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We study the lattice dynamical system of a nonlinear Boussinesq equation. We first verify the Lipschitz continuity of the continuous
semigroup associated with the system. Then, we provide an estimation of the tail of the difference between two solutions of the
system. Finally, we obtain the existence of an exponential attractor of the system.

1. Introduction

Lattice dynamical systems (LDSs) have a wide range of
applications in many areas such as electrical engineering,
chemical reaction theory, laser systems, material science,
and biology [1, 2]. In recent years, many works about the
asymptotic behavior of LDSs have been done, which include
the global attractor, see [3-11] and the references therein.
However, the global attractor sometimes attracts orbits at a
relatively slow speed and it might take an unexpected long
time to be reached. For this reason, the exponential attractor
having finite fractal dimension and attracting all bounded
sets exponentially was introduced, and it has been studied for
a large class of LDSs, see [12-15] and the references therein.
Han presented in [13] some sufficient conditions for the
existence of exponential attractor for LDSs in the weighted
space of infinite sequences and applied the result to obtain
the existence of exponential attractors for some LDSs. Zhou
and Han in [15] presented some sufficient conditions for the
existence of uniform exponential attractor for LDSs, which
is easier to verify the existence of exponential attractor for
some LDSs. Abdallah in [3] considered the following initial
problem of lattice system of nonlinear Boussinesq equation:

it; + 8u; + a(Au); + B(Bu); + Ay,

- %k(D(D*u)S)i =f» i€Z, W
u; (0) = u;,

1;(0) = uy;o, i€2Z, (2)

where 8, a, A, and k are positive constants, [3is a real constant;
fori € Z,u;, f; € Ryu = (4;);ez and A, B, D, and D" are
linear operators (see Section 3 for details). Equation (1) can be
regarded as a spatial discretization of the following nonlinear
damped Boussinesq equation on R:

Uy + OUy + AUy + Pl + AU — kuiuxx =f(x), ()

which appears in many fields of physics and mechanics, for
example, long waves in shallow water, nonlinear elastic beam
systems, thermomechanical phase transitions, and some
Hamiltonian mechanics. Abdallah has in [3] investigated the
existence and finite-dimensional approximation of the global
attractor for (1) under the following conditions:

f=f)is € A>4|. (4)

In this paper, motivated by the ideas of [13,15], we will further
prove the existence of an exponential attractor for the system
(1) under the condition (4).

The paper is organized as follows. In Section 2, we present
some preliminaries. Section 3 is devoted to the existence of an
exponential attractor for (1).

2. Preliminaries

In this section, we present the definition of an exponential
attractor and some sufficient conditions for the existence
of an exponential attractor for a semigroup in a separable
Hilbert space from [13, 15].



Let E, be a separable Hilbert space, let O, be a bounded
subset of E,, and let {S(t)},5, be a semigroup acting on O,
which satisfy: S(£)S(s) = S(t + s), S(0) = I, forallt,s > 0,
and S(t)O; € O, for t > 0, where Ij_is the identity operator
onE,.

Definition 1. A set M is called an exponential attractor for
the semigroup {S(¢)},5, on O, if

(i) A is compact;

(ii) B, € M, < O,, where B is the global attractor;
(iii) S(t) M < M, t > 05
(iv) g has a finite fractal dimension;

(v) there exist two positive constants g, and a, such that
dist (S(t)u, M) < aje™™ forallu € O, t > 0.

Let EY be a N-dimensional subspace of E, N € N. We
define the bounded N-dimensional orthogonal projection
Py : E, — E. from E_ into EYY and Qy = Iz — Py.

As a direct consequence of [13, Theorem 2.5] and [15,
Theorem 2.1], we have the following theorem.

Theorem 2. Let {S(t)},s, be a continuous semigroup on E; and
let O, be a closed bounded subset of E; such that S(t)O, < O,
fort > 0. If there exist t* > 0, a constant L = L(t*) > O and a
N-dimensional subspace Ei\] of E; (N = N(t*) € N) such that
for any uy,u, € O,

NG S(t)u2||E$ <Lluy — ], Vte[ort],

1 )

““1 ) 129 >
128 s

lQu(Stu; = S| <

Then,

(i) S(t*) = S* has an exponential attractor M on O with
dimf(/l:) < KyNn VI? + 1, where K, is a constant;

(ii) M, = Upeyer S)M is an exponential attractor for
{8(H)}159 on O that dim (M ) < dimf(/%:) + 1, and
there exist two positive constants a, and a, such that
dist(S(t)u, M) < aje”®" forallu € O, t > 0.

3. Exponential Attractor for System (1)

Let > = {u = ()ier : t; € R, Y, 47 < +00} and equip it
with the inner product and norm as

wv) = Yuwv,  lul? = ww),
i€eZ (6)

u= (1), v=(¥),.s € 2.
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Then, 3] - I, () is a separable Hilbert space. The linear
operators A, B, D, and D" are defined from 2 into I as
follows: for any u = (4;),c, € I,

(Au); = Ui — 4y + 60 — Uy + Uiy,
(Bu); =ty — 2u; + 1y,

7)

(Du); = uyyy —u;,

D*'u). =u,—u, ,, VieZ,
( )1 i i—-1

then, A = B>, B= D*D = DD".
The system (1) with initial data (2) is equivalent to the
following vector form:

it + 0t + a (Au) + S (Bu) + Au
- %kD(D*u)S =f Vt>0, (8)

M(O) = (uf,O)iEZ’ M(O) = (uli,O)ieZ’
where u = (4;)jcz, Au = ((Au);)icz> Bu = ((Bu))icz
D(D*w)’ = (DID*u))iczs f = (fiez-
Letting

V=1u+eu, q)=<1;l), where ¢ > 0, 9)

then, the system (8) can be written as the following initial
value problem:

¢+C(p)=F(9),

(10)
@ (0) = ((0),v(0))" = (u(0),1(0) +eu(0)",
where
EUu-—v
Cle) = <ocAu+Au+(8—s)(v—su)>’
0 (11)
Fle)= (—ﬁBu + %kD(D*u)3 + f)'
We define
(u,v), = (Bu, Bv) + A (u,v),
huly = (1Bul? + Mul?)'”, Vu= () (12)
v=(v),, €L

Then, the bilinear form (-,-), is an inner product on ?
and the induced norm | - ||, is equivalent to || - ||. Let li =
(2, ()l -1ly) and let H = li x I, then, H is a separable
Hilbert space with the following norm:

1/2
lol,; - (z (B + 2 + V,.z)> |

iez (13)

Vo = (4, v;),., € H.
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In this section, we will study the existence of an exponen-
tial attractor of (10) in the space H.

Lemma 3 (see [3]). Assume (4) holds. Then, there exist small
€ > 0and M, > 0, such that

£+3e<28,  824e,  e(1+0)+4|f| <A,

M (14)

/\(1——1 —2M)24 Bl.
4) ! | |
Moreover,

(1) for any initial data ¢(0) = (u(0), V(O))T € H, there
exists a unique solution ¢(t) = (u(t),v(t))T of (10),
such that ¢(-) € €([0,00), H) N €'((0, 00), H), and
the solution map

S (t): ¢ (0) = (u(0),v(0))" € H— ¢(t)
(15)
=w®),v®) eH, t>0,

generates a continuous semigroup {S,(t)},~, on H.

(2) The semigroup {S,(t)};so possesses a closed bounded
absorbing ball O = B(0,ry) = {9 € H : |oly <
ro} € H, where ry = 2|fll/\/Ms, M5 = M;M,,
M, = min{1/8, /8¢, /2, M,}. Therefore, there exists
a constant Ty, = T(O) such that S (t)0 C O, fort > T,,.

(3) For any n > 0, there exist K() € N and T(y) > 0 such
that the solution ¢(t) = ((u;(t), v;(t)));c, of (10) with
@(0) € O satisfies

Y lo ol

liI=K(n)

= Y (Bu@)? + Mw )+ (v 0))  (6)

lil=K(n)

<n Vt>T(y).

(4) The semigroup {S.(t)},5, of (10) possesses a global
attractor %8 ¢ O C H.

In the following, we first verify the Lipschitz continuity
of {S.(t)},5o and provide an estimation of the tail of the
difference between two solutions of (10). Then, we obtain the
existence of an exponential attractor of (10) by Theorem 2.

For j = 1,2, e 0,t = 0, let () =
Ss(t)(p(jo) (u(j)(t),v(j)(t)) be the solutions of (10). Set
o(t) = V(1) - 9P (1) = S, (19" = S, (9™ = (w(t), {(£)) =
((0i(£))iez> (€:(1));e7)> we have by (10) that

d+C (@) =F(¢")-F(¢?),
17)
@ (0) = (P(lo) _ (P(ZO)'

Lemma 4. Assume that (4) and (14) hold. Let

2 +4¢°
)8 b
A—4|p| + b — 26

M4=max{

1 A—4 0-2
M; = min —,g, lﬁl, < >
82 21 4e

+1 21+ 4|B|+ &b — &
Mg = max « N |B| R
2 21

>

L) = %el—HSkréMAt
MS
Then,
1)
2
Ise @™ -s. ™[,

(19)
2

<206 - o,

H vVt > 0.

(2) There exist T* > 0 and M™ € N, such that

> (. (1) 9" - 5. (1)) |

|i|>M*
(20)

1

<o

2
<= 00 _ geo

where
| Ol = (@ @), O)]3
= (Bw (1)} + Mw; 0)* + (¢ (10)°, (@D

VieZ.

Proof. (1) Taking the inner product (-,-); of (17) with ®(¢),
we obtain

<a)+8a‘)+(x(Aw)+ﬁ(Bw)+/\w

- <§kD(D*u(1))3 - %kD(D*u(Z)f) o+ew) =0,

(22)
We can write (22) into the following form:
d
—P({)+N((t)=0, 23
o (B +N () (23)
where
1o« 2 B 2 Ao
P(t) = 2IIwII + 2IIBwII 2IIDwII + 2IIwII
+e(o @) + Dol
2
N (t) = (8 -¢) @] + eal| Bw|* - eflIDw|” + eA]lw]?
1 « ()3 O NAN
—gk(D((D u ) —( u )),w+sw>.
(24)



4
Then,
eP (t) - N (£)
- 15l + Lypal?
: s“‘l—'”nwuz v @)
+ lk (p ((D*u(l))3 - (D*u(z))3) o+ ew)
< ¢n §
L eler 8)2+ 4[B[- 1) ol
+ %k (D ((D*u(l))3 - (D*u(z))3) Lo+ sw)
<3k (D((D'u) - (D'u®) ) i+ ew).
Since
P02 LIl + Sl
: (A_4|/3|;ea_282) o,
thus,

%k(D (D"u) - (D"u?)’), 0+ cw)
= %k ((D*u<1))3 - (D*u(z))3, D" (& + sw))
< 8kry (2ll@l” + (1 +2¢%) llwol*)

< 8krgM,P (t).
From (23), (25), and (27), it follows that for t > 0,

d
AOE (—e+8krgM,) P(t).
Applying Gronwall’s inequality to (28), we obtain

P (t) < "M p ()
Since

1, . 104 A—4 58 2¢?
P(t) > Z"“’"z + Eanuz + —ﬂnwnz

> M[D®)3;,

1. . o A
P < Sl + S1Bal + 2]l + 5 ol

. o)
+ & (@, w) + 7||w||2 < Mgl @@)ll3;.

(25)

(26)

(27)

(28)

(29)

(30)

(31)
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From (29) to (31), it follows that for ¢ > 0,

M. 2
[l < e o). (32)
5

(2) Choosing a smooth increasing function £ € ' (R o
R) satisfies

E()=0, 0<s<1,
0<é(s)<1, 1<s<2,

EG)=1, s=2, (33)

|E' (s)| <C, seR,,
where C, is a positive constant. For t > 0, let¥; = &(i|/M)D;,,
= (&(lil/M)w;(t);ez> z = (§(lil/M); (t))ng,Whel"eM eN.

Taking the inner product (-,-) of (17) with ¥ = {¥;(t)};c2»
we obtain

(c’i)+8cb+oc(Aw)+ﬁ(Bw)+Aw

(34)
- <§kD(D*u(l))3 - %kD(D*u(Z)f),z) - 0.
Similar to (4.3)-(4.5) in [3], we can get
%Pl () + N, (t) =0, (35)
where
P = YE(i) (507 + 507 - oo
+%wi2 + ew;w; + ?wf)
N, () = ;(g(}'&') (6 - &) @2 + ea(Bw)’
—s,B(Dw)i2 + 8/\(01-2) )
+ %k ((D*u(l))3 - (D*u(z))3,
(e ©0)..)
li]
) (atbo), (B2, - (57 ) BO,)
+ o), (02, £ (1) (00))
+ 3k (D7) - (D'a®)))
x (2~ ()00,
(36)
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Then,

el (t) — N; ()
(- (Do) )

-y <06(Bw)i ((Bz)i —f(%) (BOI'>

ieZ
+ pow), (02, - £ (1) (0,

+ 3k (D)) - (D"u®)))

< (2, - (1) 0,
37)

By (3) of Lemma 3, there exist K, = K(Ae/16kM,), T, =
T(Ae/16kM,), such that

¥ <(Bu(j) ) +Au? ©) + () (t))z)

liI2K,
(38)
A
<25 =12 Vt>T,.
16kM,
This implies that
M )2 @ )2 € .
(i ®) +(u? ®) < YR Vi > K, t>T).
(39)

Then, for M > K, + 1,t > T},

(o -0 ()70, )

< kY8 () (@) (0"

i€Z

X((D*u(l))f+(D*u(l)) (D*uu)) +(D*u(2))2)

i i i

<kY (1) |0%w), (070)

i€Z

2 2 2 2
()] (), ()] + ()]

€ CyeM,
< EPI (t) + ﬁu@ug.
(40)

Since

B Z <oc(Bw)i <(Bz)l- -& (ILND (B()i>

i€Z
+ p0w), ((02), - £ (1) (0,

¥ %k ((07u®); - (D°u®)})

i

x (02, -¢(1) 00))) (a1

0 (oclle||2 +(2|B| + 384kry ) ol

6+ 3 k 2
(2 Y )

CoM; o
< YE [[of /=8

O

<

|

where M, = max{«, (2|ﬁ|+384kr§)//1, (6a+3|Bl+k)/6}. From
(32), (35), (37), and (40)-(41), it follows that for M > K; + 1,
t>T,

Co M. M,
_ §P1 (t) + 0MeMg ( s+8kr§M4)t”(D(0)”§{’

d
—P, (t) <
L () < MM

dt
(42)

where Mg = eM¢/4 + M,. Applying Gronwall’s inequality to
(42) from T, to t, where T, = max{T, T}, we obtain that for
M>K, +1,

P (t) < e_(s/z)(t_Tz)H (T,)

2C, M M _ 2
+ 0 26 8 (—e+8krg My)t (43)
|-& + 16kr2 M| MsM
X |0 (0)7;-
Similar to (30), we can get
|7 2
M YE (—) ;@) < P (®). (44)
i \M
Since
P, (T,) < P(T3). (45)
By (31)-(32), we obtain
M? 2
P(T;) < + 2 R 00) 7. (46)

5



From (43) to (46), it follows that fort > T,, M > K| + 1,

() 1o,

ieZ
< (Mé —(et+eT,~16kre M, T,) /2
s —26
MS
2C MM, -
+ 0 26 8 . el e+8krg My)t ||®(0)||§{.
|-& + 16krg M| M2M
(47)
Letting
* 1 2 2
T" = max {— 2 (In(256M; ) — In M,
5 (2(In (25605) - In 05)
+16krgM,T, — €T ,T2} ;
. 1024C, MM, _ .
M* = max o2 648 2e( e+8krg My)T 2K, 43},
|-& + 16kr2 M| M2
(48)
we then have
ﬂé e—(sT*+£T2—16kr§M4T2)/2
M3
T 2C, Mg Mg (-e+8krgM)T™ _ 1
|-& + 16kr2 M| MZM* T 128’
%1 12 1
Y o)) < oo
lif>M*
(49)
O

As a direct consequence of (1)-(2), (4) of Lemma 3, (1)-(2)
of Lemma 4 and Theorem 2, we have our main result.

Theorem 5. Assume that (4) and (14) hold. Then, the semi-
group {S,(t)},59 of (10) possesses an exponential attractor M
ond = Utho S(1)O with (i) M is compact; (ii) B C M C O,
where 9B is the global attractor; (iii) J has a finite fractal
dimension dim (M) < 2Ko2M™ + DInJL(T*) +1 + 1,
where K, is a constant and T" and M"* are as in (48); and
(iv) there exist two positive constants k, and k, such that
dist(S,(H)u, ) < kle_kztfor allue O,t > 0.
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