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This paper presents some global stability criteria of discrete-time neural networks with time-varying delays. Based on a discrete-type
inequality, a new global stability condition for nonlinear difference equation is derived. We consider nonlinear discrete systems with
time-varying delays and independence of delay time. Numerical examples are given to illustrate the effectiveness of our theoretical

results.

1. Introduction

In recent years, neural networks (NNs) have been investigated
extensively due to their broad applications in information
processing problems, associative memory, parallel computa-
tion, pattern recognition, signal processing, and optimization
problems. It is well known that delays are often the sources
of instability and oscillation in system. In practical studies,
discrete-time systems have been used for a variety of phe-
nomena in electrical networks, genetics, ecological systems,
and so forth. Therefore, the stability analysis of discrete-
time neural networks (DNNs) with delays has become an
important topic of theoretical studies in neural networks;
for example, asymptotic stability and exponential stability
of neural networks have been studied by many researchers.
In [1], the authors have studied robust stability of discrete-
time linear-parameter-dependent (LPD) neural networks
with time-varying delay. In order to derive stability criteria of
discrete-time, one common approach is the use of appropri-
ate inequalities for difference equations. Another approach is
the use of Lyapunov stability theory. In [2], the authors have
studied global exponential stability of impulsive discrete-
time neural networks with time-varying delays, based on
some inequality analysis techniques. In [3], the authors have
studied new discrete-type inequalities and global stability

of nonlinear difference equation. In [4], the authors have
studied global exponential stability of discrete-time Hopfield
neural networks with variable by using the difference inequal-
ity. In [5], the authors have considered the problem of robust
stability analysis of generalized neural networks with multiple
discrete delays and multiple distributed delays by using
the Lyapunov-Krasovskii functional method and the linear
matrix inequality technique. In [6], the authors have studied
delay-dependent exponential stability criteria for discrete-
time nonlinear system with multiple time-varying delays. In
this paper, we propose to study global exponential stability of
discrete-time neural networks with time-varying delays. In
Section 2, we have introduced discrete-time neural networks
with time-varying delays and presented some preliminaries.
In Section 3, we have derived new discrete-type inequalities;
global exponential stability criteria are derived by using new
discrete-type inequalities. Finally, numerical examples are
given to illustrate the effectiveness of our theoretical results.

2. Notations, Definitions, and
Preliminaries Results

In this section, we give some notations definitions and
preliminaries results which will be used throughout this

paper.



Let R denote the set of all real numbers; R* the set
of positive real numbers; R; the set of nonnegative real
numbers; Z the set of integers; and Z* the set of positive
integers; Z7" = {z € Z : z > —r}. We consider the following
discrete-time neural networks with time-varying delays:

u(m+1)=Cu(n) +Af (u(n))

: 0
+ ) Bif (u(n-1,(n)) +b,
i=0
where u(n) = [ul(n),...,up(n)]T € RP? is the neuron state

vector, b = [by,... ,bp]T is constant input vector, 7;(n), i =
0,2,...,r are positive integers denoting the time-varying
delays satisfying
OSTi(n)STi, i:0)1)2>~--)r) (2)
where 7; > 0 are known positive integers, C = diag(c,,), (¢, €
(0,1)), A and B; are  the interconnection  matrices,

and f(x()) = [fi(,()) L0605 f(x, (D] is the

activation function where f,,(-), m = 1,...,n satisty

|fm(x)_fm(y)|SLm|x_y|’ Vx’yER' 3)

The initial conditions of system (1) are of the form

U, (s)=¢,(6), m=12,...,n, (4)
where ¢(s) = [¢;(s), $,(s), ..., c/)n(s)]T is an initial functions,
s € {-1,-1,+1,...,0}, and 7, is the maximum value of ;.
Let u” = [u},uj,...,u:]" be an equilibrium point of system
(1). We shift the equilibrium point u* to the origin by using
the transformation x(-) = u(-) — u*. Then, we obtain the new
system

X1+ 1) = Cx (n) + Ag (x () + Y Byg (x (1=, ),
i=0
(5)

where x(n) = {x;(n), x,(n),..., xp(n)} is the state vector of
the transformed system, g(x(-)) = [g; (x;(-)), ... ,gn(x,,('))]T,

where g,,(x, () = fu(x,() + u,) - f.(u,), m =
1,2,...,n and the transformed activation functions satisfy
the condition

|G ()] < Ly . (6)

Definition 1 (see [4]). The equilibrium point at the ori-

gin of system (5) is globally exponentially stable if for

any solution x(n, ¢) with the initial condition ¢, there exist
constant € € (0,1) and D > 0 such that

lx ()l < D||¢||e" vn<o, (7)

where [¢]l = max,e_ o {l¢(s)]}-
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3. Main Result

Throughout this section, we denote x(n) by x,. In this sec-
tion, we provide global exponential stability criteria for
system (5). First, we introduce new discrete-type inequalities
which will be used to derive global exponential stability
condition.

Lemma 2. Letq; € Ry, k; € Z',i = 1,...1r; p,q, € R",
where 0 < ky <k < -+ <k,and Y _,qk;+1) < p <1,
and let {x;} ;e -+ be a sequence of real numbers satisfying the
inequality

r K
Ax, < —px, + Zqi (k;+1) an_j, nez’, (8)
i=0 =0

where Ax,, = x(n+1)—x(n). Then, there exists A, € (0,1) such
that

X, < max {0, Xg» X_15- - .,x,kr} AL neZ’. 9)

Moreover, A, might be chosen as the smallest positive root of
the polynomial

r kK
PA) = A" = (1-p) A =Yg, YA (o)

=0 j=0
which lies in the interval (0,1).

Proof. Let {y,} be a solution of the difference equation

r ki
Ay, =—pya+ 2 a (ki +1) Yy, nez’. ()
i=0 j=0

From ¢q; € Rj and 0 < p < 1, one may follow the proof of
Theorem 2.1 in [3] to show that if x, satisfies (8) and x,, <
y, forn = —h,...,0, then x, < y, foralln € Z° For
given K > 0Oand A € (0,1), the sequence {y,} defined
by y, = KA"is a solution of (11) if and only if A is a
root of the polynomial (10). Since lim, _, ;+ P(A) = —q, <
0 and P(1) = p—Y"_, g;(k;+1) > 0, it follows from continuity
of P that there exists a smallest real number A, € (0, 1) such
that P(A,) = 0. Thus, for any K € K, the sequence {KAp} is
a solution of (11). Let K, = max{0,x,,x_;,... ,x_kr}.
Therefore, y, = {KyAp} is a solution of (11) and obviously,
we have x, < y,, for n = —k,,...,0. Hence, by using the first
part of the proof, we conclude that x,, < y, = KjAy, n €
z°. O

Now, we will provide a global exponential stability condi-

tion for system (5).

Theorem 3. The equilibrium point at the origin of system (5)
is globally exponentially stable if

Cnax +LIAN+1Y (7, + 1) By < 1, (12)

i=0

where I = max,,(L,,), Cpax
maximum of vector.

= max,,(c,), and max,,(L,,) is
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Proof. Let z,, = ||lx,|l. Then, from (5), the difference of system
is given by

Az (n) = “xn+1” - ”xn”

r

Cx, +Ag (xn) + ZBig (xﬂ—fi(”))

i=0

=[xl

s ncxnu + ”Ag (xn)n + Z() ”Blg (xn—‘r,-(n))'l - “xn“

<= (1 ~ Cmax ~ ! "A”) ”xn” + lz ”Bl” ”x”—‘fi(") “
i=0

<~ (1~ G~ 1AD 5] + 1Y Y 18] [
i=0 j=0
<~ (1= Gy — LIAL [,
+ lz (r;+1)|B] Z xﬂ—j”
i=0 =0
= _Pzn + Zq, (k1 + 1) ZZ”_J"
i=0 j=0
(13)

where
p= I- Cmax ~ ! "A" > 4 = "Bl" > ki =T (14)

From Lemma 2, it follows assumptions of theorem that there
exist A € (0,1) such that

2z, < max {0, 2002 1>+ "Z—n} Npy ne 7°. (15)
Thus, we obtain
2, = ol < max {02020,z JAG
(16)
= max {0 el s 2 < i

By Definition 1, we conclude that (5) is globally exponentially
stable. The proof is complete. O

Remark 4. In our main result, we derived global exponential
stability criteria for discrete-time neural networks with mul-
tiple time-varying delays by using discrete-type inequality.
In [4], the global exponential stability criteria of discrete-
time Hopfield neural networks are given. Nevertheless, the
stability criteria in [4] cannot be applied to discrete-time
system with multiple time-varying delays.

3
4. Numerical Example
Example 1. Consider the NNs (1) with r = 2 where
01 O 0.1 -0.15
€= [ 0 —0.15]’ A= [—0.2 0.1 ]
02 -0.1 -0.1 -0.15
B, = [—0.1 0.15] o B [ 01 -0.1 ]
b=[-3,-1],
To(n):1+sin<ﬂ>, Tl(n):2+sin<ﬂ>,
2 2
f1 (s) = tanh (-0.4s) + 0.2 sin s, f> (s) = tanh (0.2s) .
17)

Then, |All, = 03, [Byll, = 0.3, |Byll; = 025, 7, = 1, 7; =
2, Cmax = 0.15, L1 =0.5, L2 =0.2,and = 0.5.

The equilibrium point of system in Example 1 is
u' = [u),u;]" =[-3.3507,-0.7254] . (18)

From which it follows that

Cmax T O5IA[l + 0.5 (15 + 1) | By,
(19)
+0.5(r +1)||By|, =0.975 < 1.

Therefore, from Theorem 3, it follows that the equilibrium
point at the origin of system (1) is globally exponentially
stable.

The trajectory of solutions of Example 1 with the initial
state [¢;(s), ¢,(s)]" = [-3,1]" for s € [-1,0] is shown in
Figure 1.

Example 2. Consider the NNs (1) with » = 2 where

02 0 -0.1 0.15
C‘[o 0.1]’ A_[O.l —0.15]’
0.15 -0.1 -0.15 0.1
By = [—0.2 0.05]’ B, ‘[ 0.1 —0.15]
b=123],

. nrm . ni
To(n)=l+s1n<7>, Tl(n)=2+sm<7>,

f1 (s) = tanh (-0.4s) + 0.2sin (s), £, (s) = tanh (0.2s) .

(20)

Then [|All, = 0.3, |Byll,, = 0.25, |Bll,, = 0.25, 75 = 1,
T, = 2, Cpay = 0.2, and I = 0.5. The equilibrium point of
system in Example 2 is

u' = [ul,ul]" = [2.2435,3.5554]" (21)

From which it follows that
Cmax + 0.5 Al + 0.5 (1 + 1) || Byl

+0.5(r +1)||By, =0.975 < L.
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FIGURE 1: The trajectory of solutions of system (1) in Example 1.
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FIGURE 2: The trajectory of solutions of system (1) in Example 2.

Therefore, from Theorem 3, it follows that the equilibrium
point at the origin of system (1) is globally exponentially
stable.

The trajectory of solutions of Example 2 with the initial
state [¢,(s), b,(s)]” = [1,2]" for s € [-1,0] is shown in
Figure 2.

5. Conclusion

In this paper, we obtained sufficient condition for global
exponential stability of discrete-time neural networks with
multiple time-varying delays. The stability criteria are derived
by using a discrete-type inequality. Numerical examples are
given to show the effectiveness of our theoretical results.
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