0.7776, 0.9269) [0.1494] (0.7851, 0.9325) [0.1474]
h(1) (0.1468, 0.6964) [0.5496]  (0.2197, 0.8090) [0.5894]  (0.2458, 0.6759) [0.4301]  (0.2370, 0.6642) [0.4272]
a (0.4469, 8.2488) [7.8018]  (1.7726, 10.664) [8.8915]  (3.7588, 4.9459) [1.1871]  (3.7527, 4.9383) [1.1856]
B (0.0000, 6.4795) [6.4795]  (0.0794, 32.851) [32.772]  (1.0759, 2.2085) [1.1326]  (1.0858, 2.2128) [1.1270]
R, 9 (0.2788, 2.5505) [2.2717]  (0.6338, 3.1576) [2.5238]  (1.1212, 1.7705) [0.6493]  (1.1070, 1.7542) [0.6472]
R(1) (0.6373, 0.9463) [0.3090] (0.6515, 0.9624) [0.3109] (0.6612, 0.8832) [0.2220] (0.6740, 0.8934) [0.2194]
h(1) (0.1165, 1.0548) [0.9383]  (0.2629, 1.3048) [1.0419]  (0.3420, 0.9462) [0.6042]  (0.3258, 0.9194) [0.5936]
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Figure 11: Continued.
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FiGure 11: Trace plots for MCMC draws of the unknown parameters under data sets I and II. (a) R, of data-1. (b) R, of data-II.



32

Frequency

Frequency

Complexity

1
302.830

1500 1500 ~
1000 1000
oy
=]
L
=)
&
500 — 500 —
0 - ] 0 - ]
I T T T T 1 I T T T
0230 0235 0240 0245 0250  0.255 302.810 302.815 302.820 302.825
« B
3000 —
2000 -
2500 |
2000 1500 |
oy
1500 g
5 1000
o
2
1000 =
500 -
500 —
0 L : 0J
I T T T T T T 1 I T T T 1
0.010 0.012 0.014 0.016 0.018 0.020 0.022 0.024 0.88 0.90 0.92 0.94 0.96
0 R (t)
2500
2000
> 1500 —
1]
=}
3
g
1000
500 —
04 = ,

T T T T |
0.0010  0.0015 0.0020  0.0025 0.0030

h(t)

f
0.0005

()

Figure 12: Continued.
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FIGURE 12: Histogram plots of the unknown parameters under data sets I and IL. (a) R, from data-I. (b) R, from data-II.
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TaBLE 18: Optimum censoring scheme under data sets I and II.
Criterion
Data Scheme
A B C
R, 8.9824 2.822x 1076 306091.5
I R, 19.193 4.203x10°¢ 330194.6
R, 6.9776 7.775%1077 943744.4
R, 3.5326 1.988x 1072 138.9751
11 R, 11127 3.890x 107! 76.48990
R; 10.458 6.801 x 107! 31.96376

in Section 3.3, we generate 30,000 MCMC samples and
discard the first 5,000 samples as burn-in. Under SEL and
LL (with v(=-2,-0.02,+2)), the Bayesian MCMC esti-
mates and associated credible intervals of «, 5, OR(t), and
h(t) using noninformative priors are developed. Also,
MLEs and two-sided 95% asymptotic (NA and NL) in-
terval estimates of the unknown parameters are com-
puted. The estimates of RF and HF are calculated when the
mission time ¢ is taken as 100 and 1 for data sets I and II,
respectively. The point estimates (with their SEs) and
interval estimates with their confidence lengths (CLs) and
reported in Tables 16 and 17, respectively. It is noted that
the proposed point and interval estimates, obtained based
on data sets I and II, of a, 3, OR(t), and h(t) are very
similar to each other, as expected.

To examine the convergence of M-H algorithm, trace
plot based on 25,000 MCMC simulated variates of each
unknown parameter (for R, as an example) using data sets I
and I1, is plotted in Figure 11. For each trace plot, the sample
mean and two bounds of 95% HPD credible intervals are
mentioned by solid (—) and dashed (- - -) lines, respectively.
It indicates that the M-H algorithm converges very well.
Using the Gaussian kernel density, the corresponding his-
togram plot of each unknown parameter (for R, as an ex-
ample) is also plotted and represented in Figure 12. In each
histogram, the sample mean is depicted as vertical dash-
dotted line (:). It represents that the simulated posteriors of
a, 3, and 0 are fairly symmetric while the simulated pos-
teriors of R(t) and h(t) are close to negative and positive
skewed, respectively.

Using the optimum criteria given in Section 4, using the
observed Fisher information (11) obtained from both data
sets I and II, the concept of optimal censoring is illustrated,
see Table 18. It shows that the scheme R, is the optimal
censoring (for data set I) while R, is the optimal censoring
(for data set II) than other competing scheme plans.
However, the parameter and optimal estimates examined

here support the same findings reported in the simulation
study.

7. Conclusion Remarks

This article investigates the problem of estimating the
unknown parameters and reliability characteristics of the
MOGE distribution when the data are collected under
type-II progressive censoring. Besides the likelihood
inference, the Bayes MCMC estimates of the unknown
parameters, reliability, and hazard functions are derived.
As expected the joint posterior density cannot be ob-
tained explicitly. Therefore, using gamma informative
priors under different loss functions, the Bayes point and
interval estimates of the unknown parametric functions
are approximated utilizing the Metropolis-Hasting al-
gorithm. From the simulation outputs, the Bayes MCMC
estimation method for any unknown function of the
MOGE parameters is recommended. To show the
practical utility of the proposed methods in real-life
phenomenon and to determine the optimum censoring
plan, two data sets from engineering and physics are
analyzed for this purpose. Additionally, based on the
given data sets, we showed that the proposed model
provides an adequate fit with respect to its competing
Marshall-Olkin extended models. We hope that the
results and methodologies discussed in this paper will be
beneficial to data analyst and reliability practitioners.
[39, 40].

Appendix

A. Fisher’s Elements

Differentiating (7) partially with respect to &, 3, and 6, the
Fisher elements &;;,i, j = 1,2,3, are expressed as
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F0 =1 iRilogzwAe)w?w)(l ) 1O (- v )]
- Bi(&- +2)log’y, (O)y; (O)(B+ By (0)) [1 S ACIE Bw?(@))’l],
Fia= o Y (R 2) (-4 O (5B 0)
L=t @-1) 2 RCCRRCAC)
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where ¥/ (0) = —x? (1 - y;(0)),i=1,2,...,m.

Appendix B. Simulation Outputs

All simulation outputs including APEs, RMSEs, MRABs,
ACLs, and CPs of «, 3, 6, R(t), and h () based on different
choices of progressive censoring schemes (also different
complete and effective sample sizes) are reported here.

Data Availability

The data that support the findings of this study are available
from the corresponding author upon reasonable request.
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