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The concepts of stabilization with internal loop are analyzed for well-posed transfer functions. We obtain some sufficient and
necessary conditions such that a stabilizing controller with internal loop stabilizes plant L. We also analyze two special subclasses
of stabilizing controllers with internal loop, called canonical and dual canonical controllers, and show that all stabilizing controllers

can be parameterized by a doubly coprime factorization of the original transfer function.

1. Introduction

Control Theory is a relevant field from the mathematical the-
oretical point of view as well as in many applications (see
[1-6]). What is important, in particular, is the closed-loop
stabilization of dynamic system under appropriate feedback
control as a minimum requirement to design a well-posed
feedback system. In the last twenty years, the closed-loop
system whose stability is achieved by the controller with
internal loop has attracted the attention of many authors (see
[7, 8]). While extending the theory of dynamic stabilization to
regular linear systems (a subclass of the well-posed linear sys-
tems), it was shown in [7, Example 2.3] that even the standard
observer-based controller is not a well-posed linear system
and its transfer function is not well-posed. To overcome
this, paper [8] proposed another definition of a stabilizing
controller which is more general than that has been defined
earlier, the so-called stabilizing controller with internal loop.
The concept enabled a simple Youla parameterization and has
some advantages which turn out to be very important for
infinite-dimensional systems. It makes the theory of dynamic
stabilization simpler and more natural [8].

Recently, the study of time-varying systems using modern
mathematical methods has come into its own. This is a scien-
tific necessity. After all, many common physical systems are
time varying (see [9-14]). Paper [15] studied the concept of

stabilization with internal loop for infinite-dimensional dis-
crete time-varying systems and gave a parameterization of all
stabilizing controllers with internal loop if I — K,, has a well-
posed inverse in the framework of nest algebra. But in many
cases, the controller C = K, + K,,(I - K,,) 'K, will not be
well-posed, but C perhaps stabilizes L.

In this paper, we study the stabilization with internal loop
for the linear time-varying system under the framework of
nest algebra. We extend our study of controllers with internal
loop to more general use and give a parameterization of all
stabilizing controllers with internal loop evenif I-K,, = 0.1t
is found that the stabilization with internal loop for the linear
time-varying system obtained in [15] can be viewed as a spe-
cial case of that obtained here. As we know; if the plant is not
strictly proper, it is difficult to choose the parameter in such
way that the resulting controller will be well-posed. Even if we
choose to ignore well-posedness, we still have to ensure that
the denominator in the Youla parameterization is invertible.
This makes it awkward to use this parameterization to solve
the practical problems, while the controller with internal loop
overcomes this awkwardness. We obtain canonical and dual
canonical controllers and show that all stabilizing controllers
can be parameterized by a doubly coprime factorization of the
original transfer function.

The rest of this paper is organized as follows. Mathe-
matical background material and notation are introduced in



Section 2. In Section 3, we give some sufficient and necessary
conditions that a stabilizing controller with internal loop sta-
bilizes plant L. In Section 4, we introduce canonical and dual
canonical controllers. We show that a plant L is stabilizable
with internal loop by a canonical (dual canonical) controller if
and only if L has a right coprime (left coprime) factorization.
We give a complete parameterization of all (dual) canonical
stabilizing controllers with internal loop. Some conclusions
are drawn in Section 5.

2. Preliminaries

We denote by Z, the nonnegative integers and by C the com-
plex numbers. Let H be the complex infinite-dimensional
Hilbert sequence space:

= <|(x0,x1,...):xi€C,Z|x,-|2 <oo}, 1)

i=0
where | - | denotes the standard Euclidean norm on C. H, will
denote the extended space:

H, = {(xq, x1,x5,...) : x; € C}. (2)

Definition 1 (see [3]). A family N of closed subspaces of the
Hilbert space H is a complete nest if

(1) {0}, H € N.

(2) For Ny, N,, either N; € N, or N, € N,.

(3) If {N,} is a subfamily in N, then N,N, and VN, are

also in N.

Every subspace N of H is identifiable with the orthogonal
projection P,

P, (X0 X1 es Xy Xppgs ) = (X0 X155 X, 0,0

3)
Properties (1) to (3) can be reformulated as follows.
(1)0,T¢€N.
(2") For P,, P, € N, either P, < P, or P, < P,.
3B If {P,} is a nest in N which converges weakly (equiv-

alently, strongly) to P, then P € N.

Definition 2 (see [3]). If N is a nest and P is its associated
family of orthogonal projections,

AlgP ={T € £(H),(I - P,) TP, = 0} (4)

is called a nest algebra, where £(H) is the algebra of all
bounded linear operators on H.

A linear transformation T on H, is causal if P, T = P, TP,
forn > 0.

Lemma 3 (see [3]). The following are equivalent:
(1) T on H, is stable.

(2) T is causal and T | H is a bound operator.
(3) T is the extension to H, of an operator in AlgR.
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This lemma allow us to identify the algebra S of stable
operators on H, with the nest algebra AlgR. The restriction
of T € S to H is in AlgR and the extension of S € AlgR to H,
isin S. AlgR and S are identical.

For L, K € £, the operator matrix ( {, 7% defined on H,&
H, is called the feedback system with plant L and compen-
sator K.

In Figure 1, L represents a given plant (system) and K =
( éi 22 ) a compensator or controller; e;, e, denote the exter-
nally applied inputs; 1, uy denote the inputs to the plant and
compensator, respectively; and y;, yx denote the outputs of
the compensator and plant, respectively.

The closed-loop system equation are

el (I -K\(u
(‘32> - <_L I )(”K)I )
The system is well-posed if the internal input u can be
expressed as a causal function of the external input e. This is
equivalent to requiring that ( ; 7<) be invertible. The inverse
is easily computed formally and is given by the matrix as
follows:

(I-KL)™!

K(I-LK)™!
L(I-KL)™! > ©)

H(L>K)_( (I_LK)—I
The closed-loop system {L, K} is stable if ( /, 7X) has a
bound causal inverse defined on H @ H. The stability of the
closed-loop system is equivalent to requiring that the four
elements of the 2 x 2 matrix H(L,K) be in S. L € £ is
stabilizable if there exists K € £ such that {L, K} is stable.

3. Stabilization with Internal Loop

In this section, a new type of controller is introduced, the so-
called stabilizing controller with internal loop; see [16-18].
The intuitive interpretation of Figure 2 is as follows: L
represents the plant and K is the transfer function of the
controller from (}g‘) to (122 ), when all the connections are
open. The connection from &, to &; is the so-called internal

loop.

Partitioning K into (! ) where K;; € £,4,j = 1,2,...,
I _Kll _KIZ
F(K,L)=(-L I 0 )
0 -K, I-K,,

u
is the transfer function of the closed-loop system from ( J{’i )

€
to(2)

Suppose I — K, is invertible in £; a parameterization of
all stabilizing controllers with internal loop is given in [15]. If

I — K,, has a well-posed inverse, the internal loop can be
closed first and the transfer function from y; to v is

i

C=K +Ky,(I- Kzz)_ler (8)

But in many cases, the expression (8) is not defined at all (this
can happen if I — K,, is nowhere invertible).
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FIGURE 1: The standard feedback system.
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FIGURE 2: The plant L connected to a controller K with internal loop.

Example 4. Suppose L = I,

1
02
003
K,=0, K,=I K, = )
11 12 21 0004
1
01
001
K:
2 0001

)

It is easy to see that the transfer function (8) of the controller
is undefined since I — K,, = 0. It is not difficult to check that
K stabilizes L with internal loop (this verification can be sim-
plified considerably by using Lemma 10).

In the following, we give some sufficient and necessary
conditions such that a stabilizing controller with internal
loop stabilizes plant L avoiding the condition that I — K, is
invertible.

Theorem 5. Suppose that K,, is an admissible feedback trans-
fer function for L. Then F(K, L) has a well-posed inverse if and
only if I — M is invertible in £, where M = K,, + K,, L(I —
Ky L)' Ky,

Proof. Consider the following

I _Kll _KIZ
F(K,L)=| -L I 0
O —K21 I - K22 (10)

L(Sn S _(Su 0\ (I SiiSy,
Sy Sy Sy I)\0o A )

where §;; = (,IL Jf“ )’ Spp = ("é“), Sy = (0 _KZI)) Sy =

I-Ky, A=S8,, - 52151_11512-

Since §,; = (fL ’If“) is invertible in M, (£), thus
I -K;, -K,
( o1 o ) is invertible in M5(£) if and only if
0 —Ky I-Ky
A=Sy- 52151_11512 =1-Ky-(0 -Ky)
-1 11)
I -Ky K\ _,_
X (—L I > < 0 =I-M
is invertible in £. O

Further, the condition that F(K,L) has a well-posed
inverse is equivalent to that K is an admissible feedback
transfer function with internal loop for L [7], so we have the
following result.

Theorem 6. Suppose that K,, is a stabilizing controller for L;

then K = ( él éz ) is a stabilizing controller with internal loop

for L if and orllly if

(i) (I-M)" €S, where M = K,, +K,, LI-K,,L) 'K ,,

(ii) there exist E,E, € S such that LE, € S, E,L € §,
E,(I-M)E,L € S, E;(I-M)E, € S, LE,(I-M)E, € S,
LE,(I - M)E,L €S,

(iii) Ky, = (I- KnL)El(I - M),
(iv) Ky; = (I - M)E,(I - LKyy).

. . o (I-K,L)™*" K“(I—LKH)’I)
Proof. K, stabilizes Lifand only 1f( KD ookt )€
M,(S).

If there exist E,, E, € S that satisfy (i)-(iv), all compo-
nents in H(L,K) = F(K, L)™' are

(1,1) = (I - K,,L) 'K, (I - M) 'Ky, L(I - K, L)

+(I-K, L)

= (I-K,L) ' (I-K,L)
x E, (I - M) (I-M)™" (I - M)E, (I - LK,,)
x L(I-K, L) +(I-K,L)"

= (I-K,L) ' (I-K,L)E, (I- M)
x(I-M)" (I-M)E,(L-LK,L)
x(I-K, L) +(I-K,L)"

= (I-K,L) ' (I-K,L)E, (I-M)
x (I-M)™" (I-M)E,L(I-K,L)
x (I-K, L) +(I-K,L)™"

=E,(I-M)E,L+(I-K,L)" €8,



(1,2) = (I - K,,L) 'Ky + E; I - M)E, €,
(1,3)=E, €8,
(2,1) = LE, (I - M)E,L + L(I - K,,L)"" €S,

(2,2)=(I- LK) +LE,(I- M)E, €S,

(2,3) = LE, €8,
(3,1) =E,L€S,
(3,2) =E, €8S,

(3,3)=(I-M)"eS.

(12)
Thus, H(L, K) € M;(S), {L, K} is stable.

Conversely, H(L, K) = F(K, L) andall components are
(L) = (I-KyL) ' [Kp( - M) 'Ky L(I- Ky L) +1],
(1,2)=(I- KuL)_l [Ku + K- M) Ky (1= LKu)_l] >
(1,3) = (I-Ky,L) 'Ky -M)7,

(21) = L(I - Ky L) [Kyp(I - M) Ky L(I - Ky, L) + 1],

(2,2)=(I- LKM)_I [I + LK,(I - M) 'Ky (I - LKM)_I] ]
(2,3) = L(I - K,,L) ' K,(I - M),

(3,1) = (I - M) 'Ky, L(I - K, L) ™,
(3,2) = (I - M) 'Ky (I - LK)

(3,3)=(I-M)",
(13)

where M = K, + K, L(I - K;,L)"'K,,. If H(L, K) € M,(S),
then (I-M) ™" € S.Let (I-K,,L) 'K,,(I-M) ' = E, € S,(I-
M)"'K, (I - LK) = E, € S;then K, = (I - K, ,L)E, (I -
M),K,; =(I-M)E,(I-LK;;).From (3,1) € Sand (2,3) € S,
we have E,L € Sand LE; € S. Consider (1,1) € S, (1,2) € S,
(2,1) € S, (2,2) € S, and {L,K,,} are stable; thus all other
conditions in (ii) hold. ]

Remark 7. {L,K,,} stable is only sufficient condition for
{L, K} stable, but not a necessary condition.

Theorem 8. IfK,, is an admissible controller for P, then {L, K}
is stable if and only if

(i) A = [I-K,, - Ky LI -K,;;L)'K,] ' €,
(i) A = (I - K;,L)'"K,A™' Ky, (I - LK) + K, (I -
LK;))™"" = (I - K, L) '(K,A'Ky, + Ky -
K, LK, )I - LK,;;)" €5,
(iii) AL € S, LA € S,LAL+ L € $,K,,(I - LK,;) 'L € S,
L(I - K, L) 'Ky, € S Ky(I - LK) €S (I -
K, L) 'K, €.
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In fact, the conditions of Theorem 8 are weaker than those
of Theorem 6. From the proof of Theorem 6, it is easy to
obtain the result of Theorem 8,

Lo o
We extend the plant G = < 0 Kyy Ky ), and L and C are par-

21 22

allel connection. F = ( 2 é § ) as a feedback operator of G, so
we have the following result.

Theorem 9. K is a stabilizing controller with internal loop for
L if and only if I — FG is invertible in M,(S).

Proof. F is a stabilizing controller for G if and only if

( (I-FG)™' FUI-GF)™

GI-FG)™' (I-GF)*! > € Mg (S). (14)

If (I - FG)™" € M;(S), then F(I -GF) ' = (I - FG)'F ¢
M;(S). Since (I-GF)™' = I+G(I-FG)™'F, thus we only need
to prove G(I — FG) ' e M;(S). Consider F* = I; thus G(I —
FG)™' = FPG(I-FG)™ = F[FGI-FG)™ '] = Fl[U-FG)™' -
(I-FG)(I-FG)™'] = FI-FG) ' =F.If I -FG)™" € M;(S),
then G(I - FG)™" € M;,(S).

Conversely, it is obvious. O

4, Canonical and Dual Canonical Controllers

Another motivation for introducing controllers with internal
loop is to obtain Youla parameterization. If the plant is not
strictly proper, it is difficult to choose the parameter in such
way that the resulting controller will be well-posed. Even
if we choose to ignore well-posedness, we still have to ensure
that the denominator in the Youla parameterization is invert-
ible. By contrast, we can obtain a parameterization for all
stabilizing canonical or dual canonical controllers.

The transfer functions of the controllers obtained there
were of the form

0 I .
K= ( K, K22>, with K,,,K,, € S. (15)

We call the controllers of form (15) canonical controllers.
Analogously, controllers of the form

K=(%Ke) ith KKy €S (16)
I K,

will be called dual canonical controllers.

In following, we analyze the properties of (dual) canonical
controllers in some detail. First, we recall Lemma 10 from
[15].

Lemma 10 (see [15]). The canonical controller K = (K(ll KIzz )
stabilizes L € £ with internal loop if and only if
A=I1-K,,-K,L 17)

is invertible in S and LA™" € S.
IfL € £ has a right-coprime factorization L = NM ™", then
K stabilizes L with internal loop if and only if

D=M-K,M-K,, (18)

is invertible in S.
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We now turn to the problem of simultaneous stabiliza-
tion. Given L, € Sand L, € £, the following Corollaries 11
and 12 give the conditions that L, — L, can be stabilized by
some canonical controller.

Corollary 11. IfL, € Sand L, € £ can be simultaneously sta-
bilized by canonical controller K = (K(ll K122 ), then L, —L, can
be strongly stabilized by some canonical controller.

Proof. It (%11) is a strong right representation of L, then
( N, ,Af; M, ) is a strong right representation of L, — L, since
(Yy + X, Lo) My + X (N; — LoM,)

(19)
= Y,M, + X,LoM, + X,N, - X, LM, =1,

forL, €S.
Suppose R = (R(;] RIzz) stabilizes L, — L,; then by
Lemma 10,
!
D' = M, - RyM, + Ry, (N} = LyM,) (20)
= (I =Ry, = Ry Ly) My + Ry N,

is invertible in S. By Lemma 10, A and D are invertible in S:
AD = (I — Ky - K21['0) (Ml = Ky M, — KZINI)
= (I-2Ky, - Ky Ly + K3, + Ky LKy, ) My (21)
+ (=1 + Ky + Ky Lo) Ky Ny
Define
Ry = (-1 + Ky + Ky Ly) Ky €5,
Ry, = 2Ky, + 2K, Ly — K3, — Ky LKy, (22)
= KyKy Lo = Ky LKy, Ly €S,

Thus D' is invertible in S, and R = ( Rzl RIZ , ) stabilizes L, —
L
o

M\
Corollary 12. Suppose L, € S, L, € £, and ( N, ) is a strong
right representation of L. If L, can be stabilized by canonical
controller K = ( &, KIzz ), then L, —L, can be stabilized by some
canonical controller.

Proof. Since L, € S, then ( N, _Aﬂ) M, ) is a strong right repre-
sentation of L, — L. By Lemma 10, K = ( £, 1<12 , ) stabilizes
L,ifand onlyif D = M, — K,, M, — K,; N, is invertible in S.

Suppose R = ( R(;l RIzz ) stabilizes L, — L; then by Lemma 10,

!
D =M, - R;M; — Ry, (Nl - L0M1) (23)
= (I =Ry, + Ry Ly) My — Ry N,

isinvertiblein S. Define R,; = K,; € S,R,, = K;,+K, L € S;

thus D' is invertible in S, and R = (), &, ) stabilizes L, —

L O
o

The conditions of Corollary 12 are weaker than those of
Corollary 11. In following, we will discuss the stabilization of
{L, K} with coprime factorizations.

Theorem 13. The canonical controller ( K KIzz ) stabilizes L if
and only if A = I — K,, — K,,L € £ is invertible in S and
LA™ €S

Proof. Let Ky, = 0, Ky, = I, K,;,K,, € S; from Theorem 8,
we have that A = I - K,, — K,,L € £ is invertible in S and
LA™ €S, O

_ (I-K, L™ Kua—LKu)*) _
Remark 14. When K;; = 0, (L(I_K“L),1 etk =

(£9) € M,(£), thus K;; = 0 is an admissible controller for L;
we do not need to emphasize this in Theorem 13.

Remark 15. By Remark 14, L € £,but L€S, K;; = O isnota
stabilizing controller for L, but ( K(; . KIZ , ) is a stabilizing con-
troller with internal loop for L.

Theorem 16. If L has right coprime factorization NM ™", then
L can be stabilized by canonical controller ( K(ll KIzz ) ifand only
if M - K,,M — K, N is invertible in S.

Proof. By Theorem 13, {L,K} is stable if and only if A™",
LA™ € S. Consider L = NM';then A™' = M(M - K,,M —
Ky N) ', LA™ = N(M - Kp,M — Ky N) " If M — Kp,M —
K, N € S, then A", LA™" € S. Conversely, if A", LA™ € S
and (yx)(LAA_Z) = I, then (v x) (LAA_Z) = (M - K,,M -
K,N)"es. O

Theorem 17. If L has right coprime factorization NM ™" if and
only if L can be stabilized by some canonical controller.

Proof. If NM ™ is right coprime factorization of L, there exist
Y, X € Ssuch that (v x) (¥) = I. Take K,y = -X € §, K, =
I-Y € S;then M—K,,M—-K, N = YM+XN = I isinvertible
in S. By Theorem 13, ( % %, ) stabilizes L.

Conversely, If K = ( K‘l ) 1<12 , ) stabilizes L, by Theorem 13,

Al eS LA €S Take M =A" ,N=LA",Y =I-K,, €S,
X =-K,, €S;thenYM + XN = (I-Ky)A' =K, LA™ = [;
thus, NM ™" is right coprime factorization of L. O

We expect a strong relationship between stabilization
with internal loop and the usual concept of stabilization by
the parameterization of all stabilizing (dual) canonical con-
trollers.

Theorem 18. Suppose that L has a doubly coprime factoriza-
tion; then all canonical controllers that stabilize L with internal
loop are parameterized by

0 I
K= (E(—X+QJT4) 1—E(Y+QN))’ (24)

whereQ e S, E€ SNnS™.



Proof. Take K,; = E(-X + QM), K,,=I-E(Y+ QN), where
EeSnS',QeS;thenD = M- Ky,M-K, N =M -~
(I - E(Y + QN))M - E(-X + QM)N = E € SN S by
Theorem 17, K stabilizes L.

Conversely, if K stabilizes L, by Theorem 16, D = M —
K,,M~Kj,, N isinvertible in S. Consider I = D™ (I-K,,) M~
D 'K, N; thus (D™ (I - K,,) —-D'K,;) € M,,,(S) is a left
inverse of (}). By Theorem 17, there exist Q € S such that
D (I-Ky,) = Y+QN,-D'K,, = X —QM, rewrite these as
K,; = D(-X + QM), Ky, = I - D(Y + QN).

The following Theorem contains the dual statements of
Theorems 13, 16, 17 and 18. O

Theorem 19. (a) The dual canonical controller ( ? g” ) stabi-
22

lizes Lifand only if A = I-K,,~LK,, € £ is invertible in S and
A'Les. o

(b) If L has left coprime factorization M™'N, then L can be
stabilized by canonical controller (0 Ko ) if and only if M —
MK,, — NK,, is invertible in S.

(c) If L has left coprime factorization M'N if and only if
L can be stabilized by some dual canonical controller.

(d) Suppose that L has a doubly coprime factorization, then

all dual canonical controllers that stabilize L with internal loop
are parameterized by

_ (0 (—X:r MQ)E ) (25)

I 1-(Y+NQ)E

whereQ e S, E€ SNnS™.

The Proof of (c). Suppose L = M ™' N, there exist X, Y € S such
that (-x )(Y )—ILetKlz— -X,K,, =1-Y €S, then

M — MK,, - NK;, = I € SN S, L can be stabilized by
(53)

Conversely, if L can be stabilized by K, by (1), A", A™'L €
S.LetM=A"N=A"LeS X=-K,,Y =1I-K,,,then
L=M"'N=(@A""A"LNX+MY =Ithus(-A"'L A™")
is a left coprime factorization of L.

Theorem 20. If the canonical controller ( K(i . K12 2) stabilizes

L, then L can be stabilized by the dual canonical controller
(o A’IK}#M’IAA )
I I-(I+LA™ K, )M

Proof. If L can be stabilized by the canonical controller
(K21 Kzz) by Theorems13and17,A™! = (I-K,,—K,, L)™' € §
LA™ € S,and Lhasa right coprime factorization. From [17],
we known that L has a left coprime factorization M ' N and
there exist X,Y € S such that NX + MY = I. Let K, =
MKy M Ky = 1= (I+ LA™ Ky)M ™" In the following,
we need to prove 1 Klz, Ky €S and (2). K stabilizes L.

K12 = A Kle T = A K21 “(NX + MY) =
A K21M INX + A~ K21Y = AK,LX + ATK, Y =
[A™(I - Ky,) - 11X + AT'K, Y €S

Discrete Dynamics in Nature and Society

Since (I + LAT'K, ) )M = (I + LA’1K21)]/VI\’ (NX +
MY) = (L+LA” IKZIL)X+(I+LA 'K, )Y = LAY (I-K,,) X +
(I+LA 11<21)Yes soK,, =I-(I+LA"'K, )M €s.

I-K,,-LK,, = I- I+(I+LA 1I<21)M‘ —LA™ 1K21M‘
M is invertible in S, A”'L = M- M'N = N € S. By
Theorem 19(a), K stabilizes L. O

Notice thatif a canonical K stabilizes L with internal loop,
then K,, and I — K,, are left coprime, since (I — K,,A™") —
K, LA™ = I. Theorem 20 has a dual statement for right-
coprime factorizations K.

There is a similar result for the dual canonical controller.

Theorem 21. Ifthe dual canonical controller ( (1) %‘ ) stabilizes
22

L, then L can be stabilized by the dual canonical controller

0 I
( M 'R,A™ I-M ' (I+K,A7'L) )

The proof of Theorem 21 is similar to that of Theorem 20,
and we omit it.

5. Conclusion

In this paper, we investigate the dynamic stabilization of a
large class of transfer functions in the framework of nest
algebra. To obtain a natural generalization of dynamic stabi-
lization, we introduce a new concept of stabilization by a con-
troller with internal loop. The concept enables a simple Youla
parameterization and has some advantages which turn out to
be very important for infinite-dimensional systems. It makes
the theory of dynamic stabilization simpler and more natural.

We also analyze canonical and dual canonical controllers,
which are controllers with internal loop of a special (simple)
structure. We have found that these are closely related to
(doubly) coprime factorization, and we have given a complete
parameterization of all stabilizing controllers with internal
loop which are (dual) canonical.
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