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We investigate the solutions of the system of difference equations xpy1 = Xu-1/(YnXn1 — 1),
Yni1 = Yn1/ (XnYn1 = 1), Zn1 = Zn1/ (YnZn-1 — 1), where yo, y-1, X0, x-1, 221, 20 € R.

1. Introduction

Recently, there has been great interest in studying difference equation systems. One of
the reasons for this is a necessity for some techniques which can be used in investigating
equations arising in mathematical models describing real life situations in population biology,
economic, probability theory, genetics, psychology, and so forth. There are many papers
related to the difference equations system, for example, the following papers.

In [1], Cinar studied the solutions of the systems of the difference equations

1 Yn
Xnsl = —, Ynii1= ——-
Yn Xn-1Yn-1

(1.1)

In [2] Papaschinopoulos and Schinas studied the oscillatory behavior, the bounded-
ness of the solutions, and the global asymptotic stability of the positive equilibrium of the
system of nonlinear difference equations
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In [3] Papaschinopoulos and Schinas proved the boundedness, persistence, the
oscillatory behavior, and the asymptotic behavior of the positive solutions of the system of
difference equations

k k
A; B;
Xn+l = Z p: ’ Yna1 = Z q: . (1.3)
i=0 Yn—i i=0 Xpp_j

In [4, 5] Ozban studied the positive solutions of the system of rational difference
equations

a byn—3
Xn = ’ Yn =
Yn-3 Xn-qYn-q

(1.4)

- - Y

et = y"*k, Yn1 = xnfmyn—m—k.

In [6, 7] Clark and Kulenovi¢ investigate the global asymptotic stability

Xuer = — - 15
n+1—a+cyn/ yn+1—b+dx71o (1.5)

In [8] Camouzis and Papaschinopoulos studied the global asymptotic behavior of
positive solutions of the system of rational difference equations

X
Xpi1=1+ ]/r:m, Ynin =1+ x;:j_fm (1.6)

In [9] Yang et al. considered the behavior of the positive solutions of the system of the
difference equations

a _ b Yn—p

A, , (1.7)
yn—p y xn—qyn—q

Xn
In [10] Kulenovi¢ and Nurkanovi¢ studied the global asymptotic behavior of solutions
of the system of difference equations

a+x, C+ Yy e+z,
7 yn+1: 7 Zn+1: N
b+y, d+z, f+xn

Xn+l = (1.8)

In [11] Zhang et al. investigated the behavior of the positive solutions of the system of
difference equations

(1.9)



Discrete Dynamics in Nature and Society 3

In [12] Zhang et al. studied the boundedness, the persistence, and global asymptotic
stability of the positive solutions of the system of difference equations

n-m Xn-m
R . (1.10)
n n

In [13] Yalcinkaya studied the global asymptotic behavior of a system of two nonlinear
difference equations.
In [14] Yalcinkaya et al. investigated the solutions of the system of difference equations

@) ®3) 1
M __Xn @ __Xn L0 Xn
n+1 x,(12) _1 n+1 x1(13) _1 n+1 x;}) _1

(1.11)

In [15] Yalcinkaya studied the global asymptotic stability of the system of difference
equations

t,zn1+a Zutn1 +a
— L, thay = Znin 17T & (1.12)
tn + zZy Zy t+ tn—l

In [16] Iricanin and Stevi¢ studied the positive solutions of the system of difference
equations
2)

3) 1)

1) _1+xn 2) _1+x£l (k)_1+xn
n+l @) 7 Xne1 = 4 7 Xne1 = 2 7
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(1.13)
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In [17] Kurbanli et al. studied the behavaior of positive solutions of the system of
rational difference equations

Xn-1 Yn-1

m/ Yni1 = W (1.14)

Xn+1 =

Also see references.
In this paper, we investigate the behavior of the solutions of the difference equations
system

Xn-1 Yn Zn-1

m/ Yni1l = ot -1’ (1.15)

Xn+l =

where the initial conditions are arbitrary real numbers.
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Theorem 1.1. Let o, y-1, X0, X-1,2-1, 20 € R be arbitrary real numbers and yo = a, y-1 =b, x¢ =

¢, x.1=d, zo=e, z_1 = f and let {x,, Yy, z,} be a solution of the system (1.15). Also, assume that
af #1 and bc #1 then all solutions of (1.15) are

_ 4
Xp =14 (ad-1)"
c(bc-1)", n-even,

n-odd,

dd,
yo=o{ -7 "7
a(ad -1)", n-even,
( f
()°(p)arfart+ () (T )artfan2 ek (1) al fa0 + (<)1)
n-odd
=1
= 1y (bc—1)"e
(1" (7 )b+ (1) (2 )prente + (<1)° ([ Ybren 4 o (<1)" (1 )00
\ n-even.
(1.16)
Proof. Forn =0,1,2,3, we have
i = X_1 _ d
t Yyox- -1 ad-1’
I R
= xoy-1—-1 bc-1’
o zq f
= yoz.1—-1 af-1
X0 c _c(bc-1) B
Y= =1 B/(be—Te=1 be—ber1 e
Yo a _a(ad-1) _ B
V2= 1 @ad-Tya-1 ad—ad+1 - @d-1
. N e _e(bc-1) _ e(bc-1)
" yizo-1 (b/(bc-1))e-1 be-bc+1 —1-be+bc—1’
P N d/(ad-1) B d
T yxi-1 a(ad-1)-d/(ad-1)-1  (ad-1)*
Yy b/(bc-1) _ b/(bc-1) _ b
P11 clbe-1)-b/bc-1)-1_  be-1  (be-17
z1 f/(af -1) f/(af -1) f

BT yz—1 a(ad-1)-f/(af -1)~1 (adf —af —af +1)/(af -1) adf - 2af +1
(1.17)
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for n = k assume that
'Lk, k-odd,
X = 4 (ad-1)
Lc(bc—l)k, k-even,
rLk, k-odd,
y= 4 (bc=1)
a(ad—l)k, k-even,
F2k1 = 0(k\ "k fqk-1 1k k-1 k—{ k=1( k '\ _1¢40 k( kY’
(-1) <0>a Fdk1 4 (<1) <1>a Fde2 44 (-1) (H)a £dO+ (1) (k)
k=1,2,...,
. (be - ke
Z2c = (=1) k(*\p1-0 1R\ pk k-1 0/ k\pk -k k(k\p117
(-1) <1>bc et et (=1) <k>b ck-le + (~1) <0>b K tomt (-1) <k>bc
k=1,2,...
(1.18)
are true. Then for n = k + 1 we will show that (1.16) is true. From (1.15), we have
Xk d/(ad - 1)k d
Xope1 = — L = ( ) (1.19)

youxo1 =1 glad-1)*-d/(ad-1)*-1  (ad-1)*"
Also, similarly from (1.15), we have

Yok-1 b/ (bc-1)F _ b
xkYok-1 =L e(be - 1)K b/ (be -1 -1 (be - 1)*

) ()-()
(0)-()-Cio)

Yok+1 =

(1.20)
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from properties of Binomial coefficients,

Z2k-1

Zok+l = PP
YokZok-1 —

FI{ED(5)a fdt oo (D (K at fd + (DF(E))
 a(ad - DSF/(EDO(5)ak fak 4o (<1)F(F al fdo + (<15 () -1

_ f
(DO(Kghyaket fdk + (1) () ak fakl 4+ (D) (R ) al fd0 + (1) (K
(1.21)
written and accurate.
Also, we have
Xk c(be-1)F __clbe=DY g ppen
H vama =T (b (e - 1)) e(be-1)f -1 be/Ce=1) -1 /
. S a(ad - 1)* __a@d=D" gy
Yok+2 x2k+1y2k—1 <d/(ad—1)k+1>~a(ad—1)k—1 ad/(ad—l)—l s
Zok
D2 = T =
Yok+1Z2k — 1
V(1K VO kNBRAK oy (1K (k)00
) (~1)F(be = 1)fe/ (A+ (~1)°(5)bEck + -+ (1) (§)bOc) g
(b/(bc - 1)"“) (1)K (be - 1)ke/ (4 + (=1)°(K)bkck 4o+ (—1)k(',;)b0c0) -1
§ (bc-1)*e
(_1)k+1(k1f1 Yblcle+- - '+(_1)1(lz§ﬂ Ybk+icke + (_1)0( kel ) kel kel o .+(_1)k+1(m )blcl'
(1.22)
where o denotes (-1)*(¥)b'c% +--- + (-1)" (K)bkck e, O

Corollary 1.2. Let a,b,c,d be only positive real numbers or negative real numbers and let e, f
be arbitrary nonnegative real numbers, and let {x,,yn, zn} be a solution of the system (1.15).
Ifad#1, bc#1, 0 < ad <1and 0 < bc < 1 then one has

lim x,,-1 = lim y2,-1 = o0,
n— oo n— o0

(1.23)

lim xy, = lim v, = 0.
n—oo n— oo
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Proof. From ad#1, bc#1, 0 < ad <1and 0 < bc < 1we have -1 < ad-1 < 0and -1 <
bc -1 < 0. Hence, we have

. d y b
m-1= T, -1 = s
(ad-1) (bc-1) (1.24)
X2, = c(bc - 1)", You = a(ad - 1)".
Then,
r+oo, d >0, n-even
d +o0, d <0, n-odd
lim x9,1 = lim ——— = <
noo n—o(ad - 1) ~, d>0, n-odd
-0, d<0, n-even,
(1.25)
(+oo, b >0, n-even
i i +o0, b<0, n-odd
m Yop-1 = Ilm ——— = 4
oo n=o (be—1) o, b>0, n-odd
-0, b<0, n-even.
Also,
lim x5, = lim c(bc-1)" =0,
(1.26)
lim v, = lim a(ad - 1)" = 0.
]

Example 1.3. If y(0) = -1/2, y(-1) =-1/2, x(0) = -1/2, x(-1) = —1/2, then the solutions of
(1.15) can be represented by Table 1.

Corollary 1.4. Let a,b,c,d be only positive real numbers or negative real numbers and let e, f
be arbitrary nonnegative real numbers, and let {x,,Yn, 2z} be a solution of the system (1.15).
Ifad#1, bc#1, 1 <ad <2and 1 < bc < 2 then one has

lim x5,-1 = lim y2,,1 = o0,
n— oo n— oo
(1.27)
lim xy, = lim v, = 0.
n—oo n— oo
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Table 1

i 1 2 3 4 5 6 7 8

Xi_1 0.6667 —0.8889 1.1852 -1.5803 2.1070 -2.8093 3.7458 —4.9944
Xoi 0.3750 -0.2813 0.2109 -0.1582 0.1187 -0.0890 0.0667 —-0.0501
Y2i-1 0.6667 —-0.8889 1.1852 -1.5803 2.1070 -2.8093 3.7458 -4.9944
Yoi 0.3750 -0.2813 0.2109 —-0.1582 0.1187 —0.0890 0.0667 —-0.0501
Z2i1 0.6667 —-0.8889 1.1852 -1.5803 2.1070 -2.8093 3.7458 —4.9944
Z; 0.3750 -0.2813 0.2109 -0.1582 0.1187 -0.0890 0.0667 -0.0501

Proof. Fromad #1, bc#1, 1 <ad <2and1 <bc<2wehave0<ad-1<land0<bc-1<1.
Hence, we have

. d y b
om-1= T m-1= 75/
ad-1)" bc-1)"
( ) ( ) (1.28)
Xon = c(bc—1)", Yon = a(ad - 1)".
Then,
d +00, d>0
lim xp1 = lim ———— =
LTI, aso,
(1.29)
b +00, b>0
lim ypp1 = lim ——— =
T (s I
Also,
lim xp, = lim ¢(bc—1)" =0,
(1.30)
lim y,, = lim a(ad -1)" = 0.
O

Example 1.5. If y(0) = 3/2, y(-1) =3/4, x(0) =3/2, x(-1) = 3/4, z(0) =3/2, z(-1) = 3/4
then the solutions of (1.15) can be represented by Table 2.

Corollary 1.6. Let a,b,c,d be only positive real numbers or negative real numbers and let e, f
be arbitrary nonnegative real numbers, and let {x,,yn, zn} be a solution of the system (1.15).
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If —o0 < ad < 0 and —oo < be < 0 then one has

lim Xop-1 = lim Yon-1 = 0,
n— oo n—oo

(1.31)

lim x5, = lim v, = c0.
n—oo n— oo

Proof. From —oo < ad < 0 and —oo < bc <0 we have —oo <ad-1<-land -0 <bc-1<-1.
Hence, we have

. d y b
-1 = T m-1= T s
ad -1)" bc-1)"
( ) ( ) (1.32)
X2, = c(bc - 1)", You = a(ad - 1)".
Then,
d
li o1 = lim ————— =0,
nglgoxz ! nlj}go (ad-l)n
(1.33)
lim = lim b =0
n_)myanl = w5 (be = 1)n =0.
Also,
(+o0, ¢ >0, n-even
+00, ¢<0, n-odd
lim xp, = lim ¢(bc —1)" = <
nme ne -o0, ¢>0, n-odd
-0, ¢<0, n-even,
(1.34)
+oo0, a>0, n-even
+o0, a<0, n-odd
lim vy, = lim a(ad - 1)" = <
noe noe -0, a>0, n-odd
-0, a<0, n-even.
O

Example 1.7. 1If y(0) = -3/2, y(-1) = -3/4, x(0) = 3/2, x(-1) = 3/4, z(0) = 3/2, z(-1) =
3/4 then the solutions of (1.15) can be represented by Table 3.
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Table 2
i 1 2 3 4 5 6 7 8
X2io1 6 48 384 3072 24576 1.967-10° 1.573-10° 1.258 - 107
X2 0.188 0.023 0.003 0.0004 0.00004 0.00001 7.153-1077 8.941-107%
Y2i-1 6 48 384 3072 24576 1.967-10° 1.573-10° 1.258 - 107
Yoi 0.188 0.023 0.003 0.0004 0.00004 0.00001 7.153-1077 8.941-107%
Z2i 1 6 48 384 3072 24576 1.967-10° 1.573-10° 1.258 - 107
Zi 0.188 0.023 0.003 0.0004 0.00004 0.00001 7.153-1077 8.941-107%

Table 3
i 1 2 3 4 5 6 7 8
x2i-1  —0.3529 0.1661 -0.0782 0.0368 -0.0173 0.0081 —-0.0038 0.0018
X2 -3.1875 6.7734 -14.3936 30.5863 —64.9959 138.1163 —293.4971 623.6813
i1 0.3529 -0.1661 0.0782 -0.0368 0.0173 —-0.0081 0.0038 -0.0018
Yoi 3.1875 —6.7734 14.3936 -30.5863 64.9959 -138.1163 293.4971 —-623.6813
zi-1 —0.3529 0.1661 -0.0782 0.0368 -0.0173 0.0081 -0.0038 0.0018
Zoi -3.1875 6.7734 —14.3936 30.5863 —64.9959 138.1163 -293.4971 623.6813

Corollary 1.8. Let a, b, c,d be only positive real numbers or negative real numbers and let e, f be
arbitrary nonnegative real numbers, and let {x,,y,, z,} be a solution of the system (1.15). If 2 <
ad < +oo and 2 < bc < +oo then one has

lim Xop-1 = lim Yon-1 = 0,
(1.35)

lim x, = lim v, = o0.
n— oo n— oo

Proof. From 2 < ad < +ocoand 2 < bc < +co wehavel <ad -1 <+ and 1 < bc -1 < +oo.
Hence, we have

N d y b
m-1= s m-1= s
ad-1)" bc-1)"
( ) ( ) (1.36)
X0y = c(bc—1)", Yon = a(ad - 1)".
Then,
;}Ll’rgonn—l = nll_r}gom =0,
(1.37)

1. n— = 1 —_— =
e Y2 = M e — 1)
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Table 4

i 1 2 3 4 5 6 7 8
X0i-1 0.546 0.198 0.072 0.026 0.010 0.004 0.001 0.0005
X0i 4125 11.344 31.195 85.787 235.915 648.765 1784.104 4906.285
Y2i-1 0.909 0.331 0.120 0.044 0.016 0.006 0.002 0.001
Yoi 6.875 18.906 51.992 142.979 393.191 1081.275 2973.506 8177.142
Z0i-1 0.546 0.198 0.072 0.026 0.010 0.004 0.001 0.0005
Zi 4125 11.344 31.195 85.787 235.915 648.765 1784.104 4906.285

Also,
+o0, ¢>0
lim x, = lim c(bc-1)" =
n—oo n— oo —m, c< 0,
(1.38)
+o0, a>0
lim vy, = lim a(ad - 1)" =
n—e n—e -0, a<0.
O]

Example 1.9. If y(0) =5/2, y(-1) =5/2, x(0) =3/2, x(-1) =3/2, z(0) =3/2, z(-1) = 3/2
then the solutions of (1.15) can be represented by Table 4.
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