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We present some new multiplicity of positive solutions results for nonlinear semipositone fraction-
al boundary value problem Dg, u(t) = p(t) f (t, u(t)) — q(t),0 <t < 1,u(0) = u(1) = u'(1) = 0, where
2 < a < 31is a real number and Dg ., is the standard Riemann-Liouville differentiation. One example
is also given to illustrate the main result.

1. Introduction

This paper is mainly concerned with the multiplicity of positive solutions of nonlinear frac-
tional differential equation boundary value problem (BVP for short)

Dgou(t) = p(t) f(t,u(t)) —q(t), 0<t<1,

(1.1)
u(0) =u(1l) =4'(1) =0,

where 2 < a < 3 is a real number and Dy, is the standard Riemann-Liouville differentiation,
and f,p, q is a given function satisfying some assumptions that will be specified later.

In the last few years, fractional differential equations (in short FDEs) have been
studied extensively the motivation for those works stems from both the development of
the theory of fractional calculus itself and the applications of such constructions in various
sciences such as physics, mechanics, chemistry, and engineering. For an extensive collection
of such results, we refer the readers to the monographs by Kilbas et al. [1], Miller and Ross
[2], Oldham and Spanier [3], Podlubny [4], and Samko et al. [5].
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Some basic theory for the initial value problems of FDE involving the Riemann-
Liouville differential operator has been discussed by Lakshmikantham and Vatsala [6-8],
Babakhani and Daftardar-Gejji [9-11], and Bai [12], and others. Also, there are some papers
that deal with the existence and multiplicity of solutions (or positive solution) for nonlinear
FDE of BVPs by using techniques of nonlinear analysis (fixed point theorems, Leray-
Schauders theory, topological degree theory, etc.), see [13-22] and the references therein.

Bai and Lii [15] studied the following two-point boundary value problem of FDEs

DI u(t)+ f(t,u(t)) =0, u(0)=u(l)=0,0<t<1, 1<q<2, (1.2)

where D is the standard Riemann-Liouville fractional derivative. They obtained the existence
of positive solutions by means of the Guo-Krasnosel’skii fixed point theorem and Leggett-
Williams fixed point theorem.

Zhang [22] considered the existence and multiplicity of positive solutions for the
nonlinear fractional boundary value problem

‘Dl u(t) = f(t,u(t)), 0<t<1, u(0)+u'(0)=0, u(l)+u'(1)=0, (1.3)

where 1 < g < 2 is a real number, f : [0,1] x [0,+00) — [0, +00), and CDg+ is the standard
Caputo’s fractional derivative. The author obtained the existence and multiplicity results of
positive solutions by means of the Guo-Krasnosel’skii fixed point theorem.

From the above works, we can see the fact that although the fractional boundary
value problems have been investigated by some authors to the best of our knowledge,
there have been few papers that deal with the boundary value problem (1.1) for nonlinear
fractional differential equation. Motivated by all the works above, in this paper we discuss
the boundary value problem (1.1), using the Guo-Krasnosel’skii fixed point theorem, and we
give some new existence of multiple positive solutions criteria for boundary value problem
(1.1).

The paper is organized as follows. In Section 2, we give some preliminary results that
will be used in the proof of the main results. In Section 3, we establish the existence of multiple
positive solutions for boundary value problem (1.1) by the Guo-Krasnosel’skii fixed point
theorem. In the end, we illustrate a simple use of the main result.

2. Preliminaries and Lemmas

For the convenience of the reader, we present here the necessary definitions from fractional
calculus theory. These definitions can be found in the recent literature such as [1, 4, 15].

Definition 2.1 (see [1, 4]). The Riemann-Liouville fractional integral of order a(a > 0) of a
function f : (0,+00) — Ris given by

(t _ S)D{—l

t
IEF(E) = jo s, 2.1)

provided that the right side is pointwise defined on (0, +o0), where I is the gamma function.



Discrete Dynamics in Nature and Society 3

Definition 2.2 (see [1, 4]). The Riemann-Liouville fractional derivative of order a(a > 0) of a
continuous function f : (0,+o0) — R is given by

1 d\" ('
(Dg, f) (1) = Tn—a) <E) jo (t— )" f(s)ds, (2.2)

provided that the right side is pointwise defined on (0, +o0), where n = [a]+1 and [a] denotes
the integer part of a.

Lemma 2.3 (see [15]). Let a > 0. If one assumes u € C(0,1) N L(0,1), then fractional differential
equation

Du(t) =0 (2.3)
has
u(t) =Cit* '+ Cot* 2+ -+ Cnt* N, CieR,i=1,2,...,N, (2.4)

as unique solutions, where N is the smallest integer greater than or equal to a.

Lemma 2.4 (see [15]). Assume that h € C(0,1) N L(0, 1) with a fractional derivative of order a > 0
that belongs to C(0,1) N L(0,1). Then

I"Dh(t) = h(t) + C1t* 1 + Cot* 2 4 - + Cnte 7N, (2.5)

forsome C; €R,i=1,2,...,N, where N is the smallest integer greater than or equal to a.

In the following, we present Green’s function of the fractional differential equation
boundary value problem.

Lemma 2.5. Let h € C[0,1] and 2 < a < 3, then the unique solution of

Du(t)+h(t) =0, 0<t<l,

(2.6)
u(0) =u(1) =4'(1) =0
is given by
1
u(t) = J. G(t,s)h(s)ds, (2.7)
0
where G(t, s) is Green's function given by
1-s)"'tv 1l —(t-s)*", if0<s<t<],
Glsy= 1179 (E=s)"" #O<s 2.8)
I(a) | (1-s)v a1, f0<t<s<l.
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The following properties of Green’s function form the basis of our main work in this
paper.
Lemma 2.6. The function G(t, s) defined by (2.8) possesses the following properties:
(i) G(t,s) =G(1 —s,1—-1t) fort,s € (0,1);
(i) t1(1 - t)s(1 - 8)* " < G(t,s)T(a) < (a—1)s(1—s)*" fort, s € (0,1);
(iii) #*1(1 - £)s(1 - s)* " < G(t,s)T(a) < (a = )t (1 = 1) for t, s € (0,1);
(iv) G(t,s) >0fort,s € (0,1).

The following Krasnosel’skii’s fixed point theorem will play a major role in our next
analysis.

Lemma 2.7 (see [23]). Let X be a Banach space, and let P C X be a cone in X. Assume 1,82, are
open subsets of X with 0 € Q1 C 1 C Qy, and let A4 : P — P be a completely continuous operator
such that either

@) llAull < llul, ue Pnod, Hull > [[ul, uePno, or

(ii) [[Aull > [lull, u € PN oLy, [[Aull < [lull, u € PN oLy.

Then 4 has a fixed point in PN (Qy \ Q1).

3. Main Results

In this section, we establish some new existence results for the fractional differential equation
(1.1). Given a € L'(0,1), we writea a > 0, if a > 0 for t € [0,1], and it is positive in a set of
positive measure.

Let us list the following assumptions:

(H1) f : [0,1] x [0,00) — [0, o0) is continuous, p,q > 0;

(H2) there exists 8 € (0,1/2), such that

1-6
p(s)s(1-s)*"ds>0. (3.1)
In view of Lemmas 2.5 and 2.6, we obtain the following.

Lemma 3.1. Let g € L*[0,1] with g > 0 0n (0,1), and y(t) is the unique solution of

Dj.u(t) =q(t), 0<t<l,
(3.2)
u(0) =u(1l) =4'(1) =0,

Then
-1

0<y(t) < ‘;(—a)nqnlta-la — )=t (1-t), for te[0,1], (3.3)

where C = (a = 1/T(a))llqlly, lqll, = [3 1g(¢)] dt.
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Next, we consider

Di.u(t) =p(t)g(t,u(t) —y(t)), 0<t<l,
u(0) =u(l) =u'(1) =0,

(3.4)

where

B ftu), ifu>0
g(tu) = {f(t, 0, ifu<o, (3.5)

Then (3.4) is equivalent to the following integral equation:
1
u(t) = J‘ G(t,s)p(s)g(s, u(s) —y(s))ds. (3.6)
0
Lemma 3.2. Let u(t) > y(t) for t € [0,1], and u(t) is positive solution of the problem (3.4). Then

u(t) — y(t) is positive solution of the problem (1.1).

Proof. In fact, let x(t) = u(t) — y(t). Then x(t) > 0 and u(t) = x(t) + y(t). Since u(t) is positive
solution of the problem (3.4), we have

D§. [x(t) +y(t)] = p(H)g(t, x(t)), 0<t<1,

, (3.7)
(x+7)(0) = (x+7)(1) = (x+y) (1) =0.
So

Dg.x(t) = p(t)g(t, x(t)) —q(t), 0<t<1,
x(0) = x(1) =x'(1) =0.

(3.8)

For our constructions, we will consider the Banach space E = C[0, 1] equipped with
standard norm ||u|| = maxg«<1|u(t)|, u € E.
Define a cone K by

(1 -t)
o

K={u€E:u(t)2 1

lull, vt € [0,1],a € (2,3]}. (3.9)
Let the operator « : K — E be defined by the formula

(Ax)(t) = J‘Ol G(t,s)p(s)g(s,x(s) —y(s))ds, 0<t<1, ueKk. (3.10E)]

Lemma 3.3. Assume that (H1) holds. Then +4(K) C K.
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Proof. Notice from (3.10) and Lemma 2.6 that, for x € K, #x(t) >0 on [0,1] and

|l < J‘ (a-1)s(1-5)""p(s)g(s,x(s) - y(s))ds. (3.11)

T(a)

On the other hand, we have

Ax(t) > —— F( ) t“ Y1 -1)s(1-5)""p(s)g(s,x(s) - y(s))ds
(3.12)
t*1(1-1t)
>— 7 .
> i
Thus we have «#(K) C K. The proof is finished. O
It is standard that «# : K — K is continuous and completely continuous.
For convenience, we introduce the following notations: N = ((a - Dllpll, /T (a))

maxo<s<15(1 — )1, N=o f;fe(s(l - s)“‘l/l"(a))p(s)ds, 0 = ming<<1_g(1 — £)t*7L.

Theorem 3.4. Assume that (H1) and (H2) are satisfied. Also suppose the following conditions are
satisfied:

(A1) there exists a constant Ry > (a—1)C such that ﬁf(t, u) < Ry forall (t,u) € [0,1]x[0, Ry];
(A2) there exists a constant Ry > 2Ry such that Nf(t, u) > Ry forall (t,u) € [0,1] x[0Ra, Ry];
(A3) lim,, _, ,omaxo<1 (f (£, u)/u) =

Then the problem (1.1) has at least two positive solutions.

Proof. To show that (1.1) has at least two positive solutions, we will assume the problem (3.4)

has at least two positive solutions x; and x, with R; < ||x1]| < Ry < ||| £ Rs.
We now show

x| < ||x]l, for x € K N, (3.13)

To see this, let Q; = {x € K'| ||x]| < Ry}, then for x € KN 0oLy, t € [0,1], by Lemma 3.1
and (A1), we have

x(t) —y(t) < x(f) < |[lx]| = Ry,
(1 t) . Ry (3.14)
—1R -ct*l1-t) > (a_

x(H) - y(b) > >ﬂ4u—nza
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Thus, we see, from Lemma 2.6 and (A1), that

lAx|| = max(eﬂu)(t) maxJ‘ G(t,s)p(s)g(s,x(s) —y(s))ds

(a 1) a-1
< 5(1 -5)"p(s)f(s,x(s) —y(s))ds
I'(a) f( ) (3.15)
([X 1) a-1
* T (1 s)* " p(s)ds
<Ry,
from which we see that ||4x|| < ||x||, for x € K N 0Q;.
Next we now show
[[4x]| > |lx]|, for x € KN 0Ly. (3.16)

To see this, let Q; = {x € K| ||x|| < Ry}; then, for x € KN 0y, t € [0,1], by R, > 2R;, we have

t* 1(1 ) a-1 tu71(1 - t)
RS S >
R -Ctl(1-p)

x(5) —y(f) 2 = 2(a-1)

(3.17)

For x € 0Qy; t € [6,1 — O] o, then, it follows from (3.17) that

o= 1(1 )

Ry < 5oy R S ()~ (1) < R (3.18)

In view of (A2), (3.17) and Lemma 2.6, we have that for all x € 0Q,,t € [0,1 - 0]o
1
||Au| > I G(t,s)p(s)g(s, x(s) —y(s))ds
0

1
10 20T 0o -y

1-6 a-1
alpq s(1-5)"" Ry (3.19)
>t (1 -t) «[9 —F(a)ﬁ (s)ds

1-6 _ o\l

2 O-J‘ S(ls—)_lezp(s)ds
0 I'a)N

= RZ/

from which we see that ||4x|| > ||x||, for x € K N 0Qs,.
On the other hand, let € > 0, where

a-1
(@) {)r<1ta<>1<t(1 H* lpll, < 1. (3.20)
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Supposing that (A3) holds, one can find N > R, > 0, so that

f(t,u) <eu, Vtel[0,1], u>N. (3.21)
Setting

a — 1)maxog<i (1 — £)%! max x tu
R = (@ — Dmaxogr1t( - O™ llplimaxeuepuxon f(E 1) N, (3.22)

(F(@) - e(a— Dmaxoga (1 = H* plly)

then R; > N > R,, and so

1
ot = max |Gt p()g(s,x(5) - (s))ds
<t<1 J

y Ya-1)s(1-s)*"

p(s) max  f(s,u)ds

=), I'(a) (s,)€[0,1]x[0,N] .
1 — o\l
0 . 1)1?((31) 2 p(s)e(x(s) —y(s))ds

S1Q3/

from which we see that ||4x|| < ||x||, for x € K N 0Q3.
In view of Lemma 2.7, the problem (3.4) has at least two positive solutions x; and x;
with Ry < ||x1]] < Ry < ||x2]] £ R3. Since R, > Ry > (@ — 1)C, we have

a—1 _
-y > 0 R eea g > ( K C)t“‘1(1 >0,
(3.24)
a—1 _
x(t) —y(t) > %Rz -Cct"l1-t) > ( R_21 - C)t“‘1(1 -1) > 0.
Therefore x1, x; are solutions of the problem (1.1). This completes the proof. O

Theorem 3.5. Suppose that (H1), (H2) are satisfied. Furthermore assume that

(A4) there exists a constant Ry > 2(a — 1)C such that Nf(t,u) > Ry forall (t,u) € [0,1] x
[O'Rl, Rl]r

(AD) there exists a constant Ry, > max{R;, (R, /N)ﬁ} such that Nf(t,u) < Ry forall (t,u) €
[0/1] X [0/ RZ]/

(A6) limy,, +oming<<1-9(f (t, 1) /1) = +oo.

Then the problem (1.1) has at least two positive solutions.
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4. An Example

As an application of the main results, we consider

1
D>?y(t) = -—, 0 1,

y(0) = y'(0) = y(1) =0,
Set

2(y-7)*+1100, if 0<y<7,
fly) =1 -2(y-7)+1100, if 7 <y <450, (4.2)
(y - 450)* +214, if y>450,

Then we have C = (a—1) /T (a)||q|l, = 2.25676,N = ((a=1)||q]l: /T (a))maxpcs<15(1 - 5)*" = 0.4,
letting, 0 = 1/4, then ¢ = mings<1-0(1 - ! = 0.09375, N = o [/, (s(1 - 5)*" /T(a))ds
0.008, choosing R1 = 7, Ry = 450, then R; > 2(a - 1)C = 6.77, R, > max{Ry, (R, /N)ﬁ}
max{7,350} = 350; therefore, we have Nf(u) = 0.008[—2(]/—7)2 + 1100] > 8.156 >
Ry, (t,u) — [1/4,3/4] x [0.65625,7], Nf(u) = 0.4[-2(y - 7)* + 1100] < 440 < Ry, (t,u) —
[0,1] x [0,7], Nf(u) = 0.4[-2(y — 7) + 1100] < 440 < Ry, (t,u) — [0,1] x [7,450], and
limy, .o (f(y)/y) = limy, oo (((y — 450)2 + 214)/y) = +oo.

It is clear that f : [0,1] x [0,00) — [0, 00) is continuous. Since all the conditions of
Theorem 3.5 are satisfied, the problem (4.1) has at least two positive solutions.

0

Acknowledgments

This work supported by the Nature Science Foundation of China under the Contact no.
10901075 and the Key Project of Chinese Ministry of Education (210226).

References

[1] A. A. Kilbas, H. M. Srivastava, and ]. J. Trujillo, Theory and Applications of Fractional Differential
Equations, vol. 204, Elsevier Science, Amsterdam, The Netherlands, 2006.

[2] K. S. Miller and B. Ross, An Introduction to the Fractional Calculus and Fractional Differential Equations,
John Wiley & Sons, New York, NY, USA, 1993.

[3] K. B. Oldham and J. Spanier, The Fractional Calculus, Academic Press, New York, NY, USA, 1974.

[4] L Podlubny, Fractional Differential Equations, Academic Press, San Diego, Calif, USA, 1999.

[5] S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and Derivatives, Theory and Applica-
tions, Gordon and Breach Science, Yverdon, Switzerland, 1993.

[6] V. Lakshmikantham and A. S. Vatsala, “Basic theory of fractional differential equations,” Nonlinear
Analysis, vol. 69, no. 8, pp. 2677-2682, 2008.

[7] V. Lakshmikantham and A. S. Vatsala, “General uniqueness and monotone iterative technique for
fractional differential equations,” Applied Mathematics Letters, vol. 21, no. 8, pp. 828-834, 2008.

[8] V. Lakshmikantham, “Theory of fractional functional differential equations,” Nonlinear Analysis, vol.
69, no. 10, pp. 3337-3343, 2008.

[9] A.Babakhani and V. Daftardar-Gejji, “Existence of positive solutions of nonlinear fractional differen-
tial equations,” Journal of Mathematical Analysis and Applications, vol. 278, no. 2, pp. 434-442, 2003.



10 Discrete Dynamics in Nature and Society

[10] A. Babakhani and V. Daftardar-Gejji, “Existence of positive solutions for N-term non-autonomous
fractional differential equations,” Positivity, vol. 9, no. 2, pp. 193-206, 2005.

[11] A.Babakhaniand V. Daftardar-Gejji, “Existence of positive solutions for multi-term non-autonomous
fractional differential equations with polynomial coefficients,” Electronic Journal of Differential
Equations, vol. 129, pp. 1-12, 2006.

[12] C. Bai, “Positive solutions for nonlinear fractional differential equations with coefficient that changes
sign,” Nonlinear Analysis, vol. 64, no. 4, pp. 677-685, 2006.

[13] R. P. Agarwal, M. Benchohra, and S. Hamani, “Boundary value problems for differential inclusions
with fractional order,” Advanced Studies in Contemporary Mathematics, vol. 16, no. 2, pp. 181-196, 2008.

[14] B. Ahmad and J. J. Nieto, “Existence results for nonlinear boundary value problems of fractional
integrodifferential equations with integral boundary conditions,” Boundary Value Problems, vol. 2009,
Article ID 708576, 11 pages, 2009.

[15] Z. Bai and H. L1, “Positive solutions for boundary value problem of nonlinear fractional differential
equation,” Journal of Mathematical Analysis and Applications, vol. 311, no. 2, pp. 495-505, 2005.

[16] M. Benchohra, J. R. Graef, and S. Hamani, “Existence results for boundary value problems with non-
linear fractional differential equations,” Applicable Analysis, vol. 87, no. 7, pp. 851-863, 2008.

[17] M. Benchohra, S. Hamani, and S. K. Ntouyas, “Boundary value problems for differential equations
with fractional order,” Surveys in Mathematics and its Applications, vol. 3, pp. 1-12, 2008.

[18] M. Benchohra, J. Henderson, S. K. Ntouyas, and A. Ouahab, “Existence results for fractional order
functional differential equations with infinite delay,” Journal of Mathematical Analysis and Applications,
vol. 338, no. 2, pp. 1340-1350, 2008.

[19] V. Daftardar-Gejji, “Positive solutions of a system of non-autonomous fractional differential equa-
tions,” Journal of Mathematical Analysis and Applications, vol. 302, no. 1, pp. 56-64, 2005.

[20] E. R. Kaufmann and E. Mboumi, “Positive solutions of a boundary value problem for a nonlinear
fractional differential equation,” Electronic Journal of Qualitative Theory of Differential Equations, vol.
2008, no. 3, 11 pages, 2008.

[21] C.Yuand G. Gao, “Existence of fractional differential equations,” Journal of Mathematical Analysis and
Applications, vol. 310, no. 1, pp. 26-29, 2005.

[22] S. Zhang, “Positive solutions for boundary-value problems of nonlinear fractional differential equa-
tions,” Electronic Journal of Differential Equations, vol. 2006, no. 36, 12 pages, 2006.

[23] D.J. Guo, The Order Methods in Nonlinear Analysis, Shandong Technical and Science Press, Jinan, China,
2000.



Advances in

Operations Research

Advances in

Decision SC|ences

Journal of

Applied Mathematics

Journal of
Probability and Statistics

The Scientific
\{\(orld Journal

International Journal of

Combinatorics

Journal of

Complex Analysis

International
Journal of
Mathematics and
Mathematical
Sciences

Hindawi

Submit your manuscripts at

http://www.hindawi.com

Journal of

Mathematics

Journal of

Illsmelth alhemaics

Mathematical Problems
in Engineering

Journal of

Function Spaces

Abstract and
Applied Analysis

Stochastic A nalysws

,;,,\K J :1?"
#(ﬁ)}?ﬂ(ﬂﬁf
f. \') :

International Journal of

Differential Equations

ces In

I\/\athemamcal Physics

Discrete Dynamics in
Nature and Society

Journal of

Optimization




