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In clinical studies, paired binary metadata are often encountered during collecting information from paired organs or parts. The
risk difference, relative risk ratio, and odds ratios of response rates are widely used to measure cured effects for such data. Under
Dallal’s model, the paper extends these measures to the general case in g groups. We propose eight test statistics for various

functions when the dependency measures y; (i = 1, ..

., g) are equal or not. Simulation results show that the Score and Rosner-

type tests can produce robust empirical type I error rates, while Wald-type and likelihood ratio tests have better power in testing
the risk difference, relative risk ratio, and odds ratios. Finally, two real examples illustrate our proposed method’s practicability.

1. Introduction

Researchers often obtain bilateral data from patients’
paired organs in clinical studies. For example, in oph-
thalmology, patients are randomly divided into g treatment
groups. All clinical outcomes of patients’ two eyes could be
summarized as unilateral, bilateral, and no response(s).
Since ignoring the correlation of paired data may bring
about a series of misleading results, it is essential to con-
sider this issue. On this account, many corresponding
statistical models have been developed by statisticians.
Rosner [1] proposed a classical intercorrelation model
assuming that the dependence between two eyes is a con-
stant R. That is to say, with one eye responding, the
probability of another eye responding is R times that of an
unconditional one. Until now, there have been valuable
results on the homogeneity test under Rosner’s model.
Tang et al. [2] developed eight statistics to test the equality
of response rates in two groups. Ulteriorly, Ma et al. [3]
proposed asymptotic test statistics to analyze the above-
mentioned problems in the case of g groups (g=>2),
which can be seen as the generalization of results obtained
in [2]. Furthermore, the rate difference and ratio tests were
investigated between two proportions of the bilateral data
in [4, 5].

However, Dallal [6] designated that Rosner’s model
would give ill-fitting results if the bilateral response occurred
almost certainly under the population-specific prevalence
rate. Given this, Dallal proposed a substitutable model as-
suming that the probability of one organ responding is
independent of the probability of another organ responding.
In other words, Pr(Z; = 1| Z;j34 = 1) = y;, where Z;; =
1 is the kth eye response of the jth patient in the i group,
where i=1,...,9, j=1,2,...,m;, and k =1,2. Further
research has shown that Dallal’s model is more suitable for
the correlated data in [7]. Therefore, the correlational re-
search on Dallal’s model has received considerable attention,
and some interesting results have been reported in [8-10]. In
the case of y;, =y, =y, Mlan et al. [8] proposed three ob-
jective Bayesian methods to investigate the risk difference,
relative risk ratio, and odds ratio of paired data. Chen et al.
[9] put forward eight statistics to test whether the response
rates of each treatment group were equal when the pa-
rameter y;(i = 1,...,g) is not equal. Moreover, Sun et al.
[10] studied the homogeneity test of risk differences between
response rates of different treatment groups.

To date, under Rosner’s model, numerous results
compare the effectiveness of different treatments (i.e., risk
difference and relative risk ratio). Significantly, a general
function relationship usually represents the response rate
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between multiple bilateral data. However, hypothesis testing
is less considered under Dallal’s model, let alone the ho-
mogeneity testing with general function relationship under
Dallal’s model. The above discussion arouses our research
interest. For this, this paper proposes a novel hypothesis to
test the homogeneity of response rate functions in
bilateral data.

The structure of this article is as follows: Section 2 sorts
out the data structure, obtains the likelihood function, and
establishes the function hypothesis test under Dallal’s model
according to two cases: (i) the parameter y;(i =1,...,9) is
not equal; (ii) y; =--- =y, = y. In Section 3, the iterative
algorithm calculates the maximum likelihood estimates
(MLEs) of unknown parameters in these two cases. In
Section 4, we derive the general expressions of eight test
statistics in the function hypothesis and present three spe-
cific forms in combination with particular problems. In
Section 5, simulation experiments are carried out in different
cases to compare the performance of the statistics of Section
4 in terms of the empirical type I error rates (TIEs) and
power. Section 6 uses two real examples to illuminate our
proposed method. The summary conclusion and prospects
of the article are given in Section 7.

2. Preliminaries

Assume that the N patients are randomly divided into g
groups with different treatments. The number of patients in
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the ith group is assumed to be m; (i=1,2,...,9); thus,
N = Y7 m;. Let m;; be the number of patients with exact
(1=0, 1, 2) responses in the ith group, then m; = Y} my;.
Moreover, S; denotes the total number of patients with I
responses, then obviously, S; = Y7 ,m;;. Table 1 summarizes
the data structure for the patient frequencies.

Let a binary variable Z;;; =1 when the kth site (the kth
body site) of the jth subject is disease-free in the ith
treatment group, otherwise Z;3 =0 (i=0, 1, j=1, ...,m;
and k=1, 2). We take the ophthalmologic diseases under
Dallal’s model for example. We suppose that Pr(Z;; = 1) =
7; and Pr(Z,]1 1|Zl]2 =1)=y, fori=1,...,g. Let the
probablhty of no response, one response, and both responses
be po;> P1i»and p,;, then py; + py; + py; = 1 forany fixed i. Let
m; = (mgy;, my;, m,;), according to Table 1, the probability
density function of the ith group can be written as

m .
f(milpoi’Pli’Pzi) = WPSTD’PT:”PZZ" i=12,...,9
(1)
After derivation, we can get py =1-2m;+my;

pii =2m;(1-y,), and py; = m;y;.

The observed data are represented by vector
m = (Mg, My, Myys .., My, My 5, M), and its maximum
likelihood function is as follows:

|

g g
Lewytm) = [T S| pos puo ) = [Tt it i i @)
i=1

where 1t = (ﬂl,..-,ﬂg) andy= (y;,.--

»Y4)- Then, the log-
likelihood function is expressed by

g
I(m,ylm) = z [mg; log(1 = 2m; + my;) +

i=1

where C =], (m;//my!m;;!m,!) is a constant and
m; € [0, (1/2 — )]

Unlike previous research, we propose a function hy-
pothesis test, including the risk difference, relative risk ratio,
and odds ratio. Let f;(x) be continuously differentiable and
let it have an inverse mapping f;' (x). To study the prev-
alence of ophthalmologic diseases among patients with
different treatments, some relevant hypotheses are given as
follows:

my; log (2m; (1

i=1 'mlz

= ;) +my;log(my;)] +log C, (3)

Case (i): y;#y; for some i#j€{l,...,g}, the hy-

potheses are given by

Hy: fi(m) =fo(my) == f,(my) versus Hy;:
fi(ﬂi):/:fj(ﬂj)) i=1...,9
Case (ii): y; =y, == Yo
given by

Hy: fi(m) = fo(m) == f,(m,) versus Hy:
fi(ﬂi):/:fj(ﬂj)) i=1,...,9.

=19, the hypotheses are
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TaBLE 1: Related data structure for the paired organ.

G .
Responses (1) roups (i) Total
1 2 g
0 My, My, Myg So
1 myy My, Mg S
2 My My Myg S,
Total my m, m, N
3. Parameter Estimation data. In this case, the null hypothesis is
(Mem = (1/e)my = -+ = (1gy)m,.

3.1. MLEs under H,, and H,. Taking different function
forms of f;(x) can study various problems in bilateral
correlated data. To this end, the functional forms of f; (m;)
are set as follows:

(i) When f;(m;) = m; — g;, it can be used to investigate
the risk difference (RD) of bilateral correlated data.
In this case, the null hypothesis is
T =0 =T =0y = =75~ 04

(ii) When f; (m;) = (1/p;)m;, it can be used to investigate
the relative risk ratio (RR) of bilateral correlated

(iii) When f;(m;) = (1/9,)m;/1 — m;, it can be used to
investigate the odds ratio (OR) of bilateral corre-
lated data. In this case, the null hypothesis is
(Vo)m/1 —my = (Ve)my/l —my =+ = (1/Qg)7'[g
-,

Under the null hypothesis H,, we have
film)=fo(m)=---= fg (Tlg) = f (m). Since f;(x) hasan
inverse mapping f;l (x), let g;(m) = f~'f (). Then, the
log-likelihood function is

g
I6 (my;|m) = Y [my;log(1 - 2g;(n) + g; (m)y;) + my; log (2g; (m) (1 - y,)) + my; log (g; (m)y,)] +log C, (4)
i=1

1

where C =[], (m;!//my!m,;!m,;!) is a constant. To de-
termine the MLEs of parameters, we set the partial differ-
entiations equal to zero, i.e.,

Since there is no explicit solution for the above-
mentioned equation, we use the Newton-Raphson algo-
rithm to solve the equations. The solution to the
abovementioned equations is obtained by using the two-step

% =0, algorithm:
on
. (5) (1) We take the initial value 7@ = ! and
ay _ 0 y©@ =9%(@=1,...,g9), where (33/dy;) =0 can be
oy; reduced to a second-order polynomial:
where
oly _ i ag; (1) mo; (v; = 2) My + My
om & on (1-29;,(m+g;(my;, g;(m) |
oy _ My g (71) _ M
oy 1-2g;(m+gi(my; 1-v; vy
(6)
mig; (MY} = [g; () (my + my + 2my) = (my; + my)y; + my; (2g; (m) - 1) = 0. (7)

(2) The (t+1) update ™) of 7 is given by the
Newton-Raphson algorithm as follows:

; (8)

t
Yz:Yi( ) p=r(®)

919\ o
t+1) _ () _ 0 “o
i -7 <an2> on
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where
ol _ _i (agi (”))2 me; (yi — 2)2 4 i ¥ i
o G\ on (g:(my; = 2g;(m) +1)°  g; (m)
(9)
+ i &g, (m) [ me; (yi — 2) my; + m2i:|
& or |g(my,-29;:(m+1  g;(m)
For H,, we have f,(m) = f,(m) =---= f,(m,), as
well as y; =y, =--- =y, = y. There are only two unknown
parameters 7 and y. In this case, the corresponding log-
likelihood function can be expressed as
) g
o (m,ylm) = ) [mg;log (1 - 2g; (m) + g; (m)y) + my;log (2g; (7) (1 - y)) + my;log (g; (m)y)] + log C, (10)

i=2

where C = [[Z, (m;!//mgy;!m,;!m,;!) is a constant. To obtain
the MLEs of parameters, we take the first partial derivative of
each parameter equal to zero, i.e.,

o
70 _ 0,
on
, (11)
A _,
ay
where
B_lg - i dg; (1) Mo (y —2) + i +m2i:|
on & on |1-2g;(m)+g;(m)y  g;(m)
5_13 :i my;g; () oMy M,
o Hl-29(m+g(my 1-y y '
(12)
When g;(m) = o;m;(0; =0, =+ = 0y = 0), We have
ﬁb _ Sl + SZ )
20N
(13)
b 25,

LT

When the function is complex, the system of equations
may have no explicit solution. In this case, the Fisher-score
algorithm is used to solve the equations because of its strong
convergence. The (f+1) update of m,y is given by the
Fisher-score algorithm as follows:

ol
7D 70 on
l (m)}:[ m}ﬂl]‘”(m)x ) » (14)
Y Y ol

5 n=n(®),y=p®

where I7! is the inverse matrix of the Fisher information

matrix I satisfying
o7 o2
o’ onoy

I=- , (15)

S8 o7
anay ayz

where
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<8210> i(agi(n))z[ m; (y - 2) _mi(y—Z)]
on’ Z\ on 1-2g,(m)+g;(m)y  g;(m) |

o’ & ag;(m) m
(anav> zl o 1-2g;(m) +g;(m)y’ (16)

240 g 2 2T -
E@g):_z[ mig; (n) +m@+m@}
oy Fll-2g;(m+g;(my 1-y vy

3.2. MLEs under Hy, and Hy,. Under the alternative hy- 4, The Proposed Methods

pothesis H,,, let the global MLEs of 7;(i=1,...,g) and

p;(i=1,...,9) be ! and 3¢, respectively. Then, 4.1. Likelihood Ratio Tests. To test the hypothesis H,, the
likelihood ratio test statistic is given by

~a _ My +2my;

e T¢I Im) - B ET m)] (19)
(17) I o N
 2my where 7% = (7'[1,...,7'[ ), y = (7., 7%), 7= (g, (7,
Vi = My + 2my; 92 (7%, ..., g, (7)), and 7 7= (1. ... 7y It can be sim-
plified as

For the alternative hypothesns H,;,, we suppose that 77
and 7" are the global MLEs of 7;(i=1,...,9g) and y, re-
spectively. Then,

b my; + 2my; (S; +25,)

i = >

2m;
(18)
gt = 25
Vi S, +2S,°
4 1-27! + 7! 7 (1-97) ) iyt
T¢ =2 my; 1o L | +my;log| — a2 | + my; logl — 5= ] | (20)

=22 [ ! g<1 26,7) + 0, )V?) 1 g(% A)(-y)) g(gi ﬂ“)y?)]

For convenience, we next provide three special ex- (i) RD:m; = g;(m) =m+0;(i=1,...,9). From (20), it
pressions of the likelihood ratio test under the risk differ- is easy to get

ence, relative risk ratio, and odds ratio.

e - 280 + B 7 (1) 75
_ZE;L%A%<1—OT+9J@+VJ)+"mk%(0r+9JU—79>+nwk%<G#+QJV>]' =

i=

(ii) RR: m; = g; (m) = g (i = 1,..., g). It follows that

3 1-27 + 7y} (1-99) iy
=2 i1 : log| —H5—25 i1 L . 22
Z |:m01 Og< 29;” + gl~a~)7{1) + my; 0g<@iﬂa (1 _ ?a)) + My, Og<Q ﬁa7a>:| ( )

i=1 i i i

(iii) OR: m; = g;(m) = (o;m)/ (1 —mw+o;m)(i=1,...,9).
Through (20), we have
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11 2F e U

i=1

+my, log( (1-7

M)(ﬁ“ﬁ‘))]

07 Yi

For testing the hypothesis H,, the likelihood ratio test
statistic is given by

Ty =2[I(7",7" |m) - I5(7",7" | m)], (24)

1-270 + 29

ot )~ )
= my; log Ty 08| Sy | TPRilo8| — v | |
AL -2 (@)ra(®@) ) \a(@®)(-7)) T\ a(®@)

Similar to T{, g;(m) can be given different forms to
obtain T% corresponding to three shapes of the risk dif-
ference, I'lSk ratio, and odds ratio. Under Hy, and H,, T}
and T are, respectively, asymptotically distributed as the
chi- squared distribution with g — 1 degrees of freedom [11].

0
0 1 f;lf?) (7[3) ______
T3
C =
0 0 1
LetB, = (7%,..., g V1 - - -» V). Following Agresti [14],

the Wald-type test statistic is given by
Tﬁ, :(31C1)(C1H C1)_ (Clﬁ?)'ﬁlzﬁl’

where I is the information matrix in the Appendix A. By
calculation, we have

(27)

(1-7 - 1- 270 + 7y (-7 - o) (1-77
P o) (L2 2 ATy g P27 — @) (12 7))
Qtﬂ - 29171 +OmY; )

Qiﬁa (1 - 7?
(23)

where @ =(@b,...,7%) and # = (g,(#) 9,7,

> 94 (7). It can be simplified as

(25)
4.2.  Wald-Type Tests. The null hypothesis H;:
film)=fr(m)=---=f,(n,) is equivalent to Hy:
f1(m) - fz(”z) = fo(m) = f3(m)=---= fg,l(ﬂg,l)—
f (m, ) =0. For f;(m)- fi,(m;,1) =0, that s,

f Y (7r1+1) = 0. Then, the null hypothesis H,, can be

wrltten as C,pl =0 in the matrix form, where
By = (.. s Y15 yy) and
0 0 - 0
0 0 - 0
(26)
-1
Ffolm) o,
g (g-Dx2g)
a, 0 b 0
0 a, 0 --- b
g g , (28)

(29)x(2g)
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where

! 2m;

We denote A, 2C,I;'CT. Then,

2m;

i +E§ﬁ2 ) 0 0
6, #+ Egﬁs —€3i3 0

A = 0 —€;303 !73"'?42@4 —eylly

where

1

0 0
0 0
0

PO - =2
: _egfhugfl .Mg71+eg

Hq

m(yi-2m) @ - e -G -2)
a; = b, = ,C; = .

~a
2m;T;

(g-Dx(g-1)

S

7T

€ = i

Note that A, is a symmetric tridiagonal matrix. The

elements of A;' can be derived as follows:

Gy )(d iy -
( )4

dy)

L 6i"'6g—1
(Al )i] =
duyody
§i...6g71 ’

in which

~ 2 -2 -
81 = Hy + &y, 6; = Py + €y fyyy —

~ ~ ~ 2 o~
Ay =lgy +lgpd; =1+ bt = 7
j+1

By the abovementioned calculation, the Wald-type
statistic T7,, can be simplified to

g-1lg-1

i=1 j=1

3

4m;

iiij=1,...,9-1,

L

_ 7 (197 - 277) _ M (my; +m;) + 4m;my,
2m, '

i=ji=1,...,9-
(i=2,...,9-2),
j+1 .
, (j=g-2,...,1).

-1

T&/ = Z z [ﬁ? - fi_lfiJrl (ﬁi+1)] [ﬁ? - f;lfjﬂ(ﬁ?ﬂ)](Al

)ij'

(29)

(30)

(31)

(32)

(33)

(34)
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To investigate specific problems, we only need to give the (i) RD: m;=g;(m) =m+0;(i=1,...,9). In this case,
corresponding function forms of f;(m;) or g; (7). the Wald-type statistic T, becomes
g-1g-1

Ty = . D 1@ - 0) - (@ - e)I[(@ - ) = (75 - 051)] (A1),

i=1 j=1

where
—~ =2 -~
b+ ¢y, —dolhy 0 o - 0 0
~ _ - A2A -~ _
Py Uyt sl —¢sfs o - 0 0
_ ~ =2~
A= 0 Q3 Hz+ Pully —Puly - 0 0 >
-~ — ~ AZA
0 0 e e e _¢g71#g71 ‘ug71 + ¢g‘ug (g-Dx(g-1)
and ¢, = 7, + a;_| — a/7;. where
(ii) RR: m; = g;(m) = om(i=1,...,g). From (34), we
have
g-lg-1
a =~a 91 ~a ~a 9 ~a -
TW = Z (7-[1 - ﬂi+1)(ﬂ] - ”]+1)(A121)ij’
i=1 j=1 i+1 Qj+1
(37)
o\’ 0
i+ = =13 0 0 0 0
H#y (92) Hy QZP‘z
0 ’ 0
1~ -~ 2\ ~ 2~
—H Z +(—) Z ——H 0 0 0
02 2 2 03 ’ 03 ’
Ay = 2
Q- - 03 03
0 —— Z +(—) by — W 0 0
A VY A
2
Qg—ZA ~ (le) ~
0 0 oo =7 4 ==
Qgilyg 1 Aug 1 Qg /’lg

(iii) OR: 7; = g;(m) = (o;m)/ (1 —m+om)(i=1,...,9).
Hence,

(35)

(36)

(38)

(g-1)x(g-1)
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g-1g-1 s 7
T&, _ A:lz _ ;71 _ ] |:ﬁ? _ Q] j+l1 — (AI;),’ (39)
55 Qiv1 (01 = 0i1) i Qj+1 +(9j - 9j+1)ﬂj+1 !
where
MmO 0 0 0
oty B+ —9alls 0 0
A= 0 —Qs3f;  Hyt Ef’i.@ —Qufly - 0 0 ’ (40)
PO =~
0 0 R L S Wl W P

and (’pf = (Xifl/‘xi (1 - ﬁ;) + ai*lﬁi’

fflfz (m3)

1] —=—Z=r 27

(=}

Let /Ai’z = (ﬁ?, e ,ﬁz,)’?b). Then, another Wald-type test
statistic is given by

Ty, =(BC)(CL'C) (C:67), 5

;, (42)

g-l1g-1

T€V = Z Z [ﬁf’ - f;lfi+1(ﬁ1k’)+l)] [ﬁ? - f;lfjJrl(ﬁ?H)](A;l)ij'

i=1 j=1

See the Appendix C for the derivation process of A".

Identically, T, can be obtained by giving the forms of
fi(m;) corresponding to the risk difference, relative risk
ratio, and odds ratio. Under the hypotheses H,, and H,, T%,
and T%, asymptotically obey the chi-square distribution with
the degree of freedom g — 1.

The hypothesis H, can be written as Czﬁg =0 in the

matrix form, where 8, = (m;,...,7m,,7) and
...... 0 0
0
(41)
-1
0 1 _fyflfg(”g) 0
7'[5 (g-1)xg

where 1, is the information matrix in the Appendix B. We
denote A, 2 C,I;'CL. Then, T%, can be simplified to

(43)

4.3. Score Tests. For Case (i), we note that y;#y; for some
i#jell,... g} Let U, = ((0l/om,), (dl/omy), ..., (dllom,),
(0110 yy), (0l/0y,), ..., (9l/0Y ), ¥* = (V1,735 - - -» V). Un-
der the null hypothesis Hy: f,(m)=f,(m,)
=...= fg (ﬂg), according to [12, 13], the score test statistic
can be defined as follows:
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TaBLE 3: Partial power efficiency setting.

11

Number of groups

Cases
g=2 g=3 g=+4

EQ (7, m+0.15) (7, 7+ 0.15,7) (m,m+0.15, 7, m+ 0.15)

RR (m, A+ 0.15) (m,Am + 0.15, pm) (7, Am + 0.15, ym, 8 + 0.15)
TaBLE 4: The empirical type I error rates under H,.
m =30 m =50 m = 100

Cases g ¥V T e T T " TO T T4 T T T T

L sc w R L sc w R L sc w R
0.30 0.0500 0.0470 0.0550 0.0470 0.0550 0.0540 0.0580 0.0540 0.0500 0.0490 0.0520 0.0490
a 040 0.0500 0.0480 0.0550 0.0480 0.0500 0.0490 0.0530 0.0490 0.0510 0.0500 0.0520 0.0500
0.50 0.0560 0.0550 0.0590 0.0550 0.0510 0.0490 0.0530 0.0490 0.0550 0.0540 0.0570 0.0540
0.30 0.0570 0.0540 0.0630 0.0540 0.0510 0.0500 0.0550 0.0500 0.0520 0.0510 0.0530 0.0510
2 b 040 0.0520 0.0500 0.0570 0.0500 0.0550 0.0530 0.0590 0.0530 0.0510 0.0510 0.0530 0.0510
0.50 0.0530 0.0520 0.0590 0.0520 0.0510 0.0490 0.0530 0.0490 0.0510 0.0500 0.0530 0.0500
0.30 0.0520 0.0500 0.0570 0.0500 0.0510 0.0490 0.0530 0.0490 0.0490 0.0490 0.0510 0.0490
¢ 040 0.0530 0.0520 0.0580 0.0520 0.0490 0.0480 0.0520 0.0480 0.0520 0.0520 0.0540 0.0520
0.50 0.0540 0.0510 0.0580 0.0510 0.0520 0.0510 0.0550 0.0510 0.0510 0.0510 0.0520 0.0510
0.30 0.0470 0.0410 0.0570 0.0410 0.0540 0.0500 0.0610 0.0500 0.0530 0.0510 0.0570 0.0510
a 040 0.0550 0.0490 0.0660 0.0490 0.0570 0.0530 0.0620 0.0530 0.0500 0.0480 0.0530 0.0480
0.50 0.0520 0.0460 0.0630 0.0460 0.0560 0.0520 0.0610 0.0520 0.0530 0.0510 0.0550 0.0510
0.30 0.0560 0.0490 0.0690 0.0490 0.0540 0.0510 0.0620 0.0510 0.0510 0.0490 0.0550 0.0490
EQ 3 b 040 0.0540 0.0480 0.0670 0.0480 0.0570 0.0540 0.0630 0.0540 0.0560 0.0550 0.0600 0.0550
0.50 0.0550 0.0500 0.0650 0.0500 0.0540 0.0500 0.0610 0.0500 0.0520 0.0510 0.0550 0.0510
0.30 0.0510 0.0450 0.0620 0.0450 0.0530 0.0510 0.0610 0.0510 0.0560 0.0540 0.0590 0.0540
¢ 040 0.0560 0.0530 0.0670 0.0530 0.0500 0.0480 0.0570 0.0480 0.0500 0.0490 0.0550 0.0490
0.50 0.0520 0.0470 0.0660 0.0470 0.0540 0.0510 0.0600 0.0510 0.0540 0.0520 0.0560 0.0520
0.30 0.0480 0.0410 0.0670 0.0410 0.0520 0.0470 0.0620 0.0470 0.0520 0.0500 0.0570 0.0500
a 040 0.0520 0.0450 0.0670 0.0450 0.0530 0.0490 0.0630 0.0490 0.0510 0.0490 0.0550 0.0490
0.50 0.0600 0.0510 0.0720 0.0510 0.0570 0.0520 0.0650 0.0520 0.0530 0.0500 0.0580 0.0500
0.30 0.0590 0.0500 0.0770 0.0500 0.0530 0.0490 0.0620 0.0490 0.0530 0.0510 0.0600 0.0510
4 b 040 0.0540 0.0470 0.0700 0.0470 0.0530 0.0490 0.0630 0.0490 0.0490 0.0470 0.0540 0.0470
0.50 0.0570 0.0510 0.0720 0.0510 0.0520 0.0480 0.0620 0.0480 0.0520 0.0500 0.0570 0.0500
0.30 0.0540 0.0470 0.0750 0.0470 0.0590 0.0540 0.0670 0.0540 0.0510 0.0490 0.0550 0.0490
¢ 040 0.0550 0.0490 0.0700 0.0490 0.0550 0.0520 0.0650 0.0520 0.0540 0.0520 0.0600 0.0520
0.50 0.0530 0.0460 0.0720 0.0460 0.0540 0.0510 0.0650 0.0510 0.0520 0.0500 0.0560 0.0500

Note: The empirical TIEs of the liberal region (more than 0.06) are shown in bold.

—14+T
Tse =UL'0Y| )

g

Tgczz

i=1

>
Y=Y

(44)

where I, is the Fisher information matrix. Hence, T can be
simplified as

M;g, (@) [Hy; - 2,(%")] _HMy (5 -1) H7F 7 -1)F -2)
2m;

where
M. = my; + my; + my; (77 —2)
i~ ~a ~a\~a —a >
g;(@) 9@y -29:(7) +1
H = My My Myigi (ﬁa)

1

—a t=a + —a\~
ZE 7 W G 7

a

2g; (@) + 1

1

(46)

m;

For

Case
U, = ((dl/0m,), (dl/om,), - -

21'm;

(ii)

Yi=V2==V5=YP
. (al/ang), 0). Under the null

>

(45)

let

hypothesis Hy,: f,(m) = f,(m,) =--- = f,(7,), the score
test statistic can be given by

b ~1q+T
Tsc :Uzllezi

=i (;f%7 ’V:’;’b’

(47)

where I, is the Fisher information matrix. T%. can be
simplified as
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TaBLE 5: The empirical type I error rates under H,.

m =30 m =50 m = 100
TR Ty Ty Ty T3 Ty Ty Ty Tp T Ty, Ty
0.30 0.0540 0.0530 0.0530 0.0530 0.0570 0.0570 0.0570 0.0570 0.0510 0.0510 0.0500 0.0510
a 040 0.0530 0.0460 0.0530 0.0460 0.0550 0.0550 0.0540 0.0550 0.0530 0.0530 0.0550 0.0530
0.50 0.0650 0.0530 0.0600 0.0530 0.0500 0.0490 0.0550 0.0490 0.0510 0.0510 0.0500 0.0510
0.30 0.0500 0.0500 0.0500 0.0500 0.0570 0.0570 0.0570 0.0570 0.0530 0.0530 0.0530 0.0530
2 b 040 0.0550 0.0520 0.0550 0.0520 0.0540 0.0540 0.0550 0.0540 0.0490 0.0490 0.0500 0.0490
0.50 0.0560 0.0450 0.0560 0.0450 0.0500 0.0500 0.0550 0.0500 0.0490 0.0470 0.0490 0.0470
0.30 0.0510 0.0500 0.0500 0.0500 0.0510 0.0510 0.0510 0.0510 0.0580 0.0580 0.0580 0.0580
¢ 040 0.0560 0.0550 0.0560 0.0550 0.0590 0.0590 0.0590 0.0590 0.0510 0.0510 0.0510 0.0510
0.50 0.0560 0.0470 0.0560 0.0470 0.0510 0.0510 0.0570 0.0510 0.0510 0.0510 0.0540 0.0510
0.30  0.0520 0.0500 0.0700 0.0500 0.0510 0.0470 0.0600 0.0470 0.0490 0.0490 0.0530 0.0490
a 040 0.0560 0.0490 0.0760 0.0490 0.0560 0.0550 0.0610 0.0550 0.0500 0.0490 0.0520 0.0490
0.50 0.0550 0.0500 0.0840 0.0500 0.0560 0.0490 0.0630 0.0490 0.0510 0.0500 0.0550 0.0500
0.30 0.0570 0.0530 0.0750 0.0530 0.0520 0.0500 0.0600 0.0500 0.0530 0.0520 0.0590 0.0520
EQ 3 b 040 0.0530 0.0480 0.0700 0.0480 0.0530 0.0520 0.0600 0.0520 0.0490 0.0480 0.0510 0.0480
0.50 0.0530 0.0490 0.0740 0.0490 0.0540 0.0500 0.0600 0.0500 0.0520 0.0500 0.0530 0.0500
0.30 0.0540 0.0500 0.0710 0.0500 0.0570 0.0560 0.0650 0.0560 0.0480 0.0470 0.0530 0.0470
c 040 0.0520 0.0490 0.0700 0.0490 0.0540 0.0510 0.0610 0.0510 0.0500 0.0490 0.0540 0.0490
0.50 0.0530 0.0480 0.0740 0.0480 0.0520 0.0480 0.0580 0.0480 0.0510 0.0500 0.0550 0.0500
0.30 0.0550 0.0510 0.0720 0.0510 0.0500 0.0480 0.0570 0.0480 0.0490 0.0480 0.0520 0.0480
a 040 0.0580 0.0540 0.0680 0.0540 0.0560 0.0530 0.0660 0.0530 0.0530 0.0510 0.0570 0.0510
0.50 0.0570 0.0500 0.0710 0.0500 0.0590 0.0530 0.0710 0.0530 0.0570 0.0540 0.0640 0.0540
0.30 0.0530 0.0490 0.0670 0.0490 0.0490 0.0470 0.0590 0.0470 0.0520 0.0510 0.0560 0.0510
4 b 040 0.0510 0.0480 0.0640 0.0480 0.0540 0.0520 0.0640 0.0520 0.0530 0.0510 0.0590 0.0510
0.50 0.0580 0.0500 0.0680 0.0500 0.0550 0.0490 0.0690 0.0490 0.0530 0.0510 0.0580 0.0510
0.30 0.0560 0.0530 0.0690 0.0530 0.0510 0.0490 0.0610 0.0490 0.0550 0.0540 0.0580 0.0540
¢ 040 0.0520 0.0480 0.0660 0.0480 0.0470 0.0450 0.0570 0.0450 0.0510 0.0500 0.0550 0.0500
0.50 0.0550 0.0520 0.0640 0.0520 0.0560 0.0530 0.0670 0.0530 0.0510 0.0490 0.0570 0.0490

Note: The empirical TIEs of the liberal region (more than 0.06) are shown in bold.

Cases g y m

TaBLE 6: The empirical type I error rates under H,.

Cases g y
7 Tse  Tw Tr T Tse Ty TR T T Ty TR
0.30 0.0520 0.0500 0.0630 0.0500 0.0540 0.0520 0.0680 0.0520 0.0460 0.0450 0.0560 0.0450

a 040 0.0530 0.0500 0.0640 0.0500 0.0540 0.0520 0.0620 0.0520 0.0540 0.0530 0.0620 0.0530

0.50 0.0540 0.0520 0.0640 0.0520 0.0530 0.0510 0.0620 0.0510 0.0530 0.0520 0.0590 0.0520

0.30 0.0530 0.0500 0.0670 0.0500 0.0540 0.0530 0.0670 0.0530 0.0530 0.0520 0.0600 0.0520

2 b 040 0.0540 0.0520 0.0650 0.0520 0.0510 0.0490 0.0620 0.0490 0.0490 0.0490 0.0570  0.0490

0.50 0.0510 0.0490 0.0610 0.0490 0.0570 0.0550 0.0620 0.0550 0.0510 0.0500 0.0570  0.0500

0.30 0.0560 0.0530 0.0700 0.0530 0.0500 0.0490 0.0620 0.0490 0.0570 0.0560 0.0660 0.0560

c 040 0.0560 0.0520 0.0680 0.0520 0.0580 0.0570 0.0660 0.0570 0.0500 0.0500 0.0570 0.0500

0.50 0.0510 0.0480 0.0610 0.0480 0.0510 0.0510 0.0610 0.0510 0.0500 0.0500 0.0570 0.0500

0.30 0.0560 0.0490 0.0780 0.0490 0.0490 0.0460 0.0640 0.0460 0.0540 0.0520 0.0680 0.0520

a 040 0.0530 0.0470 0.0710 0.0470 0.0510 0.0480 0.0640 0.0480 0.0510 0.0500 0.0620 0.0500

0.50 0.0540 0.0480 0.0720 0.0480 0.0500 0.0470 0.0600 0.0470 0.0490 0.0470 0.0580 0.0470

0.30 0.0530 0.0490 0.0760 0.0490 0.0530 0.0510 0.0720 0.0510 0.0540 0.0530 0.0670 0.0530

DR 3 b 040 0.0540 0.0490 0.0760 0.0490 0.0550 0.0510 0.0680 0.0510 0.0510 0.0490 0.0620 0.0490
0.50 0.0550 0.0490 0.0730 0.0490 0.0500 0.0470 0.0630 0.0470 0.0500 0.0490 0.0610 0.0490

0.30 0.0540 0.0480 0.0750 0.0480 0.0500 0.0480 0.0710 0.0480 0.0480 0.0460 0.0630 0.0460

¢ 040 0.0580 0.0530 0.0780 0.0530 0.0550 0.0530 0.0720 0.0530 0.0490 0.0470 0.0600 0.0470

0.50 0.0610 0.0560 0.0790 0.0560 0.0540 0.0500 0.0660 0.0500 0.0490 0.0490 0.0580 0.0490

0.30 0.0500 0.0450 0.0620 0.0450 0.0550 0.0490 0.0610 0.0490 0.0540 0.0520 0.0540 0.0520

a 040 0.0540 0.0460 0.0640 0.0460 0.0580 0.0520 0.0610 0.0520 0.0540 0.0510 0.0520  0.0500

0.50 0.0600 0.0470 0.0660 0.0460 0.0550 0.0490 0.0570 0.0470 0.0540 0.0490 0.0520 0.0470

0.30 0.0530 0.0440 0.0660 0.0440 0.0550 0.0510 0.0620 0.0500 0.0520 0.0520 0.0520 0.0510

4 b 040 0.0540 0.0480 0.0670 0.0480 0.0520 0.0480 0.0550 0.0470 0.0570 0.0540 0.0580 0.0540

0.50 0.0620 0.0540 0.0720 0.0540 0.0550 0.0500 0.0620 0.0490 0.0550 0.0530 0.0540 0.0510

0.30 0.0540 0.0490 0.0690 0.0490 0.0550 0.0500 0.0630 0.0500 0.0510 0.0500 0.0510 0.0500

c 040 0.0610 0.0540 0.0740 0.0540 0.0510 0.0470 0.0570 0.0470 0.0530 0.0520 0.0540  0.0520

0.50 0.0580 0.0510 0.0710 0.0500 0.0510 0.0470 0.0570 0.0470 0.0530 0.0510 0.0530 0.0500
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TasLE 6: Continued.

m = 30 m =50 m=70
Cases g v T T T@ T4 o T T T T T 7@ T@
L sc w R L sc w R L sc w R
0.30 0.0510 0.0480 0.0560 0.0480 0.0530 0.0520 0.0570 0.0520 0.0550 0.0540 0.0560 0.0540
a 040 0.0500 0.0480 0.0550 0.0480 0.0540 0.0520 0.0570 0.0520 0.0510 0.0500 0.0530 0.0500
0.50 0.0540 0.0520 0.0580 0.0520 0.0520 0.0500 0.0550 0.0500 0.0510 0.0500 0.0530 0.0500
0.30 0.0520 0.0480 0.0590 0.0480 0.0520 0.0500 0.0550 0.0500 0.0560 0.0550 0.0570 0.0550
2 b 040 0.0520 0.0490 0.0570 0.0490 0.0540 0.0530 0.0560 0.0530 0.0520 0.0520 0.0540 0.0520
0.50 0.0550 0.0520 0.0600 0.0520 0.0530 0.0510 0.0570 0.0510 0.0500 0.0500 0.0520 0.0500
0.30 0.0560 0.0520 0.0600 0.0520 0.0510 0.0490 0.0530 0.0490 0.0530 0.0520 0.0540 0.0520
c 040 0.0530 0.0520 0.0580 0.0520 0.0560 0.0550 0.0590 0.0550 0.0520 0.0520 0.0550 0.0520
0.50 0.0540 0.0510 0.0590 0.0510 0.0500 0.0490 0.0520 0.0490 0.0510 0.0500 0.0530 0.0500
0.30 0.0520 0.0460 0.0610 0.0460 0.0530 0.0510 0.0600 0.0510 0.0500 0.0490 0.0520 0.0490
a 040 0.0580 0.0520 0.0690 0.0520 0.0530 0.0500 0.0590 0.0500 0.0530 0.0510 0.0570 0.0510
0.50 0.0550 0.0470 0.0650 0.0470 0.0510 0.0460 0.0570 0.0460 0.0540 0.0520 0.0570 0.0520
0.30 0.0550 0.0510 0.0680 0.0510 0.0540 0.0520 0.0620 0.0520 0.0530 0.0510 0.0560 0.0510
RR 3 b 040 0.0570 0.0510 0.0690 0.0510 0.0560 0.0520 0.0650 0.0520 0.0490 0.0480 0.0520 0.0480
0.50 0.0540 0.0470 0.0630 0.0470 0.0510 0.0470 0.0560 0.0470 0.0500 0.0480 0.0540 0.0480
0.30 0.0560 0.0510 0.0700 0.0510 0.0540 0.0510 0.0620 0.0510 0.0520 0.0510 0.0560 0.0510
¢ 040 0.0520 0.0480 0.0640 0.0480 0.0490 0.0470 0.0560 0.0470 0.0490 0.0470 0.0520 0.0470
0.50 0.0570 0.0520 0.0690 0.0520 0.0510 0.0480 0.0580 0.0480 0.0560 0.0550 0.0590 0.0550
0.30 0.0490 0.0420 0.0680 0.0420 0.0530 0.0470 0.0630 0.0470 0.0520 0.0500 0.0570 0.0500
a 040 0.0520 0.0440 0.0670 0.0440 0.0560 0.0500 0.0640 0.0500 0.0530 0.0500 0.0570 0.0500
0.50 0.0560 0.0450 0.0700 0.0450 0.0550 0.0500 0.0630 0.0500 0.0540 0.0510 0.0580 0.0510
0.30 0.0580 0.0500 0.0790 0.0500 0.0520 0.0480 0.0620 0.0480 0.0520 0.0500 0.0580 0.0500
4 b 040 0.0510 0.0450 0.0670 0.0450 0.0550 0.0510 0.0650 0.0510 0.0520 0.0500 0.0550 0.0500
0.50 0.0580 0.0490 0.0730 0.0490 0.0540 0.0490 0.0630 0.0490 0.0470 0.0460 0.0520 0.0460
0.30 0.0550 0.0470 0.0740 0.0470 0.0550 0.0530 0.0660 0.0530 0.0520 0.0500 0.0580 0.0500
¢ 040 0.0560 0.0510 0.0720 0.0510 0.0530 0.0500 0.0640 0.0500 0.0510 0.0490 0.0560 0.0490
0.50 0.0540 0.0480 0.0730 0.0480 0.0520 0.0490 0.0630 0.0490 0.0510 0.0490 0.0550 0.0490
0.30 0.0560 0.0520 0.0580 0.0520 0.0490 0.0470 0.0480 0.0470 0.0520 0.0520 0.0510 0.0520
a 040 0.0540 0.0520 0.0550 0.0520 0.0520 0.0510 0.0510 0.0510 0.0550 0.0540 0.0530 0.0540
0.50 0.0520 0.0480 0.0500 0.0480 0.0470 0.0460 0.0460 0.0460 0.0500 0.0490 0.0460 0.0490
0.30 0.0590 0.0550 0.0600 0.0550 0.0500 0.0490 0.0500 0.0490 0.0500 0.0490 0.0480 0.0490
2 b 040 0.0530 0.0510 0.0530 0.0510 0.0550 0.0540 0.0540 0.0540 0.0510 0.0500 0.0480 0.0500
0.50 0.0560 0.0530 0.0560 0.0530 0.0520 0.0500 0.0490 0.0500 0.0500 0.0500 0.0480 0.0500
0.30 0.0540 0.0510 0.0570 0.0510 0.0550 0.0530 0.0550 0.0530 0.0520 0.0500 0.0490 0.0500
¢ 040 0.0530 0.0510 0.0540 0.0510 0.0510 0.0500 0.0500 0.0500 0.0490 0.0480 0.0460 0.0480
0.50 0.0550 0.0530 0.0550 0.0530 0.0540 0.0530 0.0520 0.0530 0.0490 0.0490 0.0460 0.0490
0.30 0.0520 0.0470 0.0580 0.0470 0.0560 0.0540 0.0600 0.0540 0.0530 0.0510 0.0520 0.0510
a 040 0.0540 0.0500 0.0570 0.0500 0.0530 0.0490 0.0530 0.0490 0.0530 0.0510 0.0490 0.0510
0.50 0.0560 0.0480 0.0580 0.0480 0.0540 0.0500 0.0530 0.0500 0.0530 0.0510 0.04950 0.0510
0.30 0.0520 0.0470 0.0590 0.0470 0.0540 0.0510 0.0580 0.0510 0.0500 0.0480 0.0490 0.0480
OR 3 b 040 0.0570 0.0530 0.0630 0.0530 0.0560 0.0540 0.0580 0.0540 0.0520 0.0490 0.0490 0.0490
0.50 0.0560 0.0490 0.0580 0.0490 0.0510 0.0480 0.0500 0.0480 0.0530 0.0520 0.0490 0.0520
0.30 0.0560 0.0500 0.0640 0.0500 0.0530 0.0510 0.0580 0.0510 0.0540 0.0530 0.0540 0.0530
¢ 040 0.0570 0.0530 0.0640 0.0530 0.0500 0.0480 0.0510 0.0480 0.0530 0.0520 0.0520 0.0520
0.50 0.0550 0.0500 0.0590 0.0500 0.0480 0.0460 0.0480 0.0460 0.0530 0.0520 0.0500 0.0520
0.30 0.0500 0.0420 0.0630 0.0420 0.0540 0.0500 0.0620 0.0500 0.0500 0.0490 0.0530 0.0490
a 040 0.0550 0.0470 0.0650 0.0470 0.0520 0.0470 0.0580 0.0470 0.0520 0.0490 0.0520 0.0490
0.50 0.0560 0.0450 0.0630 0.0450 0.0550 0.0500 0.0570 0.0500 0.0510 0.0470 0.0510 0.0470
0.30 0.0550 0.0480 0.0700 0.0480 0.0540 0.0490 0.0610 0.0490 0.0530 0.0510 0.0540 0.0510
4 b 040 0.0580 0.0510 0.0700 0.0510 0.0500 0.0450 0.0550 0.0450 0.0500 0.0490 0.0510 0.0490
0.50 0.0580 0.0500 0.0680 0.0500 0.0560 0.0510 0.0590 0.0510 0.0520 0.0500 0.0530 0.0500
0.30 0.0580 0.0490 0.0730 0.0490 0.0520 0.0480 0.0610 0.0480 0.0540 0.0520 0.0570 0.0520
c 040 0.0540 0.0490 0.0680 0.0490 0.0490 0.0460 0.0550 0.0460 0.0530 0.0520 0.0560 0.0520
0.50 0.0570 0.0510 0.0700 0.0510 0.0530 0.0500 0.0570 0.0500 0.0540 0.0530 0.0540 0.0530

Note: The empirical TIEs of the liberal region (more than 0.06) are shown in bold.
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TaBLE 7: The empirical type I error rates under H,.

Complexity

Cases

g

b
TL

m =30

b
TSC

b
TW

b
TR

b
TL

m =50

b
TSC

b
TW

b
TR

b
TL

m=70

b
TSC

b
TW

b
TR

DR

0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50

0.0540
0.0500
0.0540
0.0510
0.0570
0.0500
0.0510
0.0560
0.0520
0.0500
0.0550
0.0540
0.0480
0.0570
0.0560
0.0520
0.0520
0.0520
0.0570
0.0550
0.0550
0.0530
0.0530
0.0560
0.0540
0.0570
0.0550

0.0540
0.0480
0.0510
0.0510
0.0550
0.0460
0.0500
0.0560
0.0490
0.0470
0.0520
0.0450
0.0450
0.0530
0.0490
0.0490
0.0490
0.0480
0.0530
0.0510
0.0450
0.0500
0.0490
0.0470
0.0500
0.0520
0.0490

0.0580
0.0650
0.0620
0.0580
0.0680
0.0550
0.0620
0.0680
0.0610
0.0760
0.0730
0.0730
0.0690
0.0750
0.0750
0.0740
0.0700
0.0710
0.0690
0.0690
0.0790
0.0670
0.0670
0.0760
0.0650
0.0690
0.0730

0.0540
0.0480
0.0510
0.0510
0.0550
0.0460
0.0500
0.0560
0.0490
0.0470
0.0520
0.0450
0.0450
0.0530
0.0500
0.0490
0.0490
0.0480
0.0530
0.0510
0.0450
0.0500
0.0490
0.0470
0.0500
0.0520
0.0490

0.0470
0.0540
0.0530
0.0500
0.0550
0.0540
0.0450
0.0530
0.0530
0.0550
0.0520
0.0530
0.0540
0.0520
0.0550
0.0510
0.0480
0.0550
0.0530
0.0540
0.0570
0.0480
0.0530
0.0520
0.0510
0.0510
0.0500

0.0470
0.0530
0.0500
0.0490
0.0530
0.0510
0.0440
0.0510
0.0520
0.0540
0.0490
0.0480
0.0530
0.0510
0.0510
0.0500
0.0460
0.0510
0.0520
0.0500
0.0500
0.0460
0.0510
0.0510
0.0490
0.0490
0.0460

0.0710
0.0610
0.0580
0.0720
0.0670
0.0600
0.0630
0.0690
0.0600
0.0730
0.0680
0.0690
0.0710
0.0710
0.0670
0.0680
0.0650
0.0670
0.0590
0.0600
0.0690
0.0530
0.0600
0.0630
0.0540
0.0540
0.0590

0.0470
0.0530
0.0500
0.0490
0.0530
0.0510
0.0440
0.0510
0.0520
0.0540
0.0490
0.0480
0.0530
0.0510
0.0510
0.0500
0.0460
0.0510
0.0520
0.0500
0.0500
0.0460
0.0510
0.0510
0.0490
0.0490
0.0460

0.0470
0.0520
0.0520
0.0540
0.0510
0.0510
0.0560
0.0490
0.0480
0.0520
0.0490
0.0520
0.0460
0.0510
0.0550
0.0510
0.0570
0.0500
0.0550
0.0490
0.0520
0.0470
0.0520
0.0540
0.0480
0.0500
0.0550

0.0460
0.0510
0.0500
0.0530
0.0510
0.0490
0.0560
0.0490
0.0470
0.0510
0.0480
0.0490
0.0460
0.0500
0.0530
0.0500
0.0560
0.0480
0.0540
0.0480
0.0490
0.0470
0.0510
0.0510
0.0470
0.0490
0.0540

0.0530
0.0590
0.0570
0.0550
0.0570
0.0560
0.0640
0.0540
0.0540
0.0650
0.0590
0.0620
0.0600
0.0600
0.0640
0.0650
0.0670
0.0590
0.0540
0.0510
0.0570
0.0490
0.0530
0.0560
0.0500
0.0510
0.0580

0.0460
0.0510
0.0500
0.0530
0.0510
0.0500
0.0560
0.0490
0.0480
0.0510
0.0480
0.0490
0.0460
0.0500
0.0530
0.0500
0.0560
0.0480
0.0540
0.0480
0.0490
0.0470
0.0510
0.0510
0.0470
0.0490
0.0550

RR

0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50
0.30
0.40
0.50

0.0510
0.0580
0.0510
0.0500
0.0590
0.0520
0.0490
0.0570
0.0550
0.0550
0.0550
0.0420
0.0580
0.0540
0.0450
0.0530
0.0580
0.0540
0.0540
0.0520
0.0410
0.0540
0.0560
0.0530
0.0530
0.0540
0.0530

0.0490
0.0540
0.0500
0.0470
0.0550
0.0520
0.0480
0.0520
0.0530
0.0520
0.0510
0.0300
0.0560
0.0510
0.0360
0.0510
0.0540
0.0480
0.0500
0.0470
0.0320
0.0500
0.0480
0.0470
0.0490
0.0500
0.0450

0.0580
0.0650
0.0660
0.0560
0.0730
0.0580
0.0530
0.0690
0.0590
0.0650
0.0660
0.0760
0.0720
0.0660
0.0650
0.0640
0.0700
0.0680
0.0720
0.0720
0.0890
0.0720
0.0740
0.0790
0.0710
0.0710
0.0720

0.0490
0.0540
0.0500
0.0470
0.0550
0.0520
0.0480
0.0520
0.0530
0.0520
0.0510
0.0300
0.0560
0.0510
0.0360
0.0510
0.0540
0.0480
0.0500
0.0470
0.0320
0.0500
0.0480
0.0470
0.0490
0.0500
0.0450

0.0460
0.0510
0.0540
0.0550
0.0470
0.0560
0.0540
0.0460
0.0550
0.0500
0.0470
0.0500
0.0510
0.0510
0.0530
0.0530
0.0530
0.0510
0.0520
0.0540
0.0500
0.0520
0.0510
0.0560
0.0530
0.0530
0.0520

0.0450
0.0490
0.0510
0.0550
0.0460
0.0530
0.0530
0.0440
0.0490
0.0480
0.0440
0.0390
0.0490
0.0490
0.0460
0.0510
0.0510
0.0480
0.0500
0.0520
0.0430
0.0500
0.0500
0.0500
0.0510
0.0500
0.0470

0.0490
0.0510
0.0590
0.0590
0.0470
0.0610
0.0580
0.0460
0.0560
0.0550
0.0530
0.0670
0.0580
0.0580
0.0610
0.0600
0.0580
0.0580
0.0600
0.0650
0.0750
0.0600
0.0630
0.0700
0.0620
0.0620
0.0660

0.0450
0.0490
0.0510
0.0550
0.0460
0.0530
0.0530
0.0440
0.0490
0.0480
0.0440
0.0390
0.0490
0.0490
0.0460
0.0510
0.0510
0.0480
0.0500
0.0520
0.0430
0.0500
0.0500
0.0500
0.0510
0.0500
0.0470

0.0550
0.0510
0.0500
0.0520
0.0520
0.0520
0.0500
0.0520
0.0500
0.0540
0.0540
0.0510
0.0520
0.0560
0.0530
0.0530
0.0510
0.0550
0.0510
0.0530
0.0540
0.0510
0.0490
0.0520
0.0500
0.0500
0.0490

0.0550
0.0500
0.0500
0.0520
0.0510
0.0520
0.0500
0.0510
0.0500
0.0530
0.0520
0.0440
0.0510
0.0550
0.0520
0.0520
0.0500
0.0530
0.0500
0.0510
0.0490
0.0490
0.0470
0.0480
0.0500
0.0480
0.0480

0.0560
0.0510
0.0530
0.0530
0.0530
0.0530
0.0530
0.0540
0.0510
0.0560
0.0580
0.0560
0.0560
0.0590
0.0570
0.0560
0.0550
0.0600
0.0560
0.0590
0.0680
0.0560
0.0550
0.0580
0.0560
0.0550
0.0550

0.0550
0.0500
0.0500
0.0520
0.0510
0.0520
0.0500
0.0510
0.0500
0.0530
0.0520
0.0440
0.0510
0.0550
0.0520
0.0520
0.0500
0.0530
0.0500
0.0510
0.0490
0.0490
0.0470
0.0480
0.0500
0.0480
0.0480
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TaBLE 7: Continued.
C m = 30 m = 50 m =70
R SR N T SRR S A R R S S S T
0.30 0.0570 0.0570 0.0580 0.0570 0.0490 0.0480 0.0480 0.0480 0.0480 0.0470 0.0470 0.0470
a 040 0.0490 0.0460 0.0470 0.0460 0.0520 0.0510 0.0500 0.0510 0.0510 0.0490 0.0470 0.0490
0.50 0.0580 0.0490 0.0500 0.0490 0.0530 0.0490 0.0470 0.0500 0.0510 0.0490 0.0460 0.0490
0.30  0.0510 0.0500 0.0510 0.0500 0.0460 0.0450 0.0460 0.0450 0.0550 0.0550 0.0530 0.0550
2 b 040 0.0460 0.0450 0.0450 0.0450 0.0480 0.0470 0.0450 0.0470 0.0470 0.0460 0.0430 0.0460
0.50 0.0520 0.0490 0.0490 0.0490 0.0490 0.0460 0.0440 0.0460 0.0470 0.0450 0.0410 0.0450
0.30 0.0530 0.0520 0.0540 0.0520 0.0440 0.0430 0.0450 0.0430 0.0520 0.0520 0.0470 0.0520
c 040 0.0480 0.0480 0.0480 0.0480 0.0470 0.0460 0.0440 0.0460 0.0480 0.0470 0.0420 0.0470
0.50 0.0560 0.0540 0.0540 0.0540 0.0520 0.0490 0.0480 0.0490 0.0510 0.0490 0.0450 0.0490
0.30 0.0510 0.0480 0.0580 0.0480 0.0510 0.0490 0.0520 0.0490 0.0510 0.0490 0.0520 0.0490
a 040 0.0550 0.0520 0.0600 0.0520 0.0520 0.0500 0.0520 0.0500 0.0520 0.0500 0.0520 0.0500
0.50 0.0530 0.0430 0.0610 0.0430 0.0570 0.0510 0.0580 0.0510 0.0570 0.0510 0.0580 0.0510
0.30 0.0540 0.0510 0.0620 0.0510 0.0510 0.0500 0.0520 0.0500 0.0510 0.0500 0.0520 0.0500
OR 3 b 040 0.0510 0.0480 0.0550 0.0490 0.0530 0.0520 0.0540 0.0520 0.0530 0.0520 0.0540 0.0520
0.50 0.0560 0.0480 0.0610 0.0480 0.0570 0.0540 0.0560 0.0550 0.0570 0.0540 0.0560 0.0550
0.30 0.0500 0.0470 0.0560 0.0470 0.0560 0.0530 0.0570 0.0530 0.0560 0.0530 0.0570 0.0530
c 040 0.0550 0.0500 0.0610 0.0500 0.0510 0.0490 0.0490 0.0490 0.0510 0.0490 0.0490 0.0490
0.50 0.0580 0.0540 0.0610 0.0540 0.0550 0.0520 0.0540 0.0520 0.0550 0.0520 0.0540 0.0520
0.30 0.0540 0.0510 0.0690 0.0510 0.0540 0.0510 0.0610 0.0510 0.0500 0.0490 0.0520 0.0490
a 040 0.0520 0.0470 0.0680 0.0470 0.0520 0.0500 0.0590 0.0500 0.0520 0.0510 0.0520 0.0510
0.50 0.0550 0.0450 0.0770 0.0450 0.0570 0.0510 0.0690 0.0510 0.0510 0.0490 0.0520 0.0490
0.30  0.0510 0.0480 0.0640 0.0480 0.0530 0.0500 0.0590 0.0500 0.0480 0.0470 0.0500 0.0470
4 b 040 0.0510 0.0460 0.0640 0.0460 0.0520 0.0500 0.0580 0.0500 0.0480 0.0470 0.0500 0.0470
0.50 0.0600 0.0520 0.0780 0.0520 0.0560 0.0510 0.0660 0.0510 0.0520 0.0490 0.0540 0.0490
0.30 0.0560 0.0530 0.0700 0.0530 0.0550 0.0520 0.0610 0.0520 0.0530 0.0520 0.0550 0.0520
c 040 0.0550 0.0500 0.0670 0.0500 0.0530 0.0500 0.0590 0.0500 0.0560 0.0550 0.0560 0.0550
0.50 0.0540 0.0470 0.0730 0.0470 0.0540 0.0510 0.0610 0.0510 0.0510 0.0490 0.0540 0.0490
Note: The empirical TIEs of the liberal region (more than 0.06) are shown in bold.
roo 3y [#ERG D) & a(@)a (R - I)Yj], )
5 wmG(¥’-2) S 2G(7° -2)
where where
) b _ g — N T 1- 27T1- +Y;
Y, = my; tznZi ~b”z(:(y 2~)b G= Zmigi(ﬁb)’ Var(7}) =Var (ﬂ?)lﬂ,:g, )y :7( Ty i) Y
a(@)  a(@W -20(7)+1 & i e ()
(51)

D, =mg (AW (1-7) +20(7)G(7" -2), i=1....4

(49)

Under Hy, and Hy,, T%- and T%. asymptotically follow
the chi-square distribution with g —1 degree of freedom
[11], respectively.

4.4. Rosner-Type Tests. Let 7; and 7 be the MLEs under H,,
and H,, respectively. To test the null hypothesis Hy,, the
Rosner-type test statistic is given by

[0

T% = —
R Var (7!)

(50)

i=1

Appendix D shows the specific calculation process. Then,
one has

9 [my; +2my — 2m,g; (7))
T =y Lt 2ma 2mg (F)L s,
i=1 zmigi T )(1_291‘ T )+Yi)

To test Hy,, the test statistic T% is given by the following
expression:

, (53)

Tlfe :i (ﬁf’\;;f(g;))

i=1

where Var (7?) is given in Appendix E. Then, one has
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FIGURE 1: Box plots of empirical TIEs with 1000 parameter configurations under Hy,.

Tl;z:i 4m,; [7‘[ gl( )

2

]
i1 gf(ﬁb)[z -7 —4g:(7") + 49,(7" )y

Here, 7’ and 7° are the MLEs under H02 and H,, re-
spectively. Under H,, and H,, T% and T asymptotically
submit to the chi-square dlstr1but10n w1th g — 1 degree of
freedom.

5. Comparison with Test Methods

This section will evaluate the eight test statistics with dif-
ferent forms of Section 4 from the empirical TIEs and power
through simulation experiments. We randomly generate
10000 replications from null hypotheses H, and H,. The
empirical TIEs are calculated as (the number of rejections)/
10000 at the significance level a = 0.05. According to [15],
atest is defined as liberal (or conservative) if its TIE is greater
than 0.06 (or less than 0.04). Otherwise, it is robust.
Recently, there have been some exciting research results
under Dallal’s model. Our proposed method extends the

(S + Sz)
b

a(#@)7) | (5,425,

(54)

existing studies to a more general situation. For this, we
make g; () take the different forms, and its three conditions
are as follows: (i) risk difference: m; = g;(m) = w+ g;, (ii)
relative risk ratio: m; = g;(m) = o;m, and (iii) odds ratio:
m; = g;(m) = (o;m)/ (1 — 7 + ;).

The specific value of , y is shown in Table 2, where 7 =
0.2,0.25,0.3,7=0.02,§ =0.04,{ =0,A= 1.L,u=1.2,8 = 1.
Table 3 shows the parameter settings of empirical power.

Tables 4 and 5 present only the empirical TIEs of the
partial cases under H, and H,, and the rest of the cases are
shown in the Appendix F (i.e., Tables 6 and 7). It can be easily
seen that the TIEs of T7, and TY, are the most inflated,
followed by T4, T, Te, The, T% and T%. Moreover, the TIEs
of T, TSC, T%> and T are close to 0. 05 Thus, TSC, Tsc> T%
and TY are robust, whlle Té, T4, T%, and T are liberal.

Further, we consider the general result that o; in cases
DR, RR, and OR are unequal. Firstly, 1000 parameters (7, y;)
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FIGURE 2: Box plots of empirical TIEs with 1000 parameter configurations under H,.

and (7m,y) are randomly generated under H,, and H,,
respectively. In each parameter setting, { =0, =1, and A, p,
1, and & are randomly generated results, which are drawn in
Figures 1 and 2.

Whether to study the risk difference, relative risk ratio, or
odds ratio, the empirical TIEs of the eight test statistics under
H,, and H, will approach 0.05 as the sample size increases.
However, when the sample size increases in g = 3,4, the
change of TIEs of T%., T4, T%, T is not significant. The
empirical TIEs of T%,TY,T% TS increase; thereinto,
T4, andT?, are the most significant. Since T%., TS, T%, and T},
change around 0.05, they are all robust, while 7%, and T%,
always have the unstable TIEs, followed by T¢ and T%.

Next, we compare the power of the eight test statistics of
m = 30,50, 100 and set the parameters under Hy, and H,,,
respectively. Without loss of generality, we only list the
parameter settings for cases EQ and RR in Table 3 and the
rest of the cases are similar.

Figure 3 shows that the power of each test statistic in-
creases as m increases, and when m is large, their power is
close to each other.

As can be seen from the box plots (Figures 1 and 2), in
the same number of groups and sample size, the type I error
rate of T%, and T%, will be obviously different under different
response rate function forms; however, the other seven test
statistics have no obvious changes.

6. Two Real Examples

In this section, two real examples are given to investigate the
performance of the proposed methods at the nominal level
a =0.05.

The first example is a retinitis pigmentosa (RP) clinical
trial in [1]. In this trial, 216 patients aged 20-39 with PR from
different families are divided into four genetic groups, that
is, autosomal dominant RP (DOM), autosomal recessive RP
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FIGURE 3: Schematic representation of the power of the different statistics under Hy,.
TaBLE 8: The number of affected eyes for patients in genetic-type TaBLE 9: Statistics and p values of the first example.
groups. b b b b
Cases Value T] TSc T, TR
Response (1) Genetic type EQ Statistic 11.5577  10.8830 15.6875 10.8830
DOM AR SL ISO p values 0.0091 0.0124 0.0013 0.0124
15 7 3 67 DR Statistic 9.3743 8.7395 12.7249 8.7394
1 6 5 2 24 p values 0.0247 0.0330 0.0053 0.0330
7 9 14 57 RR Statistic ~ 6.8231 6.3412 8.7169 6.3412
p values 0.0778 0.0961 0.0333 0.0961
(AR), sex-linked RP (SL), and isolate RP (ISO). Table 8 OR Statistic ~ 9.0831 8.4657 111568  8.4657
p values 0.0282 0.0373 0.0109 0.0373

shows the response conduction of patients’ eyes.
Li et al. [16] derived y, =y, = y; =y, by using the
likelihood ratio, Score, and Wald-type statistics. Under

Dallal’s model, it is interesting to test whether the response ~ The p value Oleb (I = L,W,SC, R) is less than 0.05 in cases of
rate of four groups is a functional relationship, ie.,  EQ, DR, and OR, but the p value of T? (I = L,SC, R) is more
Hy,: fi(m) = fr(m) =--- = f,(m,). The test statistics significant than 0.05 in cases RR. The function setting of the
T? (I=L,W,SC,R) and their p values are listed in Table 9. risk ratio is more suitable for our data in cases RR.
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TaBLE 10: Number of affected forearms of patients taking different drugs.

Response (I) Placebo Collagen

0 55 36

1 3 4

2 3 6

TaBLE 11: Statistic values and p values.

Cases Values T T T, T% Tt Tb. b, T

EQ Statistic 3.0108 3.0150 2.8097 3.0150 2.8973 2.9216 2.7030 2.9216
p values 0.0827 0.0825 0.0937 0.0825 0.0887 0.0874 0.1002 0.0874

DR Statistic 1.9217 1.9460 2.1448 1.9460 1.7739 1.7973 1.9895 1.7990
p values 0.1657 0.1630 0.1431 0.1630 0.1829 0.1800 0.1584 0.1798

RR Statistic 2.3739 2.3538 2.2874 2.3538 2.2389 2.2343 2.1550 2.2343
p values 0.1234 0.1250 0.1304 0.1250 0.1346 0.1350 0.1421 0.1350

OR Statistic 2.4452 2.4318 2.3268 2.4318 2.3120 2.3135 2.1979 2.3135
p values 0.1179 0.1189 0.1272 0.1189 0.1284 0.1283 0.1382 0.1283

Another example is the two-arm multi-center phase II
double placebo control clinical trial given by Pei et al. [17].
One hundred seventy patients with diffuse scleroderma were
randomly assigned to receive 500 g/day of oral natural
collagen or a similar placebo. The total duration of the
treatment phase was 12 months, and the safety follow-up
was conducted in the 15th month (3 months after drug
withdrawal). The MRSS measured disease improvement
within 170 patients is shown in Table 10.

In the hypothesis test, we take the function
7; = g; (m) = g;m. Table 11 describes the eight test statistics,

4 TY(l = L,W,SC, R), and its p values. It is easy to see that
the p values of eight statistics are all greater than 0.05.
Among them, the p value of case DR is more significant than
that of other cases, which shows that the function setting of
the risk difference (case DR) is most suitable for our data.

7. Conclusions

In this paper, a novel general hypothesis test was proposed to
test the homogeneity of response rate function values of each
group. Our proposed method can effectively test the con-
sistency of paired data with a general function form, which is
a generalization of the existing parametric hypothesis test
method. Furthermore, it is of great significance to make the
function f;(x) of null hypotheses take the corresponding
form for different research problems. The eight test statistics
T7 and T,b (I=L,W,SC,R) were proposed to test null
hypotheses.

Simulation studies are given to explore test statistics’
performance in power and TIEs under general hypothesis
tests. When parameter p; is unknown or not all equal in the
risk difference, relative risk ratio, and odds ratio analysis, T',,

and T have satisfactory power. However, they produce
inflated TIEs, especially for Ty, . It is worth noting that T,
Tb., T%, and T% always have robust TIEs and higher power.
Therefore, T%, TS, T%, and T% are reccommended under the
abovementioned circumstances.

We notice little research to investigate the general hy-
pothesis test for small samples. Moreover, when there is
a random zero structure in the contingency table, this may
lead to the failure of test statistics. It is meaningful to study
the above problems, which will be considered in our
future work.

Appendix

A. Derivation of the Fisher Information
Matrix [,

If y;#y; for some i#j € {l,..., g}, by taking the second
partial derivative of I with respect to m; and y;, we get

a_zl o my(yi- 2)2 My 1y,

a”i2 (my; = 2m; + 1)2 771‘2 ’

a_zl _ moi’Ti2 oy My,

a)’iz (my; = 2m; + 1)2 (vi - 1)2 Viz ’

(A1)
1 My
0m;0y; (my; = 2m; + 1)2 ,
o’l ol 0l .
0, i#j.

anianj Byiayj 871,-8)/]-

It follows that the information matrix I, is given by
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71 o,
aﬂ% om0y,
an; om0y,
I, =-E ., (A2)
Gl 0 a—ZZ 0
om0y, oy’
Ao,
0740y, aY;
where
2 2
! -2 2-7y,
E<__2) _ mﬂ[ -2y V,],
on; 1-2m; + my; T,
0’1 2 oo
E(——) _ m+i[ A, N E], (A3)
i 1=-2m+my; 1-y; ¥

p(—TL) i=1
omay; ) 1-2m+my, SR

B. Derivation of the Information Matrix I,

Ify, =--- =y,4=y, by taking the second partial derivative of
I, with respect to ; (i =1,...,g) and y, we get
ﬂ ___ Mo (y- 2)° My
on; (my —2m, + 1) A
L Mo my; my;
Z 0i % 1i 2__221 , (Bl)
S| (my-2m+1) (y—l) y
’L m;
omoy  (my - 2m; + 1)2 ’

and (azll/anianj) = 0,i# j. So, the information matrix I, is
given by

—cybpy -

When g = 4, we have

2
c12biy + b,

c
11
Ay- (
a1 — C31bp3 — €1y + C3pb15by3

Complexity
L, 0 %,
on; om, 0y
I,=-E 8211 8211 , (B.2)
0 ... —1
aﬂ; om0y
T
om,dy om0y 9y
where
o'l -2 2-
E(—a—é)zmﬂ»[l_()z} ) y]’ i=1...,9
; mtTy m

v %1, m,; .
omdy) 1-2m+my =g

%L, J niz 2 oW
El —5 )= Z m,; + +— 11
oy i=1 1=2m+my 1-y vy

(B.3)
Furthermore, we have
€11 €12 ot Cyg d;
€ € " Gy d,
1;1 = , (B.4)
Cg1 Cqr = Cgq Ay
d, d dg f
where
~1 2
I{ g 1 Lgaf
=1 I e =—+ 22 =1,
f <g+l,g+l kZl Ikk ii Iii 1121 g
I ; 1
Cij = i ]9+1f’ l¢]>d1 = tg+1f’ =1 9
IuI]] Iii
(B.5)

C. Derivation of the Inverse Matrix A,

For g=2, it is easy to get A, = (c;; — 312 — c12b12
+cpbi,). If g = 3, then

€1y — by

= C13b33 + 23015023, ) (C.1)

2
Cop — Capbys — C33ba3 + C3pb0,.
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2
11— €1b1y = Ciobiy + by €1y = Cpbiy — €i3bys + Co3biabys €13 — o3y — Cybay + b1 by,
_ 2
Ay = | ey = Cabys = €ubiy + €33b15ba;  Cop — bz — Caybas + CoobY, o3 — Ca3bas = Coubay + C34bysbass | (C2)

2
31— Cybsg — €33b1y + €pb1absy €3 — by — Ca3bys + u3basbyy €33 — Cu3byy — caubag + by

where bii = fi' fin @A i=1,2,3. Thus,  Var(m,;) = mm;y; (1 — m;y;). Based on the abovementioned
A' = 1/]A,|A; and A; is the adjoint matrix of A,. conditions, the covariance of m;; and my,; is calculated as

D. Derivation of Var (7;) for cov(m,my;) = E (mymy;) — E (my;)E ()

Rosner-Type Statistic = 2m; (m; — 1)771'2)’1' (1-y)- Zmz‘zﬂz‘zyi (1-v)
Due to 7% = (my; + 2my,) (2my), my; ~ B(my, 2, (1 - y,)), = 2my; (v, - 1)-

and m,; ~ B(m;, m;y;), the expectation and variance of m,;, (D.1)
m,  are, respectively, E(my;) =m,;(1-2m; + my;),

E(my;) = 2m;m; (1 —y;), E(my) =mmy;, Var(my;) =2m; Then, we have

m (1 —p)(1-2m (1 -y,)), and

Var (my; + 2my;) = Var (my;) + 4Var (my;) + 4cov (my;, m,;)
=2mym; (1-y,) (1 - 2m; (1 - y;)) + dmymyy; (1 - mpy,) + 8mymiy, (= 1) (D.2)
=2m;m; (1= 2m; +y;).

Furthermore, the expression of Var(7) is

. = o . (D.3)

2m; ’ ;
1

1

Var(7%) = Var(m“ + 2m2i> _ Var(rr:,- +2my)  m(1-2m+y;)
m

E. Derivation of the Rosner-Type
Statistic Var (ﬁf’)

For case (ii), since my; ~B(m;2m;(1—-v)) and
my; ~ B (m;, m;y), we can get

Var(my; + my;) = Var(my;) + Var (my;) + 2cov(my;, my;)
= 2mm; (1 - 9) (1= 2m;(1 =) + mymy (1 = ) + 8mmy (y — 1) (E.1)
= mini(z —y—4m+4my; - 71,-)12).

The expression of Var(ﬁib) is

. . P 28.)?
Var(ﬁf) = Var( (rmy + 15) (S, + SZ)) = ( (8 +25,) Var (my; + my;)

2m, (S, +,) 2m, (S, +5,))
(E.2)

mini(Z —y— A4+ 4my, — 71,»)/2) (S, +28,)
(2m; (S, + 52))2
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