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We solve the bi-additive functional equation f(x +y,z-w) + f(x -y, z+w) = 2f (x,z) = 2f (y, w)
and prove that every biadditive Borel function is bilinear. And we investigate the stability of a
biadditive functional equation in Banach modules over a unital C*-algebra.

1. Introduction

In 1940, Ulam proposed the stability problem (see [1]).

Let G; be a group, and let G, be a metric group with the metric d(-,-). Given ¢ >
0, does there exist a 6 > 0 such that if a mapping h : G; — G, satisfies the inequality
d(h(xy),h(x)h(y)) < 6 for all x,y € G then there is a homomorphism H : G; — G; with
d(h(x), H(x)) <eforall x € G1?

In 1941, this problem was solved by Hyers [2] in the case of Banach space. Thereafter,
many authors investigated solutions or stability of various functional equations (see [3-21]).

Let X and Y be real or complex vector spaces. In 1989, Aczél and Dhombres [22]
proved that a mapping g : X — Y satisfies the quadratic functional equation

g(x+y) +g(x-y) =2g(x) +2g(y) (1.1)

if and only if there exists a symmetric bi-additive mapping S : X x X — Y such that g(x) =
S(x,x), where

S(ey) = [s(x+) - g(x-v)] (1.2
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for all x,y € X. For amapping f : X x X — Y, consider the bi-additive functional equation:
flx+y,z-w)+ f(x-y,z+w) =2f(x,z) - 2f (y, w). (1.3)

For a mapping g : X — Y satisfying (1.1), the Aczél’s bi-additive mapping S : X x X — Y
given by (1.2) is a solution of (1.3).

In this paper, we find out the general solution of the bi-additive functional equation
(1.3) and investigate the linearity of bi-additive Borel functions. And we investigate the
stability of (1.3) in Banach modules over a unital C*-algebra.

2. Solution of the bi-additive Functional Equation (1.3)
The general solution of the bi-additive functional equation (1.3) is as follows.
Theorem 2.1. A mapping f : X x X — Y satisfies (1.3) if and only if the mapping f is bi-additive.

Proof. Assume that the mapping f satisfies (1.3). Letting x = y = z = w = 0 in (1.3), we gain
£(0,0) = 0. Putting w = z in (1.3), we get

flx+y,0)+ f(x-y,2z) =2f(x,z) -2f(y, z) (2.1)
for all x,y,z € X. Setting y = x in (2.1), we have
f(x,0) = -£(0,2) (2.2)
for all x, z € X. Taking z = 0 (resp., x = 0) in the above equation, we obtain
f(x,0) =0 (resp., f(0,z) =0) (2.3)
for all x € X (resp., for all z € X). Letting x = w = 0 in (1.3) and using (2.3), we gain
f(y.2) ==f(y,2) (24)
for all y, z € X. Putting y = 0 in (2.1) and using (2.3), we get
f(x,2z) =2f(x,z) (2.5)

for all x,z € X. Replacing y by —y in (2.1) and using (2.3), (2.4), and (2.5) and the above
equation, we see that f(x +y,z) = f(x,z) + f(y,z) forall x,y,z € X.
On the other hand, letting i = x in (1.3) and using (2.3), we gain

fQ@2x,z-w) =2f(x,z) - 2f(x,w) (2.6)
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forall x, z, w € X. Putting y = z = 0 in (1.3) and using (2.3), we get
fx,—w) =-f(x,w) (2.7)
for all x,w € X. Setting w = 0 in (2.6) and using (2.3), we have
f(2x,z) =2f(x,z) (2.8)

for all x, z € X. Replacing w by —w in (2.6) and using (2.7) and (2.8), we obtain that f(x,z +
w) = f(x,z) + f(x,w) forall x, z,w € X.
The converse is trivial. 0

The bi-additive functional equation (1.3) is related to the quadratic functional equation
(1.1).

If f: X xX — Y is a mapping satisfying (1.3) and g : X — Y is the mapping given
by g(x) := f(x, x) for all x € X, then one can easily obtain that g satisfies (1.1).

Leta € Rand g : X — Y be a mapping satisfying (1.1). If f : X x X — Y is the
mapping given by f(x,y) := (a/4)[g(x +y) — g(x — y)] for all x, y € X, then one can easily
prove that f satisfies (1.3). Furthermore, g(x) = f(x,x) holds for all x € X ifa = 1.

The following is a result on bi-additive Borel functions.

Theorem 2.2. Let ¢ : RxR — R be a bi-additive Borel function; then it is bilinear, that is, it satisfies
(s, t) =sty(1,1) forall s,t € R.

Proof. Since the function ¢ is bi-additive, we gain
¥ (pu,qu) = pay(u,v) (2.9)
forallp,q € Qand all u,v € R. Letting p = v = 1 in equality (2.9), we get
¢ (uq) = qpu,1) (2.10)
for all g € Q and all u € R. Putting u = v = 1 in equality (2.9) again, we have
¢(p,q) = pay(l,1) (2.11)

forall p, g € Q. Note that the function v — ¢(u, v) is measurable for each fixed u € R (see [23,
Proposition 2.34]). Since the function v — (1, v) is additive for each fixed u € R, by [24], it
is continuous for each fixed u € R. By the same reasoning, the function u — ¢ (1, v) is also
continuous for each fixed v € R. Let s,t € R be fixed. Since ¢ is measurable, by [25, Theorem
7.14.26], for every m € N there is a closed set F,,, C [s, s + 1] such that u([s,s + 1] \ F,) <1/m
and ¢|r,«r is continuous. Since p(F,) — 1, one can choose u,, € F,, satisfying u,, — s.
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Take a sequence {g,} in Q converging to t. For each fixed m € N, take a sequence {p,} in Q
converging to u,,. By equalities (2.10) and (2.11), we see that

¢ (U, t) = q;(um, lim qn> = lim ¢ (ttm, Gn) = Im g4, 1) = tgs (1, 1)

(2.12)
=ty ( Jim py, 1> = tlim ¢ (p, 1) =t lim pgp(1,1) = tunmg(1,1)
for all m € N. Hence we obtain that
s, 1) = g Jim s ) = B gl ) = T bungp(1,1) = (1), (213)
as desired. m

3. Stability of the bi-additive Functional Equation (1.3)

From now on, let X be a normed space, Y a complete normed space, and r #2 a nonnegative
real number. In this section, we investigate the stability of the bi-additive functional equation
(1.3).

Lemma 3.1. Let f : X x X — Y be a mapping such that

[f(x+y,z=w)+ f(x -y z+w) -2f(x,2) +2f (y, w) |

. {45, (r=0), (3.1)
= LeiEl + lyll” + Nzl + Hlell”), (0 <r#2)

forall x,y,z,w € X. Then there exists a unique bi-additive mapping F : X x X — Y satisfying (1.3)
such that

(2¢ + || £(0,0)
3e

’ (r=0),

(xl™+llyll"), ©<r<2),

If Goy) -Fx )l < 4-2 (32)
3e r
g (= + vl ¢>2)
\
forall x,y € X. The mapping F is given by
im L F(2ix 2
. jlingozf(Zx,Zy), (0<r<2), \s
(= 1im41f<£ 1) (r>2) o
o 2i"2i )’

orall x,y € X.
f y
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Proof. Consider the case r € (0,2). Letting ¥ = x and w = —z in (3.1), we gain
|f (2x,2z) + £(0,0) = 2f (x, z) + 2f (x, —2) || < 2(||x]|" + [|z]|") (3.4)
for all x, z € X. Putting x = z = 01in (3.4), we get f(0,0) = 0. Putting x = z = 0in (3.1), we get
1f (v, =) + f(=y,w) + 2f (g, w) || < e([ly]l" + llzoll") (35)
for all y, w € X. Replacing y by x and w by z in the above inequality, we have
I1f(x,=2) + f(=x,2) + 2f (x, 2) || < e(llx]]" + [[z]]") (3.6)
for all x, z € X. Setting y = —x and w = z in (3.1), we obtain
| f 2x,22) = 2f (x,z) + 2f (=x, z) || < 2e([|x|I" + |Iz]|") (3.7)
for all x, z € X. By (3.4) and (3.6), we gain
|| f(2x,22) = 4f (x,2) + f(x,~2) = f(=x,2)|| < 3e(llx]|" + |IzI") (3.8)
for all x, z € X. By (3.4) and (3.7), we get
|1 (x,=2) = f(=x,2)|| < 2e(llx]" + [IzII") (3.9)
for all x, z € X. By (3.4), (3.6), and (3.7), we have
[1£(2x,22) - 4f (x, 2) || < 3e(llxIl" + II=II") (3.10)

for all x, z € X. Replacing x by 2/x and z by 2/z and dividing 4/*!, we obtain that

Hzf<21x,2]z> - ﬁf<2]+1x,27+1z> ” < = (ll + 121 (3.11)

forallx,z€ Xandall j =0,1,2,.... For given integers I, m (0 < I < m), we obtain that

m-1 i
3¢ - 2"
< (il +11=07) (3.12)

1 /0 1
”If<2 x,2 z) - 4—mf(2mx, 2"z) 2447
]:
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for all x, z € X. By (3.12), the sequence {(1/4/) f(2/x,2/y)} is a Cauchy sequence for all x, y €
X. Since Y is complete, the sequence {(1/4/) f(2/x,2/y)} converges for all x,y € X. Define
F:XxX — Yby F(x,y) :=1lim;_,(1/4) f (2/x,2/y) for all x,y € X. By (3.1), we have

H%f<2f(x +v),2/(z —w)) + %f(Zj(x -y),2(z+ w)) - %f(zfxlzfz> + %f(zjylzjw> H

2rj r r r r
< ey (el + {ly 1" + D=0 + fleel”)

(3.13)

forall x,y,z,w e Xandall j =0,1,2,.... Letting j — oo in the above inequality, we see that
F satisfies (1.3). Setting | = 0 and taking m — oo in (3.12), one can obtain inequality (3.2). If
G : X x X — Y is another mapping satisfying (1.3) and (3.2), by Theorem 2.1, we obtain that

1 n n n n
IF () -Gyl = 4 IF@%2) - G2'x,2y)]|
1 n n n n 1 n n n n
< g IF@x2) - f@x )|+ IF @' 2"y) - G@"x,2'y) |

6e .Zn(r—Z) ,
< 4_—2r(||x||’ +|ly]|") —0 asn— oo
(3.14)

for all x, ¥ € X. Hence the mapping F is the unique bi-additive mapping satisfying (1.3), as
desired.
The proof of the case r € {0} U (2, o0) is similar to that of the case r € (0,2). O

From now on, let A be a unital C*-algebra with a norm | - |, and let 4/ and 4/ be left
Banach A-modules with norms || - || and || - ||, respectively. Put A; := {a € A | |a| = 1}.

A bi-additive mapping F : s M x oM — AN satisfying (1.3) is called A-quadratic if
F(ax,ay) = a’F(x, y)forallae Aandall x,y € s M.

Theorem 3.2. Let f : A M x oM — AN be amapping such that

”f(ax +ay,az — aw) + f (ax — ay, az + aw) - 2a*f(x, z) + 2a* f (y, w) ”
< {45, (r=0), (3.15)
— Lellxll + Nyl + llzl" + llzoll"), (0 <r#2)

foralla € Ajandall x,y,z,w € s M. If f(tx,ty) is continuous in t € R for each fixed x,y € s M,
then there exists a unique bi-additive A-quadratic mapping F : oM x s M — 4N satisfying (1.3)
and inequality (3.2).

Proof. Consider the case r € (0,2). By Lemma 3.1, it follows from the inequality of the
statement for a = 1 that there exists a unique bi-additive mapping F : s M x s M — AN
satisfying (1.3) and inequality (3.2). Let xo, yo € aM be fixed. And let L : 4/ — R be any
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real continuous linear functional, that is, L is an arbitrary real functional element of the dual
space of 4V restricted to the scalar field R. For n € N, consider the functions ¢, : R — R
defined by ¢, (t) := (1/4")L[f (2"tx0,2"tyo)] for all t € R. By the assumption that f(tx,ty) is
continuous in t € R for each fixed x, y € 4_M, the function ¢, is continuous for all n € N. Note
that ¢, (t) = (1/4")L[f(2"txo,2"tyo)] = L[(1/4") f(2"tx,2"tyo)] for allm € Nand all t € R.
By the proof of Lemma 3.1, the sequence ¢, (t) is a Cauchy sequence for all t € R. Define a
function ¢ : R — R by () := lim,_, ¢, (t) for all t € R. Note that ¢ (t) = L[F(txo,tyo)] for
all t € R. Since F is bi-additive, we get
w(s+t)+¢(s—t) = L(F[(s+t)xo, (s + )yo]) + L(F[(s - t)x0, (s — )yo])

= L(F[(s +t)xo, (s + )yo] + F[(s — t)x0, (s = £) 0] )

= L[F(sxo + txo, syo + tyo) + F(sx0 — txo, syo — tyo)] (3.16)

= L[2F (sxo, syo) + 2F (txo, tyo)]

= 2L[F(sxo,sy0)] + 2L[F (txo,tyo)] = 2¢s(s) + 2¢(t)
for all s,t € R. Since ¢ is the pointwise limit of continuous functions, it is a Borel function.

Thus the function ¢ as a measurable quadratic function is continuous (see [26]) so has the
form s (t) = t2¢s(1) for all t € R. Hence we have

LF (txo0,ty0)] = gr(t) = Pyp(1) = LL[F (%0, y0)] = L[PF (x0,30)] (3.17)

for all t € R. Since L is any continuous linear functional, the bi-additive mapping F : 4 M x
aM — 4 N satisfies F(txo, tyo) = t2F (xo, yo) for all t € R. Therefore we obtain

F(tx,ty) = #F(x,y) (3.18)

forallt € Rand all x, y € 4 M. Let j be an arbitrary positive integer. Replacing x and z by 2/x
and 2/z, respectively, and letting v = w = 0 in inequality (3.15), we gain

|f (2ax,2az) - 227 (27x,272) + @£(0,0)|| < 27 e(lxll + =11") (3.19)
forall a € Ay and all x,z € oM. Note that there is a constant K > 0 such that the condition
llav|l < Klal||o|| (3.20)

for each a € A and each v € 4N (see [27, Definition 12]). For alla € Aj and all x,y € oA,
we get

%“f(ZMx,Zhy) - a2f<2jx,2jy> ” < 2<r72)771€(||x||r + ||Z||r) + %ﬁl'zllf(ofo)” —0
(3.21)
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as j — oo. Hence we have
1 : . 1 S
= lim — ] j = 2 lim — Iy 27 = g2
F(ax,ay) ,-15{304;f<2 ax,?2 ay> a jlgglo4if<2 x,2 y) a’F(x,y) (3.22)

forall a € A; and all x,y € 4 M. Since F(ax,ay) = azF(x,y) for each a € Ay, by (3.18), we
obtain

a a

a a
F(ax,ay) = F(|a|mx, |a|my> = |a|2F<—x, my) = a’F(x,y) (3.23)

|al

for all nonzero a € A and all x,y € oM. By (3.18), we get F(0x,0y) = 0*F(x,y) forall x,y €
aM. Therefore the bi-additive mapping F is the unique A-quadratic mapping satisfying the
inequality (3.2).

The proof of the case r € {0} U (2, o0) is similar to that of the case r € (0,2). O

We obtain the Hyers-Ulam stability of (1.3) as a corollary of Theorem 3.2.

Corollary 3.3. Let E be a complex normed space and f : E x E — C a function such that
“f()tx + Ay, Az = dw) + f(Ax = Ay, Az + dw) = 202 f(x, z) + 2A% f (y, w) ” <e (3.24)

forall A e T:={AeC: |\ =1}andall x,y,z,w € E. If f(tx,ty) is continuous in t € R for each
fixed x,y € E, then there exists a unique bi-additive C-quadratic mapping F : E x E — C satisfying
(1.3) such that || f (x,y) = F(x,y)|| <&/2+ | f(0,0)| forall x,y € E.

Put A, := {a € A | aisinvertiblein A}, Ag, :={a € A | a* =a}, A" = {a e Ay |
Sp(a) € [0,00)},and AT := AN A”.

A unital C*-algebra A is said to have real rank 0 (see [28]) if the invertible self-adjoint
elements are dense in Ag,.

For any element a € A, a = a; + iay, where a; := (a+ a*)/2 and a, := (a — a*)/2i are
self-adjoint elements, furthermore, a = aj — a; +iaj —ia,, where aj, a}, a;, and a; are positive
elements (see [27, Lemma 38.8]).

Theorem 3.4. Let A be of real rank 0, and let f 1 s M x A M — s N be a mapping such that

| f (ax + ay, bz — bw) + f (ax - ay, bz + bw) - 2abf (x,z) + 2ab(y,w) ||

p {45, (r=0), (3.25)
= LeiEl + lyll” + Nzl + Hleell), (0 <r#2)

forall a,b € (A} N Ay,) Ui} and all x,y,z,w € s M. For each fixed x,y € s M, let the sequence
{(1/4)f (2 ax,2/by)} converge uniformly on Ay x A;. If f(ax,by) is continuous in (a,b) € (A1 U
R)? for each fixed x,y € M, then there exists a unique bi-additive A-quadratic mapping F : 4 M x
AaM — AN satisfying (1.3) and inequality (3.2) such that F(ax,by) = abF(x,y) for all a,b €
AT U {i}andall x,y € A M.
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Proof. Consider the case r € (0,2). By Lemma 3.1, there exists a unique bi-additive mapping
F: gMx g M — 4N satisfying (1.3) and inequality (3.2) on oM x oM. Let xo,y0 € aM
be fixed. And let L be an arbitrary real functional element of the dual space of 4 N restricted
to the scalar field R. For n € N, consider the functions ¢, : R x R — R defined by ¢, (s,t) =
(1/4")L[f(2"sx0,2"tyo)] for all s,t € R. By the assumption that f(ax, by) is continuous in
(a,b) € (AU R)z for each fixed x,y € aM, the function ¢, is continuous for all n € N.
Note that ¢, (s, t) = (1/4")L[f(2"sxo,2"tyo)] = L[(1/4") f(2"sx0,2"tys)] for all n € N and all
s,t € R. By the proof of Lemma 3.1, the sequence ¢, (s, t) is a Cauchy sequence for all s,t € R.
Define a function ¢ : R x R — R by ¢(s,t) := lim,_ (s, t) for all s,t € R. Note that
(s, t) = L[F(sxo,tyo)] for all s,t € R. Since the mapping F is bi-additive, we have

@(s1+52,t1 —t2) + (51— 82, t1 +t2)
= L(F[(s1 + s2)x0, (t1 — t2)yo] ) + L(F[(s1 — s2)x0, (t1 + £2)yo])
= L(F[(s1 + s2)x0, (t1 — t2)yo] + F[(s1 — s2)x0, (t1 + t2)y0])
= L[F (s1x0 + s2x0, 1o — bayo) + F (s1x0 — s2x0, B0 + b210) |
= L[2F (s1x0, t1yo) — 2F (20, t2yo)] = 2L[F (s1x0, t1y0)] — 2L[F (s2x0, t2100) ]

=2 (s1,t1) — 2¢5(s2, £2)

(3.26)

for all sq,s2,t1,t2 € R. Since ¢ is the pointwise limit of continuous functions, it is a Borel
function. By Theorem 2.2, we gain ¢ (s, t) = stgs(1,1) for all 5, € R. Hence we get

L[F(sxo,tyo)] = ¢(s,t) = stgs(1,1) = stL[F(x0,y0)] = L[stF (x0, ¥0)] (3.27)

forall s, € R. Since L is any continuous linear functional, the bi-additive mapping F : 4 x
AM— 4N satisfies F(sxg,tyo) = stF(xo, yo) for all 5,t € R. Therefore we obtain

F(sx,ty) = stF(x,y) (3.28)

forall s,t € Rand all x,yy € oM. Let j be an arbitrary positive integer. Replacing x and z by
2/x and 2/z, respectively, and letting y = w = 0 in inequality (3.25), we get

“f(zfax, 2sz> - abf(2x, 2fz) + abf(0,0)” <2 e (||x||” + ||z]") (3.29)

forall a,b € (A} N A;;) U {i} and all x,z € 4 M. By inequality (3.20) and the above inequality,
forall a,b € (A} N Aiy) U {i} and all x,z € oM, we have

%||f<2fax, 2jbz> - abf(ij,ij) ”
. (3.30)
< 2D eIl + [217) + TG FO,0) 0 as j— oo
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Hence we obtain that
F(ax,by) = lim l.f(Zjax, Zjby> = ablim l.f(ij, 2jy> = abF(x,y) (3.31)

foralla,b € (AN Aj)U{i}and all x,y € aM. Letc,d € A7 \ Aj. Since Aj, N Ay is dense
in Ag,, there exists two sequences {c;} and {d;} in A;, N Ay, such thatc; — cand d; — d
as j — oo.Putp; := (1/|cj|)cj and gq; := (1/|d;|)d; for all j € N. Then p; — cand q; — d as
j — o.Set aj :=+/pj*pj and b; := /q;*q; forall j € N. Then a; — candb; — dasj — o
and a;, b; € A7 N A;y. Since {(1/47) f (2ax,2/by)} is uniformly converges on A; x A; for each
X,y € aMand f(ax,by) is continuous in a, b € A; for each x,y € oM, we see that F(ax, by)
is also continuous in a,b € A; for each x, y € 4 M. In fact, we gain

: . .1 ; ;
lim F(ax,by)= lim lim Ef (27 ax, 27by>

i
(a,b) = (c.d) (ab) = (c,d) j— o0
1 A . 1 A .
=1 i —f(2i j = lim — f(2icx, 2 =
jlirg (a,b%lir}c,d) 7 f (2 ax,2 by) jhﬁrg 7 f (2 cx,2 dy> F(cx,dy)
(3.32)
for all x,y € A M. Thus we get

lim F(a;x,bjy) = F( lim g;x, lim bﬂ/) = F(cx,dy) (3.33)

for all x, y € oM. By equality (3.31), we have
IF (ajx, bjy) = cdF (x, y) || = [|ab;F (x,y) = cdF (x, y) 330

— ledF (x, ) - cdF(x,)] = 0

asj — ooforall x,y € s M. By equality (3.33) and the above convergence, we see that

|F(cx,dy) = cdF (x,y)|| < ||F(ex,dy) - F(ajx,bjy)|| + || F(ajx,bjy) - cdF (x,y) || T 0 |
335

asj — ooforall x,y € s M. By equality (3.31) and the above convergence, we obtain

F(ax,by) = abF(x,vy) (3.36)
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forall a,b € AT U {i} and all x,y € s M. Since the mapping F is bi-additive, we see that

F(ax,ay) = F(aix — ajx +iayx —iayx,ajy — ajy +ia3y —ia,y)
- F(ajx,aly) - F(aix aiy) + F(ai iaty) - F(alx iazy)
- F(aix,aiy) + F(ajx,ajy) - F(a;x,iayy) + F(a;x,iayy) (3.37)
+ F(iayx,ajy) — F(iayx,ajy) + F(iayx,iayy) — F(ia}x,ia, y)

- F(iayx,ajy) + F(iayx,a]y) — F(iayx,iayy) + F(iayx,ia, y)

forall a € Aand all x,y € A M. By (3.28) and equality (3.36), we have

p q P q
F(px,qy) = F<|P|mx/ qlmy> = IPIIq|F<—xfmy> = pqF(x,y) (3.38)

|p|

for all p,q € {aj,a],a;,a;} and all x,y €4 M. Note that aja; = aja] = aja, = aya; = 0.
Hence we obtain that

Fax,ay) = (a3)°F(x,) + ialafF (x,y) ~ iafazF (x,y) + (ar)'F(x,)
—iajayF(x,y) +iaja,F(x,y) +iaya;F(x,y) —iaya;F(x,y)

~(a3)°F(x,y) ~iaya{F(x,y) +iaya; F(x,y) = (a) F (x,y)

, , (3.39)
= [(a{) +iajay —iaja; + (a;7)” —iaja; +iaja,
+iatal —iaja; - (a})’ —iayal +iaya; - (aE)Z]F(x,y)
= (ay - aj +ia; - iag)zF(x,y) = a’F(x,y)
forallac Aandall x,y € s M.
The proof of the case r € {0} U (2, o0) is similar to that of the case r € (0,2). O
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