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In this article, we consider the Nash equilibrium of stochastic differential game where the state process is governed by a controlled
stochastic partial differential equation and the information available to the controllers is possibly less than the general in-
formation. All the system coefficients and the objective performance functionals are assumed to be random. We find an explicit
strong solution of the linear stochastic partial differential equation with a generalized probabilistic representation for this solution
with the benefit of Kunita’s stochastic flow theory. We use Malliavin calculus to derive a stochastic maximum principle for the
optimal control and obtain the Nash equilibrium of this type of stochastic differential game problem.

1. Introduction dynamics of a state process X, (x)= X" (w,x)t €
[0,T],w € Q and x € O is a controlled stochastic process in
Let (O, B(0),m) be a measure space with finite measure, R of the form

here, O is a bounded, open subset of R" with C' regular
boundary 00, and m is the Lebesgue measure. Suppose the

t

X, (x) = Xy (x) + jo{ngs (%) +b(w, s, x, X (%), V. X (x), ug (x), v (x))}ds

, (1
+ j o(w,s,x, X, (x), VX, (x),u,(x),v,(x))dB,,
0

with boundary condition X, (x)={(t, x), (t,x) € (0,T)
x 00, where the coeflicients

b(w,t,x,y,y,,u,v>: Ox[0,TIxOxRxR"xU xU — R,

a(w,t,x,y,y,,u,v): QOx[0,T]xOxRxR"xUxU — R,
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X, (x): 0 — R,
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(2)

{(t,x): (0,T)x00 — R.

are Borel measurable functions, where U C R is a closed
convex set, and Z is a partial operator of order m and V., is
the gradient acting on the space variable x € R". Here, B, =
B, (w) is a one-dimensional Brownian motion on a given
filtered probability measure space (Q, F,{% }., P). The
stochastic processes u: Q% [0,T] x O — U, v: Q x [0,T] x
0 — U are two control processes and have values in a given
closed convex set U ¢ R for all ¢ € [0,T], for a given fixed
T >0. Also, u,, v, are adapted to a given filtration {&,},.,,
where &, ¢ #,, for every t € [0,T]. {&,},., represents the
information available to the controller at time t. For example,
we could take

& =F _p+; te€[0,T],A>0isaconstant, (3)
meaning that the controller gets a delayed information
compared to &,. We refer to [1, 2] for more details about
optimal control under partial information or partial
observation.

Let [ QX [0, T]xOxRxUxU — R and h;: Qx
O xR — R, i=1,2 are given measurable functions, for
every (w,t,x,u,v), the functions y+— [; (w, t, x, y, 4, v) and
p+— 1 (w,x,y),i =1,2 are bounded continuously differ-
entiable functions. Suppose we are given two performance
functionals of the following form, for u,v € &, ® % (R),

T
T, () = E“O J@zl (@,6,% X, (x), 1, (x), v, (x))m(dx)dt] . EU@hl (@3 X; (D) ()],

T

T, (u,v) =E|:j

0

where m is a finite Lebesgue measure on the above given
measurable space (0, % (0)), E = Ep denotes the expecta-
tion with respect to the probability measure P. Let &/, &,
denote the given family of controls u, v, which are contained

(4)

J@lz (@£, X, (%), 14, (x), v, (x))m(dx)dt] + EU@hz (@, Xy (x))m(dx)],

in the set of &, ® 9% (R)-adapted controls, such that (1) has
a unique strong solution up to time T and for all
ued,ved,i=12

T
E[J j |li(w,t,x,Xt(x),ut(x),vt(x))|m(dx)dt+J |h; (w, x, X7 (x))|m (dx) | < oo. (5)
0oJo o

The partial information nonzero-sum stochastic partial
differential game problem under consideration is stated as
follows:

Find u* € o/, and v* € &, such that

J, (u*,v") = sup (u,v"),
ued,

I, (", v*) = sup J, (u",v).
ved,

(6)

v

Such a control (u*,v*) is called a Nash equilibrium. The
intuitive idea is that there are two players, Player I and Player
I1. While Player I controls u, Player II controls v. Given that
each player knows the equilibrium strategy chosen by the
other player, none of the players has anything to gain by
changing only his or her own strategy (i.e., by changing
unilaterally). Note that since we allow b, 0,1;, h; to be sto-
chastic processes and also because our controls are required
to be &,-adapted, this problem is not of Markovian type and
hence cannot be solved by dynamic programming. In this
paper, we use Malliavin calculus techniques, see [3, 4] to
obtain a maximum principle for this general non-Markovian

stochastic partial differential game with partial information.
Our approach still works when any finite number of players
instead of two-player formulation.

The problem of finding sufficient conditions for opti-
mality for a stochastic optimal control problem with
infinite dimensional state equation, most along the lines of
the Pontryagin maximum principle was already addressed
in the early 1980s in the pioneering paper by [1]. The
Pontryagin maximum principle for the dynamic systems
modeled by stochastic partial differential equations
(SPDEs) is a well-known result, and we refer to [1, 5-11],
and therein, for more details about the maximum principle
for SPDEs. Despite of the fact that the finite dimensional
case has been completely solved by [12], the infinite di-
mensional case requires at least one of the following three
assumptions, see [13, 14]:

(i) The control domain is convex;
(ii) The diffusion does not depend on the control;

(iii) The state equation and performance functional are
both linear in the state variable.
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So, the maximum principle for the infinite dimensional
case still has important open issues both on the side of the
generality of the abstract model and on the side of its ap-
plicability to systems modeled by SPDEs. In this paper, let us
suppose that the diffusion is dependent on the control, the
state equation and performance functional are both non-
linear in the state variable, but we will assume that the
control domain U is convex. That is to say, we just assume
that (i) holds, and we do not need (ii) and (iii) to hold.

But there are few references about the maximum
principle for stochastic differential games of systems de-
scribed by stochastic partial differential equations. In the
present paper, we use Malliavin calculus techniques to
obtain a maximum principle for this general non-Markovian
stochastic differential game with partial information of
systems described by stochastic partial differential equations,
without the use of backward stochastic differential equa-
tions. To use Malliavin calculus, a strong solution of sto-
chastic partial differential equations with a generalized
probabilistic representation will be given with the benefit of
Kunita’s stochastic flow theory. This approach of stochastic
flow has been used to derive optimal control of stochastic
partial differential equations with jump in [15], and at the
same time, the ideas of [15] give us great inspiration. Our
paper is related to the recent paper [16], where a maximum
principle for stochastic control problem (NOT for stochastic
differential game problem) with partial information is dealt
with. However, the approach in [16] needs the solution of the
backward stochastic differential equation for the adjoint
processes. This is often a difficult point, particularly in the
partial information case.

We summarize the main contributions of this paper as
follows: (i) we find a strong solution of a stochastic partial
differential equation, which follows from the theory of

||f”m+6;K = ”f"mK + Z sup

Ja=m x,yeK,x+y

where

1 f ek = sup If ()

xek 1 +[lx]|

+ Z sup| D" f (x)), (8)

1<]al<m X€K

for all compact sets K ¢ R". For the multiindex of non-
negative integers & = («, ..., &), the operator D¥ is defined
as

stochastic flows for stochastic processes; (ii) all coefficients of
the controlled stochastic partial differential equation we are
studying in this paper are all random, and the coefficients of
the objective performance functionals are also random; (iii)
with the help of Malliavin calculus for Brownian motion, we
get the Nash equilibrium for our stochastic partial differ-
ential game with partial information, as obtained by
establishing the corresponding stochastic maximum prin-
ciples for the stochastic optimal controls. It is worth noting
that our diffusion term in the controlled stochastic partial
differential equation can be dependent on two control
variables from two players and the controlled stochastic
partial differential equation or the objective performance
functionals need not be linear in the state variable.

The article is organised in the following way: in Section 2,
we present the explicit strong solution of a stochastic partial
differential equation with the benefit of stochastic flow
theory for stochastic processes. In Section 3, we provide
some properties of Malliavin calculus for Brownian motion,
especially the chain rule and duality formula of the Malliavin
derivative. In Section 4, we give the Nash equilibrium for our
stochastic partial differential game with partial information
with the help of the explicit strong solution and Malliavin
calculus via a stochastic maximum principle. Finally, in
Section 5, an example is given to illustrate our main results,
and the conclusion is given in the final section.

2. Strong Solution of Linear SPDE

In this section, we recall some definitions of stochastic flows
and preliminary results, more details about stochastic flows
see [17, 18]. Let m € N, § € (0, 1]. Denote by C™9 the space
of all m-times continuously differentiable functions
f: R" — R such that

ID*f (x) - D*f ()
5 <00,
llx = yl

7)
«_ ol
(axl)“l _“(axd)“d’ (9)

where |a| == Y2, a;. Further, introduce for sets K ¢ R”, the
norm

Il = gl + Y. |DiD5g

lal=m

T
5K
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where
Il = sup SIS up DIDYg (3, 0]
R WD L+ * e, Bl
i ! i ! (11)
. ‘g(x,y)—g<x,y)—g<x,y>+g<x,y)‘
lglic= sup g -
S exThl
XtYyX #y
We will simply write ||gllll},,,s for IIgIIII:H&Rn. Define
~ 0
b (t> x) = a_’)/ b (w, t) X, X (t> X)’ VxX (t) -x)’ u (t’ x)) V(t> x)):
_ 0
o(t,x) = 3 o(w,t,x, X (£,x), V. X (t,x),u(t,x),v(t, x)),
4
) d .
bi(t,x) = —b(w,t,x, X(t,x), V. X (t,x), u(t,x),v(t,x)), i=1,...,n,
9yi
(12)
0
ai(t, x) = ?a(w, t,x, X (t,x), V. X (t,x),u(t,x),v(t,x)), i=1...,n
d
b,(t,x)= a—b(w, t,x, X (t,x), V. X (t, x), u(t,x), v(t, x)),
u
d
o,(t,x) = 3 o(w,t,x, X (t,x), V. X (t,x), u(t, x), v (¢, x)).
Set ntl T 3
l] L. %
F,(x,dt) = b;-(t, x)dt + o‘;(t, x)dB(t), i=1,---n, (13) iZ=:1 Jo "A (t, )||m+5dt < 00,
! (16)
_ _ T[n _
P (%,d8) = b(8, x)dt + 3 (1, 2)AB(2) (1) | [Z 618, )05 +15 ')||m+5]ds <oo,ae
Define the symmetric matrix function AV (,x, y),; jenel o
as For all wu,v,fedl, the stochastic process
) Y (£, x) = YP(t, x) = d/dyX*P" (¢, x)| .-, exists and
Al(t,x, y) = di(t,x)0i (6 y), bj=1,...,m, d
el . . LY (t,x) = — LXP (L, x)|
A" (tx, y) = 0;(Lx)T (), i=1,...,n, (15) dy y=0
17
AU X, ) = G (8 %)T (8, ). (17)

d
V.Y (t,x) = ?Vqu+yﬁ>v (t, x)
Y

We assume that, for some m >3 and 6 >0, y=0
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Further, suppose that Y (¢, x) follows the SPDE.
t o~ !
Y (£, x) = J [gsy(s, X) +Y (5,0b(s, %) + V.Y (5, 0b (s, x)]ds
0
t !
+ J [Y(s, x)7 (s, x) + V.Y (s, x)0 (s, x)]st (18)
0

. Jt B(s,x)b, (s, x)ds + r B(s, %), (s, X)dB,,
0 0

with obviously initial condition Y (0,x) =0,x € 0, and
boundary condition
Y(t,x)=0, (t,x)€ (0,T)x00, (19)
where (¢,x) € [0,T] x 0, and V, = (0/0x,...,0/0x,,).
FOP = Z G’ (t,x
1] 1
FP = Z A
1] 1

In the following, we assume that the differential operator
< in the above SPDE (18) is of the form.

2,0 =2Y0+ 70, (20)

where

1
+5 (DX + A (4,5, 0))0

where d (t, x) is a continuous function in (¢, x), belongs to
C™9 for some m>3,0>0 and d/ (1 + | x|)) is bounded from
the above. Here,

2 0AY )
Cit.x) = ). 5y, BXN| o i=lon
],1 1 X
(22)
1n+1
D(t,x) = Z 5y (b0 )
y=x

Furthermore, we require the following condition,

(L-i) L is an elliptic differential operator.

(L-ii) There exists a non-negative symmetric contin-
uous matrix function (G”(t,x, ¥)),; j<n such that
G'i(t,x,y) =g (x,t)g’ (y,t), hence

G’ (t,x,y) =G (t,x, y),

Z “Gij (t- ')||m+1+6 <K

ij=1

(23)

for all s, for a constant K and some m>3,6> 0.

(L-iii) The functions f;(t,x),i=1,...
ous in (#,x) and satisfy

,n are continu-

z( A" (8, x, x) +%Ci(t,x)>§ (21)
i If: t)|,,.s<C> foralls, (24)
i=1

for a constant C and some m >3 and § > 0.

(L-iv) The function b,5,G7 and d are uniformly
bounded.

Here, the operator #? does not depend on controls u
or v, that is, there are no controls in G and f'. In this
section, aided by a stochastic flow theory, we will give
a probabilistic representation of the explicit strong solution
of the above linear SPDE (18).

Now, we derive the announced probabilistic represen-
tation of a solution Y (£, x) of linear SPDE (18). Let Y (x, t) =
(Y, (1), ..., Y, (x,t)) be a CkY-valued Brownian motion,
that is a contlnuous process Y (t,-) € C&Y with 1ndependent
increments on another probability space (Q, %, P). Assume
that this stochastic process has local characteristic
G (x,y,t) and m'(x,t) = fi(t,x) - c'(t, x), where the
correction term ¢’ (t, x) is given by

=23 %y

075 0x;

ds, i=1,...,n. (25)

y=x

For instance, Y (x,t) has a decomposition



Y(x,t) = M(x,t) + B(x,1), (26)

where

(M (x,8), M (y,1)) = Jt G" (x, y,5)ds,
0
B (x,t) = J[ m' (x,s)ds, (27)
0

t

M (x,1) = jo g (x, $)dW ()

Complexity

Here, W (s) is a Brownian motion defined on an auxiliary
probability space (Q, &, P).

Then, let us consider the SPDE on the product space
(OxQ, F x F,PxDP):

n

t n t . a t a
O (x,1t) = JO Z.D(x,s)ds + Zl JOYI. (x, ds)a—xiCD(x, H+Y JO F;(x, ds)a—xi(D(x, s)

i=1

(28)

t
+ J DO (x,5)F,,; (x,ds) + F, ., (x,1),
0

where Y* (x,t) = (Y] (x,1),...,Y; (x,t)) is the martingale
part of Y (x,t) and

Fn+2 (X, t) = J; B(S, x)bu (S, X)dS
(29)

t
. J B(s, %), (s, x)dB,
0
So, taking the expectation E to both sides of (28) gives

the following representation for the solution to linear SPDE
(18):

Theorem 1. Under the above specified conditions, the fol-

lowing probabilistic representation of the solution to linear
SPDE (18) holds:

Y(t,x)= E;[CD(x, )] (30)

Proof. Taking the expectation E to both sides of equation
(28), we can obtain

t n t N a
E5 [ (x,0)] = E;[ JO 2.0 (x, s)ds] " Zl E;“O Y (5. d9) 50 s)]

n ¢ 3 ¢
+ ;EE[JO F;(x, ds)a—xiGD(x,s)] + E;“O D (x,5)F,,; (x, ds)] (31)

+ EE[J; B (s, x)b,, (s, x)ds + J;ﬁ(s, x)o, (s, x)st],

Since Y* (x,t) is tAheAmartingale part of Y (x,t) in the
probability space (Q, #, P), the second term in the right side
of (31) equals zero; hence, by Fubini’s theorem, we arrive at

B[00 (x,0)] = JOQSE;[Q(x, 9)]ds

n t a ‘
+ ; ,[0 F,‘ (X, dS) B—XIE’I; [@ (x, S)] + JO E}g [(D (x, S)]Fn+1 (x, ds) (32)

t

" Jt B(s, )b, (s, x)ds + J B(s, %), (s, x)dB,
0

0
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Hence, by using (49) and (60) in (32), we find
E; [D(x,t)] = J; ESE; [D(x,s)]ds
< t a / !
# Y [ (0 (0 9] (45 x0ds + 05, x)dB,)
i=1 1
+ Jt E5[®(x, 9)](B (s, x)ds + 5 (s, x)dB,)
0
. Jt B(s, )b, (s, x)ds + r B(s, x)0, (s, x)dB, (33)
0 0

_ jt [ESE;[CD(x, 9 + E5 [ (x, 1B (s,.%) + V, B [® (x, 9)]b (5,) ] ds
0

t

+
0

+

|
)

here, b' (s, x) = (b} (s, %), ...
..,0,(s,x)) and

,by(s, X)), 0 (5, %) = (0] (s, X),

V. = i i (34)
* 7 \ox, ox, )
Therefore, let Y (£, x) = EE [D (x,1t)] in (33), we can see
Y (¢, x) solve the linear SPDE (18). O

Remark 2.

[E; (@ (x, 95 (5, %) + V,E5 [® (x,9)]0 (5,%) |dB,

B(s,x)b, (s, x)ds + J B(s,x)o, (s, x)dB;,

(i) For the probabilistic representation of the solution to
linear SPDE, we also refer to Theorem 6.2.5 in [18].
Different from Theorem 6.2.5 in [18], the linear
SPDE (18) contains the derivative of the
control term.

(ii) Using the definition of Y (x,t) and noting that Y’
(xt) and F'(x,t) are independent, the above linear
SPDE (28) can be recast as a first-order SPDE in the
sense of the Stratonovich integral using the sto-
chastic flows theory:

@ (x,t) = Z J; %@(x, s) (Y; (x,°ds) + F; (x,°ds))

n
i=1

(35)

+ r D (x,5)(d(s,x)ds + F,,, (x,°ds)) + F,,, (x,1).
0

The connection between the Itd6 and Stratonovich in-
tegral of semimartingale f with respect to semimartingale g
is given by

t t
j f(s—)°dg(s)=j f(s—)dg(3)+%[f,g]f, (36)
0 0

the notation o is called the It6 circle, °df stands for nonlinear
integration in the sense of the Stratonovich integral. For
more details about Stratonovich integral, see [19].

In order to use this probabilistic representation (30) in
the proof of our general stochastic maximum principle for

stochastic partial differential games, we proceed to develop
an expression for @ (x,t) in Theorem 1. Let Z , be the
solution of the Stratonovich SDE.
t

Z¥ =x- I G(Z%,,edr), (37)
where G(x,t) = (Y (x,t) + F, (x,1), ..., Y, (x,t) + F,
(x,t)) and °dt stands for nonlinear integration in the sense
of the Stratonovich integral. Then, by the formula (86) of

Section 6.1 in [18] (where f =0 in (76) of Section 6.1 in
[18]), we obtain the following representation of @ (x, t):
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D (x,t) = j; T(s,t) - [B(s, x)b, (5, x)ds + B(s, x),, (s, x) °dB], (38)

where

t

I(s,t)= exp{r b(r, 2" )dr + J a(r, Zi’x)aB,

+ Ji d(r, Zi’x)dr},

d denotes backward integration and Z' is the inverse flow of
the stochastic flow Z_,.

(39)

For the general case, we consider the case with general
initial condition {(x), that is,

Y (0, x) = {(x),
Y (t,x) =0,

x € 0,

(40)
(t,x) € (0,T) x 00,

holds, where { € C™3, Then, ®(x,t) in the probabilistic
representation, (30) is described by

O (x8) = {(x) + J; Z0(xnds+ Y J;Y;‘ (5,49 20 (x,9)
i=1 !

n o et 5 ;
+ ; JO F;(x,ds) a_fo (x,8) + JO @ (x,s)F,,, (x,ds)

+ Fn+2 (X, t))

and using the same reasoning as above we obtain:

@ (x,t) =T(0,6)((25")

+ r T(s,1) - [B(s, x)b, (s, x)ds + B(s,x)0, (s, x) °dB,],
0

where I'(s,t) is given by (39).

3. Malliavin Calculus for Brownian Motion

In this section, we recall the basic definition and properties
of Malliavin calculus for Brownian motion related to this
paper, for reader’s convenience. A natural starting point is

L) =n [

0

(the n-times iterated integral of f, with respect to B(-)) for
n=12,---and I, (f,) = f, when f is a constant. Here, we
use A as the measure on time variable ¢, m as the measure on
spatial variable x.

Moreover, we have the isometry

(o)

E[&] =185 = D Al £ ay” (45)

n=0

23
JO fn (tl’t2’ .

(41)

(42)

the Wiener-Itd chaos expansion theorem, which states that
any & € L? (%, P) can be written as

£=Y 1,(f.) (43)
n=0

for a unique sequence of symmetric deterministic functions
fn € L*(1"), where A is a Lebesgue measure on [0, T] and

..,t,)dB(t,)dB(t,)---dB(t,), (44)

We first present the Malliavin derivative D, with respect
to Brownian motion B (-) at ¢ of a given Malliavin differentiable
random variable & (w); w € Q, and then we present some basic
properties about Malliavin derivative related to this paper.

Let D denote the set of all random variables which are
Malliavin differentiable with respect to Brownian motion
B(-), precisely, let D be the space of all £ € L? (%, P) such
that its chaos expansion satisfies
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00

||£"[|2] = Z nn!”fn”i2 any < 0. (46)

n=1

Definition 3. For any & € D, define the Malliavin derivative
D, (&) of & at t,t € [0, T] with respect to Brownian motion
B(-) as

D,(§) = ) nl,y (£ (1), (47)
n=1

where the notation I,_, (f,(-,t)) means that we apply the
(n—1)-times iterated integral to the first n—1 variables
tity ooty of f,(t,t,, ... t,) and keep the last variable
t, =t as a parameter.

It is easy to check that

o[} e = Sl e,

=[€lI5»

so (t,w) — D,&(w) belongs to L? (A x P).
Some basic properties of the Malliavin derivative D, are
the following (a) chain rule and (b) duality formula.

¢, € Dand that f: R” — R is C!

(48)

(a) Suppose &,,.. .,

with  bounded  partial  derivatives.  Then,
f(,....,¢,) €D and
Dof (€1 v&) = Z o G 8D (8. (49)
(b) Suppose ¢(t) is F,-adapted with
T
E“ (pz(t)dt] < oo, (50)
0

oy

1
+_
ou

ol,
oy

al,
"o

are A X P x m-uniformly integrable and the families

{% (t, x, XY (), u(t, x) + yB(t, x), v (¢, x)) %Xt(

and let £ € D. Then,

T T
E[fjo <p(t)dB(t>] - EUO sv(t)Dt(E)dt]. (51)

4. Nash Equilibrium of Nonzero-Sum
SPD Games

In this section, we use Malliavin calculus to derive Nash
equilibrium of a nonzero-sum stochastic partial differential
game by establishing a stochastic maximum principle. After
some assumptions and notations, we introduce the sto-
chastic Hamiltonian function and then the maximum
principle for nonzero-sum stochastic partial differential
games with partial information is stated and proved.

4.1. Assumptions and Stochastic Hamiltonian Function.
We now return to the partial information nonzero-sum
stochastic partial differential game problem given in the
introduction. We make the following assumptions:

(A1) For all s,r,t € (0,T),t<r, and all bounded
&, ® 7B (R)-measurable random variables « = a(w,
x), & = &(w, x), the controls

B (s, %) = o (@, %), (5),

, (52)
51 (Cl), -x)I[t,r] (S)a S € [Or T],

112 (s,x) =

Belong to &/, and &, respectively, where I, 17 denotes
the indictor function on [t,T].

(A2) For all u,fed,; v,ned, with f and # are
bounded, there exists § >0 such that the controls
u(t,x)+ yp(t,x) and v(t,x) + zn(t,x),t € [0,T], be-
long to &, and &, respectively, for all y,z € (=4, 9),
and such that the families

u+yp,v) (x)

: (.2, XY (x),u(t, x) + yB (8, %), v(t, ))B (L, x)} ,

ye(=6,0)
(53)

{_(f’x’X I ), u (8 2), v (6,2) + 2 (8,5)) x‘“m’”( )

(t, X, Xt(”’”z”) (x), u(t, x), v(t, x) + zn (t, x))n (t, x)}> ,

z€ (=6,0)
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{ah( X{ER (29) Lxprooh <x>} , VP (6,) =X 1)
oy dy ye(-8,0) y y=0
(54) (55)
{ah ( X(uv+2}1)( )) X(uv+zq)( )} . Y”(t x) = X(uv+z*l)(t x)
ay z=0
ze(-6,9)

. . Exist. Further, YP(t,x) follows the SPDE, for
Are P x m-uniformly integrable. (t.x) € [0,T] x O

(A3) For all u,fed,; v,ne o, with f and 7 are
bounded, the process
§ |y ob p
YP (¢t x) =I <Y (s,x)+a—y(s,x,X(s,x),VxX(s,x),u(s,x),V(s,x))Y (s, x)
0
+ VxYﬁ (s, x)Vyrb(s, % X (5,%), V. X (s, x), u(s, x),v(s, x))

+ %(s,x X (8,x), V. X (s, %), u(s, x),v(s,x))B (s, x ]»
(56)

Jt {aa 8

+ | 4= (5%, X (5,%), V., X (5, %), u (s, %), v(s, %))Y" (5, X)
o |0y

+V,YF (5,x)V,0 (s, %, X (5, %), V.. X (5, %), u(s, x), v (s, X))

+ S—Z (5,2, X (5,%), V. X (s, %), u(s, x), v (s, x)) B (s, x)]»st,

And for all xe0O, YP(0,x)=0 and for all
(t,x) € (0,T) x 00, YP(t,x) =0; Y (t,x) follows the
SPDE, for (t,x) € [0,T] x O

Y'(t,x) = J; 155Y’7 (s,x) + g—i (5,2, X (5,%), V. X (s, %), u(s,x),v(s,x))Y" (s, x)

+V.,.Y(s, %)V, b (5, %, X (5,%), V. X (s, %), u(s, x), (s, x))

+

a—i (8%, X (8,%), V, X (s, %), (s, %), v(s,x))1 (s, x)]»ds

(57)
+ Jt 1@ (5%, X (5,%), V, X (5, %), u (s, x), v(s,x))Y" (s, x)
0|0y

+V,.Y(s, XV, 0 (5,2, X (5, %), V. X (s, %), u(s, x), v(s, x))

+ % (8,2, X (5, %), V X (s, %), u(s, %), v(s,x))1 (s, x)}st.
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And for all x€6, Y"(0,x)=0 and for all (A4) For all (u,v) € &, x &, the following processes,
(t,x) € (0,T) x 00, Y (t,x) = 0. i=1,2:

T
n; (t, x) = a%h" (%, X(T,x)) + L %li (s, %, X (s, %), u(s, x), v(s, x))ds,

‘P;? (s,x) =mn; (s, x)(.Sf + % (5,2, X (5,%), V. X (s, x),u(s, x),v(s, x)),

+ V;Vyrb(s, x, X (5, %), V,. X (s, x), u(s, x), v(s, x))),
(58)

+ D, (n; (s, x)) [?)_(; (8, %, X (5,%), VX (s, x), u(s,x),v(s, x)),

+ V;Vyra(s, %, X (5,%), V. X (s, x), u(s,x), v (s, x)) ] ,

m; (s, x) = ‘I’? (5, %, X (5,%), V. X (s, %), u(s,x),v(s,x))L (8, 5),

Are well defined and where I'(t, 5), Z;* are defined asin ~ Definition 4. The general stochastic Hamiltonians for the

the proof, where the operator V; stands for the adjoint  stochastic partial differential game are the functions
of V..

We now define the Hamiltonians for this general sto-
chastic partial differential game problem as follows:

Hi(t,x,y,y’,u, v,w): [0,T] x 6 x L(R;R) x L(R;R") x U x U x Q — R, (59)

defined by

Hi(t) X y) yl)u(ta x)) V(t) -x)7 w)

=1 (6% ,u,v) +n; (8, x)b(w, £, %, 9, y/, u, v) + D, (n; (¢, x))o(w, £ x,7, y,, u, v)

T , (60)
+ Jt E;[mi (s x)b(a), 62759 (Z27),y (Z7),u, v)
+D, (m; (s, x))a(w, t, 25y (Z5%),y (Z5%),u, v)]ds, i=1,2.
4.2. Stochastic Maximum Principle for Nonzero-Sum Games (a)], (u, v*) <J, (u*, . ), forallu € o,
. - Y (e
Theorem 5 D], (W v)<J,(w",v"), forallved,.
(i) Let (u*,v*) € o, x of, be a Nash equilibrium with Assuflﬂe.thatfqr al.l ram?om variables F (w), w € Q, its
the corresponding state process X*(t,x) = X W) Malliavin derivative with respect to B(-) at t exists.

(t, x), that is, Then,
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3 . . .
Ep [—Hl(t, x X" (8, x), VXX(“’V ) (t, %), u(t, x),v* (£ x), w)

ou

0

For a.a. t, x, w.

(ii) Conversely, suppose that there exists (u*,v*) € of,, x
o, such that equations (62) and (63) hold.

Then,
0 . .
=T, (" +yBv") =0, forallf,
Oy J=0
(64)
a]z (u",v" +2zn) Y 0, forally.

If J; (u,v*) and J, (u*,v) are concave with respect to u
and v, respectively, then (u*,v*) is a Nash equilibrium.

Proof. (i) Suppose (u*,v*) e o, x g, is a Nash equilib-
rium. Since (a) and (b) hold for all u and v, (u*,v*) is
a directional critical point for J;(u,v),i = 1,2, in the sense
that for all bounded § € &/, and 75 € &/,, there exist >0
such that u* + yf € A, v +zn € o, for all y,z € (-6, 9).
For simplicity of notation, we write u* = u,v* =v,X* = X

d s
Y(t,x) =Y P (t,x) = @)d Pt %)

0

3 . ) .
EP[—HZ(t, x, X (t,x),VxX(” Yt x),u” (£ x), v(t, x), w)
v

Complexity
u_u*%t] =0, (62)
V_V*%t] = 0. (63)

and Y* =Y in the following. For ease in writing, asterisks on
optimal functions will sometimes be omitted where the
meaning is clear from the context.

By the definition of J, (1, v), we have

0
3,1+ VB Vim0
[T [k
B E“o J@{a (£ %, X (£, %), u(t, %), v (£, %)Y (£, x)
al,
t3, (&, x, X (£, x), u(t, x), v (¢, x))ﬁt}m(dx)dt]

+E“ M e X (T )Y (T, x)m(dx)],
o 0y

(65)

where

= Jt {Z (s, %)Y (s, %) + % (8,2, X (5,%), VX (s, %), u(s,x),v(s,x))Y (s, x)

+V,.Y (s, x)Vyrb(s, %, X (s, %), V. X (s, %), u(s, x), v (s, x))

ou

+ % (s, x, X (8, %), V. X (s, %), u(s, x),v(s, x))ﬁs}ds (66)

+ r 16—0 (5,2, X (5,%), V. X (s, %), u(s,x),v(s,x))Y, (x)

o9y

+V.,.Y(s, x)Vyra(s, %, X (8, %), V. X (s, %), u(s, x), v(s, x))

ou

with initial condition

x €0, (67)

+ %0 (5,26, X (5, %), V. X (5, %), u (s, %), v (s, x))ﬁs}dB

s>

and boundary condition

Y(t,x)=0, (t,x)¢€ (0,t)x00. (68)
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By the duality formulae, we get

E“ M e X (T, )Y (T, x)m(dx)]
0 0y

_ oh, T
_ E[J@ 5 s (T, x))(JO{g(s, DY (5,%)
ob
+ 3y (s,%, X (5,%), V. X (5, x), (s, x),v(s, x))Y (s, x)
+ V.Y (5, )V, b (s, %, X (5, %), V. X (5, ), u (5, %), v (s, X))

+% (5%, X (5,%), V. X (5, ), u (s, x), v (s, x))ﬁs}ds

T (00
+ jo {@ (8,2, X (5,%), V. X (s, %), u(s,x),v(s,x))Y (s, x)
+V,.Y (s, x)Vy/a(s, %, X (5,X), V. X (5, x), u(s, x), v (s, x))

+% (5,2, X (5,%), VX (s, %), u(s,x),v(s, x))/js}st)m (dx)]

) E[JT J aa_};l (2, X(T, x){Z (£, x)Y (¢, x)

0Jo
ob
+5, (635X (60, VX (60, u(t,x),v(6 )Y (1)
+V.,.Y (s, x)Vy/b(s, x, X (5, X), V., X (5, x), u(s, x), v (s, x))

+% (t, %, X (¢, x), V. X (¢, x), u(t, x), v(t, x))ﬁt}m(dx)dt]

o “ : J @Df@_hyl Co X (T X”) {Z—‘; (626, X (8, V. X (80, u (8, ), v (8, )Y (1,.%)
+V,.Y (s, x)Vyro(s, x, X (s,%), V, X (5, %), (s, x), v (s, x))

+% (£, %, X (t,x), V. X (£, x), u(t, x), v (¢, X))ﬁt}m(dx)dt]_

Similarly, we get

13

(69)
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Complexity

“TJ ( )(txX (Ot ) v (6 0))Y l(x)m(dx)dt]
0Jo

=E ( ) £, %, X, (), u(t, x), v(t, x))(Jt{Z(s,x)Ys(x)
0

< ) 5%, X (5, %), V X (5, %), u (s, %), v (5, %)) Y, (x)
+ V.Y (5,x)9, b(s, %, X (5,%), V, X (5, %), u (s, x), v (s, X))
ob
+<ﬁ> (5,2, X (5, %), V, X (5, x), u (s, %), v (s, x))[}s}ds
t (00
L5

+ V.Y (5,0)V,0(s,%, X (5,%), V. X (5, %), (5, %), v (s, )

(5,2, X (5, %), V,. X (5, %), u (s, %), v (5, %) )Y (x)

+ <Z{> (5%, X (8, %), V. X (5, %), u (s, %), v (s, x))ﬁs}d35>m(dx)dt]

ol

+<%> (5%, X (8, %), V. X (5, x), u (s, %), v (5, %) )Y, (x)

Jﬁ J;(%) (t, %, X, (x), u(t, x), v (£, X)) {Z (5, )Y, (x)

+ V.Y (s, x)Vyrb(s, X, X (5, %), V. X (5, %), u(s, x), v (s, x))

+ <%> (5,2, X (8, %), V. X (5, x), u (s, %), v (s, x))ﬁs}ds m(dx)dt]

EIRARE

. {?7’; (5% X (5, %), V. X (5, %), u (s, X), (5, x))Y (x)

)(t X, X, (%), u(t, x), v(t, x)))

+ V.Y (s, x)V},ra(s, %, X (5, %), V. X (5, %), u (s, x), v (s, x))
+ (g—::) (5%, X (5, %), V. X (5, %), u(s, x), v (s, x))ﬁs}ds m (dx)dt]

L,

J (IT<%> (t, %, X, (x), u(t, x), v(t, x))dt){g (s, %)Y (x)

(70)

+<%> (5%, X (5, %), V. X (5, %), u (s, %), v (5, %) )Y, (x)
+ V.Y (s, x)V),rb(s, X, X (8, %), V. X (5, %), u (s, ), v (5, %))

+ <%> (5%, X (5, %), V. X (5, %), u(s, ), v (s, x))ﬁj}m (dx)ds]

+ E“: JO“j D5(<aa—ly'> (t, 2, X, (x), u(t, x), v(t, x)))dt}

: {%; (8%, X (5, %), V. X (5, ), (5, %), v (5, %))V, (%)

+V,Y (5, 2)V,0 (5, %, X (5, %), V, X (5, %), (s, %), v(5, %))

+ (Z%) (5% X (5,2, V. X (5, %), u (5, %), v s, x))ﬁs}m (dx)dS]
T

I

J (JT<%> (5%, X, (x), u(s, %), v (s, x))ds){i’(t, x)Y, (x)
t

E
ob
+<ay>(txX(t x), V. X (£, x),u(t, x), v(t, x))Y, (x)
+V,.Y(t, x)Vyrh(t, X% X (8 x), V. X (t, x), u(t, x), v(t,x))
ob
+ ($> (t, %, X (t,x), V. X (t, x), u(t, x),v(t,x))ﬁ,}m(dx)dt]

LA

. {% (t,x, X (t,x), V.. X (t, x), u(t, x), v(t, x))Y, (x)

)(s,x, (x),u(s,x),v(s,x)))ds}

+ VY (6x)V, 0 (% X (8, x), VX (£, %), u(t, x), v (£, %))

+ <%) (t, %, X (t,x), V. X (t, %), u(t, x), v(t, x))ﬂ,}m (dx)dt]4
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Here, in the last equality, we changed the notation s to t. Now, we define
Tol, oh,
n (£, x) = J — (5,2, X, (x),u(s,x),v(s,x))ds + =— (x, X (x)). (71)
¢ 0y oy
Since we have, using (65), (69), and (70),

=0, (72)
y=0

0
5]1 (u+ yp,v)

E [ JOT J@nl (t, x){Z (t,x)Y, (x)

% (t, %, X (£, ), V. X (£, x), u (£ ), v (£, %)Y, (x)
+ VxY (t, X)Vy'b(t, X, X(ta X), va (t’ X), u (t) X)’ V(t’ x))

+ % (&, x, X (t, x), V.. X (t, x), u(t, x), v(t, x))ﬁt]»m(dx)dt]
(73)
+E JTJ {D; (n, (£, x))} a_a(t x, X (t,x), V. X (t, x), u(t, x), v(t, x))Y, (x)
o Jo T gy 02XV A E XL UL X VL X)Xy

+V,.Y (8 x)Vy/a(t, X, X (t,x), V., X (t,x),u(t,x),v(t, x))

+ Z—Z (t %, X (8, x), VX (£, x), u(t, x),v(t, x))ﬁt}m (dx)dt]

+E“TJ oL (t,x,Xt(x),u(t,x),v(t,x))ﬁtm(dx)dt] - 0.

0 Joou

Next, we apply the above to f§ = % € o, of the form for some t,he (0,T),t+h<T, where a=a(w,x) is
o bounded and &, ® 9% (R)-measurable random variable.
/3 (S) = “I[t,t+h] (S)) (74) Then, we have
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Y¥ (x)=0, forallse [0,¢], (75)  and hence (73) becomes

T o
0= E“[ I@nl (5 ){Z (5,07 (x)
ob g
+ a—y (8,2, X (5,%), V. X (5, %), u(s,x),v(s,x)) Y, (x)
+ Vfod (x)V, b (5, %, X (5,%), V. X (s, %), u(s, x),v(s, x))

+ % (8,2, X (5, %), V. X (5, %), u (s, x), v (s, x))ﬁ?}m (dx)ds]

T do )
+E“ J {D, (m (S,x))}{— (5,2, X (5, %), V., X (5, ), (s, %), v (5, )) Y’ (x)
t ) a};
+ VXYE“ (x)Vyra(s, x, X (5,%), V. X (s, x), u(s,x), v (s, x))

+ g—z (s, x, X (s,%), V. X(s,x),u(s, x),v(s, x))/}‘s"}m (dx)ds]

+ E[ J'T J@% (5,2, X (x), u(s, x), v (s, X))ﬁfm(dx)ds]

! b .
=E J J 1, (5,%) | L (5,x) + =— (5, %, X (5,%), V. X (5, %), u(5,%), v (s, x)) |Y: (x)
t o dy
+ Vyrb(s, %, X (5,%), V. X (s, x), u(s, x),v(s, x))Vfo” (x)}
+ D, (n, (s, x)) [g_(; (5,2, X, (x), V. X (5, x), (s, x), v (s, %))Y* (x)
+V,0 (s, %, X (5,%), V, X (5, %), u(s, ), v (s, X))V, ¥ (x)]m (dx)ds]

t+h
+ E“ J@{"1 (s, x)% (S,x,X(s,x),VxX(s, x),u(s,x),v(s, x))

t

+ D, (n; (s,x)) % (5,%, X (5, %), V. X (s, %), u(s, x), v (s, %))

+ % (8,2, X, (%), u(s, x), v(s, x))]»oc (x)m (dx)ds]

= A + A,

Note that, by (66), with Y (x) = Y& (x) and s>t + h, the
process Y (x) follows the following dynamics:
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Y (x) =Y, (x)+ j;h {Sf (1, %)Y, (x) + % (1, %, X, (%), V. X, (x),u,v,)Y, (x)]»d‘r

+ J V.Y (0)V,b(7,x, X, (x), V. X, (x),u,, v, )dT
t+h

(77)
N
+j 5 % (2,3 X, (%), V. X, (x), t, v,)Y , (x)dB,
+h
. J V.Y, (V0 (1% X, (), V, X, (x), 4y, v,)dB,.
t+h
By Theorem 1 and (42), we know that the previous
dynamics has an explicit strong solution.
N
V.00 = By Vo (Zexp || (025 X (229X (2 s
t+h
N
[ X () VX (kv )i, @
t+h O
1 2
S ez @) v @) s}
2 Jt+n
the process {Z3*}, .  is the inverse flow of the stochastic flow W, is a Brownian motion defined on an auxiliary probability
Z.,. Here, Z_ solves the following Stratonovich SDE: space (Q, #, P).
s We rewrite (78) as, for s>t + h,
Zx =x+ ,"d 79 sx
s =X J, G(Zzy»vdr), (7) Y (%) = E5[Y . (Z)0(t + by 9)], (81)
where G(x,t) = (Y, (x,t) + F, (x,1), ..., Y, (x,t) + F, here
(x, 1)), Y;(x,1t), F;(x,t) defined in Section 2. In fact, one ’
could verify that Z_; solves the following It6 SDE,
n s . n s
dZ*, = x+ zj F(Z5r)dr + zj (25, r)aw,
=177 =177
- (*ob — (* do
+ —(Z ,r)dr + J —(Z% ,r)dB,,
> | oy 3 | Sz
(80)
s ab $,X $,X $,X
L (t,s) = exp j ay( 22X (Z7), VL X (2 upvy)
2
( 1,27 X (Z ),V X (Z5), up,v,) )dr (82)

+j Z_‘;(T,zgﬁ, 2NV X (255 v )W, }
t
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We now deal with (A1) in (76). Differentiating with

respect to h at h = 0, we get

d
an

h=0

t+h
= %E [J J@nl (s, x){ [3(5, x) + % (5,2, X (5,%), V. X (s, %), u(s, x), v(s, x)) Yfa (x)

t

+V,b(s,x, X (s,%), VX (s, %), u(s, x), v (s, x))Vfou (x)}
+ Dy (n, (s, x)) [g; (8,% X, (%), V. X (s, %), u(s, x), v (s, x))Yfa (x)
+ Vyro(s, %, X (5, %), V. X (s, %), u (s, x),v(s, x))Vfoa (x)]m (dx)ds]hzo (83)

T
+ :lihE[,[ I@nl (s, x){ [3(5, x) +§f’ (5,2, X (8,%), V. X (s,x), u(s, x),v(s,x)) Yfa (x)

t+h
+ Vyrb(s, %, X (s,%), V,. X (s, %), u(s, x), v (s, x))VxY/ja (x)}
+ D, (ny (5,x)) [g_y (5,2, X, (), V, X (5,), u (s, ), v (5, ))YE (x)

+ Vyra(s, %, X (s,%), V. X (s, %), u(s, x),v(s, x))Vfoa (x)]m (dx)ds]hzo.

For first term in (83), s € [t,t + h), since qu (x) =0, we
have

+h o
%E[Jt J@nl (s,x)i [g(s,x) +% (5,2, X (5,%), VX (s, %), u(s, x),v(s, x)) Yf (x)

+V,b(s,x, X (5,%), V. X (5, %), u(s, x), v (s, x))Vfoa (x)}

+ D, (n, (s,x)) [g—: (5,2, X (x), V. X (5, %), u (s, x), v (s, x))Yfa (x) (84)

+ Vy/a(s, % X (5,%), V. X (s, x),u(s,x),v(s, x))Vfoa (x)]m (dx)ds]hzo

=0.

For s>t + h, by (81) and (84), we have
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d
anh

h=0

d (T b .
= EE“H;, J@nl (s, x){ [Q(s, x) + oy (8,2, X(5,%), V. X (s, %), u(s,x),v(s,x)) |[YE (x)

+V,b(s,x, X (5,x), V.. X (5, %), u(s,x), v (s, x))Vfoa (x)}
+ D (n, (s, x)) [g—; (8,2, X (%), V. X (5, %), u (s, x), v (s, x))Y’fa (x)
+ Vyfa(s, %, X (5,%), V. X (s, x), u(s, x),v(s, x))Vfoa (x)]m (dx)ds]hzo

= dE[ Jih J@”1 (s, x) [3(5, x) + gi (8, %, X (8,%), V. X (s, %), u(s, %), v (s, x))

dh
+ V;Vyrb(s, %, X (s, %), V. X (s, %), u(s, x), v(s, x))]Yf“ (x)
+ D (n, (s, x)) [g; (5,2, X, (%), V. X (5, %), u(s, %), v(s, %))

FVLV,0 (5,5, X (5, %), V, X (5,%), (s, %), v(5, ) |[YE (x0)m (dx)ds],

R 2
= E[ th J@‘I’l (5, X)Y% (x)m (dx)ds] .

B JT J@%E[\P? (s, x)EE[Yf:h (Z7)(t +h, s)] ]h:Om (dx)ds

t

- J T J @dihE 7 0B | Y8, (2T 9] m(dwds,

t

where, the operator V; stands for the adjoint of V,, and we
define

‘P‘i? (s,x) = ‘I’? (5,2, X (8,%), VX (s, %), u(s, x),v(s,x))
ob
= 1y (s, x) [3(5, x) + a (5,2, X (5, %), V. X (s, %), u(s, x),v(s, x))
+ V;Vyrb (5, %, X (5,%), V. X (s, %), u(s, %), v (s, x))]
+ D (n, (s, x)) [g—: (8,2, X (x), V. X (5, %), u(s,x), v (s, x))

+ V;Vyra(s, %, X (s, %), V. X (s, x), u(s, x), v(s, x))].

By (66) and f(s) = al |,y (s), we have

19

(85)

(86)
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t+h
Y, (x) = Jt {3(5, XY (x) + % (5,2, X (5,%), V. X (s, %), u(s,x), (s, x)) Y (x)
+ V.Y (x)V,b (5,2, X (5,%), V. X (s, %), (s, x),v(s, x))

+ a% (8, %, X (5, %), V,. X (5, x), u(s, x), v (s, x))}ds

t+h
+ Jt {g—(; (5,2, X (5,%), V. X (s, %), u(s,x),v(s, %)Y (x)

+ V.Y (x)V,0 (5,2, X (5, %), V. X (s, x), u(s, x), (s, x))

+ ocgia (8%, X (8,%), V. X (s, %), (s, %), v (s, x))}st
u

(87)
t+h ob
= a“ 30 (5,2, X (5,%), V. X (s, %), u(s,x),v(s, x))ds
t
do
ta (8%, X (5,%), V. X (s, %), (s, %), v (s, x))st]»
u
t+h ob
+ J [Sf(s, x) + oy (5% X (5, %), V, X (s, x),u(s, x), v (s, x))
t
+ V;VY/b(s, x, X (s, x), V.. X (s, %), u(s,x),v(s, x))]Ys (x)ds
t+h Jo
+ J [5 (8%, X (5, %), V, X (s, %), u(s, %), v(s, X))
t
+V;Vy/0(s, x, X (s, %), V. X (s, x), u(s, x), v(s, x))]Ys(x)st.
After putting (87) in (85), we get where
d ! n
G| = A AL (88)
! T d < th ob 5,X 5,X $,X
Al = L J'@%E[‘I’l (s,x) - ocE;HJt 3 (1,275, X (Z), V. X, (Z277), up, v, )dT
(89)
+ ? (1,27, X, (Z7), V. X (Z7), u,, vT)dBT}I‘(t, s)] ] m(dx)ds,
u h=0

and
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) T d t+h
Al = J J@%E[\P? (S, X)E;[r(f) S)(J‘[ [g(T’ x)

t
ob X (7% X (7%
+$(T’ T T( T )’Vx r( T )’ur’vr)
b (5 25X, (25,9, X, (25 v [V (25)dr (90)

t+h[ 5o
v [a— (1,25, X, (Z5), 9, X, (Z5) s v,)
¢ oy

VoV, o (0,270 X (277), V. X (Z257), u,, VT)]Yfa (Zj’x)dBT)] ] m(dx)ds.
h=0

For the latter term in (88), i.e., (90), since YE“ (x) =0 for
0<s<t, we have by applying the mean theorem,

) T d t+h
Al = L J@E[‘{’ff(s,x)% ;[F(t,s)(jt {Z(1,x)

ob
+ a (T’ Zix’ XT (Z?X)’ VxXT (Zi)x)’ U Vr)

T T

SV b (5 25 X (2. V.X, (Zixxu,,v,)]yﬁ“ (25 )dr
(91)
t

t+h[ 9o
v [a (5,25, X, (Z5), 9, X, (Z5) s v,>
14

Vo Vo (0, 275 X (27°), VX (Z27), uy v,)]Yf'x (Zj’x)dBT) ] ]m (dx)ds
h=0
=0.

For (A)), by the duality formulae, we have
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A'—jTjiEW( X, (0, VX, (), (5, %), v (5, %))
1= i 1 (8% X (x), V. X (x), u(s, x), v(s, x

t+h ob
- aE~ J B (T’ Zi’x’XT (Zfr)x)’var (Z‘Sr’x)’ Up VT)dT
P t ou

+g—" (5 2%, X (Z5), V.. X, (Z5) v,)dB,}r(t, s)] ] m(dx)ds
u h=0

B LT J@%E[a\{/ff (5,2, X (x), V. X, (), u (s, x), v (s, %))

t+h
. E;[F(t, 9| % (5, 2%, X (Z5), V. X, (Z5), v,)df] ] m(dx)ds
t h=0

t

+ JT J@%E[(xE;[‘I’? (8%, X (%), V. X (x), u(s, x),v(s, %))

t+h
T(t,s) j g_" (25, X (Z),V, X, (25, VT)dBT] ] m (dx)ds
t u h=0

= LT J@%E [oc‘l"i? (8,2, X (x), V. X (x), u(s, x), (s, x)) (92)

t+h
. E;[F(t, 9 J g—b (1. 25, X (Z°),V X, (2 ) u v,)dT] ] m (dx)ds
t ou h=0

T d t+h §g
—E| «E~ il ,ZS’X,X 78X VX o "
+J J@dh |:0( P|:J au(T T T( T )Vx r( T )MT VT)

t t

. DT(F(t, s)‘}’]? (8,2, X, (x), V. X, (x), u(s, x), v(s, x)))dr] ] m(dx)ds
h=0
T
= L J@E[(X‘P]7 (8%, X (x), V. X, (x), u(s, x), v (s, x))
ob S, X $,X X
-E5 F(t,s)a(t,Zt X (Z7), V. X (Z77),u(t, x), v(t, x)) | [m(dx)ds
T aa $,X S$,X $,X
+J J@E[(xE;[E (6275, X, (Z7), V., X (Z7), u(t, x), v(t, x))

t

. Dt(F (t, s)‘I’]? (5,2, X, (%), V. X, (%), u (s, x), v (s, x)))] ]m (dx)ds.

Combining (88)-(92), we obtain
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d

an

d T ob
o = dhE“Hh J@{nl (s, x)<f£(s, x) + 5 (8,2, X (%), V. X, (%), u(s, x), v (s, x))

+V;Vyrb (8%, X, (%), V, X (x), u (s, x), v (s, x)))
+ D, (n, (s,x)) [Z—; (8,2, X, (x), V. X, (x), u(s, x), v (s, x))

+V;Vyr0 (s, %, X, (x), V, X, (x), u(s, x),v(s, x))] }Ys (x)m (dx)ds]
h=0
(93)

T
= U J@ch§|:‘}’?(s,x,XS(x),Vst(x),u(s,x),v(s,x))F(t,s)
ab 5, X S, X $,X
= (t, 275, X, (Z77), Vo X, (Z77), u(t, x), v(t, x))]m(dx)ds]
T 00
+ E“t J@aE;[a (1, 255, X, (Z), V.. X, (Z5),u (6, %), v (£, %))

. Dt(I“(t, s)\I’]? (8,2, X (x), V. X (x), u(s, x), v (s, x))) ] m (dx)ds].

For (A,) in (76), we see directly that

d
an’

d T ob
o %E [ Jt J@ {nl (s, x) 3 (8,2, X, (%), V. X, (%), u(s, x), v(s, x))

+ D, (n, (s,x)) Z—Z (8,2, X (x), V. X (x), u(s, x), v(s, x))

+ oh (8,2, X, (x), u (s, x),v(s, x))}ﬁsm (dx)ds]
ou o

t+h
= %E“t J@(x{nl (s, x)g—z (8,2, X (x), V. X (x), u(s, x), v (s, x))

+ D, (n, (s,x)) g—z (8,2, X (%), V. X (x), u(s, x), v(s, %)) (94)

+ oh (%, X, (x), u(s, x),v(s, x))]»m (dx)ds]
ou o

= E[J@(X{nl (t, x)% (t, X, Xt (X), VxXt (_x), u(t, X), V(t,x))

+ D, (n, (t,x)) S—Z (t, %, X, (x), V. X, (x), u(t, x), v(t, x))

+ % (t, %, X, (x), u(t, x), v(t, x))}m(dx)].

Therefore, differentiating (76) with respect to h at h = 0,
we obtain the following equation from (93) and (94):
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E[JTJ ocE;[F(t,s)\I’? (8%, X (%), V. X, (%), u(s, x), v(s, x))
t Jo

ob

= (627, X, (Z7), V. X, (Z77),ut, x), v (t, x))]m(dx)ds]

T a S, X S, X 5, X
+EU J@ocE;[a—(tZ X, (270, V, X, (Z5)u (8 %), v (1, %))

t

Dt(l" (t, s)\I"? (8,2, X (x), V. X (x), u(s, x), v(s, x)))]m (dx)ds]

+E[J@(x{nl (t, x) (t %, X, (%), V. X, (x), u(t, x), v(t, x))
0
D, (n, (t,x)) % (£,%, X, (x), V.. X, (), 1 (£, %), v (£, x))

? (t, %, X, (x),u(t,x), v(t, x))}m(dx)]

' (95)
:EHJ J OCEE[F(t,S)‘V?(S,x,XS(x),Vst(x),u(s,x),V(S)x))
tJO

ob

o (27, X, (Z7), V. X (Z77),u(t, x), v(t, x))

(t Z7 X (Z7), VX (Z27), u(t, x), v (t x))
Dt(F(t,s)‘I"’F (8,2, X (x), V. X (x), u(s, x), v(s, x)))]m(dx)ds

+ J-@“{VH (t, x) % (t, %, X, (x), V. X, (x), u(t, x), v(t,x))
+ D, (n, (t,x)) S—Z (t, %, X, (x), V.. X, (x), u(t, x), v(t, x))

+ % (£, %, X, (x),u(t,x), v(t, x))}m (dx)]» ]

We denote

m, (s, x) = ‘I’ff (8,2, X, (%), V. X, (%), u(s, x), v(s,x))[ (t,5),

T
H, (6 x, X, VX1, v) = j Exmy (s, )b (6 2%, X (6. Z57), 9, X (. Z5), t,v)
t

96
D, (m, (5, )0 (1 2%, X (6, 255,V X (8, 257 1, v) s (%6)

+{n, (£, x)b(t, x, X (¢, x), V. X (t, x), u, v)
+D, (n, (s, x))o (t, x, X, (x), V. X (t, x),u,v) + I, (£, x, X, (x),u,v)},

then, the above equation (95) can be written as follows:
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E[J ocEH1 (t, %, X (¢, x), V. X (t, x), u, v (¢, x))’ m(dx)] =0.
6 ou u=u(t,x)

Since « be arbitrarily bounded &, ® % (R)-measurable ~ where
random variable, we conclude that, for all (¢, x) € [0,T] x O,
as.,

0
E[@Hlt, X, X(t, x), va (ty -x): u, V(t3 X) I u=u(t,x) | gt =0.

(98)

Similarly, we have

0
0 :ajz (u,v+zn)

z=0

o fon
- E[ jo J@ {a (£, x, X (£, x), u (£, x), v (£, x))Y (¢, x)
ol,
+ M (t,x, X (t, x), u(t, x), v(t, x))B, pm(dx)dt

+ E[ J % (2, X (T, x))Y (T, x)m (dx)].
o0y

(99)

d
Y(t,x) =Y (tx) = @X(”’”Z”)(t, %)l,o0

= Jt {ff (5, %)Y (s, %) + gi (8,2, X (5,%), V. X (s, %), u(s,x),v(s,x))Y (s, x)
0

+ ab, (8,2, X (8,%), V. X (s, ), u(s,x),v(s,x))V,Y (s, x)

oy

+ % (5, %, X (5,), V. X (s, %), u (s, %), v (s, x))ﬁs}ds

+ r 180 (8,%, X (8,%), V, X (5, %), u(s, %), v(s,x)) Y, (x)
ooy

+ 20, (8,2, X (8,%), V. X (s,x), u(s,x),v(s,x))V,Y (s, x)
Y

+ % (S> X, X(S’ X), va (S’ X), u (S’ x), V(5> x))ﬂs}st

25

(97)

(100)
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and Y,(x)=0,x €0 and boundary condition Y (t,x) =
0, (t,x) € (0,t) x 00.
By using similar arguments as ], we get

0
E aHz(t, X, X(t, x), VxX(t) X), u (ta x)) V) | v=v(t,x) | gt:| =0.

(101)

Complexity

This completes the proof of assertion (i).

(ii) Conversely, suppose that there exists (u,v) € &, X
g, such that (62) and (63) hold. In fact, the proof of the
opposite direction is divided into two steps.

Firstly, consider s € [t,t + h). If (62) holds, then we
obtain that (75) holds for all B = al ;. (s), that is,

0= E[LT J@{nl (s,x)(fi(s,x) +% (5, %, X (5,%), V. X (s, %), u(s, %), v (s, x)))

+D, (1, (s,x)) g—: (5,2, X (5,%), VX (s, %), u(s, x),v(s, x)) }Y?bx (x)m (dx)ds]

ou

t

+ E“T j {m (s, x) o (5,2, X (5,%), V., X (s, %), u(s, x),v(s, %))
0

+ D, (n, (s, x)) S—Z (5, %, X (5,%), V. X (s, %), u(s, x),v(s, %))

+ % (5,2, X (s, %), u(s,x),v(s,x))

ou

for all t,he [0,T] with t+h<T and some bounded
&, ® % (R)-measurable random variable a.

0= E[J[T J@{n2 (s, x)(Z(s, x) +Z—$ (s,%, X (5,%), V. X (s, %), u (s, x), v(s,x)))

+D, (1, (s, %)) g; (5,2, X (5,%), VX (s, %), u(s, x),v(s,x)) } Y'js (x)m (dx)ds]

’ E[ .[zT J@{nz (s, x)% (8%, X (5, %), V, X (s, x),u(s,x),v(s,x))

+ D, (n, (s, x)) S—Z (8,2, X (5,%), V. X (s, x), u(s, x), v(s,x))

+% (s, %, X (s, x), u(s, x), v(s, x)) } ﬂfm (dx)ds],

for all t,he [0,T] with t+h<T and some bounded
&, ® B (R)-measurable random variable &.

Secondly, consider s e [t,T]. These equalities above
(102) and (103) hold for all linear combinations of such %
and #%. For any € &, and 5 € o, since all bounded
ped, and negdf, can be approximated pointwise
boundary in (¢, x, w) by such linear combinations, it follows
that (102) and (103) hold for all bounded § € &/, and n € o,
that is, for any 8 € &,,, we can approximate f3 by

(102)
}ﬁ?m (dx)ds] ,
Similarly, for all #% = &I (t.e+h) (8), we have
(103)
lgn = Z fiﬁ;‘x[ (xa w)I[t,H-ih) (S)) S € [t) T]’ (104)

i=1

where 7, is the coefficient, {t,t+h,....t+nh=T} is
a partition of the interval [¢,T], &; is a boundary random
variable, and this approximation procedure is uniformly for
(t, x, w). Hence, we obtain (73) holds for any 8 € &,,, in the
interval [t,T].

Taking ¢ = 0, we conclude that (73) holds for all bounded
p € d,, and this is equivalent to
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FiGure 1: Y (0,x) = 1/2sinwx and Y (£,0) = Y (,5) = 0.
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FIGURE 2: Y (0,x) = 1/2sin7x and Y (¢,0) = Y (¢,5) = 0.

=0, (105)

5]
@]1 (u+yB,v)

y=0
for all bounded f € &,,. Similarly, we get that

=0, (106)

d
5]1 (u,v+zn)

z=0

for all bounded 7 € &, O

5. Numerical Simulations for the Linear SPDE

A strong solution of the linear stochastic partial differential
equation with a generalized probabilistic representation has
been given with the benefit of Kunita’s stochastic flow
theory. This section is concerned with the numerical sim-
ulations of solutions to the linear stochastic partial differ-
ential equations. First of all, we consider one space
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dimensional in the following linear stochastic partial dif-
ferential equations:

N

Y (x)=Y,(x)+ Jo

Complexity

{EZ (1, )Y (x) + % (1, %, X, (x), V. X, (x),u,v,)Y, (x)}dr

. J VLY (Vb (5,5, X, (), V, X, (), u,, v, )de
0

(107)

+ J do (1, %, X, (%), V. X, (x),u,,v,)Y . (x)dB,
00y

S
" J V.Y, (V0 (16 X, (2, Y, X, (x), 4, v,)dB.,
0

where £ (7, x) has the form

2

1 0 0
Sf’(t,x)CD = EG(t,X)ch +f(t,x)aCD+d(t,x)CD

(108)

5.1. Example 1: Stochastic Equation with Volatility Y (¢, x).
In this example, we solve the linear stochastic partial dif-
ferential equation (107) on the domain (t,x) €
[0,0.5] x [0, 5]. The space and time steps are chosen as Ax =
5/30 and At = 0.5/30, respectively. The initial value Y, (x) =
1/2sinnx and boundary value Y (£,0) =Y (¢,5) =0, ob/
dy=V,b=V,0=0,00/0y =1, and the functions G(t,x)
= f(t,x) =1, d(t,x) =0. The solutions of these linear
stochastic partial differential equations are shown in Fig-
ure 1. In this case, the linear stochastic partial differential
equation is

2

Y(s,x) = %sinﬂx + Jo[% %Y(T,x) +%Y(T,x) dr

+ r Y (r,x)dB,, (s,x) € [0,0.5] x[0,5],
0

| Y(5,0) =Y (s,5) =0, s€[0,0.5].

(109)

5.2. Example 2: Stochastic Equation with Volatility V .Y (t, x).
In this example, we solve the linear stochastic partial dif-
ferential equation (107) on the domain (¢, x) € [0,0.5]
x[0,5]. The space and time steps are chosen as Ax = 5/30
and At =0.5/30, respectively. The initial value Y(x)
=1/2sinmx and boundary value Y (t,0)=Y(t,5)=0,
ob/oy =V, b =00/dy =0,V,0=1, and the functions
G(t,x)= f(t,x) =1, d(t,x) =0. The solutions of these
linear stochastic partial differential equations are shown in
Figure 2. In this case, the linear stochastic partial differential
equation is

( 1. s[1 92 0
Y(s,x):is1n7rx+J0 EﬁY(r,x)+$Y(T,x) dr

+r V.Y(r,x)dB,, (s,%) € [0,0.5] x[0,5],
0

| Y(5,0) =Y (s,5) =0, s€][0,0.5].

(110)

6. Conclusion

In this paper, we consider a Nash equilibrium of stochastic
differential game where the state process is governed by
a controlled stochastic partial differential equation. The
problem of finding sufficient conditions for Nash equilib-
rium of stochastic differential game can be transformed into
optimality conditions for a stochastic optimal control
problem with infinite dimensional state equation. Applying
Kunita’s stochastic flow theory, we find an explicit strong
solution of the linear stochastic partial differential equation,
and this solution has a probabilistic representation. The
probabilistic representation of solution and Malliavin cal-
culus imply a stochastic maximum principle for the optimal
control and obtain the Nash equilibrium of this type of
stochastic differential game problem. We would like to point
out that it is meaningful to consider a Nash equilibrium of
stochastic differential game when the state process is gov-
erned by a controlled stochastic partial differential equation
with jump-diffusion, which is a valuable future research
direction.
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