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In this note, we consider global asymptotic stability of the following nonlinear difference equation x,, = (I];_, (xfi_ki +D)+]1, (xfi_ki -
1))/(]_[}':1(xfiki +1) - ]_[}'Zl(xfiki -1)), n=0,1,...,wherek; e N (i=1,2,...,v), v>2,8, € [-L,1], B, B5,. .., B, € (—00, +00),

X X1 -

.,x_; € (0,00), and m = max, ., {k;}. Our result generalizes the corresponding results in the recent literature and

simultaneously conforms to a conjecture in the work by Berenhaut et al. (2007).

1. Introduction

The study of dynamical properties of nonlinear difference
equations has been an area of intense interest in recent years
(e.g., see [1-13]).

In [4], by analysis of semicycle structure, the authors
discussed the global asymptotic stability of rational difference
equation

n=0,1,..., (1)

X, t X,

where the initial values x_;, x, € (0, +00).
Li [5, 6] investigated the qualitative behavior of the
rational difference equations

Xn-1 + Xn-2 + Xn-a + Xn-1Xn-2Xn-4 +a

xn = 5
L+, X, 0+ X, 20X, 4+ X, 1X,4+a
n=0,1,2,...,
(2)
x = Xn—2 + Xn-3 + Xn—q + Xn—2Xn-3Xn—4 +a
. =

bl
1+ x, 5%, 3+ X, 3%, 4+X,,X, 4+a

n=0,1,2,...,

with x_4,x_5,...,x_; € (0,00) and a € [0, 00) via analysis
of semicycle structure and verified that every solution of (2)
converges to equilibrium 1.

By using the transformation method, Berenhaut et al.
[1] studied the behavior of positive solutions to the rational
difference equation

_ Xpk T Xpom n=0.1.2 (3)

=
1+ Xn-kXn-m

withx_,,,x_,,1,...,x_; € (0,00)and 1 < k < m and proved
that every solution of (3) converges to the unique equilibrium
1. Based on the above facts, Berenhaut et al. [1] put forward the
following two conjectures.

Conjecture 1. Suppose that 1 < k < | < m and that {x,}
satisfies
Xnk T Xn1 + Xpom + Xk Xn1Xn-m

n - bl
I+ Xpn—kXn-1 t Xp1Xp-m + Xp-mXn—k (4)

n=0,1,2,...

With X_,,, X_pi15--->%_1 € (0,00). Then, the sequence {x,}
converges to the unique equilibrium 1.

Conjecture 2. Suppose thatmisoddand1 <k, <k, <--- <
k,,, and define S = {1,2,...,m}. If {x,} satisfies

fl (xn—kl’ xn—kz’ LR xn—km)
n= >
f2 (xn—kl> Xp—kyr v+ > xn—km) (5)
n=0,1,2,...,



with x_, ,X_; 415--->%_; € (0,00), where

fl(xl’x2>""xm)

= Z Z xtl’xtz""’xtj’

JEL3sm) {8t} cS;
£ <ty <<t

(6)

1 (xl’xZ"">xm)

ey oy

jel2dom=1} {e 1, t;}cS;
1 <ty<-<t;

Xpp> Xy es X s

then the sequence {x,} converges to the unique equilibrium 1.

Recently, by method used in [4-6], the authors of [12]
studied the global asymptotic stability of the following
nonlinear difference equation.

F (xn’ Xn-1>Xp-2> xn—3)

G (xn’ Xn-1>Xp-2> xn—3) , (7)

Xyl =

n=0,1,...,
where
F(x, y,z,w) = xMy™ + xM12% + xMw™ + ™z

Bw™ +1,

+y2w™ + 2%w™ + XM yMz
G(x, y,z,w) = xM + y™ + 2% + w™ + xM Y™™

+xMy"2w™ + xMZ%w™ + y %™,

(8)

the parameter «; € (0,1], a,, 5,04 € (0,+00), and the ini-
tial values x_, x_,, x_;, x, € (0, +00).

Motivated by the above studies, in this note, we propose
and consider the following nonlinear difference equation.

_ Hz‘/:l (xfi_ki + 1) + H;‘V:I (xfi—ki - 1)
ML (e + ) -TIL (6 -1 @

Y=
n=0,1,...,

where k;, ¢ NG = 1,2,...,v), v > 2,3, €
Bos B3> B, € (—00,+00), X_ X_pitse--
and m = max, ;. {k;}.

It is noticed that, lettingv = 2, 3, = 3, = 1, k; = 1,
and k, = 2, (9) reduces to (1); lettingv =3, 3, = B, = 5 =
1,k =1,k,=2,and ky; =4andv =3, 3, =6,=0;=1,
ky =2, k, = 3, and k; = 4, (9) reduces to (2); letting v =
2, By =B, =1Lk, =k, and k, = m, (9) reduces to (3); letting
v=23, B, =k, B,=1 and 5 =m, (9) reduces to (4); letting
v=4,B € 01,5 =a (=1234,k =1,k =2,
ky; = 3,and k, = 4, (9) reduces to (7); letting v = m be odd,
1<k <ky,<--<kpandf, =p=-=8,=11(9)
reduces to (5). Clearly, (5) is a special example of (9).

In 2007, Berenhaut and Stevi¢ [2] had proved
Conjecture 1. In this paper, by making full use of analytical

[_1) 1]>
;-x_l € (0) OO))
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techniques, we mainly prove that the unique positive
equilibrium point of (9) is globally asymptotically stable. It is
clear that our result generalizes the corresponding works in
[1, 2, 4-9, 12] and simultaneously conforms to Conjecture 2.

2. Existence of a Unique Positive Equilibrium

In this section, we mainly show the existence of a unique posi-
tive equilibrium of (9).

Theorem 3. In (9) there exists a unique positive equilibrium
pointx = 1.

Proof. A positive equilibrium point x of (9) satisfies the next
equation:

[T, (Eﬁ" + 1) + 11, (%ﬁ" - 1)
M, (3 +1) - T, (3% - 1)

from which we may get

(% - 1)111(#*" +1) = (X + 1)]1[(#‘ -1); @
i=1 i=1

(10)

E:

that is,
G-+ D] 1)
- (12)
=x+)F -)[](E-1).
i=2
From the above equation, we can get
@) (11016 -1)
i=2 i=2 (13)
14 14
+(x-%) ( & +1)+ ][ (= - 1)> = 0.
i=2 i=2
One can see that for any x > 0 and v > 2,
[TE +1) -] -1) >0,
i=2 i=2 (14)
\4 14
[1E +1)+][]E"-1)>0
i=2 i=2

(i) If B, = 1,0, 1, from (13) and (14), we can get that (9)
has a unique positive equilibrium x = 1.
(i) If -1 < B, <00r0< B <land0 <X < 1, we have
x<x,  ®Tcl (15)
Further, we have

- (16 +1)-

i=2 i=2

ST
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(iii) If -1 < B, < 0or 0 < ; < 1 and x > 1, we have

=) (116 +)- 1165 )

i=2 i=2

17)
e z/%)( @ 1)+ ] -1) ) >0
i=2 i=2
It is clear that (9) has a unique positive equilibrium x = 1.
The proof is complete. O

3. Global Asymptotic Stability for the Unique
Positive Equilibrium Point

In this section, we give our main result.

Theorem 4. The unique positive equilibrium point X = 1 of
(9) is globally asymptotically stable.

In order to prove Theorem 4, we introduce the following
lemma by Kruse and Nesemann [3] and make full use of ana-
Iytical techniques.

Lemma 5. Consider the difference equation

Xpik = f Kppes - %), n=0,1,2,...,  (18)

where k € N and f : (0, oo)k (0, 00) is a continuous
function with some unique equilibrium x. Suppose that there
is a p € N such that for all solutions {x,} of (18)

—2
(xn—xmp)(i— —xn+P> <0, 19)

n

where equality holds if and only if x,, = x. Then X is globally
asymptotically stable.

Proof of Theorem 4. Let {x,},-_ be any solution of (9). We

n=—-m
have
X, — xf lkl
- [T (o, + 1) + T (), - 1) B
Mo (e + 1) T (e, —1) "

(1 flkl)nxl(xﬁkJrl) (1+xﬁ1k)nvz(f'k 1)
T (o, + 1) =TT (0, - 1)

(1=t ) (1t (T (el + 1) =TT (8 - 1))
T (i, + 1) =TI, (2, - 1) ’

n=0,1,...,

(1 - xfikl) [ (xﬁ’k + 1) (1 + xflkl) [T (xfik,- - 1)
Hivzl (xﬁlk + 1) Hivzl (xflk 1) ’

(1= ) (14 ) (T (it + 1) + 1T, (w0, - 1)
Hle(xfiki+1)—l_[,v1(ﬁ’ _1) )

n=20,1,....
(20)

It follows from (20) that

ﬁl
Xnik, — Xy

() () (IO (e + 1) - T (s 1))
[T (xf;k,—k, + 1) -Tlim ( f+k1 B 1)

B = Xk,

(1 =) (Lo xf) (I (e -

1)+ e (W~ 1))
[T, (xfirk,—k, + 1) -1 (xf;kl—k,- - 1)

(21)
Clearly, from (21), we have
By 1
(‘xn - xn+kl) T - xn+k1 <0,
X (22)
n=-ky,-k +1,....
From (22), we have
1A
1= Xk, 5t +xn+k <0,
Xn (23)
n=-k,-k +1,....
If B, = £1, it is clear that
—+xﬁ1:i+x. (24)
Xfl " Xn !
If0 < x, < land -1 < f8; < 1, we have x,, < xfll and

0< xf”l < 1, so that

(xn_xfl)<1— lﬁl>>0. (25)




Similarly, if x,, > 1and -1 < f8; < 1, we have x,, > xfl and
xf1+1 > 1, so that

(xn_xfl)(1— lﬁl>>0. (26)

Xy Xn

Hence, for -1 < f8; < 1, we always have

1 1
— + xfl < —+x,. 27)

Xfl Xn

Further, from (23) and (27), we have

1 2
1—xn+kl<x—+xn +xn+k1
n

1 2 (28)
<1 _xn+kl (T + Xfl) +xn+kl < 0,
Xn
n=-k;,-k +1,....
Therefore,
1
(xn - xn+k1) x_ - xn+k1 <0, (29)
n

n=—-k,-k +1,...,

where equality holds if and only if x,, = X = 1. By Lemma 5
and (29), with p = k; € N, it follows that the unique positive
equilibrium point X = 1 of (9) is globally asymptotically
stable. The proof is complete. O
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