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This article constitutes the new fixed point results of dynamic process D(Y, p0) through FIC-integral contractions of the Ciric kind
and investigates the said contraction to iterate a fixed point of set-valued mappings in the module of metric space. To do so, we use
the dynamic process instead of the conventional Picard sequence. The main results are examined by tangible nontrivial examples
which display the motivation for such investigation. The work is completed by giving an application to Liouville-Caputo fractional

differential equations.

1. Introduction and Preliminaries

In the recent past, the study of metric fixed point theory
untied a portal to a new area of pure and applied mathematics,
the fixed point theory and its application. This concept was
prolonged by either extending metric space into its extensions
or by modifying the structure of the contractions (see [1-7]).
The most classical structure known as Banach contraction
principle (or contraction) theorem was introduced by a Polish
mathematician Banach in 1922 [8]. The applications of fixed
points of Banach contraction mappings defined for different
kinds of spaces is the guarantee of the existence and
uniqueness of solutions of differential and integral type
equations. The variety of these nonlinear problems imposes
the search for more and better tools, which are recently very
remarkable in the literature. One of such tools was recently
conveyed by Wardowski [9], where the author originated a
new class of contractive mapping called F-contraction.
Nadler [10] using the idea of Pompeiu-Hausdorff metric
discussed the Banach contraction mappings for set-valued
functions rather than single-valued functions. Let (A, §) bea
metric space. For y,,p, € A and A, BCA, define the Pom-
peiu-Hausdorff metric H induced by § on CB (A) as follows:

H(A,B) = max{supmeAD (41, B), supﬂzeBD (4> A)}, (1)

for each A, B € CB(A), where CB(A) denotes the set of all
nonempty closed bounded subsets of A and
D(uy,B) = inf, 50 (41> 4,). An element p € A is called a
fixed point of a set-valued mapping, i.e., Y: A — CB(A),
then p € Y (). Also, denote the family of nonempty compact
subsets of A by K (A).

Some well-known results are related to this section and
hereafter.

Lemma 1. Let A and B be nonempty proximal subsets of a
metric space (A,0). If a € A, then

8(a, BY<H (A, B). (2)

Lemma 2 (see [11]). Let (A,8) be a metric space and a
sequence (U;);cn in (A, 8) such that

Jim 8 (uis i) =0 (3)

is not a Cauchy sequence. Then, there exists € >0 and subse-
quences of positive integers ([/lij) and (ylj), i > > j such that
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. M’ .
Definition I (see [12]). Let Y: A — N (A) be a multivalued ,E?OO JO (s)ds = 0e ,-erooyi =0. (10)

mapping and g, € A be arbitrary and fixed. Define
D(Y, ) = {(Hj)jéNu{O}: u; € Y(‘uj,l),forallj € N}. (5)

Each element of D (Y, y,) is called a dynamic process of
Y starting point 4. The dynamic process (¢;) jen (o Onward
be written as (u;).

Example 1 (see [12]). Let A = C([0, 1]) be a Banach space
with a norm ||yl = sup,¢ (o1l (r)l, p € A Let Y: A — 2% be
such that, for every y € A, Y () is a collection of the functions

rok J u(ddt, ke [0.1], (©6)
0

that is,
(Y () (r) = {k J;y(t)dt: k € [o, 1]},[4 <A (D)

and Iet Yo (r) =r, r € [0,1], then the sequence (1/(j!(j+
1r/*1) is a dynamic process of Y with starting point .

A mapping Y: A — R is said to be D (Y, ,)-dynamic
lower semicontinuous at y € A, if for every dynamic process
(yj) € D(Y, ) and for every subsequence (yj(i)) of (yj)
convergent to y, we get Y (u) <liminf; Y ((¢;(;)). If Y is
D (Y, py)-dynamic lower semicontinuous at each y € A, then
Y is said to be D (Y, y,)-dynamic lower semicontinuous. If
for every sequence (y;) C A and y € A such that y; — y,
we have Y (¢) < liminf oo Y (p ]-), then Y is known as lower
semicontinuous.

As of now, Branciari [5] generalized the second well-
known contraction of Banach contraction mappings is de-
termined, i.e., let (A, &) be a metric space and a mapping
Y: A — A such that

5(.“1442)

0

J‘S(YM’Y#Z) @ (s)ds (8)
0

@ (s)ds Sﬁj

for all u,, u, € A, where f € (0,1), ¢ € ®, and @ is the class
of all functions ¢: [0, +00) — [0, +00) which is Lebesgue
integrable, summable on each compact subset of [0, +0c0)
and IZ ¢ (s)ds >0 for all £>0. Then, Y has a fixed point.

The following lemmas are helpful for our main results.
We shall also suppose that ¢ € O.

Lemma 3 (see [6]). Let (4;);cy be a nonnegative sequence in

such a way that lim;__, u; = y. Then,
Hi H
lim J @(s)ds = J. ¢ (s)ds. 9)
i—+00 J o 0

Lemma 4 (see [6]). Let (y;);cn be a nonnegative sequence.
Then,

In 2012, Wardowski [9] initiated the term of F-con-
traction and implemented on fixed point theorem related
with F-contraction. So, with the intent that, he generalizes
contraction theorem which is a purely altered from many
past results in the literature frame.

Definition 2 (see [9]). Let Y: A — A is called an F-con-
traction on a metric space (A, d), if there exist F ¢ V. and
7 € R, in such a way that, § (Yu;, Yy,) >0 implies

T+ F (8(Ypy, Ypy)) < F (6 (11> tha)- (11)

For each y;, 1, € A, where V_ is the class of all functions
F: R, — R such that

(F;) iy < Yy implies F (uy) < F (u,) for all py, u, € R,.

(F ;) For each sequence {[4 j} of positive real numbers,

lim p; =0iff lim F(u;) = —oo0.

Jim ;= 0iff lim () (12)
(F) There is ke (0,1) in such a way that
lim.__,.c*F (c) = 0.

From now, we present some well-defined examples of
F-contraction that are listed as follows:

(Fa): F(u) =Iny

(Fb): F () = Iny +
(Fo): F(w) =-1/\a

(F d): F () = In (> + p)

Owing to (%) and (11), clearly, we conclude that every
F-contraction Y is a contractive mapping. Consequently,
every F-contraction is a continuous mapping (see more
(13]).

The main purpose of this manuscript is to introduce the
new concept of dynamic iterative process D (Y, y4,) based on
FS-integral contractions and prove some related multi-
valued fixed point results in the class of metric space. To
approximate our main results by tangible examples are also
determined. At the end, the work is completed by giving an
application to Liouville-Caputo fractional differential
equations.

2. Main Result

First, we give our main definition.

Definition 3. Let (A,d) be a metric space, y, € A, F €V,
and ¢ € ®. A set-valued map Y: A — CB(A) is said to be
FS-integral contraction with respect to a dynamic process
(4;) € D(Y, ), if there exists 7: R, — R, such that
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H (Ypss Ypgiy) > 0= (U (4> 1))

ITI(Y,“[)Y.“M)
+9;<j0 go(s)ds)sg )

U(I/H)Hx‘)
. <JO </>(S)d5>,

for all i € N, where

U(.”Hs I/‘i) = max{ 5(.‘41‘71’#1')) D (.”H’ Y#H)) D (."li’ Y.”i)’

) D (uiy Yp) + D(ﬂi>Yﬂi—1)}
5 .

(14)

Remark 1. For the act of continuing our results, we consider
only the dynamic processes (4;) € D(Y,u,) satistying the
following structure:

O (> phiz1) > 0=8 (4;_1> ;) > O foreachi € N. (15)

If the investigated process does not satisfy (15), then
there is iy € N such that

8(‘”%"”1'0“) >0 (16)
and

6(‘“"0—1’[’{"0) =0. (17)

Then, we get y; = u; € Yy; ~which implies the exis-
tence of fixed point due to this consideration of dynamic
process that satistying (15) does not depreciate a generality
of our approach.

Example 2. Let #: R, — R be defined by F () = Inpu.
Each set-valued F¢-integral contraction Y on a metric
space (A,8) with respect to dynamic process D(Y,y,)
assures that

ﬁ (YﬂvK/‘m)
(U (1> 1)) "'97<J'0 <P(S)d5>

U(I‘-i—l%‘)
?(J go(s)ds).
0

(18)

IN

8 (uirttis1) H (Ypi1Ye)
9<J q)(s)ds) <F J 9 (s)ds
0 0

& (uioom)
Sg(JO Hiot <p(s)ds> = 7(8(pi @) <

Upon setting, we have

jH (i) o (s)ds<e (U (orn) J'U (kits) o(s)ds, (19)
0

foralli € N, (;) € D(Y, ), and Yy, | # Yu,. In view of the
above observations, clearly, for (y; ,), (i; ) € D(Y, ) such
that Yy, =Yy, the following inequality also holds
through D (Y, u,)

[07) g i) [4) g,
0

0
(20)

that is, Y is a contraction.

Theorem 1. Let (A,0) be a complete metric space, p, € A
and Y: A — K (A) be a set-valued F?—ingegml contraction
with respect to the dynamic process (y;) € D (Y, ). Assume
that

Proof. Inview of (y;) € D(Y, ), if there exists i, € N such
that y; = g, ,,, then the existence of a fixed point is obvious.

Therefore, if we let y; ¢ Yy;, then D (y; Yy;)>0 for every
i € N. Using (15) and by Lemma 1, one writes

D (/4 ITI (YA“DY.“HI)
<j (p(s)ds) < %(JO cp(s)ds>, (21)

(ﬂx 1#;
<F S)dS _T(U(ﬂz I’Mz))
max 8(.“1—1’#1‘)’D(#i—l,YHi—1)>D(#i:YHi)’

= ‘cj" =~ ~
Jo D (g, Yp;) + D (s Yiy)
2

(22)

Moreover, since Yy; is compact, we obtain 4, € Yy,
such that 8 (y4;, p;,,) = D (y;, Yy;). Using (21), we have

(23)

5(!‘:‘71%’)
9(J (p(s)ds).
0



In view of the above observations, {8 (y;, y;,,)} is de-
creasing and hence convergent. We now show that
lim; O (> tiyq) = 0. In the light of (D1), there exist 0> 0

1—>00

Complexity

and i, € N such that 7(8(y;_,, ;) >0 for all i>i,. So, we
have

5( i i+1) 5( i1 i)
?UO " sv(S)dS)sff‘(L o <P(5)d5> = 7(8 (i1 1))

Y

<

5(#‘@2»/‘;’71)
(J,7" 000as) = 2000 )) = 70

é\(140».‘41)
gg(Jo GD(S)dS) = (O (o)) =+ = 7 (O (i 1)) (24)

- 9«‘(]2(%%) <p(s)ds) (T (8 (oo p)) + - -+ (81, o111,)))

— () + o+ (O (tr 1))

3 (pooth1
S‘O}(JO(H ") q)(s)ds) —(i—iy)0.

Let us set A; = Js(ﬂ"’ﬂ”‘) ¢(s)ds>0fori=0,1,2,... and
from (24), we see that lim, % (A;) = —co. By means of
(%), we have

lim A; =0. (25)

1—>00

Also, in the light of (¥;), there is a € (0, 1) such that
Jim [L]°F 4] = 0. (26)

Furthermore, from (24), we can write for all i >,
A F [A] =[N F [A] < [A]*(F (Ao) = (i =)o)
= [A]"F (o] (27)
= —[4]%(i —iy)o <0.
Taking limit as i — 00 in (27) and using (26), we have

lim i[A,]" = 0. (28)

i—00

Let us perceive that, from (28), there is i; € N such that
i[4;,]*<1 for all i>i,. We have

A<—. (29)

Now, in order to show that {y,} is a Cauchy sequence, we
consider j,, j, € N such that j, > j, >7,. From (29) and by
virtue of metric condition, we have

Jé(”jl’yiz)
0

¢ (s)ds

IN

@ (s)ds

Js(ﬂjl’”f1+1)
0
5(/‘11+1>Hj1+2)
+ J
0

5(”12-1"“]'2) (30)
S A

p(s)ds+--- ¢ (s)ds

= Ajl +/\j1+1 +.. +/1jz,1

Jja—l o) 0
= ZAZS ZAIS le%

I=j, I=j, I=j,

In the light of (30) and view of convergence of series
5, 1/1V%, we see that _[0 Firk) o (s)ds — 0. Hence, {y;} is
Cauchy sequence in (A, ). Furthermore, for the com-

pleteness of A, there is y* € A such that lim;__,u; = p*.
Since Y is compact, then we have Yy; — Yu*. By Lemma 1,

one writes
D(p, Yu") <H (Ypy, Yu©). (31)

So, D(u*,Yu*) =0 and u* € Yu*. Suppose, on the
contrary, u* ¢ Yu*. Then, there exist i, € N and subsequence
{/,tik} of {;} such that D(u; ,,,Yu*)>0 for each iy >i,
(otherwise, there is i; € N such that y; € Yu* for everyi>1i,,
which yields that 4* € Yu*). By contractive condition, one
writes
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7 < J o) (s)d5> ) g( J o, (S)ds>
o 0

o >
ol (T
g( [l <p(s)ds>—T(U(#ik>ﬂ*))-

Upon letting k — oo in (32),

D (u*Yu*) D (u*Yu*)
9([ (p(s)ds) S?(J go(s)ds)
0 0

~7(D(",u")) (33)
D (pYp*)
< OJOO (p(s)ds).

which is a contradiction. On the ot}ler hand, we see that the
mapping A > u;—8(y;, Yy;) is D (Y, uy)-dynamic lower
semicontinuous, we have

J'D (wxw) jD(”ik>Yﬂik)

¢ (s)ds < liminf ¢ (s)ds
0 n—oo Jo
D () (34)
< liminf J- ¢ (s)ds
n—oo J
=0

and by virtue of closedness of Yu* implies that y* € Yu*
which means that y* is a fixed point of Y. O

Remark 2. If in Theorem 1, instead of the contractive
condition (13), we assume the following condition

H(Y!”i’ Yitipr) > O:T(Uj (#i—p//‘i))

ITI(Y.“[’YI"HI)
+9<J0 (p(s)ds> )

U; (I"iflhui)
< %(JO (p(s)ds),

where j € {1,2,3} and
Uy (o 1) = 8 (pimr i),
U, (1o 1) = max{(‘;(nui—l’/’li)’D(Vi—l’Y/’li—l)’D(Mi’Y/"i)}’

D (i1, Ypiy) + D (1 Yii) (36)
5 ,

Us (pior i) = max{“#vvlh)»

) D (i Y) + D(.ui’Y."li—l)}
2 )

foralli € N, (y;) € D(Y, ), then there exists a fixed point
of the mapping Y with the assumptions (D1) and (D2) on
Theorem 1.

Corollary 1. Let (A, ) be a complete metric space, y, € A,
FeV,pe®andY: A — K(A). Assume that there exists
7: R, — R, such that

1

H(Yp Ypin) > 0= 1 (U (15 4)) = —=
JZI(Y”DYMHI) (p (S)dS

1
<-—
;](:“i—l’.”i) (p(s)ds
(37)

for all i € N, y; € D(Y, ), where
U(!"i—l) #i) = max{(s(‘“i—l’ I‘i)’ D (!41'—1’ Y.“i—l)’ D (.“i’ Y/’li)’

i D (uiy, Yp) + D (y, Yﬂi—l)}
5 .

(38)

Then, there exists a fixed point of the mapping Y with the
assumptions (D1) and (D2) on Theorem 1.

Proof. If we choose & (u) = —1/u, the proof follows from
Theorem 1. t

Corollary 2. Let (A, ) be a complete metric space, y, € A,
FeV,pe®andY: A — K(A). Assume that there exists
7: R, — R, such that

ﬁ(Yﬂi) Yui,)>0=1(U (45 4:))

1

1- exp J‘OH(YM’YPM)

+

¢ (s)ds (39)

- 1
- exp JEJ(H”"M) @ (s)ds

forallie N, u, € D(Y, ), where
U (pi-1> 45) = mac{d (g, 1) D (s Y1) D (i Yoy,

D (i ) + D (4 Yﬂi—l)}_

2
(40)

Then, there exists a fixed point of the mapping Y with the
assumptions (D1) and (D2) on Theorem 1.

Proof. If we choose & (u) = 1/(1 — exp (), the proof fol-
lows from Theorem 1.

The direct consequence of Theorem 1 for single-valued
maps is the following. O

Corollary 3. Let (A, ) be a complete metric space, y, € A,
F eV, 9e®, and Y: A —> A. Assume that there exists
7: R, — R, such that §(Y'uy, Y yy) > 0 implies



8 (Yt.uo Y l‘o)

(00 o ') + (|

5(Yk]l40)Yi.“o)
sF/T(J'O (p(s)ds),

for all i € N and liminf,__;.7(k) >0 for each 1 >0. Suppose
also that a mapping A > u—6(u, Yp) is D(Y, py)-dynamic
lower semicontinuous. Then, Y has a fixed point.

<p(s)ds)
(41)

Corollary 4. Let (A, ) be a complete metric space, F € V,
oe®, and Y:A— A Assume that there exists
7: R, — R, such that §(Yu, Y*u) >0 implies

8 (Y Y?u) 8 Yp)
ﬂéWJﬁ»+9<J mg@>sg(j wg@>

(42)

for all y € A and liminf,__;.7(k) >0 for each [ >0. Suppose
also that a mapping A > u—6(u, Yu) is lower semi-
continuous. Then, Y has a fixed point.

Example 3. Let A = [0,+00) with the usual metric, A
constitutes a complete metric space. Consider a mapping
Y: A — K(A) by Y(u) = [0,u/2], 4>0 and 7: R, — R,
by

|‘Mi*1 _#i| Se*7(|ﬂi—1*.“i
S 2

Complexity

! 1
Ange e (0.5)
() = (43)
In2, u € [1 oo)
HE |
Define dynamic iterative process D (Y, ,): a sequence

{;} is given by p; = ugg'™! for all i € N with initial point
Yo =2 and g = 1/2 such that

i>2 i =igg"! € Yu;_; = [0, u/2]
Hi=2 1 - Yy = [0, 1]

Hi=3 1/2 - Yy, =[0,1/2]
Hizq 1/4 - Yu;_3= [0, 1/4]
Hi=s 1/8 - Yu;_y=1[0,1/8]

Continuing the above iterative process, we see that

. 111

D(Y, =1lL=—-— ... 44
( W){ 248 } (4

is a dynamic iterative process of Y starting from the point
Ho = 2. Setting go(s)A: 1 for all s € R and % (s) = In(s). For
u; € D(Y,uy) and H (Yy;, Yp;,,) >0, we have

|.”i71 - P‘il
2 _
T(|tio—pi| )+ F s)ds |l’4i71 .’"il
(=) ¢ () y(J ‘P(S)ds)
e <e 0
|#i—1 - .“il
2 _
T (|t — i) )+In d |I4i—1 .”il
(e 0 ([ )
e <e 0
) lwior — wi] > (45)
2 _
In j ) (s)ds |.“i—1 .“il
(s ln<J go(s)ds)
eT Hi1 Hil)e <e 0
l.“i—l - #il _—
e (lsa-uil) J 2 @(s)ds < J @ (s)ds
0 0

DI#H _ﬂil
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and so

ITI (Ylli’YHm)
t(U (o)) + 7| [ 0 (s)ds

U(P‘H»I/i)
S&T(J-O (p(S)dS).

Hence, all the required hypotheses of Theorem 1 are
satisfied and hence 0 is a fixed point of Y.

(46)

3. An Application

In this frame of study, we deal with some new aspects of
Liouville-Caputo fractional differential equations in module
of complete metric space. Several earlier developments on
fixed point theory and its applications involving fractional
calculus can be found in [14].

Define the Liouville-Caputo fractional differential
equations based on order « (D) by

g . .
j (-0 (d,  (47)
0

1
(i-x)
where i—1<x<i, i=[k]+1, aeC([0,+00]), and the
collection [«] represents positive real number and I' rep-
resents the Gamma function. Let A: = C(I, R) be the space
of all continuous real-valued functions on I. And, complete
metric space §.: A x A — [0, +00) be given by

D(C,K) (oc(g)) = T

8, (e1,8,) = SuPaeI|€1 (a) - &, (a)|.

Now, consider the following fractional differential
equations and its integral boundary valued problem:

D(c,fc) (B(9)) = L(g,B(9)

U (g1, ¢;) (r) = max

where g € (0,1), k € (1,2] and
ﬁ(O) =0,

9 (50)
B = [ pla)g. 2 0.,
where I = [0,1], f € C(I,R) and L: I x R — R be a con-
tinuous function. Let P: A — A be defined by

1 g Kx—1
e JO (g- 'Lt v(t)dt

29 Jl (1= 'L(t, v(t))dt

Pv(r) = (2—92)F(K) 0 >

+% J:(J:l (9 -t2)" "Lt V(tl))dt1>dt

(51)

forv € Aand g € [0, 1]. Now, we start the main result of this
section.

Theorem 2. Let L: I x R — R be a continuous function,
nondecreasing on second variable and there is a nonconstant
function T such that ¢; € D (Y, &) and g € [0, 1] implies

Then, equations (49) and (50) has at least one solution on

|Pe,_y (r) — Pe; (r)| < Q Uei1,e) (1) =
(48) <1 + T\/maxgeIU (&-1>&) (1) >
(52)
where Q= 2x—1)(I'(x +1))/2(5x + 2) and
(49)
eiy (1) = & (r)|, |eiy (r) = Ye,_y (r)], | (r) = Ye; (7)),
(53)
|eiy (r) = Ye; (r)] +|e; (r) = Y,y (7)]
2
8. (Pe;_y (r) — Pe;(r)) = sup,e;|Pe;_; (1) — Pe; (1)
U (&-1,8) (1) (55)

A.

Proof. For every g € I and owing to operator P: A — A,
one writes

Upon setting, we see that

In the light of above observation, we have

which implies that

U(Si—l’ei) (r)

-
1+ T\/maxgdU (i1, €) (1) )

|Pe,~_1 (r) - Psi(r)l <

(54)

By above virtue, we have

) (l + T\/manEIU(ei,l, &) (r) )2‘

Furthermore, by contractive condition (13) upon setting
of p(s) =1 for all s € R and F (s) = —1/+/s, we have

. I‘-}(Yei,Ysm)
H(Ye;, Ye, ) >0=1(U (g5 €)) +9<J (p(s)ds>
0

U(SH’%)
Sg(i[o (p(s)ds),

(56)



foralli € N, ¢ € D_(Y,¢,) and for each given € > 0 such that
f; ¢ (s)ds > 0. Thus, all the required hypotheses of Theorem
1 are satisfied, and hence equations (49) and (50) has at least
one solution on A. O

Example 4. Based upon the Liouville-Caputo fractional
differential equations based on order x(D(,). Let us
consider the following integral boundary-value problem:

. 1 1B(g)l
D(c,i) (BlaD =37 T+B (o) (57)
2
and
B(0) =0,
3/4 (58)
)= Blordg, 9 (.1,
where K = 3/2, O =34, and

L(t,v(1) = 1/(g +3)*a(g)l/1 + |a(g)|. So, the above set-
ting is an example of equations (49) and (50). Hence, here is
clearly the pair of equations (57) and (58) has at least one
solution.

4. Conclusions

In this paper, we have investigated the preexisting results of
fixed point for set-valued mappings rather than the con-
ventional mappings. Based upon a Wardowski integral and
with a nonnegative Lebesque integrable mapping, we have
transformed the conventional theorems of fixed point into
the module of F{. Instead of the traditional Picard sequence,
the dynamic process D (Y, y4,) is adopted to iterate the fixed
point. Afterwards, the results have been explained by ren-
dering concrete examples, and some foremost corollaries
have been deduced from the prime results. Also, we provide
illustrative applications to Liouville-Caputo fractional dif-
ferential equations.

Data Availability

The data used to support the findings of this study are
available from the corresponding author upon request.

Conflicts of Interest

The authors declare no conflicts of interest.

Authors’ Contributions

All authors contributed equally in writing this article. All
authors read and approved the final manuscript.

References

[1] H. Kaddouri, H. Isik, and S. Beloul, “On new extensions of
F-contraction with an application to integral inclusions,”
U.P.B. Sci. Bull. Series A, vol. 81, no. 3, pp. 31-42, 2019.

[2] A. Ali, H. Isik, H. Aydi, E. Ameer, J. R. Lee, and M. Arshad,
“On multivalued Suzuki-type 6-contractions and related

Complexity

applications,” Open Mathematics, vol. 18, no. 1, pp. 386-399,
2020.

[3] H.Isikand C. Ionescu, “New type of multivalued contractions
with related results and applications,” U.P.B. Sci. Bull. Series A,
vol. 80, no. 2, pp. 13-22, 2018.

[4] A. Ali, M. Arshad, M. Arshad et al., “On multivalued maps for
$ \varphi $-contractions involving orbits with application,”
AIMS Mathematics, vol. 6, no. 7, pp. 7532-7554, 2021.

[5] A.Branciari, “A fixed point theorem for mappings satisfying a
general contractive condition of integral type,” International
Journal of Mathematics and Mathematical Sciences, vol. 29,
no. 9, pp. 531-536, 2002.

[6] Z. Liu, J. Li, and S. M. Kang, “Fixed point theorems of
contractive mappings of integral type,” Fixed Point Theory and
Applications, vol. 2013, no. 1, p. 300, 2013.

[7] D.Sekman and V. Karakaya, “On the F-contraction properties
of multivalued integral type transformations,” Methods
Funct.Anal. Topology, vol. 25, pp. 282-288, 2019.

[8] S. Banach, “Sur les opérations dans les ensembles abstraits et
leur application aux équations intégrales,” Fundamenta
Mathematicae, vol. 3, pp. 133-181, 1922.

[9] D. Wardowski, “Fixed points of a new type of contractive
mappings in complete metric spaces,” Fixed Point Theory and
Applications, vol. 2012, no. 1, p. 94, 2012.

[10] S. Nadler, “Multi-valued contraction mappings,” Pacific
Journal of Mathematics, vol. 30, no. 2, pp. 475-488, 1969.

[11] J. Vujakovic and S. Radenovic, “On some F-contraction of
Piri-Kumam-Dung type mappings in metric spaces,” Voj-
noteh. Glas-Tech. Cour.vol. 68, pp. 697-714, 2020.

[12] D. Klim and D. Wardowski, “Fixed points of dynamic pro-
cesses of set-valued F-contractions and application to func-
tional equations,” Fixed Point Theory and Applications,
vol. 2015, no. 1, p. 22, 2015.

[13] A. Alj, F. Uddin, M. Arshad, and M. Rashid, “Hybrid fixed
point results via generalized dynamic process for F-HRS type
contractions with application,” Physica A, vol. 538, 2020.

[14] F. Jarad, T. Abdeljawad, and Z. Hammouch, “On a class of
ordinary differential equations in the frame of Atangana-
Baleanu fractional derivative,” Chaos, Solitons ¢ Fractals,
vol. 117, pp. 16-20, 2018.

[15] M. Cosentino and P. Vetroa, “Fixed point results for
F-contractive mappings of Hardy-Rogers-type,” Filomat,
vol. 28, no. 4, pp. 715-722, 2014.

[16] E. Kryeyszig, Introductory Functional Analysis with Applica-
tionsJohn Wiley & Sons, New York, 1978.

[17] B. E. Rhoades, “Two fixed-point theorems for mappings
satisfying a general contractive condition of integral type,”
International Journal of Mathematics and Mathematical Sci-
ences, vol. 2003, no. 63, pp. 4007-4013, Article ID 194879,
2003.

[18] M. Sgroi and C. Vetro, “Multi-valued F-contractions and the
solutions of certain functional and integral equations,” Filo-
mat, vol. 27, no. 7, pp- 1259-1268, 2013.

[19] T. Suzuki, “A new type of fixed point theorem in metric
spaces,” Nonlinear Analysis: Theory, Methods & Applications,
vol. 71, no. 11, pp. 5313-5317, 2009.



