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This work focuses on presenting a control algorithm to investigate nonlinear systems, which contain time-varying powers, inverse
dynamics, and uncertainties. First, some appropriate transformations are introduced to obtain a new system. Then, a Lyapunov
function, which covers quadratic and high-order components, is recursively constructed for control design. Subsequently, by
introducing the neural networks, the uncertain functions encountered during the design are approximated. Based on the in-
equality techniques, the nonlinear terms are skillfully estimated. By defining the bounds of some unknown parameters and using
the adaptive technique, some virtual controllers are selected in each step to dominate the nonlinear functions and guarantee that
the derivative of the Lyapunov function satisfies the required form. Finally, a new adaptive controller is constructed and
semiglobal practical finite time stability (SGPFS) is guaranteed. The proposed approach is verified with a numerical example.

1. Introduction

Control of complex nonlinear systems is viewed as
a challenging issue in practical engineering. Since dif-
ferent systems are modeled with differential equations
that have disparate nonlinear characters, the related
control schemes constantly vary from each other. Re-
cently, plenty of outstanding approaches have been raised,
as shown in the sliding mode control [1], intelligent
control [2, 3], event-based control [4], and so on. It should
be mentioned that complex systems often have diversified
uncertainties, including unknown parameters, uncertain
dynamics, and unpredictable disturbances. The un-
certainties actually add more obstacles for the system
analysis and control synthesis. Besides, practical systems
often suffer from time-varying powers [5, 6], which lead to
the inapplicability of conventional methods of systems
with constant powers. So far, when systems have time-
varying powers, lots of control challenges have not been
solved. It is interesting to study such systems and raise
a feasible control strategy.

For uncertain systems, the adaptive control strategy has
been viewed as one of the effective tools for control design,
see [7-9]. During the control design steps of nonlinear
systems described by differential equations, this strategy
utilizes the idea of certain equivalence and always results in
a dynamic controller. Particularly, by presenting an adaptive
backstepping method [10], the global asymptotic stability
was guaranteed for systems that suffered from unknown
parameters. By proposing a dynamic event-triggered
control-based output-feedback control method, Cao et al.
[11] studied the adaptive issue of systems with immeasurable
states and input delay. By proposing an adaptive NN fixed-
time control method, Cao et al. [12] further designed the
controller for systems that included dynamic uncertainties
and communication resources. By raising an adaptive fuzzy
command filtered method, Li et al. [13] considered systems
with uncertain dynamics and ensured the system to be
semiglobally stable. Recently, high-order nonlinear system
has been a hot topic and many excellent results have been
reported, see [14-16]. Specially, by introducing a Lyapu-
nov-Krasovskii functional and employing the adaptive
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neural network control technique, Duan et al. [14] skillfully
designed the adaptive controller for delayed systems. Uti-
lizing one power integrator strategy, Niu et al. [15] studied
the adaptive stabilization issue of stochastic systems with
arbitrary switching. Based on the idea of homogeneous
domination and dynamic control approach, Shen and Zhai
[16] designed the controller for uncertain high-order sys-
tems. In fact, the system powers in the above works are
assumed to be constants. When the system powers are time-
varying functions, there are some results discussing the
control issues. For instance, Chen et al. [17] presented
a feedback control approach for systems that involved time-
varying powers. Yoo [18] discussed uncertain systems with
time-varying functions and investigated the fault accom-
modation control issue. However, finite time control issues
are still challenging, especially when the system powers vary
with a large range.

Finite time control has received lots of concerns in last
years. Such kind of control has better system responses such
as faster convergent rate, higher tracking precision, and
better robustness. There are many splendid results for this
control issue. Specially, for low-order systems, Yu et al. [19]
studied the tracking control problem by presenting a finite
time command filtered backstepping method. Polyakov et al.
[20] considered the stability problems and provided a robust
control method. As for high-order systems, Gao et al. [21]
discussed the output feedback control approach, Chen et al.
[22] further considered the output constraint and raised the
output feedback method to solve finite stabilization problem.
For system with uncertainties, Li et al. [23] investigated the
adaptive finite time regulation for lower-order systems. Sun
et al. [24] raised one fast finite time control approach and
applied it to systems with constant powers. However, the
adaptive finite time control issue is still open for systems that
have dynamics and time-varying powers. Naturally, we raise
the following problem:

Can we regulate the uncertain system with dynamics
and time-varying powers via a finite time control
approach?

We will consider the above problem. The study has two
advantages as follows:

(i) The considered system has a more general form. In
practical engineering, some dynamic models have
time-varying powers, see the model of a boiler-
turbine unit in [17] and the underactuated me-
chanical system in reference [25]. However, few
results considered control issue of systems with
time-varying powers. Also, due to the inaccuracy of
measurement or the modeling errors, some inverse
dynamics cannot be directly neglected. Besides, the
practical systems are often in nontriangular struc-
ture and suffer from multiple uncertainties. These
factors motivate us to study the more general system,
which contains time-varying powers, inverse dy-
namics, nontriangular structure, and uncertainties.
The system is hence more general.
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(i) A new adaptive control approach is presented.
Noting that the existing methods of systems are
mainly for constant powers, they cannot be applied
to the system of this work. Besides, since the finite
time control of the system has inverse dynamics,
nontriangular structure, and uncertainties are still
challenging, we are inspired to raise a new adaptive
control approach. In this work, a Lyapunov function,
which includes quadratic and high-order compo-
nents, is constructed. By estimating the complex
nonlinear terms with the neural network and
employing the adaptive control design, the adaptive
controller is skillfully constructed for the considered
system. The merits of the method lie in two aspects.
One is that, it provides an effective solution for
adaptive finite control of complicated nonlinear
system. As can be seen, for the complicated system
(1), the finite time control problem is still chal-
lenging. The presented method overcomes a series of
obstacles and finally provides a feasible solution to
solve the above problem. The second is that the
proposed method adopts few parameter estimations
and does not introduce complicated basis functions
of neural network in the control input. Hence, the
designed adaptive controller has a simple form.

2. Problem Formulation

We study the system as follows:

' f = 9(9’ £>x1)’
X =ay(t, x)[szl ® + f1 (o, &, x),
1% =a, (6, )[x%;]% + £, (0, & %), (1)

[ %, = a, (6 0[ul™ + f,(0,& %),

where £ € 2™ and x = [x,,...,x,]" € R" are state vectors
of the system, o € %' denotes a parameter vector, g € ™
represents a vector of continuous functions, and u € &
denotes the input. For 1<i<n, g;>0 denotes the control
coefficients, f;(-) are unknown continuous functions,
s;(t)>0 are unknown system powers, and [-]% ® =
sign ()] - %0,

System (1) describes a class of complex nonlinear sys-
tems. It covers the inverse dynamics, which generates be-
cause of the inaccuracy of mathematical modeling or
measuring errors and always leads to poor system responses.
Also, it contains time-varying powers, which are involved in
many models in practical engineering. Besides, the system
has unknown coefficients and involves unknown functions
that are in nontriangular form. In practical life, many dy-
namic models can be transformed into system (1). Thus, the
research of such kind of systems is of practical significance.
However, the corresponding control issue is still challenging.
In this work, we will provide a new adaptive control strategy
for it.
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Assumption 1. There exist unknown constants A, >0 and
A, >0 such that A, <g;(t,x) <A, 1<i<n.

Assumption 2. There exists s,, <s;(t) <s;,, where 0<s,, <1
and s,>s,, are constants that belong to R.44={q,/
4,14, >0and g, > 0 are odd integers}.

RGEE-S

where d,, is a positive constant and ¢, (-) >0 is a continuous
function.

Lemma 4 (see [2]). For a vector E € A,CR", if h;(6,E) is

a continuous function, then, a neural network @] S; (E) exists
such that h;(6,8) = @S, (E) + 1, (E), where ©; represents

1+l

|7T(T v)T "
L+l

where 1, >0,1,>0 are constants and n(t,v)>0,¢(7,7)>0
are functions.

Lemma 6 (see [6]). Let 0<l,<---<I, m;>0,..., and
m, >0. For y € R, there exists the following:

mylyl" +m, |yl < Zm Iyl < <Z i>(|y|“ +Iyl").

i=1
(4)

Remark 7. We emphasize two points as follows: (i) In this
paper, the system powers refer to s; (¢),1<i<n in (1) and are
not the order n. They are time-varying functions, which are more
general than the constants in [14, 15, 22, 24]. From Assumption
1, we see that they can belong to a larger interval [s,,,, s, ], which
cover the powers smaller than one or bigger than one. (ii) In
engineering, there are practical models, which have the form of
system (1), see the system [17, 26]. System (1) actually provides
a general form to describe similar dynamic models.

Remark 8. Assumptions 1-3 of system (1) are reasonable
and much weaker than those of the existing research. As-
sumption 1 implies that the bounds of control coefficients
can be unknown. It is more general than the known cases of
[2, 21]. Assumption 2 shows that the powers can be changing
in a larger scope. Assumption 3 implies that the inverse

Assumption 3. There exists a constant s>s, —s,, +1
(s € R,4q) and a Lyapunov function W (£) such that

g(0.&x,) < —(IEI" +1EIT) +]x, o (1) + do, (2)

ideal constant weight vector, n;(E) satisfies |n; (E)| <6, for
a constant 8; >0, and S;(E) denotes the Gaussian function
vector and satisfies ||S; (B)Il <5, where 5> 0 is a constant.

Lemma 5 (see [24]). There exists the inequality as follows:

I

l 1 +1,/1, 1 Wit I+l
2 2 1% 3
+ Iﬂ(T,V)I 0 +5)9(n) [V, (3)

dynamics of system (1) satisfies a weaker stability condition.
It should be emphasized that the control issue under As-
sumptions 1-3 is still difficult. Next, we will study the finite
control issue and raise an adaptive control strategy.

3. Adaptive Control Design

The adaptive control method of this paper adapts to the
control law according to the parameter variation. As can be
seen, there are many uncertainties in the nonlinear func-
tions. To design the controller, we adopt the neural networks
to approximate these unknown functions and subsequently
introduce some unknown ideal constant weight vectors.
During the control design steps, the obtained nonlinear
bounds contain unknown parameters, see (7), (9), (24), and
(26). By defining the maximum value 8; of those unknown
parameters in each step, we can design adaptive laws (18)
and (28) to approximate parameters 8;,1<i<n. Then, we
construct the virtual controllers with a recursive method by
using 6; and a new Lyapunov function. In the last step, the
adaptive controller is successfully designed. For the details,
see Figure 1.

_ Step 1: Introduce the transformation z, = x,, and define
0,(t) = 9 (t) — 0,, where 0, will be defined later and 6 (t) is
an estimation of 6. Choosmg the function V, (§,2,,0,) =
pW (&) + 1/A, (23 + Zi”) + 1/(2(—:16 ), where p>0 and €, >0
are constants, we get the following:



4 Complexity

The studied nonlinear system
E=g(o.Ex),
x,=a, (6xX)[x,199+ f (0,&%),

3r Usm R
: PRI
%,=a, (L 0[x]50+f, (0.6x), (1) ; ?

) Lisy 4 45) _ gf) . i=
O=c¢ (g™ +zr)-00, j=1..n

Design the actual adaptive controller

%, : a, (t,x)[ul»+f (0,€x). and analyze the stability of the closed-loop system.

Step k (2 < k < n): Introduce Z=X-T T = ﬁjflzj—l

Stepl: Introduce z, =, and define 6, (£) = 0,(6) - 0. and define . () = &, (t) - 0,. Choose the function
k ! e

Choose the function
1 s+ 1 2
V=V +—(E+z") +— 07

N N k

_ 1 . L,
V, (§2,0)=pW (&) +— (z2+z5)+ " 02

1

1 . .
Design the virtual controller 7= -,z and the adaptive law Design the virtual con'troller m=-Pzo
and the adaptive law 0, = €., (z"n+ z;™m) - 0,0,

A _ L+s,, S+, A
0,=€¢, (z]" + z;*»)-0,0, such that (15) holds. such that (26) holds.

FiGure 1: The flowchart of the control method.

. . 1 1~ =2
V) =pW (&) N (22, + (s + 1)z})z, +6—0101,
1 1

N

< = p(IEI" +1E17) + plzi | o (& x1) + pedg +Ai (22, + (s + 1)z}), (5)
1

1~ =
: (“1 [x,]" © - a[m,]" © 4 a,[m,]" W 4 f1) + 6_9191-
1

By Lemma 4, there exist some neural networks such that ~ where @, S;,i = 0, 1 are defined in Lemma 4, #, (), #, (¢) are
the approximation errors, and § > 0 is a constant. By Lemma
o (x1) = Sy + 11 (8, |11 (B)] <6, bp Y

(6) 5, it yields from (6) that
f1i()= (D-lrsl + 1, (1), |711 (t)l <9,

plzileo (x1) SP|Zl|(|(DoTSO| +|’70|) £ b10<"®0"1+5h + 1>Zih+1 +dyp (7)
where b;;>0 is a constant and d,;, = 1/(s;, + 1)1/ (bys;, + By Lemma 5, we obtain the following:
bw)l/sh ("So” (1+sp)/sy, + Wé1+sh)/8h )P(Hsh)/sh' Utilizing (6), it leads
to
1 s +1
A_1(2z1+(s+1)zl)flgsll (22| +lza[ ) (|O7 S, +]rm])-
(8)

s+1 T s+1 (1/sh) \ |lo4] e s+l
S eors << allon- (I ™) sb11< A1) & v dy, ©
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where b, is a positive constant and d,; = 1/(s, + 1)1/ 1 Usy
(byysy, + b“)l/sh Ilsll|(1+sh)/sh (s+ 1)(1+s,,)/sh_ Similarly, by dy, = 1 Sh (b - ) ’11(1+s;,)/sh (s+1) (1+sh)/sh’
Lemma 5, we get the following: + 5, \O12 + 0128
s+1 1\*" s s 15,
— |z <b _ Z5h+ +d,,, d.= s (s+sm)/sm 1 (s+5m)/5m’
1, | 1“’71| 12<A1) 1 12 5= s \bn b, || 1“ (s+1)
(s+5)/5m $15p,
s+1 S| AT ”(DIH mt _ Sm S (5+5m)/5m (s+sm)/sm
T1|Z1| @8, Sb13< Py 2 +dys, (10) dyy = sts, \ by +biys, m (s+1) )

11
s+1 1 (s+sm /s ( )
1=l lml ng(A—) 2 +dyy, Defining 6, = n)}ax{uq)()ul:% + 1, (I A, (1

1 1 Al)s;ﬁ , ("cD]"/Al) S+S,, sm’ (I/Al) S+S,, Sm}, and ng — max{blo

where by, bys, by, are positive constants, +b,, + by, b5 + by}, it follows from (10)-(14) that

4

1 s S+ s +Ss
P|Z1l¢o (&x)) +f (22, + (s + 1)z}) f, < 01¢1(Z1h Lt zy" ) + Zdlj'
| .

j=0

Substituting (12) into (5), it follows that

. 1
Vis = p(ferefem) + N (22, + (s + Dz})(a,[x,]" © - al[nl]Sl(t))
1

1~ = a
+—0,0, + 61¢1(zi“+1 +2") +d, + )t_l (22, + (s + 1)z})[m, 1",
€ 1
where d, = pd,, + Z?:Odl j- Now, choosing the virtual con- By (16) and Lemma 6, we get

troller, we get the following:

”1(51’€>x1) = _<
where 7, = 0,4, + 2p. It is deduced that

22+ s+ Dm0 < =3 ([ 4z 0),
1

3r,

1/s,,
2 ) zi= - P2y, (14)

Substituting (16) into (13), it yields that
(15)

7 N S+, S S+, a s N N
Vis = p(IE1 +I817) = 2p(2)™ + 277 ) + 35 (221 + (s + Dz})([x,] O 10 @)
1

1~ /2
+ 6—91<01 —ey (2 2 )+ d,
1

0, =c ¢ (zmh +zs+5’") -0,0
where €, is a constant. Choosing the first adaptive law, we get R A ! L

the following:

j{—l 2z, + (s + DZ})[m, 1" < - rl(z}”h + zsl”"‘).
1

(12)

(13)

(16)

(17)

(18)



and substituting it into (17), we get the following:
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S, S+5,, a
= p(IEI* +EI) = 2p(2, ™ + 257 ) + Tz s+ Dz;)([x,]" "
1

ﬁ’él?)l +d,

€1

~[m " (t)) -

where 0, is a constant.
Step k. (2<k<n). In step k — 1, we assume that there
exist transformations as follows:

Z.:x.—f[._l,

j i
i1 = _ﬂj—lzj—l’ (20)
2<j<k -1,

k-2 k-1
. O:ie ~
1 1+s S+S, 1+s s+s,, ]
Ve, < —p<||£||5h* HIE 4 Y (25 4 m)) (2 +25) - ). 09,
j=1 =177

(19)

a candidate Lyapunov function V;_,, and the adaptive laws
A 1 " .
0= ¢j(zj+$" + zj-+s ) UJBJ,ZSJ <k-1, (21)

such that

(22)

3%t (221 + (s + l)zi—l)([xk]skfl “ ~[me 1 t)) +diys

M

where $; and ¢; are smooth functions and 0, €; and d;_, are
positive constants In this step, we define 6, (t) = Gk (t) -6,
where 0, denotes the unknown constant and 0, (¢) is an

Vk<Vk L+

estimation of 20k, and we choose V=V, + 1/ (z} +
S"1) +1/(2€,0,), where €, >0 is a constant. We obtaln the
following:

! (sz +(s+1)z3)Z + Oka

€k

<||£||Sh“+||£||5“m+2( g )> 20(z. Y + 2

T

=~

-1
Y5

j=1 eJ

+dk1+

Following the proof in Appendix, we have the following:

A s Sko1 Sko1
; : 2z + (s + l)zk—l)([xk] e © —[me 1™ (t))
1

(23)

L (22 + (s + Dzgy)([x4] st (1) —[”kq]sk’l(t))

(sz + (S + 1)Zk)zk + erk

where 6, >0 is an unknown constant, d;, is a positive

constant, and ¢, >0 is a smooth function. It is deduced that

(24)
p(z,lfsl" +z, ) + Oquﬁkl(z}:sh + zf:s'”) +dyg
) s k_la”kfl"‘ - omy_;
Zkzak[xk+1]k+fk_z 0, - ax / [ 1+1] +fJ) (25)

j=1

o J
2,
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Utlhzlng Lemma .4, there exists a neural network

Fi-Yiom 1008, Y5 om /3 x;(a,lx; 10+ f)) =
DS, I e (), where CDk, Sk are defined i 1n Lemma 4, i (t) is

the approximation error, and |, ()| <4. By the proof in
Appendix, it follows that

1 s Mom =~ o s,
b5 et 1)
i= i=
1 S
= 22k + (s + Dzy) (O Si + 1 (1) (26)
1

4
Sekz‘/’kz(1 +Z;+s) dep
i1

where 0,, and d,, .. ., d}, are positive constants and ¢, >0
is a smooth function. Defining 6, = max{6,,,6,,} and
Ok = Q11 T Prp» substituting (24) and (26) into (23), and

Vi< - p<||<$||sh+1 +HIEIT

j=1

k=2 . k=14 4
+sp s+S,, _Z_]~'A' Z )
+ Z(zj +z; ) ) 6'9161 +dq + A dy;

considering [x;,, 1% =
the following:

[ X1 1% = [ 1% + [ 1%, we have

(27)

+s Sts a s Sk Sk Sk
+ 9k9k + 9k‘Pk( "tz '") +f (2 + (s + Dz) - ([karl] © —[m] © +[m] (t))~

Now, choosing the adaptive law, we get the following:
@k = €k¢k(zllc+5h + Z;+sm) - Uk@k’ (28)

where 0, >0 is a constant and selecting the virtual control,
we get the following:

k=2
. 1 1+ +5,,, 1+ +
Ves - p(llflls” HIENT + Y (2 + 2 )) 2p(z"" +2) -
j=1

= —ﬁkzk) (29)

3rk 1/s,,
e ()

where 7, = 0,¢, + 2p and the derivative of V, satisfies the
following:

a S S, N
+/\_k (2z) + (s + 1)Zk)([xk+1] <@ —[m] k(t))’
1

where d, =d,_, + Y* j=odkj- This completes the recursive
design.

4. Main Results

Theorem 9. If Assumptions 1-3 are satisfied, system (1) has
an adaptive controller as follows:

k O -
Zfejej+dk
j=1"1] (30)
1/s,, -
= Bz =() =B
(31)

1+s S+,
0]—€]¢]( "tz ) 0]9J,]:1,...,n,

where B, ¢; are smooth functions and p,€;, g; are constants.
zy=x; —m (&) and z,,...,z, | are defined in (20). More-
over, for constants 0<a<1 and p,>0, if W(&) satisfies
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W (&) < po (€I + |EI*m), then the closed-loop system is  Proof. Choose =pW () + VA Y, (25 + 25 )+
SGPES. Z 1/2¢;0;. Following the steps of Section 3, we ‘construct
the adapt1ve controller (31) such that we get the following:

vns—P<||£||Sh“+||flls“'")+Z( )> ZZJ ey
=1 =

Since 0<s,, <s; (t)<s,, s, <1, and s>1, it follows
lZs+sm’{; s+1) < (Zz)(s+s ) (s+1) S+S,

that (z + zj“) +2;
+1
< (z?)(s"”)/2+ 1+ zjﬂ = z] +1+ zjﬁ , and

Lo (s+5,)/ (s+1) ] (s+5)/(s¥1) . 1 (s+s,,)/ (s41)
s+1 +s, s+s
</\Z(z]+z )) S(Al) (e + 2 )+n<ll) , (33)

1 j=1 j=1

which further indicates that

n 1 (s+s,,)/ (s+1
_ L+s S+, (s+s,,)/ (s+1)
P;(zj+h+zj+ )S - pA; <Al j_zl(zi"'zj'ﬂ)) +np. (34)
sp+1 S+S,, _ Py
By Lemma 5, it leads to the following: P ("f e )S 2o Wo(®). (36)

~C230nsidering -0 /GJHJGJ < -0 /26 0 +0;/2€; 92 Y0l
2¢,06; szinlgjgn {oj} z]-:1 (7]/26 7 2m1n1<]<n{ } (Z] 1
0;/2,6,) D — min, . { j}(l—sm/(s+ D (s +5,,)!

(s +1)) /D and (32)-(36), we have the following:

(35)

[\)| 1
[y NY

; ,éz (s+s,,)/ (s+1) ;
32) 3=
=177 Jj=1

Also, we get the following:

l\)
|\%l

(s+sm)/(s+1)
> +d, (37)

< —c(pW(E))"‘—c(Ai Z(z +zs+1) Z

j=1 j=1

where ¢ = mln{p1 %Y pos AT D, minlgjsn{aj}} and Gi/2€j9§ +d,. When 0<a<s+s,/s+1<1, in view of
ey = np+ miny_ i fo;} (1= 5,)/ (s + 1) (s +5,)/ (s + 1) /6D g 30 Lemma 5, one has the following:

(s+sm)/(s+l)

u L 52 ¢ n n 2
(£5Ea 5 ) <(£5a-5) v o

1 j=1 j=1 J

(as+a)/ (s+s,,— as—a)

where dpy=(s+s,—as—a)/(s+s,)((as+a)/ (s +5s,,))
Therefore, it follows from (37) that
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1 j=1

V, < —c(pW(f) +% i(zf +

®
==V, +d, +cd,,,.

When 0< (s +5s,,)/(s+1) <a <1, similar to (38), we get
the following:

(PW ()" < (oW () +d,,.5, (40)

Vn <—c (PW (£)) (sts,)/ (s+1) c (/\1

=

1
X, -

< —c<pW(f) +

J

_ S+8,,/s+1
==V, +d, . +ody,s.

Choosing oy = min{a, (s +s,,)/ (s + 1)} and
d = max{d,,,+ cd,,,,d,,, +cd,,s}, it leads to the following:

V,< —cVi +d.

n=

(42)

By Lemma 4 of reference [23], we see that the solution is
SGPFS.

Actually, we can extend the method to the system as
follows:

a, (t,)[%,1" 7 + £ (0, %),
a, (60317 + £, (0, %),

X

X3

(43)

%, = a, (61" + £, (00%),

where the symbols are given in (1). If Assumptions 1 and 2
hold, we can also design a finite-time adaptive controller as
(31). TFor this _gase, we select V, = 1/)le;-1:1 (z? +
zj.”) +3" 1/ (2€j9 j). Utilizing the same design procedures,
we can oétain a similar conclusion as Theorem 9. O

Remark 10. During the design of the controller, we adopt
some strategies to handle the constraints of the system. To
deal with the unknown coefficients a;, we introduce a term
1/1, in the Lyapunov function. Since a; /A, > 1, we can obtain
afhy Qzi + (s + Dz 1% < —r (2.7 + 2" by us-
ing the definition of 71;.. Besides, by employing the inequality
of Lemma 4, the nonlinear terms that contain a; can be
estimated skillfully. Then, we can define an enough big
constant 0, and design the adaptive law 6, to estimate it and
utilize 6, for the control design. For the constraint of time-
varying power s;(t), we introduce quadratic components
and higher-order components in the Lyapunov function, so
that nonlinear terms with s; () can be estimated with the
appropriate bounds, see (15), (24), and (26) for instance. For
the constraint of dynamics and nonlinear functions, we
employ the inequality skills and introduce the neural

(5+5")+ Y

1 j=1

~2 o
n 9
s+1 ]
z; ) + ZZ +d,. +cd,,,
j j

j=1 (39)

where d,,.; = (as+a—s—s,)/ (as+a) (s +s,,)/ (as + ) SHsm)l (astams=s,)

Thus, considering (37) and (40), we obtain the following:

; ,éz (s+s,,)/ (s+1)
.+z§+1)+Z—] +dn+1+Cdn+3

~2 \ St+S,/s+1
61’
Py + dYH-l + Cdn+3

(41)

network @S, (E) to approximate uncertain terms in each
design step, see (6) and (26).

Remark 11. There are some advantages and limitations of
this work. The advantages are in three aspects. In detail, this
work provides a universal method for system powers in the
intervals (0, 1) and [1,s,]. Also, this work considers com-
plicated nonlinear conditions and provides an adaptive
controller with a simple form. In addition, the system is
rendered semiglobal finite time stable, which is more general
than the semiglobal stable. There are also some limitations of
this work. For example, despite that the system is compli-
cated, we do not consider the influence of time delay and
random disturbances. Also, this work achieves a semiglobal
result. A better result is to obtain finite time stabilization
globally. Besides, we consider the problem via the state
feedback and do not consider the output feedback control.

5. Simulation Example

Example 12. We study the following system:
é =9 (5’ xl)’

% = a, (6%)[x,]"? + g, sinx,, (44)

X, = a, (1, x)[u]szm +0,%, %5,

where &, x,,x, are the states, u denotes the control input,
a, (+),a,(-) are the control coefficients, and ¢,, 0, are un-
known parameters. To verify the control method, we assume
that a;, =1+2/5sint,a, =1+cosx; and s; =1+1/5
sint,s, = 4/5+ 1/5cost. Then, there are constants A;,1,
such that A,<a;<A,,i=1,2. Also, there exists
S,y <5;(t) <5, where s,,, = 3/5,s;, = 7/5. Thus, Assumptions
1 and 2 hold. Choosing W (&) = 5/66'° and defining
g =1/2x,sin& = & — & s = 9/5, we get the following:
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0.5 T T T T T T T T T

—0.5 4

Figure 2: The trajectory of &.

0.15 F T T T T T T T T T m
0.1} J

0.05 K 1
O A

-0.05 i

-0.1} J

-0.15 ¢ . . . . . . . . . E

FIGURE 3: The trajectory of x;.

0.5

FIGURE 4: The trajectory of x,.

oW (§)
o¢

where ¢ = (x!*° + 1), Thus, Assumption 3 holds. With
Section 3, we obtain the following:

3r 1/s,,
w=~(%) =

gS _(£1+Sh + £s+sm) +|X1|¢0, (45)

@1 = el¢1(zi+sh + ziﬂ'“) -0,0,, (46)

5 _ 1+s, s+s,,
0, = ez‘/’z(zz +2, ) - 0,0,

Complexity

0.2 T T T T T T T T T
0.15 |
0.1}
0.05 |

—-0.05

~0.1 . . . . . . . . 1
0 10 20 30 40 50 60 70 80 90 100

t(s)

FiGURE 5: The trajectory of 6,.

0.1

0.05

-0.05

-0.1

0 10 20 30 40 50 60 70 80 90 100
t(s)

FIGURE 6: The trajectory of 6,.
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FIGURE 7: The trajectory of u.

where r, = @25/)2 +p, 2y =X, Zy=X,— T, T,=—(3r/
)"z, 1y = 60161 +2p, ¢ =big + by +byy, ¢ = ‘/)%1 + ¢,
by = () (1+ 5,) (4 (p + psy) /" (4(s,, + s,)/s5,) T
+5,,/(s + 5,,) (25/ (ps + ps,))" " (2 (s + 1) (1 + ¢,)) TmVom,
and @y = 1 +23, ¢y = max{by; + by, by +byy}.

In the simulation, the parameters are €; = 0.1, €, = 0.01,
0,=0.04,0,=0.035b,=b,=b,=1,p=1,by =by, =
by; = by, = 1, and g, = o, = 1/10. The initial conditions are
£(0) = -0.8, x,(0) = 0.1,x,(0) = 0.9, and 6, (0) = 0.2,
6, (0) = 0.1. Figures 2-4 give responses of states &, x, and x,.
Figures 5 and 6 provide responses of adaptive laws 0, and 0,.
Figure 7 supplies the trajectory of input u. Figures 2-7 show
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that the closed-loop system is SGPFS. Thus, the raised
control method is valid.

6. Conclusion

This work has studied the regulation of complex systems.
Different from the reported researches, the considered
systems involve time-varying powers, inverse dynamics, and
uncertainties. Besides, the system powers can be either
smaller than one or bigger than one. By constructing a new
Lyapunov function and utilizing the adaptive control al-
gorithm and neural network, a semiglobal finite time
adaptive controller is successfully designed. Indeed, there are
also some interesting but challenging problems. For ex-
ample, when the system contains time delay, can we design
the adaptive controller to guarantee the stability of the
system? Can we develop the proposed approach to study
stochastic systems? When the system output is the only

4a;_
(el o) 2+ 1

where ¢,, and d,, are constants. Similarly, we have the
following:

2a;,

where ¢, >z is a smooth function and @, =s,,/(s +
Sm) (s/ (ps + psm))S/sm QG+ (1+ ¢k0))(5“’”)/s'". Consider-
ing (A.2)-(A.4), we obtain the following:
Ay Sk Sk
o Qz + s+ Dziy) ([0 ] = [me 1)

! (A.5)

1+s;, S+S,, 1+sy S+S,,
SP(Zk—l T2 ) + 9k1¢k1(zk E" ) +dio»

23

<z ||z [+ |z [ |z + o |2k 1 |Br- 120

+ “klzk— 1 |S|ﬁk71zk—1|sk7171

where oy = 21,/A;s,(1+2%7 %) (s +1). With the help of
|Zk|sk’1(t) < Izl + |z ™), lzge_ 1 I < (zeo 1 I + |z 1 1),
similar to (A.5), there is a smooth function ¢;; and a con-
stant 0; such that (24) holds.

Proof of (26): By Lemma 5, it yields that

S+8,,15,,
2 Oy [ ) <o +(3) Bk

|Zk|’

11

measured signal, can we construct the state observer and
design the output feedback controller?

Appendix
Proof of (24): When 0<s;_, <1, there holds the following:
™ = 1 <2(f2il ™ +zel™)s (A.1)
which indicates
A s Sk-1 Sk-1
S Qzer + s+ Dzy) ([0 ] =[me 1)
1
(A.2)
20y, s Sm S
< )L (lek_1| +(S+ ]')|Zk—l| )(|Zk| +|Zk| )
1
By Lemma 5, we have the following:
1 (l+sh)/sh7
2) Bz + dys (A.3)
(A.4)

where 6, > max{ (/\2//11)(1:5’“)/51, ()Lz//ll)(s+5m)/s'"} and d, are
constants and ¢;; = maxi¢,, Pr;1-
When s;_; > 1, we get the following:

Bl (22, + (s + D20 (5 ]% = [y 1)

Spop— 1

lzk| (A.6)

2 2 s, \*"
= |zi||@p Sk < Dl - ( S ’*)
PR [z @S 1 [z /@] - (1S

) 1+s;, o
Sbkl(@) z 1+dk1’

(A7)
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where bk/l is a constant and d; =1/(s, +1)((1/by
sy + b)) RIS s 2 (ss - Gimilarly, we get the
following:

2 1 sptl .
/1_1|Zk"’7k|5bk2<x) " +dy,

(s+50)/s0m
= llzklslq’ZSkl < bks("i)—k"> 2 v dy,  (A8)
1

K

(s+s0)
s+1 s 1 S, +s
—|z <bg,l — zZ" +dig,
A | k| |’7k| k4<11) k k4

where

1 . <
AT (sz + (S + I)Zk) (CD]ISk + T’Ik) < 9k¢k2(zllc+sh + Z;:sm) + Zldk]
j=

Data Availability

The data used to support the findings of this study are in-
cluded within the article.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

Anyone else who contributed to the manuscript but does not
qualify for authorship has been acknowledged with their
permission. No copyediting or translation services have been
used for the preparation of the paper. This work is supported
by the Fundamental Research Program of Shanxi Province
(Grant numbers: 202203021221004 and 202103021223308).

References

[1] K. Mei and S. Ding, “Second-order sliding mode controller
design subject to an upper-triangular structure,” IEEE
Transactions on Systems, Man, and Cybernetics: Systems,
vol. 51, no. 1, pp. 497-507, 2021.

[2] X. Zhao, P. Shi, X. Zheng, and J. Zhang, “Intelligent tracking
control for a class of uncertain high-order nonlinear systems,”
IEEE Transactions on Neural Networks and Learning Systems,
vol. 27, no. 9, pp. 1976-1982, 2016.

[3] A. Poursadegh, R. Shahnazi, and S. Yin, “Funnel-based
adaptive fuzzy finite-time control for non-affine nonlinear
systems preceded by unknown actuators,” Journal of the
Franklin Institute, vol. 359, no. 17, pp. 9591-9617, 2022.

[4] X. Wang, W. Zhao, J. Xia, H. Shen, Z. Zhao, and L. Wang,
“Event-triggered adaptive neural control for state-constrained
switched nonlinear systems based on nonlinear shifting
function technique,” Journal of the Franklin Institute, vol. 360,
no. 2, pp. 759-776, 2023.

[5] X. J. Xie, C. Guo, and R. H. Cui, “Removing feasibility
conditions on tracking control of full-state constrained

Complexity

- 1+ Sy bkz + bkzsh

s 1 1/s), . ,
dkz h ( ) 7’Ik( +53)/5y (s+ 1)(1+sh)/sh’

I (s+5 )/s
) IO s e,

S S
d =
sy S \ Uiz + b3,y

S s
M s+ s, \ b, +bys,,

/sy,
> }/Ik(sﬂm)/sm (s+1) (SHm)/Sm.

(A9)

Let O = max{ (D I1/A,) ", (1A, (1D l/
Al (1/A) Y, by = max{byy + by bys + by}, and
biy> b3, by, are constants. It follows that

(A.10)

nonlinear systems with time-varying powers,” IEEE Trans-
actions on Systems, Man, and Cybernetics: Systems, vol. 51,
no. 10, pp. 6535-6543, 2021.

[6] Z. G. Liu, L. Xue, and Z. Y. Sun, “A new robust adaptive
tracking strategy to uncertain time-delay nonlinear systems
with a general form,” Automatica, vol. 146, Article ID 110560,
2022.

[7] A. Mousavi, A. H. D. Markazi, and E. Khanmirza, “Adaptive

fuzzy sliding-mode consensus control of nonlinear under-

actuated agents in a near-optimal reinforcement learning

framework,” Journal of the Franklin Institute, vol. 359, no. 10,

pp. 4804-4841, 2022.

S. Labdai, N. Bounar, A. Boulkroune, B. Hemici, and L. Nezli,

“Artificial neural network-based adaptive control for a DFIG-

based WECS,” ISA Transactions, vol. 128, pp. 171-180, 2022.

[9] Z. G. Liu, Y. Y. Shi, W. Sun, and S. F. Su, “Direct fuzzy
adaptive regulation for high-order delayed systems: a lyapu-
nov-razumikhin function method,” IEEE Transactions on
Cybernetics, vol. 20, pp. 1-13, 2023.

[10] M. Kirstic, P. V. Kokotovic, and I. Kanellakopoulos, Nonlinear
and Adaptive Control Design, John Wiley Sons Inc, 1995.

[11] L. Cao, Y. Pan, H. Liang, and T. Huang, “Observer-based
dynamic event-triggered control for multiagent systems with
time-varying delay,” IEEE Transactions on Cybernetics,
vol. 53, no. 5, pp. 3376-3387, 2023.

[12] L. Cao, Z. Cheng, Y. Liu, and H. Li, “Event-based adaptive NN
fixed-time cooperative formation for multiagent systems,”
IEEE Transactions on Neural Networks and Learning Systems,
vol. 15, pp. 1-11, 2022.

[13] Y. Li, N. Xu, B. Niu, Y. Chang, J. Zhao, and X. Zhao, “Small-gain
technique-based adaptive fuzzy command filtered control for
uncertain nonlinear systems with unmodeled dynamics and
disturbances,” International Journal of Adaptive Control and
Signal Processing, vol. 35, no. 9, pp. 1664-1684, 2021.

[14] N. Duan, H. Min, and Z. Zhang, “Adaptive stabilization
control for high-order nonlinear time-delay systems with its
application,” Journal of the Franklin Institute, vol. 354, no. 14,
pp. 5825-5838, 2017.

[15] B. Niu, M. Liu, and A. Li, “Global adaptive stabilization of
stochastic high-order switched nonlinear non-lower

[8



Complexity

(16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

triangular systems,” Systems & Control Letters Control Letters,
vol. 136, Article ID 104596, 2020.

Y. Shen and J. Zhai, “Global dynamic output feedback for
high-order nonlinear systems with uncertain output func-
tion,” Nonlinear Dynamics, vol. 104, no. 3, pp. 2389-2409,
2021.

C. C. Chen, C. Qian, X. Lin, Z. Y. Sun, and Y. W. Liang,
“Smooth output feedback stabilization for a class of nonlinear
systems with time-varying powers,” International Journal of
Robust and Nonlinear Control, vol. 27, no. 18, pp. 5113-5128,
2017.

S. J. Yoo, “Simplified global fault accommodation control
design of uncertain nonlinear systems with unknown time-
varying powers,” Nonlinear Dynamics, vol. 99, no. 2,
pp. 1115-1128, 2020.

J. Yu, P. Shi, and L. Zhao, “Finite-time command filtered
backstepping control for a class of nonlinear systems,”
Automatica, vol. 92, pp. 173-180, 2018.

A. Polyakov, D. Efimov, and W. Perruquetti, “Finite-time and
fixed-time stabilization: implicit Lyapunov function ap-
proach,” Automatica, vol. 51, pp. 332-340, 2015.

F. Gao, X. Zhu, Y. Wu, J. Huang, and H. Li, “Reduced-order
observer-based saturated finite-time stabilization of high-
order feedforward nonlinear systems by output feedback,”
ISA Transactions, vol. 93, pp. 70-79, 2019.

C. C. Chen, G. S. Chen, and Z. Y. Sun, “Finite-time stabili-
zation via output feedback for high-order planar systems
subjected to an asymmetric output constraint,” Nonlinear
Dynamics, vol. 104, no. 3, pp. 2347-2361, 2021.

H. Li, S. Zhao, W. He, and R. Lu, “Adaptive finite-time
tracking control of full state constrained nonlinear systems
with dead-zone,” Automatica, vol. 100, pp. 99-107, 2019.
Z.Y. Sun, Y. Shao, and C. C. Chen, “Fast finite-time stability
and its application in adaptive control of high-order nonlinear
system,” Automatica, vol. 106, pp. 339-348, 2019.

G.J. Liand X.J. Xie, “Adaptive state-feedback stabilization of
stochastic high-order nonlinear systems with time-varying
powers and stochastic inverse dynamics,” IEEE Transactions
on Automatic Control, vol. 65, no. 12, pp. 5360-5367, 2020.
L. Xue, Z. G. Liu, and W. Zhang, “A new finite time control
method to nonlinear systems with uncertain dynamics and
time-varying powers,” International Journal of Robust and
Nonlinear Control, vol. 33, no. 13, pp. 8087-8102, 2023.

13





