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We study the polytopic-k-step Fibonacci sequences, the polytopic-k-step Fibonacci sequences
modulo m, and the polytopic-k-step Fibonacci sequences in finite groups. Also, we examine the
periods of the polytopic-k-step Fibonacci sequences in semidihedral group SDy».

1. Introduction

The well- known k-step Fibonacci sequence {FX} (k > 2) is defined as

(k) (k) k
F=0,...,F =0 F¥ =1,
(1.1)

FO =0 L0 b F® forn>o.

n+k ~ T n+k-1 n+k-2

Let {a]-};.:g (k > 2,ai-1#0) be a sequence of real numbers. A k-generalized Fibonacci se-

quence {V,},% is defined by the following linear recurrence relation of order k:

Vn+1 = a()Vn + (11Vn,1 + e+ ak,an,k,l, forn > k- 1, (12)

where V, ..., Vk_; are specified by the initial conditions.
The k-step Fibonacci sequence, the k-generalized Fibonacci sequence, and their prop-
erties have been studied by several authors; see, for example, [1-5].
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The k-step Fibonacci sequence is a special case of a sequence which is defined as a
linear combination by Kalman as follows

Anik = Colp + C1Ans1 + -+ + Ck=1An1k-1, (1.3)

where ¢, c1,...,cx-1 are real constants. In [6], Kalman derived a number of closed-form
formulas for the generalized sequence by companion matrix method as follows:

[co €1 € **+ Ck-a Ck-1]
100 -- 0 O
010-- 0 0
Ak = [aif] oy = 001-- 0 o0 (1.4)
000 -- 1 0]

Then, by an inductive argument he obtained

ag an
a An+1
n —
Ak ] = ] . (1.5)
Ak-1 Anvk-1

A sequence of group elements is periodic if, after a certain point, it consists only of repetitions
of a fixed subsequence. The number of elements in the repeating subsequence is called
the period of the sequence. For example, the sequence a,b,c,d,e,b,c,d,e,b,c,d,e,... is
periodic after the initial element a and has period 4. A sequence of group elements is simply
periodic with period k if the first k elements in the sequence form a repeating subsequence.
For example, the sequence a,b,c,d, e, f,a,b,c,d,e, f,a,b,c,d,e, f,...is simply periodic with
period 6.

Definition 1.1. For a finitely generated group G = (A), where A = {aj, ay,...,a,}, the
sequence X; = aj+1, 0< i <n—1, Xjypn = H}’zlxiﬂ-,l, i >0, is called the Fibonacci orbit of G with
respect to the generating set A, denoted by F4(G). If F4(G) is periodic, then the length of the
period of the sequence is called the Fibonacci length of G with respect to generating set A,
written as LEN4(G) [7].

Definition 1.2. For every integer k, where 2 < k < LEN4(G), the sequence {y;};° of the
elements of G defined by

Yi = X, i=].,...,k,

N . N (1.6)
Vi= Yiek)" Wicks1) - (yic) ™, i2k+1
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is called a k-step generalized Fibonacci sequence of G, for some positive integers ay, ay, . . ., ax

[8].

Definition 1.3. A k-nacci sequence in a finite group is a sequence of group elements xy,
X1,%2,X3,...,%n, ... for which, given an initial (seed) set xy, ..., xj-1, each element is defined

by

(1.7)

X0X1 "+ Xn_1 forj<n<k,
Xy =
Xp—kXn—k+1 "+ Xn-1 for m>k.

We also require that the initial elements of the sequence, xy, ..., xj-1, generate the group, thus
forcing the k-nacci sequence to reflect the structure of the group. The k-nacci sequence of a
group G seeded by xo,...,xj-1 is denoted by Fx(G; xy, ..., xj-1) and its period is denoted by
Pi(G; xo, ..., xj-1) [9].

The Fibonacci sequence, the k-nacci sequence, and the generalized order-k Pell se-
quence in finite groups have been studied by some authors, and different periods of these
sequences in different finite groups have been obtained; see, for example, [7, 9-16].
Formulas which classified according to certain rules for this periods are critical to be used
in cryptography, see, for example, [17-19]. Because the exponents of each term in the
generalized Fibonacci sequence are determined randomly, classification according to certain
rule of periods is resulting from application of this sequence in groups is possible, only
if the exponent of each term are determined integers obtained according to a certain rule.
Therefore, In this paper, by expanding the k-step Fibonacci sequence which is special type of
the generalized Fibonacci sequences with polytopic numbers which are a well-known family
of integers, we conveyed the sequence named the polytopic-k-step Fibonacci sequence that
exponent of n +ind term is determined that (**f~*"1') formula to finite groups and named the
polytopic-k-step Fibonacci sequence in finite groups as polytopic-k-nacci sequence. Because
of varying both a and according to the number of step and the exponent of each term of
this is determined according to a certain rule, the polytopic-k-step Fibonacci sequence is
more useful and more general than the k-nacci sequences and the generalized order-k Pell
sequence which varying only by the number of step. So that considered by different a value,
different step values and different initial (seed) sets, different lineer recurrence sequences
which are a special type of generalized Fibonacci sequences occur, and thus by conveying the
polytopic-k-step Fibonacci sequence to finite groups, more useful and more general formulas
than formulas used to obtain periods of the k-nacci and the generalized order-k Pell sequence
in finite groups are obtained to be used in cryptography.

In this paper, the usual notation p is used for a prime number.

2. The Polytopic-k-Step Fibonacci Sequences

The well-known k-topic numbers are defined as

Py (n)

:n(n+1)(n+2)"'(n+7‘—1):<n+k_l>‘ (2.1)

k! k
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When k = 2, the k-topic numbers, Px(n), are reduced to the triangular numbers. In [20],
Gandhi and Reddy obtained triangular numbers in the generalized Pell sequence {P{”} and
generalized associated Pell sequence {Q,(f) } which are defined for a fixed a > 0, respectively,
as

P forn>0,

a(a+1)
15“):(), 11(a):1' 1;5‘i)2:(a+1)1$)1+ 2
(2.2)

1
@-QW =1, QW =(a+1)Q" + L“; )@ forn>0.

Now we define for a fixed integer a > 0, a new sequence called the polytopic-k-step Fibonacci
sequence (Fy, by

(k) _ (k) _ (k) _
F9 —o,.. F&9 -0,  FEO -1,
a+1 a+k-2 a+k-1
Fie) = aF) + Fldy v+ FUo 4 F&  forn > 0.
2 k-1 k
(2.3)

Obviously, if we take & = 1 in (2.3), then this sequence reduces to the well-known k-step
Fibonacci sequence. When a > 2 and k = 2 in (2.3), we call {F,(iz’“)} the polytopic Fibonacci
sequence.

By (2.3), we can write

r pla) i a+1 a+k-2 a+k-1\7r pka
n+k 24 s -1 3 n+k-1
(k,a) 2 - (k,a)
Fn+k—1 1 0 e 0 0 Fn+k—2
(k) (k)
F.h 1 =1o 1 . 0 0 Foils (2.4)
(k@) (k)
- Fn+f e [0 0 .- 1 0 1L Fy v

for the polytopic-k-step Fibonacci sequence. Let

[ a+1 a+k-2 a+k-1\T
a DY
2 k-1 k
1 0 0 0
M = [mij]kxk =10 1 0 0 . (2.5)
[0 0 1 0 §

The matrix M is called the polytopic-k-step Fibonacci matrix.
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We obtain that the polytopic Fibonacci sequences {F?) are generated by a matrix Q*
for a fixed integer a > 2:

o) al@+1) o
Qa _la —K(CXZ+ 1) (Qa)n _ Fn+? 2 Fn : (2 6)
- 1 0 ’ - F@a a(a+1) Fe .
n 2 n-1

which can be proved by mathematical induction.

3. The Polytopic-k-Step Fibonacci Sequences Modulo m

In this section we examine the polytopic-k-step Fibonacci sequences modulo m for a > 2 and
k>2.

Reducing the polytopic-k-step Fibonacci sequence by a modulus m, we can get a re-
peating sequence denoted by

{F(k"") (m) } = { F& (m), F& (m), FE (m), ..., F* (m), . } (3.1)

where F i(k’“) (m)=F i(k’“) (mod m). It has the same recurrence relation as in (2.3).
Theorem 3.1. {F*® (m)} is a periodic sequence for k > 2 and a > 2.

Proof. Let Uy = {(xl,xz,...,xk) | 0 < x; < m—1}. Then we have that |Uy| = m* is finite,

that is, for any a > 0, there exist b > a such that F[(llfrf)(m) Fé’ilu)( Y een, a’ig) (m) =
b’i,f )(m). From the definition of the polytoplc k-step Fibonacci sequence {FS) we have
(k) _  plka) (k) (k) (k) (k) (k)

Fre = aF, 00+ () F 0+ o+ (2 FL + (W) B, thatds, (7 )7 = Fi0 =

aFnIfrZ)l (%31 )F;(q,i:)z e ("‘*k 2)F®®_ Then we can easily get that F{* (m) = F\*" (m),
F 9 (m) = FXD (m), ..., F (m) = F*%) (m) and F* (m) = F*"). (m), which implies that

{F¥} is a periodic sequence.

Let hg{ )(m) denote the smallest period of {F%® (m)}, called the period of the poly-
topic-k-step Fibonacci sequence modulo m. When k = 2, hé’l) (m) is the period of the polytopic
Fibonacci sequence modulo m. O

Example 3.2. We have {F®%(3)} = {0,0,1,1,2,2,0,0,1,...} and then repeat. So we get
nY3) =6

By elementary number theory it is easy to prove that if m = ]_[lepf", (t > 1), where p;’s
are distinct primes, then h,(:‘) (m) = Icm[h,(:‘) 1.

For a given matrix A = [a;;] with a;;’s being integers, A (mod m) means that every
entry of A is reduced modulo m, that is, A (mod m) = (a;; (mod m)). Let (M)pu = {M' (mod
p®) | i = 0} be a cyclic group, and let [(M) .| denote the order of (M),. with p ¢ (ark-1)y
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(where by p { (k1) we mean that (**f7!) is not divided by p) and T the transpose of a
matrix. It is clear that

: T
(M[1,0,0,...,0]") " (mod m) = [F}f,;‘?l (m), F&® (m), . .,Fi(k’“)(m)]. (3.2)
We then obtain that h\") (m) is least positive integer h(® such that

(Mh‘””[1,o,o,...,O]T>T (mod m) = [1,0,0,...,0]. (3.3)

Theorem 3.3. Let a > 2. If p{ (**k71), then h,((“) (P?) = [(M),,al.

Proof. 1t is clear that |[( M >pa| is divisible by h,((“) (p?). Then we need only to prove that h,((a) (P
is divisible by [(M}),.|. Let h,((a) (p*) = n. Then we have

mi1 miz - Mk
My My -+ Mg

M" = . (3.4)
Mi1 Mg -+ Mgk

The elements of the matrix M" are in the following forms:

_ plka)

(k)
my = F ks =Fp 77,

n+’k—1’ ma1

k, k, k, .
mij = PiENO 4 BFSO o B FSY 1, for2<i<k, oo, i 20,

mij = 111F1(£’ZZZ + 7121:;(1]21?33 +ee+ qk,lF,(qk'“) fori#j, 1<i<k, 2<j<k,ni,M2,..., k-1 20.
(3.5)

We thus obtain that

mi =1 (mod p®), for1<i<k,
(3.6)
mi; =0 (mod p®), for1<i, j<ksuch thati#j.

So we get that M" = I (mod p*), which yields that n is divisible by [(M}) ..|. We are done. [

Theorem 3.4. Let a > 2, and let t be the largest positive integer such that h,((“) (p) = h,(:l) (p"). Then

1 (p%) = p*th\” (p) for every a > t. In particular, if K\") (p) # B\ (p?), then b\ (p°) = p** 1" (p)
holds for every a > 1.
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Proof. Let g be a positive integer. Since ME e = 1 (mod p7*1), that is, MBI = (mod

p7), we get that h,(:‘) (p7) is divided by A\ (p7). On the other hand, writing M) = T 4
(@

(ai]. p7), we have

p .

@ @_a\\? P\( @ q\ _

e (15 () = St 1m0

i

which yields that h](f) (p7)p is divided by h,((“) (p7™!). Therefore, h,((“) (p7h) = h](f) (p7) or
h,(f) (prh) = h,(f) (p7)p, and the latter holds if, and only if, there is an ag) which is not
divisible by p. Since h,((a) (p") # h;(“) (p'*"), there is an af]t.ﬂ) which is not divisible by p, thus,
h](f) (p'h) # h](f) (p'*?). The proof is finished by induction on t. O

Conjecture 3.5. Let a > 2. If p > k, then there exists a o with 0 < ¢ < k such that (p**! — p°) is
divided by h® (p).

Table 1 list some primes for which the conjecture is true when k =5 and a = 5.

4. The Polytopic-k-Nacci Sequences in Finite Groups

Definition 4.1. For a finitely generated group G = (A), where A = {ay, as,..., a,}, we define
the polytopic Fibonacci orbit F%(G) with respect to the generating set A to be the sequence
{x;} of the elements of G such that

x;i=aj1, for0<i<mn-1,

(4.1)
a+n-1 a+n-2 a+1
Xitn = (xi)< +Z >(xi+1)< n-1 >"'(xi+n—2)< 2 >(xi+n—1)u/ fori>0,
Example 4.2. Let G = (A), where A = {ay, ay, as}. F4(G) is
Xo = 4ay, X1 = a4y, X2 = as,
(4.2)

xi+3 — (xi)tl(u+1)(vc+2)/6(xi+1)u(tl+1)/2(xi+2)tl, fOI‘ l Z O

Definition 4.3. A polytopic-k-nacci sequence in a finite group is a sequence of group elements
X0,X1, .- Xn, ... for which, given an initial (seed) set xo, ..., xj-1, each element is defined by

a+n-1 a+n-2
( n ) ( n-1 >“.(xn_1)a

X, X, for j<m<k,
*n = (etk-1) (atk2) (4.3)
xp  f Ty U ()™ forn > k.

It is required that the initial elements of the sequence, xy, ..., xj-1, generate the group, thus,
forcing the polytopic-k-nacci sequence to reflect the structure of the group. We denote the
polytopic-k-nacci sequence of a group G generated by xo, ..., xj-1 by F{(G; xo, ..., Xj-1).
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Table 1: The length of kY (p).

P h;5> ) Result

5 5 e (p) | p° - p°
1 80525 hY (p) | p° - p

13 15372 h (p) | p° -1

23 145992 h (p) | p° -1

29 24388 hO ) | p° - p°
31 461760 s (p) | p° - p?
43 1749132 hY (p) | p° -1

47 1661152 hY (p) | -1

53 2808 h (p) | p* - p*
50 205378 hY (p) | p° -1

7 4030224 he (p) | p° - p?
73 1419912 he (p) | p° - p?
97 44264640 h (p) | p° - p?
101 13136325 hY (p) | p* -1

223 52856154 h (p) | p* -1

397 78804 h (p) | p* - p*
419 12914277518098 h (p) | p° - p
523 47685222 h (p) | p° - p?
607 16969333200 e (p) | p° - p?
719 89206789920 h (p) | p* -1

821 454331269680 hS (p) | p° - p?
853 529414856880 S (p) | p° - p?
1009 518758082640 hY (p) | p° -1

1503 2319528 hO () | p* - p*
1613 2601768 hY () | p° - p*
2011 4044120 h (p) | p° - p*
3011 27298090330 s (p) | p° - p°
4021 262790931413426025 h () 1 p° - p
5059 43159140126 h (p) | p° - p°
6037 132826492154616 h (p) | p° - p?

Example 4.4. Let G = (A), where A = {ay, ay, a3}. F{(G; a1, a, a3) is

X0 = ai, X1 = dy, X2 = as, X3 = (xo)a(a+1)(a+2)/6(x1)a(aﬂ)/z(xz)a,

(4.4)

Xips = (xi)a(a+1)(a+2)(a+3)/24 (xiﬂ)a(a+1)(a+2)/6(xi+2)a(a+1)/2(xi+3)a for i > 0.

It is important to note that the polytopic Fibonacci orbit of a k-generated group is a polytopic-
k-nacci sequence.

The classic polytopic Fibonacci sequence in the integers modulo m can be written as
F5(Zm;0,1). We call a polytopic-2-nacci sequence of a group of elements a polytopic Fibonacci
sequence of a finite group.
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Theorem 4.5. A polytopic-k-nacci sequence in a finite group is periodic.

Proof. The proof is similar to the proof of Theorem 1 in [6] and is omitted.

We denote the period of a polytopic-k-nacci sequence Fj(G;xo,...,Xj-1) by
PZ(G; xo,...,xj-1). When a = 1, F{(G;xo,...,xj-1) and PZ(G;x,...,xj-1) are reduced to
Fr(G; xo,...,xj-1) and Px(G; xo, ..., xj-1), respectively.

From the definition, it is clear that the period of a polytopic-k-nacci sequence in a
finite group depends on the chosen generating set and the order in which the assignments of
X0, X1,...Xp_1 are made. O

Definition 4.6. Let G be a finite group. If there exists a polytopic-k-nacci sequence of the group
G such that every element of the group G appears in the sequence, then the group G is called
polytopic-k-nacci sequenceable.

It is important to note that the direct product of polytopic-k-nacci sequenceable groups
is not necessarily polytopic-k-nacci sequenceable. Consider that the group C; x Cy is defined
by the presentation

(xyla=y'=exy=yx). (4.5)
The polytopic Fibonacci sequences of the group C, x C4 for a = 2 are

F5(CoxCux,y) =x,Y,xy%, ¥, %, Y, ...,
(4.6)
F5(CoxCuy,x) =y, %9y, Xy, Y, X, ...

Since the elements e,xy,and xy® do not in either sequences, the group C, x Cy4 is not
polytopic-2-nacci sequenceable.
The group (x) has a polytopic Fibonacci sequence

Fzz((x);e,x) =e,x,ex,... (4.7)

and hence is polytopic-2-nacci sequenceable. The group (y) has a polytopic Fibonacci
sequence

FE(y)ey)=ey. v’ v ey,... (4.8)

and hence is polytopic-2-nacci sequenceable.
We will now address the periods of the polytopic-k-nacci sequences in specific classes
of groups. A group SD»~ is semidihedral group of order 2™ if

SDyn = <a,b |a®" =b* =¢,blab = a-1+2'”’2> (4.9)

for every m > 4. Note that the orders a and b are 2! and 2, respectively.
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Theorem 4.7. The periods of the polytopic-k-nacci sequences in the group SDow for initial (seed) set,
a,b, and a = 2 are as follows:

(i) P2(SDan; a, b) = h(2"2), for 2 <k < 4.
(ii) P2(SDan; a, b) = K (2™ ), for k 2 5.

Proof. (i) If k = 2, we have the polytopic-2-nacci sequence for a = 2 :

m-2_1).9.
Xo = a, x1 =D, X =d°, x3 = a®" D23,
2 m-2_1).9. m-2_1Y).7.22
xs=a’, x5 = @@ D22, (4.10)
om=3 m-2_1Y.7. m-2_1Y.7.22 ... m-2_1Y.9.32"3
xgo =%, Xgnay = @@PTD2BHQID) 2B @2 28,

By mathematical induction, it is easy to prove that

32" =1 (mod 2”“), (2’"*2 - 1) 2.3+ (2”1*2 - 1) 2.3
(4.11)
ot (272-1) 2.8 =0 (mod 27 ).

m-3 m— m— m— m-3
So we get xom2 = a® = a, xpnayy = @ TD2IQTID2FE4@D23 — Tt s easy to
see that h;z) (2m-2) = 2m=3. héz) (2) = 2m=3.2 = 2m2_Since the elements succeeding X0 2y
X40 @217 depend on a and b for their values, the cycle begins again with the h;z) (2™ 2)nd,

. . G
that is, Xy @n2y = X0 and Xpd @m-2y41 = X1 Thus, the period of F%(SDW ;a, b)is h; )(2’“ 2).
If k = 3, we have the polytopic-3-nacci sequence for a = 2:
X0 = a, x1=b, xy=d,  x3=att@ D23y, xy = a”,
x5 = AR 23+ )23, xe=d>,...,
Xomez = asz’"’Sl Xomezyg = aeﬁ"’**l.4+32"”3*2.4+-.-+4+(2'"*271)-2-3+(2"1*271)-2-32+-.-+<2"H71)-2-32’”’3 b,
m-3,
Xgnogp =a® e
(4.12)

By mathematical induction, it is easy to prove that 32""1 . 4 4+ 3272 . 4 4 ... 4

4 = 0fod2m), 32"+l = 3mod2™ ). So we get x> = & = @ xamen =
T AR T 4 (1) 234 (212 1) 284 (22 -1) 232 b, Xomr,y = S 2 B Ttis easy
to see that h;Z) (m2) = 2m3. h;Z) (2) = 2m3 .2 = 2"m2 Since the elements succeeding
X4 2y Xp@ 2y 17 Xp@ n2) 2 depend on a, b, and a® for their values, the cycle begins again
with h§2) (2™2)nd, that is X0 -2y = X0, Xp2) g2y g = X1, and X0 @n-2ysy = X2 Thus, the period

of F2(SDon; a, b) is h;Z) (2™72). The proof for k = 4 is similar and is omitted.
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(ii) If k > 5, we have the polytopic-k-nacci sequence for a = 2 :

xo=a, xi=b x=da, x3=da""2%,  x=a"
x5 =a", Xo=a",..., xp=a"%",
Yanl @) = a”, Yan® @41 = a’b, X4n® 2)2 = a”,
Xan® @43 = azmilizb' e a”,
X4n® )45 = atth, X4n® )46 = a®h, X4® @)k = ateatBhes (4.13)
xi'4h;<z)(2) = a1+24-i, xi-4h,((2)(2)+1 = a8-ib, xi.4hf(2)(2)+2 — a3+24~i,
Yian? @) = "' b, Yian® @)+a = a'tie, Yian® @)+5 = g,
Xian® 2)+6 = aet®ih X @)k = atestBides

where A1, ..., A\k_4 are natural numbers and uy, . . ., ux_4 are even natural numbers. So we need
the smallest i € N such that 8 - i = 2!, If we choose i = 2™, we obtain x, @n1y = @ =
k
_ . _ omloog _ 14 _
X0, th)(zm—l)+1 =b= X1, xhliZ)(zm—l)Jrz =a =Xy, thf) (@m-1y13 ~ a b= X3, xh£2)(2m71)+4 =a = Xy,
— AU — — AU — — qUk-4 — : m-2 2 —
thf)(szl)+5 =a" = x5, th)(szl)% =a®2=xg,..., th)(szl)+k =a = Xy since 2 hk (2) =

h,(f) (2m71). So we get P}(SDyn; a,b) = h,(f) (2m1) for k > 5. O

Theorem 4.8. The periods of the the polytopic-k-nacci sequences in the group SDom for initial (seed)
sets b, a, and a = 2 are as follows:

(i) P2(SDan; b, a) = K\ (2m2) for 2 < k <3,
(11) P]%(SDZ'"/b/ a) = h;(z) (szl) fOV k> 4.

Proof. The proof is similar to the proof of Theorem 4.5 and is omitted. O
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