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Although oligopoly theory is generally concerned with the single-product firm, what is true in the real word is that most of the
firms offer multiproducts rather than single products in order to obtain cost-saving advantages, cater for the diversity of consumer
tastes, and provide a barrier to entry. We develop a dynamical multiproduct Cournot duopoly model in discrete time, where each
firm has an owner who delegates the output decision to a manager. The principle of decision-making is bounded rational. And
each firm has a nonlinear total cost function due to the multiproduct framework. The Cournot Nash equilibrium and the local
stability are investigated. The tangential bifurcation and intermittent chaos are reported by numerical simulations. The results show
that high output adjustment speed can lead to output fluctuations which are characterized by phases of low volatility with small
output changes and phases of high volatility with large output changes. The intermittent route to chaos of Flip bifurcation and
another intermittent route of Flip bifurcation which contains Hopf bifurcation can exist in the system. The study can improve our
understanding of intermittent chaos frequently observed in oligopoly economy.

1. Introduction
Dynamic Cournot model is a typical nonlinear discrete time
varying system which takes output as its decision variable.
Some references investigated the nonlinear behaviors when
some parameters are varied in oligarchic game, such as Flip
and Hopf bifurcation. Wang and Ma [1] analyzed the Flip
and Hopf bifurcations in a Cournot-Bertrand mixed model.
Tramontana and Elsadany [2] proposed a three oligopoly
market with heterogeneous expectations, analyzed double
routes to chaos (Hopf and Flip bifurcation), and presented
the differences of the two routes from the economic view.
Besides the above, some researchers extended Cournot model
to different forms according to the difference of the real
economic environments. Ma and Pu [3] built a triopoly
repeated game model based on heterogeneous expectations
in which the market has quadratic inverse demand function
and the firm possesses cubic total cost function. Xin et
al. [4] built a nonlinear discrete output game model for
two oligopolistic firms whose products are adnascent and
investigated its complex dynamics. Ma and Tu [5] proposed a

new dynamical Cournot duopoly game model with delayed
bounded rationality in electricity market. Guo and Ma [6]
studied the game model and complexity of retailer collecting
and selling in closed-loop supply chain. Fanti et al. [7]
analyzed the dynamic of a nonlinear Cournot duopoly with
managerial delegation.
However, all above studies are limited in single-product
firm. Dynamic oligopoly models lack the case of multiproduct firm. In productive practice, firms usually produce
multiproducts rather than single products to obtain costsaving advantages, cater for the diversity of consumers’ tastes,
and provide a barrier to entry. For example, McDonalds can
produce both hamburgers and French fries at a lower average
cost than what it would cost two separate firms to produce
the same goods.
At present, in most of the literature [1–6], producers are
all based on the objective of maximum profit, but when
ownership and management right are separate, managers are
probably to manipulate the benefit for their personal purpose
than just pure profit maximization. In order to make manager
perform more aggressively in the market, the owner usually
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designs an incentive contract to exert a high level of effort of
manager; for example, revenue [8, 9], sales [10], market shares
[11, 12], and relative profit [7, 13, 14] are usually used as an
optimal incentive scheme in management practice.
In the model of multiproduct framework, the most
important problem is the structure of the cost function. In
this research, the model uses a more general cost function
which implies the concepts about economies of scope and
economies of scale.
In this study, we build a duopoly multiproduct output
model which extends the models of [1–7], which consider
single-product firm, and introduce the managerial delegation to the multiproduct model which modifies the models
of [1–6]. Then the existence of tangential bifurcation and
intermittent chaos are proved by using numerical simulation
experiments.
The plan of the paper is as follows. Section 2 presents
the multiproduct game model with managerial delegation.
Section 3 investigates the Cournot-Nash equilibrium and its
local stability. Section 4 analyzed the properties of output
dynamic in the nonlinear model by numerical simulation.
Section 5 sums up briefly.

when 𝑘 = 1; and each firm is a monopolist when 𝑘 = 0. The
firms’ products are perfect substitutes within each market (𝑎
or 𝑏) and are imperfect substitutes across markets.
The total cost functions of firms 1 and 2 are given as
following:

2. The Model

Each firm has an owner who delegates the output decision
to its manager, and each owner picks an incentive contract
(the objective function of manager) for the manager to
maximize firm’s profit. The profits of firms are as (3) describe,
and they are owners’ objective functions:

2.1. Relevant Concepts. In this part, we will introduce some
concepts which the model includes.
2.1.1. Economies of Scale and Diseconomies of Scale.
Economies of scale are the cost advantages that enterprises
obtain due to size, throughput, or scale of operation.
Economies of scale occur when long-run average cost falls as
output increases [15, 16].
Diseconomies of scale are the forces that cause larger
firms and governments to produce goods and services at
increased per-unit costs. Diseconomies of scale occur when
long-run average cost rises as output increases. The concept
is the opposite of economies of scale [15, 16].
2.1.2. Economies of Scope and Diseconomies of Scope.
Economies of scope is the situation in which the joint cost
of producing two or more products is less than the sum of
the separate costs of producing the products. If the sum of
producing two or more products by separate firms is less than
producing two or more products jointly by the same firm,
diseconomies of scope are said to exist [15].
2.2. The Model. Consider two firms 𝑖 = 1, 2, each of which
produces two products, 𝑎 and 𝑏. The prices of the two
products are given by
𝑝𝑎 = 𝑙𝑎 − (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) ,
𝑝𝑏 = 𝑙𝑏 − (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) .

(1)

In (1), 𝑖 = 1, 2, 𝑗 = 𝑎, 𝑏, where 𝑙𝑗 > 0, 𝑞𝑖𝑗 is the output
of product 𝑗 produced by firm 𝑖. 𝑘 ∈ [−1, 1] : 𝑘 ∈ [−1, 0)
implies that products are complements; 𝑘 ∈ (0, 1) implies
products are alternative; products 𝑎 and 𝑏 are homogeneous

2
2
+ 𝑑1𝑏 𝑞1𝑏
+ ℎ1 𝑞1𝑎 𝑞1𝑏
𝐶1 = 𝑐1𝑎 𝑞1𝑎 + 𝑐1𝑏 𝑞1𝑏 + 𝑑1𝑎 𝑞1𝑎
1/2 1/2
− 𝑓1 𝑞1𝑎
𝑞1𝑏 + 𝑆1 + 𝑠1𝑎 + 𝑠1𝑏 ,
2
2
𝐶2 = 𝑐2𝑎 𝑞2𝑎 + 𝑐2𝑏 𝑞2𝑏 + 𝑑2𝑎 𝑞2𝑎
+ 𝑑2𝑏 𝑞2𝑏
+ ℎ2 𝑞2𝑎 𝑞2𝑏

(2)

1/2 1/2
− 𝑓2 𝑞2𝑎
𝑞2𝑏 + 𝑆2 + 𝑠2𝑎 + 𝑠2𝑏 .

All parameters are assumed to be positive (see [15–17]).
They are as follows:
𝑑𝑖𝑗 : diseconomies of scale;
ℎ𝑖 : diseconomies of scope (see [17]);
𝑓𝑖 : unit economies of scope, firm 𝑖 produces single
product when 𝑓𝑖 = 0 (see [17]);
𝑆𝑖 : nonproduct specific indivisible costs;
𝑠𝑖𝑗 : indivisible cost.

∏ = 𝑝𝑎 𝑞1𝑎 + 𝑝𝑏 𝑞1𝑏 − 𝐶1 ,
1

(3)

∏ = 𝑝𝑎 𝑞2𝑎 + 𝑝𝑏 𝑞2𝑏 − 𝐶2 .
2

Manager 𝑖 is told that his (her) salary includes a fixed
salary and a bonus offered in the incentive contract; that is,
𝑇𝑖 + 𝑈𝑖 𝑊𝑖 .

(4)

𝑇𝑖 and 𝑈𝑖 are constants. We can see that if the control
variable is 𝑞𝑖𝑗 , maximizing 𝑇𝑖 + 𝑈𝑖 𝑊𝑖 and maximizing 𝑊𝑖 are
equivalent. So, we can consider 𝑊𝑖 as the objective function of
manager. The objective function of manager 𝑖 can only belong
to the following class (see [18]):
𝑊𝑖 = 𝑟𝑖 ∏ + (1 − 𝑟𝑖 ) 𝐹𝑖 .

(5)

𝑖

Owner 𝑖 selects his (her) weighting coefficient 𝑟𝑖 . At
present, the forms of 𝐹𝑖 mainly include the incentives for
sales which is proposed by Vickers (see [10]), incentives for
revenue (see [8, 9]), incentives for market shares (see [11, 12]),
and incentives for relative profit (see [13, 14]). In this paper, we
use relative profit as an incentive scheme. Thus, the managers’
objective functions are as (6) describe
𝑊1 = 𝑟1 ∏ + (1 − 𝑟1 ) (∏ − ∏) ,
1

1

2

𝑊2 = 𝑟2 ∏ + (1 − 𝑟2 ) (∏ − ∏) .
2

2

1

(6)
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In (6), 0 < 𝑟𝑖 < 2 (𝑖 = 1, 2) implies the attitude of the
manager. 𝑟𝑖 is exogenous variable which is exerted by owner
as his contract before the game. If 𝑟𝑖 ∈ (0, 1], the owner
is interested in competitive, and if 𝑟𝑖 ∈ (1, 2), the owner is
interested in cooperative.
Two firms follow the bounded rational expectation which
based on the local estimate of the marginal bonus as (7)
describe:


𝑞1𝑎


= 𝑞2𝑎 + 𝛽1 𝑞2𝑎
𝑞2𝑎

× [𝑟2 ( − 2𝑞2𝑎 + 𝑙1 − 𝑞1𝑎 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞2𝑏 − 𝑐2𝑎
− 2𝑑2𝑎 𝑞2𝑎 − ℎ2 𝑞2𝑏 +

− 2𝑑2𝑎 𝑞2𝑎 − ℎ2 𝑞2𝑏 +

𝜕𝑊1
,
𝜕𝑞1𝑏


= 𝑞2𝑎 + 𝛽1 𝑞2𝑎
𝑞2𝑎

𝜕𝑊2
,
𝜕𝑞2𝑎


= 𝑞2𝑏 + 𝛽2 𝑞2𝑏
𝑞2𝑏

𝜕𝑊2
.
𝜕𝑞2𝑏

+ (1 − 𝑟2 )

× ( − 2𝑞2𝑎 + 𝑙1 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞2𝑏 − 𝑐2𝑎

𝜕𝑊1
= 𝑞1𝑎 + 𝛼1 𝑞1𝑎
,
𝜕𝑞1𝑎


= 𝑞1𝑏 + 𝛼2 𝑞1𝑏
𝑞1𝑏

𝑓2
)
1/2 1/2
2𝑞2𝑎 𝑞2𝑏

(7)

𝑓2
1/2 1/2
2𝑞2𝑎 𝑞2𝑏

+ 𝑘𝑞1𝑏 )] ,


= 𝑞2𝑏 + 𝛽2 𝑞2𝑏
𝑞2𝑏

× [𝑟2 ( − 𝑘𝑞2𝑎 − 2𝑞2𝑏 + 𝑙2 − 𝑞1𝑏 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐2𝑏
1/2
𝑓2 𝑞2𝑎

− 2𝑑2𝑏 𝑞2𝑏 − ℎ2 𝑞2𝑎 +

So, the dynamical system can be described as 4-dimension
discrete difference equations as following form:

) + (1 − 𝑟2 )

1/2
2𝑞2𝑏

× ( − 𝑘𝑞2𝑎 − 2𝑞2𝑏 + 𝑙2 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐2𝑏


𝑞1𝑎
= 𝑞1𝑎 + 𝛼1 𝑞1𝑎

− 2𝑑2𝑏 𝑞2𝑏 − ℎ2 𝑞2𝑎 +

1/2
𝑓2 𝑞2𝑎
1/2
2𝑞2𝑏

+ 𝑘𝑞1𝑎 )] .
(8)

× [𝑟1 ( − 2𝑞1𝑎 + 𝑙1 − 𝑞2𝑎 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞1𝑏 − 𝑐1𝑎

− 2𝑑1𝑎 𝑞1𝑎 − ℎ1 𝑞1𝑏 +

𝑓1
)
1/2 1/2
2𝑞1𝑎 𝑞1𝑏

+ (1 − 𝑟1 )

× ( − 2𝑞1𝑎 + 𝑙1 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞1𝑏 − 𝑐1𝑎

− 2𝑑1𝑎 𝑞1𝑎 − ℎ1 𝑞1𝑏 +

𝑓1

1/2 1/2
2𝑞1𝑎
𝑞1𝑏

+ 𝑘𝑞2𝑏 )] ,

𝑞𝑖𝑗 denotes the unit-time advancement of variable 𝑞𝑖𝑗 . 𝛼1 , 𝛼2 ,
𝛽1 , and 𝛽2 are output adjustment parameters; for example,
𝛼1 𝑞1𝑎 is the output speed of adjustment of 𝑞1𝑎 .

3. The Nash Equilibrium and
the Local Stability
In order to investigate the Cournot-Nash equilibrium and its
local stability, the Jacobian matrix of system (8) is given as
following form:


𝑞1𝑏
= 𝑞1𝑏 + 𝛼2 𝑞1𝑏




𝐽 = 



× [𝑟1 ( − 𝑘𝑞1𝑎 − 2𝑞1𝑏 + 𝑙2 − 𝑞2𝑏 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐1𝑏

− 2𝑑1𝑏 𝑞1 𝑏 − ℎ1 𝑞1𝑎 +

1/2
𝑓1 𝑞1𝑎
1/2
2𝑞1𝑏

) + (1 − 𝑟1 )

× ( − 𝑘𝑞1𝑎 − 2𝑞1𝑏 + 𝑙2 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐1𝑏

−2𝑑1𝑏 𝑞1𝑏 − ℎ1 𝑞1𝑎 +

1/2
𝑓1 𝑞1𝑎
1/2
2𝑞1𝑏

+ 𝑘𝑞2𝑎 )] ,

𝐷11
𝐷21
𝐷31
𝐷41

𝐷12
𝐷22
𝐷32
𝐷42

𝐷13
𝐷23
𝐷33
𝐷43

𝐷14
𝐷24
𝐷34
𝐷44




 ,




(9)

where
𝐷11 = 1 + 𝛼1
× [𝑟1 ( − 2𝑞1𝑎 + 𝑙1 − 𝑞2𝑎 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞1𝑏 − 𝑐1𝑎
− 2𝑑1𝑎 𝑞1𝑎 − ℎ1 𝑞1𝑏 +

𝑓1
)
1/2 1/2
2𝑞1𝑎 𝑞1𝑏

+ (1 − 𝑟1 )
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× ( − 2𝑞1𝑎 + 𝑙1 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞1𝑏 − 𝑐1𝑎

𝐷33 = 1 + 𝛽1
× [𝑟2 ( − 2𝑞2𝑎 + 𝑙1 − 𝑞1𝑎 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞2𝑏 − 𝑐2𝑎

−2𝑑1𝑎 𝑞1𝑎 − ℎ1 𝑞1𝑏 +
+ 𝛼1 𝑞1𝑎 [𝑟1 (−2 − 2𝑑1𝑎 −
× (−2 − 2𝑑1𝑎 −
𝐷12 = 𝛼1 𝑞1𝑎 [𝑟1 (−2𝑘 − ℎ1 +

𝑓1
1/2 1/2
2𝑞1𝑎 𝑞1𝑏

𝑓1
)
3/2 1/2
4𝑞1𝑎 𝑞1𝑏

+ 𝑘𝑞2𝑏 )]
− 2𝑑2𝑎 𝑞2𝑎 − ℎ2 𝑞2𝑏 +

+ (1 − 𝑟1 )

−2𝑑2𝑎 𝑞2𝑎 − ℎ2 𝑞2𝑏 +

+ (1 − 𝑟1 )

𝐷13 = −𝛼1 𝑞1𝑎 𝑟1 ,

𝑓1

1/2 1/2
4𝑞1𝑎
𝑞1𝑏

× (−2𝑘 − ℎ1 +

𝑓2

× (−2 − 2𝑑2𝑎 −

3/2 1/2
4𝑞2𝑎
𝑞2𝑏

𝑓1

1/2 1/2
4𝑞1𝑎
𝑞1𝑏

𝐷42 = −𝛽2 𝑞2𝑏 𝑟2 ,

)] ,

𝐷43 = 𝛽2 𝑞2𝑏 [𝑟2 (−2𝑘 − ℎ2 +

𝑓1
)
1/2 1/2
2𝑞1𝑎 𝑞1𝑏

𝑓2
)
1/2 1/2
4𝑞2𝑏 𝑞2𝑎

× (−2𝑘 − ℎ2 +
+ (1 − 𝑟1 )

× ( − 𝑘𝑞1𝑎 − 2𝑞1𝑏 + 𝑙2 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐1𝑏

+ 𝛼2 𝑞1𝑏 [𝑟1 (−2 − 2𝑑1𝑏 −
× (−2 − 2𝑑1𝑏 −

𝑓1

1/2 1/2
2𝑞1𝑎
𝑞1𝑏

𝑓1

1/2 3/2
4𝑞1𝑎
𝑞1𝑏

𝑓1

𝐷23 = −𝛼2 𝑞1𝑏 𝑟1 𝑘,

+ 𝑘𝑞2𝑎 )]

) + (1 − 𝑟1 )

)] ,
3/2

1/2
4𝑞1𝑎
𝑞1𝑏

𝐷32 = −𝛽1 𝑞2𝑎 𝑟2 𝑘,

+ (1 − 𝑟2 )

𝑓2
)] ,
1/2 1/2
4𝑞2𝑎 𝑞2𝑏

𝐷44 = 1 + 𝛽2
× [𝑟2 ( − 𝑘𝑞2𝑎 − 2𝑞2𝑏 + 𝑙2 − 𝑞1𝑏 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐2𝑏
−2𝑑2𝑏 𝑞2𝑏 − ℎ2 𝑞2𝑎 +

𝑓2
)
1/2 1/2
2𝑞2𝑎 𝑞2𝑏

+ (1 − 𝑟2 )

× ( − 𝑘𝑞2𝑎 − 2𝑞2𝑏 + 𝑙2 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐2𝑏
−2𝑑2𝑏 𝑞2𝑏 − ℎ2 𝑞2𝑎 +
+ 𝛽2 𝑞2𝑏 [𝑟2 (−2 − 2𝑑2𝑏 −

𝐷24 = −𝛼2 𝑞1𝑏 𝑟1 ,
𝐷31 = −𝛽1 𝑞2𝑎 𝑟2 ,

+ (1 − 𝑟2 )

𝑓2
)] ,
1/2 1/2
4𝑞2𝑎 𝑞2𝑏

× [𝑟1 ( − 𝑘𝑞1𝑎 − 2𝑞1𝑏 + 𝑙2 − 𝑞2𝑏 − 𝑘 (𝑞1𝑎 + 𝑞2𝑎 ) − 𝑐1𝑏

− 2𝑑1𝑏 𝑞1𝑏 − ℎ1 𝑞1𝑎 +

+ (1 − 𝑟2 )

𝐷41 = −𝛽2 𝑞2𝑏 𝑟2 𝑘,

𝐷22 = 1 + 𝛼2

− 2𝑑1𝑏 𝑞1𝑏 − ℎ1 𝑞1𝑎 +

+ 𝑘𝑞1𝑏 )]

)] ,

𝑓2
)
1/2 1/2
4𝑞2𝑎 𝑞2𝑏

× (−2𝑘 − ℎ2 +

) + (1 − 𝑟1 )

𝑓2
1/2 1/2
2𝑞2𝑎 𝑞2𝑏

𝑓2
)
3/2 1/2
4𝑞2𝑎 𝑞2𝑏

𝐷34 = 𝛽1 𝑞2𝑎 [𝑟2 (−2𝑘 − ℎ2 +

𝐷14 = −𝛼1 𝑞1𝑎 𝑟1 𝑘,
𝐷21 = 𝛼2 𝑞1𝑏 [𝑟1 (−2𝑘 − ℎ1 +

+ 𝛽1 𝑞2𝑎 [𝑟2 (−2 − 2𝑑2𝑎 −

𝑓1
)] ,
1/2 1/2
4𝑞1𝑎 𝑞1𝑏

× (−2𝑘 − ℎ1 +

+ (1 − 𝑟2 )

× ( − 2𝑞2𝑎 + 𝑙1 − 𝑘 (𝑞1𝑏 + 𝑞2𝑏 ) − 𝑘𝑞2𝑏 − 𝑐2𝑎

𝑓1
)] ,
3/2 1/2
4𝑞1𝑎 𝑞1𝑏
𝑓1
)
1/2 1/2
4𝑞1𝑎 𝑞1𝑏

𝑓2
)
1/2 1/2
2𝑞2𝑎 𝑞2𝑏

× (−2 − 2𝑑2𝑏 −

𝑓2
1/2 1/2
2𝑞2𝑎 𝑞2𝑏

1/2
𝑓2 𝑞2𝑎
3/2
4𝑞2𝑏

1/2
𝑓2 𝑞2𝑎
3/2
4𝑞2𝑏

+ 𝑘𝑞1𝑎 )]

) + (1 − 𝑟2 )
)] .
(10)
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In our system, multiproduct associated with the assumption of managerial delegation makes the computation of
stability very dauntingly huge. The stability of this model
is difficult to be analyzed in a general case. In order to get
the Cournot Nash equilibrium point and find its local stable
region, we prefer to set a value to each parameter:
𝑐1𝑎 = 0.15,
𝑙1 = 6,
𝑑1𝑎 = 0.85,

𝑐1𝑏 = 0.1,
𝑙2 = 6,

𝑑1 = 0.5,

𝑑1𝑏 = 0.9,

ℎ1 = 0.5,

ℎ2 = 0.5,

𝑘 = 0.2;

𝑐2𝑎 = 0.2,

1 + 𝐴 1 + 𝐴 2 + 𝐴 3 + 𝐴 0 > 0,
1 − 𝐴 1 + 𝐴 2 − 𝐴 3 + 𝐴 0 > 0,
1 − 𝐴20 > 0,

𝑐2𝑏 = 0.1,

2

𝑓1 = 0.8,

𝑑2𝑏 = 0.97,
𝑓2 = 0.7,

2 2

2

[(1 − 𝐴20 ) − (𝐴 3 − 𝐴 1 𝐴 0 ) ]
3

𝑟2 = 1.6.
(11)

The initial values are chosen as (𝑞1𝑎 (0), 𝑞1𝑏 (0), 𝑞2𝑎 (0),
𝑞2𝑏 (0)) = (0.5, 0.5, 0.5, 0.5).
The Nash equilibrium of Cournot game is a state of
output decision in which it is impossible to make any
one player better off without making at least one player
worse off. By computing 𝜕∏𝑖 /𝜕𝑞𝑖𝑗 = 0, we can get
the only positive Cournot Nash equilibrium point 𝑞𝑒 =
[𝑞1𝑎 (0.9926), 𝑞1𝑏 (0.9667), 𝑞2𝑎 (0.8818), 𝑞2𝑏 (0.9103)] which is
stable and has practical implications in economics (see [1, 3–
5]).
The characteristic equation of Jacobian matrix is as
follows:
𝑓 (𝜆) = 𝜆4 + 𝐴 1 𝜆3 + 𝐴 2 𝜆2 + 𝐴 3 𝜆 + 𝐴 0 = 0,

2

(1 − 𝐴20 ) − (𝐴 3 − 𝐴 1 𝐴 0 ) > 0,

𝑑2 = 0.6,

𝑑2𝑎 = 0.95,

𝑟1 = 1.6,

According to Jury conditions [19], the sufficient and necessary
conditions that 𝑞𝑒 is locally stable are

(12)

2

− [𝐴 2 (1 − 𝐴 0 ) − (𝐴 1 − 𝐴 3 𝐴 0 ) (𝐴 3 − 𝐴 1 𝐴 0 )] > 0.
(14)
Therefore, the scope surrounded by (𝛼1 , 𝛼2 , 𝛽1 , 𝛽2 ) which can
satisfy the five conditions in (14) is the local region of 𝑞𝑒 . The
output will reach the Cournot Nash equilibrium point 𝑞𝑒 after
rounds of games with random initial output within the local
stable region.
Considering 𝛽2 = 0.34, the local stable region at
Cournot Nash equilibrium consisting of (𝛼1 , 𝛼2 , 𝛽1 ) is shown
in Figure 1. Similarly, we can fix other parameters and get the
stable region at coordinate planes (𝛼1 , 𝛼2 , 𝛽2 ), (𝛼1 , 𝛽1 , 𝛽2 ), and
(𝛼2 , 𝛽1 , 𝛽2 ). Here no discussions are made.

4. The Numerical Simulation
In this section, two intermittent routes to chaos are investigated in the system by numerical simulation.

where
𝐴 1 = −4 + 3.87𝛼1 + 3.876𝛼2 + 3.617𝛽1 + 3.759𝛽2 ,
𝐴 2 = −10.85𝛽1 − 11.61𝛼1 + 13.6𝛽1 𝛽2 + 15𝛼1 𝛼2
+ 11.76𝛼1 𝛽1 − 11.63𝛼2 + 6 + 14.02𝛼2 𝛽1
+ 14.55𝛼1 𝛽2 − 11.28𝛽2 + 12.32𝛼2 𝛽2 ,
𝐴 3 = 44.19𝛽1 𝛽2 𝛼1 − 23.51𝛼1 𝛽1 + 45.57𝛼1 𝛼2 𝛽1
+ 47.67𝛼1 𝛼2 𝛽2 − 29.09𝛼1 𝛽2 − 4 + 11.61𝛼1 + 11.63𝛼2
− 30𝛼1 𝛼2 + 44.55𝛼2 𝛽1 𝛽2 + 11.28𝛽2 − 24.64𝛼2 𝛽2
− 27.19𝛽1 𝛽2 − 28.04𝛼2 𝛽1 + 10.85𝛽1 ,
𝐴 0 = 1 + 13.6𝛽1 𝛽2 + 14.55𝛼1 𝛽1 − 44.19𝛽1 𝛽2 𝛼1
− 45.57𝛼1 𝛼2 𝛽1 + 12.32𝛼2 𝛽2 − 3.617𝛽1 − 3.87𝛼1
− 3.759𝛽2 + 14.02𝛼2 𝛽1 + 144.7𝛼1 𝛼2 𝛽1 𝛽2
− 44.55𝛼2 𝛽1 𝛽2 − 3.876𝛼2 + 15𝛼1 𝛼2 + 11.76𝛼1 𝛽1
− 47.67𝛼1 𝛼2 𝛽2 .
(13)

4.1. Flip Bifurcation (Period-Doubling Bifurcation) and Its
Intermittent Route to Chaos. We first restrict our experiment
to the following set of parameters: 𝑘 = 0.2, 𝑟 = 1.6, 𝛼2 = 𝛽1 =
𝛽2 = 0.34.
From Figures 2(a) and 2(b), the model has a unique
equilibrium with 𝑞𝑒 = [𝑞1𝑎 (0.9926), 𝑞1𝑏 (0.9667), 𝑞2𝑎 (0.8818),
𝑞2𝑏 (0.9103)]. Starting from a small value of 𝛼1 , the system is in
the stability region. When 𝛼1 increases, a loss of stability may
occur via a Flip bifurcation (Period-doubling bifurcation).
When the 𝛼1 ∈ (0.2083, 0.5124), the output dynamic becomes
unstable and chaotic behavior of output waves occurs after
period 2, period 4, and period 8. If 𝛼1 is further increased
(𝛼1 > 0.5124), the outputs become regular again. However
as 𝛼1 is further increased (𝛼1 > 0.53), the outputs become
once again chaotic. The abrupt change from chaos to period
state is called tangential bifurcation and it is a kind of
special bifurcation which is a route to chaos. The intermittent
chaos is caused by tangential bifurcation in the market.
Tangential bifurcation and intermittent chaos are all dynamic
behaviors which are caused by the collision between chaotic
attractor and periodic orbits. In the nonlinear dynamic of
intermittent chaos, stable periodic state and chaotic state
happen stochastically.
Figure 3 shows the enlarged drawing of the tangential
bifurcation and the values of the maximum Lyapunov exponent with 𝛼1 ∈ [0.5, 0.55]. The system is in chaos if the
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Figure 1: The local stable region with 𝛽2 = 0.34.
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Figure 2: The bifurcation diagram with 𝑘 = 0.2, 𝑟 = 1.6, 𝛼2 = 𝛽1 = 𝛽2 = 0.34.

maximal Lyapunov exponent is bigger than zero, and the
system is in steady period state if the maximal Lyapunov
exponent is smaller than zero. From the change of the maximal Lyapunov exponent, the market is in chaotic state before
tangential bifurcation. With the increase of 𝛼1 , the market
evolves into period state. Specially, in the period window,
with the increase of 𝛼1 , the periodic orbit which is caused
by tangential bifurcation also shows bifurcation, and the
structure of this bifurcation has a self-similar construction
with the main bifurcation which evolves into chaos via Flip
bifurcation. The system will show similar characteristics with
changing 𝛼2 , 𝛽1 , or 𝛽2 , and not in detail.
Let us analyze closely the characteristics of chaos that
are observed in the parameter interval (0.5 < 𝛼1 < 0.55).

Figure 4(a) is time series curves of 𝑞1𝑎 when 𝛼1 = 0.512
which is slightly smaller than the tangential bifurcation point
𝛼1 = 0.5124 and shows apparently the characteristic of intermittent chaos, namely, a long laminar phase (see [20, 21]),
where the output fluctuations behave regularly, and interrupted from time to time by chaotic bursts. Figure 4(b) is
the time series with 𝛼1 = 0.52 which is in period orbit. And
Figures 5(a) and 5(b) are their phase portraits, respectively.
Above investigation shows that output fluctuations are
characterized by phases of low volatility with small output
changes and phases of high volatility, with large output
changes. One possible reason for this phenomenon is the
intermittency of the output fluctuations which is caused by
rapid output adjustment speed.
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Figure 3: The enlarged drawing of tangential bifurcation and the maximum Lyapunov exponent.
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Figure 4: The time series of 𝑞1𝑎 .

4.2. The Flip Bifurcation (Period-Doubling Bifurcation) Which
Contains Hopf Bifurcation and Its Intermittent Route to Chaos.
Figure 6 is the bifurcation diagram when 𝑘 = −0.2, 𝑟 = 1.5,
𝛼2 = 0.35, 𝛽1 = 𝛽2 = 0.348 with 𝛼1 ∈ [0.3, 0.45] and
its maximum Lyapunov exponent. When 𝛼1 ∈ [0.3, 0.3535),
the system enters into chaos via period 2 orbit and Hopf

bifurcation. When 𝛼1 > 0.3535, the tangential bifurcation
occurs, and system enters into period 2 once again. With
the increase of 𝛼1 , system is in chaos when 𝛼1 > 0.366.
When 𝛼1 ∈ (0.38, 0.388), the system shows period doubling
(Flip) orbit again, then entering the chaotic state when
𝛼1 > 0.388.
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Figure 5: The 3-D phase portraits.

1.8

1.8

1.6

1.6

1.4

1.4

1.2

1.2
1
q1b

q1a

1
0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0

0

−0.2

−0.2

0.3

0.35 0.366 0.38 0.4
𝛼1 0.388
0.3535

0.45

0.35

0.3

(a)

1.8

1.6

1.6

1.4

1.4

1.2

1.2
1
q2b

1
q2a

0.45

(b)

1.8

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0

0

−0.2

−0.2

0.3

0.4
𝛼1

0.35

0.4

0.45

0.3

0.35

0.4

𝛼1
(c)

0.45

𝛼1
(d)

Figure 6: The bifurcation with 𝑘 = −0.2, 𝑟 = 1.5, 𝛼2 = 0.35, 𝛽1 = 𝛽2 = 0.348.

We take a value of 𝛼1 = 0.353 which is slightly smaller
than 0.3535 (the tangential bifurcation point), the time series
of 𝑞1𝑎 exhibits nearly periodic laminar phases [20, 21] that
are randomly interrupted by chaos bursts as Figure 7(a)

describes, and Figure 8(a) is its phase portrait. Figure 7(b)
shows time series of a period 2 orbit for 𝛼1 = 0.354 which
is slightly bigger than 𝛼1 = 0.3535, and Figure 8(b) shows its
phase portrait.
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5. Conclusion
In this paper we propose a multiproduct Cournot duopoly
model with relative profit delegation. The Cournot Nash
equilibrium point and the local stability are analyzed. In
particular, we show that the chaotic behavior is characterized
by intermittency which is caused by tangential bifurcation.
This means periodic state and unstable chaotic state appear
alternately in the market. In real world, oligopoly market has
been repeatedly disturbed by a series of severe output fluctuations which results tremendous economic losses of firms and
the whole market. Our study suggests that the inappropriate
output adjustment speed might be one reason that the output
market becomes more vulnerable. The research provides the
reference for enterprises and policy makers.
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