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Álvaro Obregón 64, 78000 San Luis Potośı, SLP, Mexico
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The synchronization phenomenon that occurs in the Langerhans islets among pancreatic𝛽 cells is an interesting topic because these
cells are responsible for the release of insulin in the blood stream. The aim of this work is to generate in-phase bursting electrical
activity (BEA) in𝛽 cells with different behaviors such as active, inactive, and continuous spiking cells based onmathematicalmodels
using a discrete time coupling.The approach considers two steps, the former is a mechanism on how to force 𝛽 cells to switch from
silent phase to active, the latter is based on how to deal with in phase synchronization between active 𝛽 cells. The coupling signal is
triggered in discrete events caused by the crossing of a threshold of an active 𝛽 cell which is given or defined by a Poincaré plane.
The coupling on the inactive cells is applied to the state in which are the concentrations of agents which regulate the BEA. Based
on numerical simulations, synchronization in the insulin release is obtained from 𝛽 cells with different behaviors.

1. Introduction

In nature, an interesting example of synchrony occurs in
the coupling of pancreatic 𝛽 cells, which are responsible
for insulin release in glucose homeostasis. The connected 𝛽
cells are in the islets of Langerhans as clusters among gap
junction channels [1], and they exhibit a complex pattern of
membrane-potential oscillations called BEA [2, 3]. Recent
results show that the cellular electrical activity during exo-
cytosis occurs when a specific concentration of the agents
regulating the protein release is reached (e.g., the calcium
concentration in the endoplasmic reticulum [4]).

One of the principal characteristics among 𝛽 cells that is
under investigation is that they produce BEA if they are not
isolated from the cluster [5], causing electrical synchroniza-
tion with its neighbors under certain considerations [6, 7].

The above commentary lays out a number of challenges
in one specific area where mathematical models can help us
address some of our biggest needs: how 𝛽 cells are coupled
between themand synchronize in clusters. In the last decades,

mathematical models have been designed in order to suffice
the conditionsmet by the experimental data acquired by biol-
ogists. These models help to understand and reproduce spe-
cific behaviors such as thememory in the transmission delays
in the neurons [8] and the bursting activity inmost of the cells
[9]. There are works focused on the research to understand
the mechanisms by which the electrical activity appear, for
example [10–15], the latest include the concentration vector
of agents which regulate the BEA that have been discovered
throughout the years, such as intracellular calcium, concen-
tration of calcium and potassium in the endoplasmic retic-
ulum, ADP (adenosine diphosphate), and glucose. With the
aid of these models, some studies have been made in order to
prove the synchronization among cells [16–19], the majority
have focused on a coupling based on the electrical activity and
the number of cells in the cluster.

However, if the electrical activity is a result of the internal
process that occurs in the cell due to the permeation of some
agents and it is known that not all cells burst in synchrony
among the islet, then the coupling among cells must not only
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be given through electrical activity, but through the perme-
ation and concentration of certain agents that regulate the
insulin secretion in order that every inactive cell in the cluster
begin to oscillate when the release of insulin is required, thus
they synchronize with its neighbors. This work proposes a
mechanism on how to force an inactive 𝛽 cell to an active
state and synchronize in phase its electrical activity to the
cluster of cells; to accomplish this, we use the detection of a
threshold of the electrical activity of a regular active master
cell via Poincaré planes as explained in [20]. The idea is to
generate a driving signal which is triggered in discrete events
caused by the crossing of a specific threshold by some master
system with a previously defined Poincaré plane.

The paper is organized as follows: In Section 2, the math-
ematical model of the 𝛽 cell is described. Section 3, explains
the forced coupling method via discrete events. In Section 4,
we propose a master-slave coupling to produce in-phase BEA
among 𝛽 cells with different behaviors (active, inactive, and
periodic burst). Finally, conclusions are made about how this
approach might impact coupling and synchrony among cells.

2. Beta-Cell Model

It is known that the mathematical models of the 𝛽 cell
present two phases called active and silent phases. Each phase
corresponds to a rapid and slow oscillation of the membrane
potential, respectively. The active phase is related to the
insulin-glucose response of the cells, and it has been proven
that at lower concentrations of glucose, the intact cells in the
islets do not burst, while at intermediate concentrations only
a fraction burst [21].

The mathematical model implemented throughout the
paper has been taken from Pernarowski [15]. Here the behav-
ior of a single cell coupled in a cluster of cells was described.
Using fast and slow variables, his model may describe also
inactive cells. The model is given as follows:

�̇� = 𝑓 (𝑢) − 𝜔 − 𝑐,

�̇� = 𝜔
∞
(𝑢) − 𝜔,

̇𝑐 = 𝜖 (ℎ (𝑢) − 𝑐) ,

(1)

where 𝑢 is the membrane potential, 𝜔 is a channel activation
parameter for the voltage-gated potassium channel, and 𝑐
are concentrations of agents which regulate the BEA, such
as intracellular calcium and concentration of calcium in the
endoplasmic reticulum and ADP.

The functions 𝑓(𝑢),𝜔
∞
(𝑢) and ℎ(𝑢) take the following

form:

𝑓 (𝑢) =
−𝑎

3
𝑢3 + 𝑎�̂�𝑢2 + (1 − 𝑎 (�̂� − 𝜂2)) 𝑢,

𝜔
∞
(𝑢) = (1 −

−𝑎

3
) 𝑢3 + 𝑎�̂�𝑢2 − (2 + 𝑎 (�̂� − 𝜂2)) 𝑢 − 3,

ℎ (𝑢) = 𝛽 (𝑢 − 𝑢
𝛽
) ,

(2)

where the parameters are tuned to the next values for an
active cell: 𝑎 = 1/4, 𝜂 = 3/4, �̂� = 3/2, 𝛽 = 4, 𝑢

𝛽
= −0.954,

and 𝜖 = 1/400. Using this specific values, the system exhibits
square-wave bursting which is analogous to the BEA in the
pancreatic beta cell.

Figure 1 depicts the states of (1) in time using Runge Kutta
with an integration step equal to 0.01. We have considered
throughout the paper 𝑡 as the number of iterations times the
integration step; Figure 1(a) shows the membrane potential 𝑢
which is triggered due to the levels of glucose in the blood.
Figure 1(b) shows the channel activation parameter for the
voltage-gated potassium channel𝜔, and Figure 1(c) shows the
concentration of calcium 𝑐.

It can be seen that when the concentration of calcium 𝑐,
due to the levels of glucose in the blood, increases, the mem-
brane potential and the channel activation parameter for the
voltage-gated potassium channel 𝜔 commences an active
phase with square-wave bursting. This system presents only
one equilibrium point 𝑄 = (−0.6, −1.609, 1.416), with corre-
sponding eigenvalues 𝜆 = (−1.946, 0.978, 0.002).

As Pernarowski has shown in [15], the system given by (1)
is considered an inactive systemby changing the slow variable
𝑢
𝛽
= −2; this is appreciated from Figures 1(d), 1(e), and 1(f),

which shows the states of the system due to this change. The
parameter 𝑐 shown in Figure 1(f) increases until it gets near 2,
and the cell exhibits a stationary behavior rather than burst-
ing. This is one of the main problems on nonfunctional 𝛽
cells.

Others refer to cells that present continuous spiking activ-
ity which is commonly attributed to isolated cells (see [18]
and the reference within) and sometimes to cells belonging to
clusters with a reduced number of cells in it [22]. The system
given by (1) presents spiking activity by changing the fast
parameters 𝜂 = 1, �̂� = 3/2. The states of this system may
be appreciated in Figures 1(g), 1(h), and 1(i).

Based on these characteristic behaviors of 𝛽 cells, we
propose a forced coupling in order to generate BEA in the
inactive cell as is described in Section 3.

3. Forced Coupling Based on Discrete Events

The forced coupling is enabled by discrete time via Poincaré
plane as described in [20], inwhich amaster system is respon-
sible for activating other inactive systems; that is, every time
the master system crosses a threshold defined by a Poincaré
plane then a forcing signal is activated in order to constrain
a forced system. Since the coupling signal is generated
each crossing event, the triggering is considered discrete in
time. A brief description on how to yield this coupling is
included in the appendix.

We are going to consider a master system as ẋ =

[�̇�
𝑚
, �̇�
𝑚
, ̇𝑐
𝑚
]𝑇, where 𝑢

𝑚
, 𝜔
𝑚
, 𝑐
𝑚
correspond to the states of

(1) with the parameters described above for an active 𝛽 cell.
The Poincaré plane is located at 𝑢 = 0, it can be seen in
Figure 2 with the gray dashed line. This location has been
chosen in order to detect the membrane potential of the cell
when the active phase begins. Figure 2 also depicts the 𝑢 state
of the master 𝛽 cell. Each crossing event is marked with a red
asterisk.
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Figure 1: Time series of the system states given by (1) for an active cell in (a), (b), and (c) with 𝑢
𝛽
= −0.954; an inactive cell in (d), (e), and

(f) with 𝑢
𝛽
= −2; continuous spiking (h), (i), and (j) with the fast parameters 𝜂 = 1, �̂� = 3/2: in (a), (d), and (g), the membrane potential 𝑢;

(b), (e), and (h) voltage gate potassium 𝜔; (c), (f), and (i) concentration of calcium 𝑐.
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Figure 2: Time series of the 𝑢 state of an active 𝛽 cell as the master system with (1) for some iterations in time. The gray dashed line marks
the Poincaré plane, and each crossing event is marked with red asterisks.

The forced system is given by the following equation:

ẏ = [
[

�̇�
𝑠

�̇�
𝑠

̇𝑐
𝑠

]

]

+ [

[

0
0
𝜉

]

]

. (3)

This system is considered to be an inactive 𝛽 cell for
the corresponding parameter 𝑢

𝛽
= −2 as described before.

Where 𝜉 ∈ R is the coupling signal. Here 𝜉 takes the form
𝜉 = 𝐴𝑒−𝜏(𝑡−𝑡𝑖) cos(𝑤(𝑡 − 𝑡

𝑖
)) from (A.2).

First we adjust the coupling strength 𝐴 = −1 and the
coupling is activated in 𝑡

𝑐
= 500. Figure 3(a) shows the time

series corresponding to the master system and the coupled

system in red and blue line, respectively. Notice that both
systems behave autonomously, and at the time 𝑡

𝑐
the inactive

system is coupled. The forced system starts to oscillate
periodically out of phase of the master system, and for each
two active phases of the master system, the forced system
remains inactive one period of time, so we call this period of
time as skipping one active phase.The reason for this skipping
may be appreciated in Figure 3(b) where the time series of the
𝑐 state is depicted. It results that the coupled state does not
reach the value of 1 as the master system does. By increasing
the coupling strength 𝐴 = −1.3, the skipping disappears as
Figures 3(c) and 3(d) show.
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Figure 3: Time series of the system states 𝑢 and 𝑐 of the coupled inactive system from (3) marked with the blue line; the states 𝑢 and 𝑐 of the
master system marked with the red line for a different coupling strength 𝐴. The coupling starts at 𝑡

𝑐
= 500. For (a) and (b), 𝐴 = −1. For (c)

and (d), 𝐴 = −1.3.

The proposed coupling canmake an inactive𝛽 cell to pro-
duce BEA. However, the bursts occur out of phase from the
master system, this is because there is no interaction consid-
ered from the connection between the cells in gap junctions.
The electrical activity in the membrane potential synchro-
nizes the oscillations in the cells, so an additional coupling
is proposed in Section 4.

4. In-Phase Oscillations through
a Membrane Potential Coupling

In order to force an inactive 𝛽 cell to produce BEA in phase
with the master system, we propose the following unidirec-
tional coupling:

ẏ = [
[

�̇�
𝑠

�̇�
𝑠

̇𝑐
𝑠

]

]

+ [

[

𝑘 (𝑢
𝑚
− 𝑢
𝑠
)

0
𝜉

]

]

, (4)

where 𝑢
𝑚
represents the state of the master system, 𝑢

𝑠
stands

for a negative feedback of the inactive system, and 𝑘 ∈ R
stands for the strength of the unidirectional coupling. Setting
this strength to 𝑘 = 1 and the starting time of the coupling
𝑡
𝑐
= 500 and keeping the same value of 𝐴 = −1.3, it

results that the system from (4) becomes active and produces
oscillations. These oscillations are now in phase with the
master system; however, the amplitude obtained in the
bursting differs significantly; this is shown in Figure 4(a).
By incrementing the unidirectional coupling strength to
𝑘 = 2, this difference is diminished as it is appreciated in
Figure 4(b), where the amplitudes are almost equal.

Now that the inactive cell has been coupled and forced
to produce in-phase BEA with the master system, it is
straightforward to think if this type of coupling works with
the other (active or continuous spiking) 𝛽 cells belonging to
the islet, because it would be unlikely to apply it only to the
inactive cells.

Sowe considered twomore systems to apply the coupling:

v̇ = [
[

�̇�
𝑠

�̇�
𝑠

̇𝑐
𝑠

]

]

+[

[

𝑘 (𝑢
𝑚
− 𝑢
𝑠
)

0
𝜉

]

]

; ż = [
[

�̇�
𝑠

�̇�
𝑠

̇𝑐
𝑠

]

]

+[

[

𝑘 (𝑢
𝑚
− 𝑢
𝑠
)

0
𝜉

]

]

,

(5)

where v̇ refers to an active 𝛽 cell with the same parameters as
ẋ. And ż refers to a continuous spiking 𝛽 cell with the fast
parameters 𝜂 = 1, �̂� = 3/2. The coupling parameters are
the same 𝐴 = −1.3, 𝑘 = 2, and 𝑡

𝑐
= 500. Figure 5(a) shows

the active 𝛽 cell before 𝑡
𝑐
produce BEA out of phase with the

master system, when the system is coupled after 𝑡
𝑐
begins to

oscillate in-phase but with a reduced amplitude in the bursts.
A similar thing results when coupling a continuous

spiking 𝛽 cell, before the coupling the system oscillate auton-
omous, after 𝑡

𝑐
the coupled system oscillate in phase with the

master system but with the same diminution in amplitude as
in Figure 5(b).

Based on the above results, we conjecture that even if the
coupling is applied to an islet with different behaviors in its
containing cells, all cells are constrained to produce BEA in
phase. As the BEA is related to the insulin secretion we can
say that all cells are synchronized in the release of insulin.
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Figure 4: Time series of the system state 𝑢 of the coupled inactive (response or slave) system from (4) marked with the blue line; the state 𝑢
of the master systemmarked with the red line for a different unidirectional coupling strength 𝑘. The coupling starts at 𝑡

𝑐
= 500 and𝐴 = −1.3.

For (a) 𝑘 = 1 and (b) 𝑘 = 2.
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Figure 5: Time series of the system states 𝑢 of the coupled active and continuous spiking systems. Marked with the blue line the state 𝑢 of
the master system given by (1), and marked with the red line the states of; (a) the active 𝛽 cell with 𝑢

𝛽
= −0.954. (b) the continuous spiking 𝛽

cell with the fast parameters 𝜂 = 1, �̂� = 3/2. The unidirectional coupling strength 𝑘 = 2, 𝑡
𝑐
= 500 and 𝐴 = −1.3.
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Figure 6: Projection of the master 𝛽-cell system onto the plane (𝑢, 𝜔) intersected by the Poincaré plane Σ. The points of each crossing event
{𝜑
𝑡0

𝑚(x0)
, 𝜑
𝑡1

𝑚(x0)
, 𝜑
𝑡2

𝑚(x0)
, . . .} aremarkedwith asterisk. (b) Signal 𝜉(𝑡) from a𝛽-cell systemmarked in solid red line, and state 𝑢

1
of the autonomous

system marked with dashed line.

5. Conclusions

The synchronization in the BEA among 𝛽-cells is a very
important topic to consider because due to this phenomenon,
the regulation of glucose is carried out. Several experiments
have determined that under specific conditions a number
of 𝛽 cells in the islet may produce different behaviors than

the regular ones, causing the synchronization to disappear.
Using a forced coupling method applied to a mathematical
model of the cell, we demonstrate that inactive 𝛽 cells can
be forced to produce out of phase BEA via the detection of
a threshold in an active master 𝛽 cell. In order to synchronize
in phase this activity, we applied a unidirectional coupling
and demonstrate that even cells with different commonly
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behaviors such as active or continuous spiking can produce
BEA in phase with the master cell synchronizing the active
phases which are related to the release of insulin in the islets.

Appendix

Activation of the Coupling Signal 𝜉

Although the coupling signal 𝜉 can be generated in several
ways, usually it is considered as a periodical signal; but in
order to avoid the periodicity, we take the model of trigger
given by [20]; here the generation of the coupling signal is
briefly explained. Consider an autonomous system described
as

x = 𝐹 (x) , 𝐹 : R𝑚 → R𝑚, (A.1)

which is monitored by a Poincaré plane Σ := {(x
1
, x
2
, x
3
) :

𝛼
1
x
1
+ 𝛼
2
x
2
+ 𝛼
3
x
3
+ 𝛼
4
= 0} where 𝛼

1
, . . . , 𝛼

4
∈ R are

arbitrary coefficients of a hyperplane equation whose values
are considered arbitrarily according to the following discus-
sion.We are interested in the crossing events of the trajectory
of the autonomous system equation (1) which generates the
attractor A

𝑥
. The Poincaré plane Σ crosses the attractor A

𝑥
,

generating the points {𝜑𝑡0
𝑚
(x
0
), 𝜑𝑡1
𝑚
(x
0
), 𝜑𝑡2
𝑚
(x
0
), . . .} ∈ Σ at

each crossing event. Where 𝜑𝑡𝑖
𝑚
(x
0
) is the flow restricted to

A
𝑥
for the initial condition x

0
. Therefore, we can specify the

following time series Δ x0 = {𝑡
0
, 𝑡
1
, 𝑡
2
, . . .}, which depends

on the initial conditions of the system in (1). The location
of the plane must be located in order to meet the condition
A
𝑥
⋂Σ ̸= 0, assuming that at least one crossing event at time 𝑡

𝑖

exists.Throughout this work we have focused on the crossing
events of the trajectory of the master system with Σ in only
one direction. So the time series Δ x0 contains each crossing
event that satisfies (𝑑/𝑑𝑡)(𝑥

1
) > 0. Following the above

discussion, the term 𝜉(𝑡) from (1) is determined as follows:

𝜉 (𝑡) = (𝐴𝑒
−𝜏(𝑡−𝑡𝑖) cos (𝑤 (𝑡 − 𝑡

𝑖
)) , 0, 0)

𝑇

, (A.2)

where 𝜏 ∈ R represents an underdamping factor which allows
us to modulate the signal and the scalar 𝑤 ∈ R stands for
the frequency.Therefore, the underdamped signal is triggered
with each crossing event of (1) with Σ. Figure 6(a) shows the
projection of an active 𝛽 cell system with the equations given
by (1).

The autonomous system is monitored by a Poincaré plane
with values 𝛼

1
= 1, 𝛼

2
= 0, 𝛼

3
= 0, and 𝛼

4
= 0; every event

of crossing between the system and the plane Σ is marked
with an asterisk. And the form of the signal (A.2) generated
is depicted in Figure 6(b).
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