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An implementable algorithm for solving nonsmooth nonconvex constrained optimization is proposed by combining bundle
ideas, proximity control, and the exact penalty function. We construct two kinds of approximations to nonconvex objective
function; these two approximations correspond to the convex and concave behaviors of the objective function at the current point,
which captures precisely the characteristic of the objective function. The penalty coeflicients are increased only a finite number of
times under the conditions of Slater constraint qualification and the boundedness of the constrained set, which limit the un-
necessary penalty growth. The given algorithm converges to an approximate stationary point of the exact penalty function for
constrained nonconvex optimization with weakly semismooth objective function. We also provide the results of some preliminary
numerical testing to show the validity and efficiency of the proposed method.

1. Introduction and Meotivation

Nonsmooth optimization problems (NSO) arise from many
fields of applications in engineering [1], economics [2],
mechanics [3], and optimal control [4]. For example,
multiobjective nonsmooth optimization has also been ap-
plied in many fields of engineering where optimal decisions
need to be taken in the presence of trade-offs between two or
more conflicting objectives [5]. There exist several ap-
proaches to solving NSO, see [6-10]. Bundle methods are
currently among the most efficient optimization methods;
they can be used to study the engineering problem of the safe
evaluation technology for concrete dams by applying
nonsmooth bundle ideas to hydrostructure antiseismic fields
[11-14]. These methods are based on the cutting plane
method [15, 16], where the convexity of the objective
function is the fundamental assumption. If the objective
function f is convex, the model functions are lower ap-
proximations to the objective function. This feature is crucial
to prove the convergence of most bundle methods. There
exist lots of bundle methods [7, 17-19] for solving convex
constrained optimization problems. In [7], the author

presents a version of proximal bundle method for convex
constrained optimization, where /; and [ exact penalty
functions are employed and a new penalty update is used to
limit unnecessary penalty growth; the global convergence of
the method is established. In [17], an infeasible bundle
method for convex constrained optimization is proposed,
which does not use either a penalty function or a filter, and in
fact the method can be viewed as an unconstrained proximal
bundle method applied directly to the improvement func-
tion, and it should be noted that the serious steps need
neither be monotone nor feasible. The algorithm presented
in [18] inherits attractive features from the proximal bundle
methods and the filter strategy, which makes the criterion for
accepting a candidate point as a serious step easier to satisfy.

However, for nonconvex cases, the corresponding model
function does not stay below the objective function f and
may even cut off a region containing a minimizer. There are
few systematic studies for extending convex bundle methods
to nonconvex cases. Most authors have considered forcing
linearization errors to be positive by replacing negative
values with a quadratic term or with the absolute value of the
linearization errors; the piecewise affine models embedding
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possible downward shifting of the affine pieces are also
considered [20, 21]. In [22], the author presents a substitute
for the cutting plane without convexity assumption and
proves that every accumulation point of the sequence of
serious steps is critical. Based on cutting plane models,
a local convexification model of the objective function is
constructed in [23]; it opens a new way to create nonconvex
algorithms; Fuduli et al. [24] partitioned the bundle in-
formation into two subsets to capture convex and concave
behaviors of the objective function around the current point.
Other literatures about bundle methods for nonsmooth
nonconvex optimization can be found in [25-28].

In this paper, we propose a new algorithm for con-
strained nonconvex optimization. The algorithm is based on
the construction of two kinds of approximations to the
objective function, and these two kinds of approximations
correspond to the convex and concave behaviors of the
objective function at the current point. If the linearization
error is positive, we build a local lower approximation to the
objective function, otherwise a local upper approximation is
constructed. Besides that, the method employs [; exact
penalty functions with a new penalty update rule that limits
unnecessary penalty growth. Our method extends the exact
penalty function algorithms for constrained convex mini-
mization to nonconvex optimization. The following is the
main difference of our paper in many respects from the
existing ones [6, 7, 19, 29]. The proposed algorithm in this
paper is quite different from the ones in [7, 17-19] since the
objective function in our paper is nonconvex although the
constraint function is convex, while both the objective
function and the constraint function are convex in
[7, 17-19]. In [7, 19], the I; and I exact penalty functions
are employed to consider convex constraint optimization
problems by combining with proximal bundle method. In
this paper, we also use the similar exact penalty functions for
solving nonconvex optimization problems, but we have to
adjust suitably the construction of quadratic programming
subproblems since the presence of nonconvexity can make
the linearization errors negative, which enhances the diffi-
culty to solve the problem. To solve this problem, we divide
the bundle index set into two sets according to the signs of
linearization errors and use the partitioned bundles during
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the process of the construction of the objective function
model. Therefore, the direction finding subproblem is quite
different from the existing ones, which leads to the overall
changes for the design of the algorithm. The algorithms in
[17, 18] use neither penalty functions nor relatively complex
filters; they build on the theory of the well-developed un-
constrained bundle methods by introducing the improve-
ment function, which is essential for the convergence of the
proposed algorithm. It is another approach proposed in
recent years for solving nonsmooth convex constrained
optimization problems. It should be noted that the descent
condition in our method used to decide when the candidate
point can be accepted as the next serious step is different
from the ones in [17, 18], where the improvement function
involving the objective function is employed to form the
descent criterion, but in our method, the penalty function is
used to serve the same role.

This paper is organized as follows: in Section 2, the
model for constrained nonconvex optimization is estab-
lished by using the exact penalty function. The nonconvex
bundle algorithm is presented in Section 3. In Section 4, we
prove that the sequence of serious steps generated by the
proposed algorithm converges to an approximate stationary
point of exact penalty function with weakly semismooth
objective functions. Preliminary numerical experiments are
provided in Section 5. Finally, some conclusions are given in
Section 6.

2. Derivation of the Model

Consider the following constrained nonconvex optimization
problem:

min f (x),
x€eR" (1)
s.t. F(x)<0,

where f: R" — Risareal-valued locally Lipschitz function
and F: R" — R is a real-valued convex function. It is well
known that for a locally Lipschitz function f, the generalized
subdifferential (Clarke’s subdifferential) at each point x is
defined by

dcf (x) = conv{g| g R",Vf(xk) — g X — xx ¢ a}, (2)

where “conv” denotes the convex hull of a set and Q) s the set

where f is not differentiable. The set 0. f (x) is locally
bounded [30]. An extension of the generalized subdifferential

is the Goldstein e-subdifferential BE f (x) defined as
aff(x) = conv{ocf (») | lly — x| <e}. (3)

For convex function F, the subdifferential of F at x is
defined by

OF (x) ={glg € R\, F(y)>F(x) +{g,y — x),Vy € R"},
(4)

which is locally bounded. Assume that we are able to
compute at each point x both the function values f (x), F (x)
and subgradients gr(x) € Ocf (%), gp(x) € OF (x). We de-
note the current iteration point (stability center) and the trial
point by x' and y/, respectively. The bundles of available
information are the sets By; and By; of elements
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(- £() ghaha)) B ( F()ghal). je By
(5)

=f(x)-fO)-
(x ), = F(y)) = {ghs

where gfea f(yf) gFeaF(yJ) cx

<gf,x -y, ap=Ix =y,

x' - yiy, and F(x) = max{F(x) 0}.
If f and F are real-valued convex functions on R”, under

Slater constraint qualification, problem (1) can be solved by
minimizing the following I, exact penalty function

= f(x) +cF (%), (6)

where ¢ is the penalty parameter which is greater than the
Lagrange multiplier of problem (1), see [7]. For real-valued
locally Lipschitz function f: R® — R and real-valued
convex function F: R" — R, we try to combine the ideas
of bundle methods, proximity control, and exact penalty
functions to solve problem (1). We define the cutting plane
approximations of f, F, and e(x, c) by their linearizations:

f (x) = max{f(yj) +<gj,,x—yj>},

e(x,c)

Fx) = rjrelgf{F(yj) +{gh-x -y}, (7)

éi (x,¢;) = fi(x) + cil?i(x)“

where By, By; € {1, 2,..., i}, ¢; is the corresponding penalty
parameter. The next trial point y/*! is obtained by solving
the following problem:

H* (d)—max{(g ) d-a } H™ (d) = mip{(

]f,

Leth(d) = f(x' +d) — f(x'), the affine function H" (d),
be considered as the approximation of h(d) since h(d) =

& +d) = f(x) = f(x) = f(x) and H'(d) = maxep,

{ghma- o)} = maxics, { £+ (g =y} - £ 20
Because H* (0) <0, H™ (0)>0 if B}i + &, therefore H* (0)
<H™ (0). Summing up, around d = 0 (around the stability
center x'), it appears that the set S¢ = {de R'H*(d) <

H~™ (d)} is more important and reliable.
Let (v ,vg ,d,) be the optimal solution to the fol-

lowing problem:

z

. Ui 12
=minv, + c;vy + —||d||%,
u; f iVF 2” ”

. AT
s.t. —a}+<g§,> d<vy, je B}i,
QP (,) 1 (12)

. A\ T
—ajc +(g}) d>vs, je€Bg,

o +(9é)Td5VF’ J € Brig-

minfé' (x.c) + S - 2}, (®)

where u; >0 is the proximal parameter. Note that if x is
feasible, F(x), = 0. Therefore, we introduce additionally
a trial point y°, the subgradient g% = 0, and the linearization
error a% = F(x'), (=0) with respect to »°, and then we
define Bp;, = Bg; U{0}. Hence, problem (8) can be written in
equivalent form

- u.
min vy + ¢;vp + E’||d||2,

AT
- +<g_]f> dSVf, jeri’ (9)

. o '
o +(9§) d<vp, j € Bpy,

where d = x — x'. The introduction of index set {0} into Bg,
can make sure v >0 in (9) for j = 0.

It should be noted that &/. may be negative since f is
nonconvex; we divide B i into two sets B}i and B}i defined
by

Bﬁ:{jeBﬁMcjf }sz {]GBfl|oc <O} (10)

where B} is nonempty since i € B};. We define the following
two piecewise affine functions:

g?)Td—ocjf}. (11)

]EBfi

Let y/*! = x' +d,,. Since v, is the optimal solution of
~i

problem (12), vp, = F (y/*1), — F(x"),, similarly, Ve, = f

(»7*1) - f(x'). We define the predicted descent v, = ¢
(y7*,¢;)) —e(x',¢;), it is not difficult to find that v =
Vfu, * €V, We notice that z, <0 (therefore, v, <0) since

(vf,vp, d) = (0,0,0) is a feasible point of problem (12). Set

L(vp v, d Ay y) = Vi CVE ) Sigay?

jeBY;
o (13
- Y u((g)) d-af-v)
jeB}i
T )
- Z Yj<VF_(g{~") d+<x{;).
Jj€Brio

Let V,L = 0; we obtain
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d_u‘[ GIA+Glu-Gy), (14)

1
where G{ ,G/ and GF are matrices whose columns are the
vectors g},j € B}i,gif,j € Bj;and Jh»j € Brig- A, pand y are
the vectors with components A;,j € By, u;,j € By; and
V> j € B> respectively. Let Vv, L=0;we obtain

ZA_Z‘MJ_I (15)

]EB ]EB

L(vf, Ve, d, A, 1, y) =

where ay,, ocf_ and aj are vectors whose components are

f’J € By f’] € By; and (xF,] € Bpj, respectively. Then,

PPyt st 2, py >0,

le"A-2"u=1,

and the primal optimal solution (v ,vg ,d,) is related to

the dual optimal solution (A, 4, y) by the following formulae:

1
d, = [-G/A+Glu- Gy, (19)
Yy, = Viu, + CiVpy, = Ui du,» - 0‘}1-/\14{ + (x-lf—_‘uu,- - “;yui'
(20)
3. Algorithm

In this section, we present a nonconvex bundle algorithm for
constrained nonconvex optimization problem (1). Our
method is based on repeatedly solving problem (12).

A few comments on Algorithm 1 are in order.

The stopping criterion in Step 1 is used to assess the
stationarity of current stability center. If it is satisfied, the
approximate stationarity of exact penalty function is
achieved, Algorithm 1 stops, and the approximate solution is
obtained. . 4

The solution (d’, ,vj(u vi..) of QP at Step 2 may be
obtained by using the dual quadratic programming method
of [29] or [31], which can efficiently solve sequences of
subproblems QP ) with varying u; and ;.
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ie,2"A—2"u=1whereg= (1,1,...,1)". Let v, L=0;we

obtain

C;=C Y06 = Z y;20. (16)

j€Bg;

Substituting (14)-(16) into L, we have

2
Tu+ GFy" - oc}g\ + oc},y - apy, (17)

the duality problem of QP is the following minimization
problem:

n %"G{A ~-Glu+ GF)/“2 + oc}jt - a}_y +agy,

(18)

The result dé < 0 is never a consequence of the choice of
too big it In fact, we note that if | gif +¢;g%|l > 8, it holds that

26"9f + CtgF“ (21)
" rd

||g gy

The right-hand side of the above inequality is more than
6, so too big & may not lead to d?, <0, therefore we intend to
decrease the value of u in Step 2.

Large ¢; may force the iterate points generated by Al-
gorithm 1 to approach closely to the boundary of the feasible
set Sp = {x € R"|F(x) <0} and may damage the fast con-
vergence of Algorithm 1. Our rule increases ¢; (from ¢;_;)
only to ensure a significant predicted decrease in constraint

violation of the form F' (y"*1) <x;F (x'),, where «; € [0,1) is
a contraction factor, see Step 3.
Finally, note that the insertion of a bundle index into B};

or By; at Step 6 is not simply based on the sign of (xf, see [15].

4. Convergence Results

The presented work in this section follows a line of in-
vestigation initiated in [6, 7], where nonconvex bundle algo-
rithm is used to solve unconstrained minimization problem
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Step 0 (Initialization):

Choose x! such that F(x') <0. Choose the stationarity tolerance & > 0, the proximity measure £ > 0, the improvement parameter
m € (0,1), the cut parameter p € (m, 1), the reduction parameter r € (0,1), the increase parameter R > 1, the infeasibility contraction
bound k ax € [0,1), the initial penalty coefficient ¢, >0, and the maximal number of stored subgradients M >#n + 2. Set
yt =t B} ={1}, B}, = @, By, = {1}. Set the outer iteration counter i = 1, the inner iteration counter j = 1.

Step 1 (Safeguard parameters setting):

If ||gf +¢;g%ll < 8, terminate; otherwise set u,,, = (||g5‘ +6;gll/re), thin = (Uay/R), 0= (r8/uy,)-
Step 2 (Direction finding):

Solve QPW ) repeatedly by choosing decreasing value of 1; € [ty;, Upyyy] (for the first time choose u; = u
(v] v] d] ) ofproblem (12) for u = u; until e(x' +dJ Ci )>e(x,c;) +mvi,

where vj = (P c,vl’: If such u; does exist, let it equals the maximum value of 1; € [t Umaels
the optlmal solution of QP(u) by (1/ v’ d’) and set y/*! = x' + d’ If ||d] [ >0, go to Step 5.

) and find the solution

max

otherwise set &1 = u Denote

Step 3 (Penalty updating):

IfE (y7*1) > ,,F (x'),, choose «; € [0,
Step 4 (Stationarity test):

and replace ¢; by 2c;, go to Step 2.

max]

Set
By = Bfl\{] € Bflla >£} By = sz\{] € Bflla >£]»
Calculate

g = mm{llglllg € COHV{gj}- + cigfc},g?»j € Bjighje BF,}
If ||g*|l < 6, terminate; else set v ==w vt /(1 = P)u, + 11
Step 5 (Trial point calculating):

Compute g} € dcf (y™), gi" € OF (y*1) and set o = f (x) = f (/™) + (g} ), &} = F(x), - F(y/*)) + (gi')'d.

go to Step 2.

mm)’

Step 6 (Insertion of index): ) .
(a) If rx?l <0and ||d] | > & insert the element (y7*!, f (%)), gff“, }“, ||d£||) into the bundle for an appropriate value of j € B}i
and set &:=du,, /(1 - r)uy,, +ri).

(b) Else, if (gj:r1 +c; gﬁ )Td] >pv£, insert the element (y/*!, £ (y/*1) g? , max{O ocﬁl]> ||d] [) into the bundle for an appropriate
value of j € By;.

(c) Else find ascalart € (0,1) such that (g, (£) + ¢;g, (t)) € de(x' + td] ¢;) satisfies the condition (g, (¢) + ¢;g, (t))TdJ >pvJ where
g1 (t) € 0cf (&X' + td]) g, (t) € OF (x' + tdi) and insert the element (x + tdi fx+ tdj) g, (t), max{0, a, }, t||d] [l) into the bundle
for an appropriate value of j € B}i, where a, = f (x') — f (x' + tdi) +1tg, (t)Tdi.

(d) Insert the element (y/*1, F(yi*}), g{;“,ocjpﬂ) into the bundle By;.

Step 7 (Descent test):
If
e(x' +dl,c)<e(x',c;) +mvl,

set u; =11, d;‘ = dé , the new stability center x'*! = x' + d;, (serious step); otherwise set x'*! = x' (null step).

Step 8 (Bundle updating):

Select sets ]~3ﬂ,BF,~ such that ]ASﬂ C By C By, Eﬂ C ;?Fi C Bp;and |1§fi| + |l~?Fi| <M -2, where Eﬁ C Bﬂ,EF,» C By corresponding to
nonzero multipliers satisfy |1§f,-| + Iﬁpil <n+2.8et By(yq) = By Uli + 1}, Bpipy) = B Ui + 1} Set ¢y, = ¢;. If a serious step is taken,

increase i by 1 and go to Step 1, otherwise increase j by 1 and go to Step 2.
End of Algorithm 1

ALGORITHM 1: A proximal bundle algorithm for nonconvex functions.

and the idea of exact penalty function is employed in proximal =~ have to be adjusted to the new situations for the presence of
bundle method for constrained convex minimization problem.  constraints and nonconvexity.

Here, we expand and generalize the central idea [6] to con- Throughout the section, we make the following
strained nonconvex minimization problems; some techniques  assumptions:



(A1) f and F are weakly semismooth (f is said to be
weakly semismooth if the directional derivative
f(x;d) =limy ot [ f (x + td) — f (x)] exists for all x
and d, and f' (x;d) = lim, g (x + td)"d where g(x +
td) € 0f (x +td)).

(A2) The set S; = {x € R"|f (x) < f (x")} is compact,
where x! is the initial point provided by the user in
Algorithm 1.

(A3) The feasible set S = {x € R"|F (x) <0} is bounded.

(A4) The Slater constraint qualification holds, i.e., there
exists X€ R" such that F(X) <0.

The assumption that the feasible set of problem (1) is
bounded is usual and reasonable; it was also assumed in
[7, 32-34]. In [27], the boundedness of the feasible set was
assumed in order to guarantee the existence of the
supremum of the range of a set-valued mapping on the
feasible set. In [32], the authors assumed the feasible sets
were bounded closed convex for finding the saddle point of
the objective function.

Lemma 1. Let (dé, vé) be the sequence generated within an

inner iteration such that IIdéll >0 and
e(xi + dé, c,.) > e(xi,ci) + mvi, (22)

with Algorithm 1 looping between Step 2 and Step 8. Then, the
following conclusions hold:

!
eé: =
inf = oS <1

Since the sufficient decrease condition Algorithm 1
is not satisfied, we have

pvl<mvl <e(x' +dl,c))—e(x',c),  (24)

there exists a scalar t; € (0,1) such that pvé <e (x' +
t_,.dé ,Ci di ). By weak semismoothness of e (x, ¢), it is
not difficult to find a scalar t € (0,1) such that

(g, (t) + c;g, () € Oe(x' + tdé, c;) satisfies the

<g‘}+1+clgjp+1) d <g]f+l+cg{:+l> d]

JHINT

the condition (g "4 9r ) dé vaé also holds.

The next lemma shows the finite termination of the inner
iteration. O

Lemma 2. The inner iteration terminates after a finite
number of steps.

inf e(x+td o d)

1 _ i Jj i
ocf teop = (x +da,ci)—e(x,
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(i) There is an index}such that for each j > }, every new
bundle index with respect to f is inserted into BY; and
it remains unchanged.

(ii) Step 6(c) is appropriate, feasible, and not difficult to
realize.

(iii) Whenever a new bundle index is inserted into Bf, the
condition (g A Tdf >pv] holds, where

ngJrl,g{;r1 are the subgradients of f and F at y/*!,

respectively.
Proof

(i) Since i1 increases at Step 6(a) of Algorithm 1, the
situation that infinite bundle indices are inserted
into B; can not happen. Hence, once i exceeds

((e2] g} +¢;g%)I)7", no bundle index with respect
to f can be inserted into B};.

(ii) According to Assumption (Al), e(x,c) is weakly
semismooth, the directional derivative e’ (x' + t,d’,
c; dé ) exists for any t; > 0. It follows from the mean

value theorem that e(x’ + dz, ;) —e(x',¢c;) =c for

some ¢ € (el e Sup) where
€sup = OSSI:I; e’(x’ + tid]a,c,-; di) (23)
condition (9, (t) +¢;9, (t))Tdé > pvé, where
91 (1) €0c f(x' +1td)), g, (1) € OF (x' +td?).
(iii) By construction of Algorithm 1, we have ( g] AR

9J+1)Td] >pv] If (x]+l —¢ oc{;rl >0 (the next Lemma

4 shows that ¢; can not be increased for infinitely

. j+1 j+1 . .
many times, therefore, oc} — ¢ >0 is possible),

we also have

¢)> mv! > pv!, (25)

Proof. Itis enough to demonstrate that, in a finite number of
steps, either the condition of the stop at Step 1 or the exit at
Step 4 is satisfied. Firstly, we prove Algorithm 1 cannot pass
through Step 4 infinitely many times. Assume that such
a case occurs, since at each iteration, the algorithm enters

Step 4, then we have ||dé|| <0 and |g*| > é. Observe that

t>u,;, and uy,;, will exceed the threshold (2] g; +c;gk/e)
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in a finite number of steps. It follows that "di,.” < (2/wy)

||gjc + Cigf{?"; therefore we obtain IIdéll < &, which means that
the indices of the new bundle elements are inserted into B}i

and are never removed.
According to Step 6, we insert an index into By; only if

IIdJ | > &, which implies that whenever entering Step 4, all the
elements in i € B~ ; are removed. Taking into account (15),

(16), (19), and (20), there is an index j such that for all j> 7,
dj——l[GfA+GF]——l[i + gk (26)
- ﬁ + V - a gcf Cich >
where gif = conv{gj;lj € B}i},giF = conv{gélj € BFI}. But
since ||d£|| <6 and ||g*|| > J, we have

0>

Ly i 1 .. 0
= |9er + €ider Zraxug |>-50>6. @7

which leads to a contradiction. .

Next, we show that it is impossible to have d’ > 6 for
infinitely many times and the descent condition Algorithm 1
is not satisfied with the algorithm looping between Step 4
and Step 8. Indexing by j € By; U By;, the jth passage through
such a loop, we observe that, by Lemma 1(i), there exists an
index j such that for every j>j, the index of each new
bundle element is put into B}; with & remaining unchanged.

Therefore, for j > j, the sequence {zf4 } is nondecreasing and
bounded and hence convergent. Since {di } is bounded,

suppose {di }jEBF,-U B, is its convergent subsequence. The

L(vf, vesd, A, g, Y) =VptCVpt

sequence {VJ } also converges to a nonpositive limit v.

JEBI-,UBJX
Now assume that v< 0. Let s and t be two successive indices
in By; UBy; and let f = max{O, ocj(} with o = e (x'¢c;) -
e(x' +di,c)+ (g +cigp)'d;, and gy edof (¥ +d),
g5 € OF (x' + d); we have

L2 (gy +cgr) di - B (28)

;) —e(x', ¢;) >mv;, and (gf+ch)Tds> vi. If
B = 0; we have

e(x' +di,

(g5 +cigp) di - B 2 pviy (29)

if By = af, it holds that

(g} + c,.g})Td; - B = e(xi + d;,ci) - e(xi,ci) >mvy, > pvi.
(30)

Combing (28) and (29), we obtain v —-pviz (gf
g’ (d', - ), hence by taking the limits (1 - )v>0 it
contradicts v<0, hence v = 0. It follows from zu <0 that

V1> (@/2)ld2 I?, which contradicts the fact that [ld)]| > 6.
The next lemma shows that the penalty coeflicients are

increased finitely many times under the conditions of Slater
constraint qualification and the boundedness of Sj. O

Lemma 3. There exists ¢ < 0o such that F (yf“) <0if¢;> c.

Proof. Denote the Lagrangian of QP , by

alt - Y 4, (v~(g}) d+af)

jeB;

(31)

- Z W((\q;)Td—(x}—vf)— Z yj(vp—(g{g)Td+a{g>.

]EBf‘

The Lagrange multipliers satisfy the usual saddle-point
condition:

L(Vfui’ VFup du,: Ais this Yi) < L(Vf> Ve ds Ay his Yi)> (32)

Yilg
2

+(p)'d

u;

u

d
2

IA
|

+(p})'d,

i

j€Brio

for all d, vy, vp. For the above inequality, we take d = aui

= X — x', where ¥ is the one in Assumption (A4), and then by
using (15) and (16), we obtain

- Z /\jocjc+ Z yjoc}+ci<(g£)Tdui—oc{;)
jeB}i jEB}i

(33)

- Z /\jocjc + Z yjocjc + ci((gfc)Taui - (xé),
jEB}i jGB}[



where p} = ZjeB}i/\jgjf - ZjeB}ingjf. Remove the same

terms from both sides of (33) and note that (g{;)Td -
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—-F(x'), + F(y)) + (gF,x - y7y, and the subgradlent in-
equality of convex function F(y/)+ (gF x =iy + (gp,
% — x'Y < F(X); we have

“é =Yg, = F ("), = F(x),, (gF)Td - “F (gF)Td
1 2 ; ~i, 1 =~ 2 \T~
S| +(p)) dy + F (), <5uldu| +()) A, + F R, (34)
Since ¢; = ¢; + Vg, Yo =0, and Assumption (A4) tells us
that F(X) <0, the following inequality holds:
Ll P (p)) dy + e F (5, <2, d, +TF(%) (35)
gl +(p) d +aF (), < gl | +(p))', +EF R

Recalling that gj‘c is locally bounded, let D = sup
{llx = ylllx, y € Sp} and C, = sup{llg]fnlj € Ifi}. The exis-

tence of C, can be guaranteed by the aggregate technique of
bundle methods. Then,

- _ ~i, 1
¢;(=F (X)) + ¢;F (y]+l)+SEuD2 +DC, =1L, (36)

where # is the upper bound of u;. Now, if we take
¢ = (-L)/ (F (%)), the conclusion can be obtained. O

Lemma 4. There exist an index i and ¢ > 0 such that c; = c for
all i >i.

Proof. According to the result of Lemma 3, there exists one

¢>0 such that F (»/*1) > ,F (x') does not hold for ¢;>c
Therefore, Step 3 in Algorithm 1 will not be executed once
¢; >c. The penalty coefficient ¢; remains constant c.

Note that Lemmas 3 and 4 ensure the number of iter-
ations between Step 2 and Step 3 is finite, and the penalty
coefficients stay unchanged after finitely many iterations.

Now, we are ready to prove the overall finiteness of
Algorithm 1. U

Theorem 5. Suppose Assumptions (Al)-(A4) hold, then for
any € >0 and § > 0, Algorithm 1 stops at a point satisfying the
approximate stationarity condition

OF (x).

*

g

<94, (37)
with g* € 3% f (x) + ¢;0

Proof. For contradiction, assume that the approximate
stationarity condition (37) cannot be satisfied for an infinite
number of iterations. In other words, the termination
condition ||g*|| < § in Step 4 is not satisfied for each iteration.
Therefore, Algorithm 1 is executed for infinitely many times.

It follows from Lemma 2 that the descent condition Algo-
rithm 1 is satisfied for each iteration. Let x’ be the stability
center at the jth iteration through inner iteration, then

||d£|| >0 and e(x'*!, ¢, ) <e(x,c;) + mvé, hence

‘ j
e(x",ci) - (x ¢)< Z (38)
s=1
Since u,,, = (2||gf +c;ghll/re) and 0 =18 (1/u,,,), i
follows that, if i is big enough,
r’ed r'ed r’ed
6=——: > > . (39)

2||g’f+cig;|| 2||Lf+c,.LF|| 2||Lf+ELF||

where c is the constant appeared in Lemma 3 and L rand Lg
are the locally Lipschitz constants of f and F on §,.
Therefore, IId] || is bounded away from zero. It follows from

z <0 that Iv | > (u/2)||d] [>. Hence, Va is bounded away

from Zero as well Therefore, by passing to the limit, we
obtain

. i+l 1

iknme(x ,ciH)—e(x cl)< - 00. (40)

Note that f is bounded from below as a consequence of

the semismoothness of f and the compactness of the level set

S, of f. By combining the fact f(x'*!)<e(x"*!,c;,,) and

(40), we obtain lim;, _, f(x"*')=-co, and f is un-

bounded, which leads to a contradiction. Hence, Algo-

rithm 1 cannot be executed for infinitely many times; it stops

at a point satisfying condition (37). O

5. Numerical Experiments

To assess practical performance of the presented method, we
coded Algorithm 1 in MATLAB and ran it on a PC with
1.80 GHz CPU.
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5.1. Examples for Nonconvex Optimization Problems. In this
subsection, we first introduce the nonconvex test problems.
We prefer a series of polynomial functions developed in [35],
also see [23, 36]. For each i=1, 2,...,n, the function
h;: R" — R is defined by

h; (x) = Z X; +(ixi2 - in). (41)
j=1

There are four classes of test functions defined by h; in
[36] as objective functions. It has been proved in [23, 36] that
they are nonconvex, globally lower —C, level coercive, and
bounded on compact & = B,5(0). We use one of these test
functions to verify the validity and efficiency of the proposed
method.

F(x) = max{F, (x), F, (x), F5 (x), F, (x)},

9
Example 1. Consider problem (1):
min f (x),

x€R (42)

s.t. F(x)<0.

For objective function, we define the nonconvex function
S 1
f@= Y@+, =4 (43)
i=1

For constraint function, we consider the pointwise
maximum of a finite collection of quadratic functions:

Fi(x)=—x] =27 %%, —2% X, —22% X, — 234 x, = 21 % 23 — %, % (X, + x3) = 9;

Fz(x)z—xf—ZS*xl—2*x§—29*x2—x

Fy(x) = =27 %X, =224 2, = 21 23 = 24 % 3, — x5 % (X, + 2% X3) — X5 = 5;

221 x, —21%x; - 3; (44)

)

Fu(x) = —22%x;, =23 % x5 — 31 % x5 — 22 % x4 — 5 * (%, + X3) = X) % X, — x5 — x5 — 3.

For problem (1) with (43) and (44), we can obtain that

0= min f(x) and {0}Cargmin f(x). The results of nu-
F(x)<0 F(x)<0

merical experiment are as follows:
The initial point: x, = (3,3,3,3);

Optimal  solution: x4, = 1.0e — 03 x (0.63,0.50,
0.74,0.36);

The final objective function value: fg ., = 0.0056;
The final constraint function value: Fg,,; = —3.0051;

The CPU time: 0.25 seconds.

Example 2. Consider problem (1):

F(x) = max{F, (x), F, (x)},

min f(x),
x€eR’ (45)
st. F(x)<0.

For objective function, we define the nonconvex function
C 1
f @)=Y b 0]+l n=6. (46)
i=1

For constraint function, we consider the pointwise
maximum of a finite collection of quadratic functions:

Fi(x)=-37%x; —33%x, -4l % x5 —32 % x, —33 % x5 — 36 % X4 — X, * X4 — X5 * X

=y ¢ (X +25005) = X6 % (3% X, +25) — X0 % (X + X5+ xy)

— x5 % (X5 + X5 + Xg) — 19;

(47)

Fy(x) = =39 % x; — 52 % x, — 27 % x5 — 32 % X, — 26 % x5 — 32 % x¢ — X3 * (X, + Xg)

—xy % (X, = X3+ 3% x5) —xg % (2% %, + 2% X5 + Xg) — xp * (X — Xg)

— x5 (2% x; + x5+ x,)— 11
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For problem (1) with (46) and (47), we can obtain that
0 = ming ) f (x) and {0}Cargming ., f (x). The results of
the numerical experiment are as follows:

The initial point: x, = (1, 1, 1, 1, 1, 1);

Optimal solution: x;,,; = 1.0e — 05 x (0.12, —0.07,0.09,
—0.02,0.00, —0.02);

The final objective function value: fg,., = 9.78¢ — 06;
The final constraint function value: Fg,,; = —11.00;
The CPU time: 15.47 seconds.

The above two examples show that the proposed Algo-
rithm 1 does perform not badly since the optimal solutions
1.0e — 03 x (0.63, 0.50, 0.74, 0.36) and 1.0e — 05 x (0.12,
-0.07, 0.09,-0.02, 0.00,-0.02) computed, respectively, by
Algorithm 1 are not far away from the true optimal solution to
problem (1).

6. Conclusion

For constrained nonconvex optimization problem, we
propose an implementable algorithm by combining bundle
ideas, proximal control, and exact penalty functions. The
results extend the ideas of cutting plane and proximity
control to the constrained nonconvex case. We present some
techniques for choosing penalty coefficients which ensures
the limitation of penalty growth. The penalty parameters are
increased only a finite number of times which prevents the
algorithm from following closely the curvature boundary of
the constrained set. For weakly semismooth functions, the
convergence of the presented algorithm to an approximate
stationary point of the exact penalty function is proved
without any additional assumptions except for the condi-
tions of Slater constraint qualification and the boundedness
of the constrained set.
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