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Memory effect is an important phenomenon in financial systems, and a number of research works have been carried out to study
the long memory in the financial markets. In recent years, fractional order ordinary differential equation is used as an effective
instrument for describing the memory effect in complex systems. In this paper, we establish a fractional order stochastic differential
equation (FSDE) model to describe the effect of trend memory in financial pricing. We, then, derive a European option pricing
formula based on the FSDE model and prove the existence of the trend memory (i.e., the mean value function) in the option
pricing formula when the Hurst index is between 0.5 and 1. In addition, we make a comparison analysis between our proposed
model, the classic Black-Scholes model, and the stochastic model with fractional Brownian motion. Numerical results suggest that
our model leads to more accurate and lower standard deviation in the empirical study.

1. Introduction
Time series incorporating memory structure has been widely
used in biological, chemical, and physical system. Memory
effects also exist in financial systems. For example, the
decision will be effected spontaneously by the past experience
of decision makers. Plenty of financial variables with long
memory effects have been found [1–4], such as the gross
domestic product (GDP), interest rate, foreign exchange
rates, stock price, and futures price. Garzareli et al. have
proved the existence of memory effects in the stock price
series by the conditional probability approach and measured
the extent of long memory (autocorrelation) [5].
Memory effect is often measured by the autocorrelation
function, and, recently, the Hurst index as an effective tool
was introduced to measure the memory effect [6]. The Hurst
index is often denoted by 𝐻 (0 < 𝐻 < 1). In the case of
0 < 𝐻 < 0.5, time series has negative correlation and antipersistent behavior, which is called short-dependence memory.
When 𝐻 = 0.5, the time series has no dependence. However,
in the case of 0.5 < 𝐻 < 1, time series has positive correlation

and persistent behavior, which is long-dependence memory.
The persistent behavior was also called “Joseph Effect” by
Mandelbrot and Wallis [7]. Cajueiro and Tabak [8, 9] have
also found that memory effect exists in financial markets.
A number of researchers used fractional Brownian
motion to depict the characteristic of memory. Mandelbrot
and Van Ness first found that long memory effects exist in
stock returns and gave the definition of fractional Brownian
motion [10]. Since then, describing the memory by the
fractional Brownian motion in financial market becomes
more and more popular. For instance, Bȩben and Orłowski
[11], Huang and Yang [12], Evertsz [13], Lo [14], and Wen et al.
[15, 16] have shown that the returns are of long-term (or shortterm) dependence in the markets. After Black and Scholes
[17] developed the option pricing theory based on the classical stochastic differential equation, a large number of literatures studied the option price based on the fractional Brownian motion. For example, Necula [18], Rostek [19], and Hu
and Øksendal [20] obtained the Black-Scholes option pricing
formula under fractional Brownian motion. Ren et al. [21]
have considered the option pricing model for 0.5 < 𝐻 < 1.
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In the case of 0 < 𝐻 < 0.5, the option pricing formula was
studied by Wang et al. [22]. Chen et al. [23] established the
mixed fractional-fractional version of Black-Scholes model
with 0 < 𝐻 < 1 and gave the Ito’s formula correspondingly.
However, the memory effects contain not only the noise
memory effect but also the trend memory effect. Stochastic differential equation with fractional Brownian motion
only describes the noise memory but cannot be used to
study the trend memory effect of stock price. So we will
describe the trend memory process by using the fractional
derivative, which is another effective instrument to describe
the memory effect. In particular, fractional calculus has
been successfully applied in biology, physics, chemistry, and
hydrology. Recently, the concept of fractal has been extended
in financial mathematics [24]. This is due to the fact that
fractional integral and derivatives can depict the memory
and inherent process [25]. It has been realized that fractional
derivative provides an excellent mathematical instrument
for the description of complex process, irregular increment,
memory properties, and intermediate process [25–28].
The fractional derivative is given as below:
𝑑𝛼 𝑥 = 𝜇 (𝑥, 𝑡) 𝑑𝑡𝛼 ,

(1)

where 𝛼 is a fraction. This fractional differential equation
is an appropriate mathematical approach to depict memory
process of the increment. However, the fractional order
derivative above only denotes the memory effect of a fixed
process. Since the process in financial market has stochastic
effect, we add stochastic process into fractional order ordinary differential equation. In this work, we propose a new
model constructed by stochastic differential equation with
fractional order. We denote the stochastic process of the asset
price by fractional order stochastic differential equation as
follows:
𝑑𝛼 𝑥 = 𝜇 (𝑥, 𝑡) 𝑑𝑡𝛼 + 𝜎 (𝑥, 𝑡) 𝑑𝐵 (𝑡) ,

𝛼 = 2𝐻.

(2)

In (2), 𝐻 is the Hurst index, which is an exponent describing
the memory of the time series, and can be calculated by
the 𝑅/SD analysis approach [6]. In the special case of 𝛼 =
1 (i.e., 𝐻 = 0.5), the equation is reduced to the classic
stochastic differential equation. Jumarie gave the Taylor’s
series of fractional order, expressed 𝑑𝑥 in terms of fractional
differential 𝑑𝛼 𝑥 by using Taylor’s series of fractional order,
and, hence, obtained the expression of 𝑥(𝑡), which involves
the so-called Mittag-Leffler function [29, 30]. Momani and
Odibat presented the numerical approach of differential
equation of fractional order [31]. Odibat proposed algorithms
to compute the functions of fractional derivative [32].
The rest of this paper is organized as follows. Section 2
gives some basic concepts and theories on the fractional
order ordinary differential equations and Hurst index and
then establishes the fractional order stochastic differential
equation in the financial market. In Section 3, based on
the proposed stochastic differential equation with fractional
order derivative, we give the corresponding Ito formula under
the FSDE and then derive the fractional European option
pricing formula. In Section 4, we conduct the empirical
analysis of fractional order formula of stock price process

by using the Monte Carlo simulation method, and we also
make comparison analysis of option pricing formula under
FSDE with the classic option pricing formula and option
pricing formula based on fractional Brownian motion. The
conclusions drawn from this study are presented in Section 5.

2. Fractional Order Stochastic
Differential Equation
In this section, we first give some preliminaries about the fractional order ordinary differential equation and then expand
them to the field of the stochastic differential equations. Thus,
based on these previous research results, we can construct the
generalized fractional order stochastic differential equation.
2.1. Fractional Order Ordinary Differential Equations (FODE).
Now we introduce the definitions of fractional order integration and fractional order derivative. There exist several
definitions of fractional derivatives, which are related to
different applications. In our paper, we consider these two
definitions, which are Riemann-Liouville integral and Caputo
derivative [30].
Definition 1. 𝑓(𝑥) is a continuous function. Its RiemannLiouville fractional integral of order 𝛼 of function 𝑓(𝑥) is
defined as follows:
𝐼𝛼 𝑓 (𝑥) =

𝑥
1
∫ (𝑥 − 𝑡)𝛼−1 𝑓 (𝑡) 𝑑𝑡
Γ (𝛼) 0

𝛼 > 0, 𝑥 > 0, (3)

where 𝛼 ∞
is a fraction and Γ(𝛼) is the Gamma function with
Γ(𝛼) = ∫0 𝑥𝛼−1 exp(−𝑥)𝑑𝑥.
Definition 2. Consider the function of Definition 1, and
Caputo fractional derivative of order 𝛼 of function 𝑓(𝑥) is
defined as
𝑑𝛼 𝑓
= 𝐷𝛼 𝑓 (𝑥) = 𝐼𝑚−𝛼 𝐷𝑚 𝑓 (𝑥)
𝑑𝑥𝛼
𝑥
1
=
∫ (𝑥 − 𝑡)𝑚−𝛼−1 𝑓(𝑚) (𝑡) 𝑑𝑡,
Γ (𝑚 − 𝛼) 0

(4)

where 𝛼 is a fraction, 𝑚 is an integer and 𝑚 = [𝛼] is the
value of 𝛼 rounded up to the nearest integer, and 𝑓(𝑚) is the
ordinary derivative of 𝑓.
Based on the definitions above, the following equality
holds [33, 34]:
Δ𝛼 𝑓 (𝑥)
.
ℎ→0
ℎ𝛼

𝑓(𝛼) (𝑥) = lim

(5)

In order to get the relations between the fractional derivative
and ordinary derivative, we introduce the Taylor expansion
of fractional order.

Discrete Dynamics in Nature and Society

3

Proposition 3. Assume that the continuous function 𝑓(𝑥) has
fractional derivative of fractional order 𝑘𝛼, for any positive
integer 𝑘 at any 𝛼, 0 < 𝛼 < 1; then the following equality holds:
∞

𝑘𝛼 (𝑘𝛼)

ℎ 𝑓 (𝑥)
,
Γ (1 + 𝑘𝛼)
𝑘=0

𝑓 (𝑥 + ℎ) = ∑

0 < 𝛼 ≤ 1,

Lemma 5. Let 𝑓(𝑡) denote a continuous function; then its
integral with respect to 𝑑𝑡𝛼 is defined by the following equalities:
𝑡

𝑡

0

0

(1) ∫ 𝑓 (𝜏) (𝑑𝜏)𝛼 = 𝛼 ∫ (𝑡 − 𝜏)𝛼−1 𝑓 (𝜏) 𝑑𝜏

(6)

𝑡

𝑡

0

0

(2) ∫ 𝑓 (𝜏) (𝑑𝜏)𝛼 = 𝛼 (𝛼 − 1) ∫ (𝑡 − 𝜏)𝛼−2 𝐹 (𝜏) 𝑑𝜏

where 𝑓(𝑘𝛼) is the derivative of order 𝛼𝑘 of 𝑓(𝑥), which can be
denoted by 𝐷𝑘𝛼 𝑓.

1 < 𝛼 < 2,
(12)

Lemma 4. Assume that 𝑚 < 𝛼 < 𝑚 + 1, 𝑚 ∈ 𝑁; then,
𝑓

(𝑚)

𝑡

where 𝐹(𝑡) = ∫0 𝑓(𝜏)𝑑𝜏; on making 𝑓(𝑡) = 1, we can have the

∞

ℎ𝑘(𝛼−𝑚) 𝐷𝑘(𝛼−𝑚) 𝑓(𝑚) (𝑥)
,
(𝑥 + ℎ) = ∑
Γ [1 + 𝑘 (𝛼 − 𝑚)]
𝑘=0

𝑡

(7)

𝑚 < 𝛼 < 𝑚 + 1.
Let 𝑚 be equal to 1 in (7), and take integration with respect to
ℎ; we then have the following result:
𝑓 (𝑥 + ℎ) = 𝑓 (𝑥) + ℎ𝑓 (𝑥)
∞

ℎ1+𝑘(𝛼−1)
𝑓(1+𝑘(𝛼−1)) (𝑥) .
Γ
+
𝑘
−
1)]
(𝛼
[2
𝑘=1

+∑

(8)

The proof of the lemma above can be found in [29].
By employing the fractional order Taylor formula and (5),
we get the applications below. Given that 𝑚 is an integer with
𝑚 ≥ 1, the following results hold:
Δ𝛼 𝑓 (𝑥)
Δ𝑓 (𝑥)
= Γ (1 + 𝛼) lim
,
ℎ→0
ℎ → 0 ℎ𝛼
ℎ𝛼

𝑓(𝛼) (𝑥) = lim

(9)

0 < 𝛼 ≤ 1,
Δ𝑓(𝑚) (𝑥)
,
ℎ → 0 ℎ𝛼−𝑚

𝑓(𝛼) (𝑥) = Γ (1 + (𝛼 − 𝑚)] lim
𝑚<𝛼<𝑚+1

(10)

(1 ≤ 𝑚) .

We then compare the two equations, (8) and (9), when 1 <
𝛼 < 2; thus, the relationship between fractional difference
and finite difference is obtained as follows:
(1) Discrete form:
Δ𝛼 𝑓 = Γ (1 + 𝛼) Δ𝑓,

2.2. Memory Effect and the Hurst Index. Time series 𝑋𝑡 =
{𝑋1 , 𝑋2 , . . . , 𝑋𝑁} is a stochastic process with 𝑋𝑡 recorded at
the discrete times 𝑡 = 0, 1, 2, . . . , 𝑁. A time series has the
memory structure, if the lag period information affects the
future changes. Time series displays long memory when the
correlation between current and lag observations does not
weaken to zero quickly over time.
Let 𝑋𝑡 be a stationary stochastic process with autocorrelation function 𝜌(𝜏), 𝜏 = 1, 2, . . . , 𝑚, where 𝜏 denotes the
time lag. If ∑𝑚
𝜏=1 |𝜌(𝜏)| = ∞, 𝑋𝑡 is called a long memory
process; if ∑𝑚
𝜏=1 |𝜌(𝜏)| < ∞, 𝑋𝑡 is called a short memory
process, and, otherwise, if 𝜌(𝜏) = 0, for 𝜏 ≠ 0, 𝑋𝑡 has
no memory effect. The classical approach to measure the
stochastic memory process is the autocorrelation function.
Now, the Hurst index is widely used as an effective substitute
of the autocorrelation function to determine long-range or
short-range dependence.
The memory effect can be described by the memory
parameter, namely, the Hurst index. Hurst index measures the
smoothness of time series based on the asymptotic behavior
of the rescale of the stochastic process. A key property of
memory process is self-similarity, which is denoted by the
Hurst index.
Definition 6. Stochastic process 𝑋 = {𝑋𝑡 , 𝑡 = 1, 2, . . . , 𝑁}
is self-similar with Hurst index 𝐻 for any 𝑎 > 0 and at
𝑑

0<𝛼≤1

𝑑

= represents equality of the distribution.
0<𝛼≤1
(11)

(2) Discrete form:
𝛼

result: ∫0 𝑓(𝜏)(𝑑𝜏)𝛼 = 𝑡𝛼 .

any time 𝑡; then we denote it by 𝑋𝑎𝑡 = 𝑎𝐻𝑋𝑡 , where Hurst
index describes the self-similarity of stochastic process, and

Continuous form:
𝑑𝛼 𝑓 = Γ (1 + 𝛼) 𝑑𝑓,

0 < 𝛼 < 1,



Δ 𝑓 = Γ (1 + 𝛼) [Δ𝑓 − 𝑓 (𝑥) Δ𝑥] ,

1<𝛼<2

Lemma 7. Suppose a time series {𝑋𝑡 , 𝑡 = 1, 2, . . . , 𝑁} is selfsimilar with strictly stationary increment; then this time series
has the following properties.

1 < 𝛼 < 2.

(1) The expectation of 𝑋𝑡 is 𝐸[𝑋𝑡 ] = 0 and, thus, 𝐸[𝑋𝑡2 ] =
𝜎2 for all 𝑡 = 1, 2, . . . , 𝑁.
(2) The covariance function 𝛾(𝑠, 𝑡) = 𝐸{[𝑋𝑠 − 𝐸(𝑋𝑠 )][𝑋𝑡 −
𝐸(𝑋𝑡 )]} = 𝐸[𝑋𝑠 𝑋𝑡 ], which has the following result:

Continuous form:
𝑑𝛼 𝑓 = Γ (1 + 𝛼) [𝑑𝑓 − 𝑓 (𝑥) 𝑑𝑥] ,

In the following lemma, some basic properties are given
and the corresponding proofs can be obtained in [6, 8].

For the purpose of constructing the fractional order stochastic differential equations in this section, now we give some
results of the integral with respect to 𝑑𝑡𝛼 in Lemma 5
presented below. Its detailed proof can be obtained in [29, 30].

𝛾 (𝑠, 𝑡) =

𝜎2
[|𝑠|2𝐻 − |𝑠 − 𝑡|2𝐻 + |𝑡|2𝐻] .
2

(13)
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(3) The autocovariance function of 𝑋𝑡 is given by 𝛾(𝜏), 𝜏 =
1, 2, . . . 𝑛, where 𝜏 is the lag period:
𝛾 (𝜏) = 𝐸 [𝑋𝑡 𝑋𝑡+𝜏 ] =

𝜎2
[|𝜏 + 1|2𝐻 − 2|𝜏|2𝐻 + |𝜏 − 1|2𝐻] .
2
(14)

(4) If 𝜏 ≠ 0, then we get the relationship between
autocovariance function and Hurst index:
𝛾 (𝜏) = 0,

𝐻 = 0.5,

𝛾 (𝜏) < 0,

0 < 𝐻 < 0.5,

𝛾 (𝜏) > 0,

0.5 < 𝐻 < 1

(15)

which means 𝛾(𝜏) > 0 in the case of 0.5 < 𝐻 < 1; similarly,
in the case 0 < 𝐻 < 0.5, 𝛾(𝜏) < 0, and in the case 𝐻 = 0.5,
𝛾(𝜏) = 0. According to the autocovariance function, we have
that, in the case of 0 < 𝐻 < 0.5, the times series exhibit shortrange dependence; in the case of 𝐻 = 0.5, the times series has
no dependence, which is a perfect random walk; and in the case
of 0.5 < 𝐻 < 1, time series has long-range dependence.
The Hurst indexis usually estimated by the 𝑅/𝑆 statistic
approach. Given a stochastic process {𝑋𝑡 , 𝑡 = 1, 2, . . . , 𝑁} of
length 𝑁, we divide the time interval 𝑁 into 𝑀 contiguous
subintervals of length 𝑛 such that 𝑀 × 𝑛 = 𝑁. For each
subinterval, the average value is 𝑋𝑛 = 𝐸[𝑋𝑡 ] = (1/𝑛) ∑𝑛𝑡=1 𝑋𝑡 .
The running sum of the accumulated deviations from the
mean is given as
𝑘

𝑋𝑡,𝑛 = ∑ (𝑋𝑡 − 𝐸 [𝑋𝑡 ]) ,

𝑘 = 1, 2, . . . , 𝑛.

𝑘 = 1, 2, . . . , 𝑛.

(17)

The standard deviation of 𝑋𝑡 , 𝑡 = 1, 2, . . . , 𝑛 is
1 𝑛
2
SD (𝑛) = √
∑(𝑋 − 𝐸 [𝑋𝑡 ]) .
𝑛 − 1 𝑡=1 𝑡

(18)

The rescaled range is (𝑅/SD)(𝑛) = 𝑅(𝑛)/SD(𝑛), and the
relationship between 𝑅/SD statistic and 𝑛 is
1 𝑛 𝑅 (𝑖)
𝑅 (𝑛)
𝑅
= ∑
.
( ) (𝑛) =
SD
SD (𝑛) 𝑛 𝑖=1 SD (𝑖)

(19)

Thus, we can get the result:
𝑅 (𝑛)
] = 𝛼𝑛𝐻,
SD (𝑛)

𝑑𝛼 𝑆 = 𝜇 (𝑆, 𝑡) (𝑑𝑡)𝛼 + 𝜎 (𝑆, 𝑡) 𝑑𝐵 (𝑡) ,

𝛼 = 2𝐻,

(22)

where 𝜇(𝑆, 𝑡) is the drift parameter, 𝜎(𝑆, 𝑡) is the diffusion
parameter, 𝑑𝐵(𝑡) is the Wiener process, 𝑑𝐵(𝑡) = 𝜀√𝑑𝑡,
𝜀 ∼ 𝑁(0, 1) (normal distribution), and 𝑑𝑡 and 𝑑𝐵(𝑡) are
uncorrelated, 𝑑𝑡𝑑𝑡 = 0, 𝑑𝑡𝑑𝐵(𝑡) = 0, 𝑑𝐵(𝑡)𝑑𝐵(𝑡) = 𝑑𝑡.
In a special case, suppose 𝜇(𝑆, 𝑡) = 𝜇𝑆, 𝜎(𝑆, 𝑡) = 𝜎𝑆, and
then we have the linear stochastic differential equation:
𝑑𝛼 𝑆 = 𝜇𝑆(𝑑𝑡)𝛼 + 𝜎𝑆𝑑𝐵 (𝑡) ,

𝛼 = 2𝐻.

(23)

By using the results of (11), we can rewrite (22) into the
following form of 𝑑𝑆 with respect to 𝑑𝑡𝛼 :
𝑑𝑆 =

𝜇 (𝑆, 𝑡)
𝜎 (𝑆, 𝑡)
𝑑𝐵 (𝑡) ,
(𝑑𝑡)𝛼 +
Γ (1 + 𝛼)
Γ (1 + 𝛼)
0 < 𝛼 ≤ 1,

0 < 𝐻 ≤ 0.5,

𝜇 (𝑆, 𝑡)
𝜎 (𝑆, 𝑡)
𝑑𝑆 =
𝑑𝐵 (𝑡) + 𝑆 (𝑡) 𝑑𝑡,
(𝑑𝑡)𝛼 +
Γ (1 + 𝛼)
Γ (1 + 𝛼)
1 < 𝛼 < 2,

(24)

0.5 < 𝐻 < 1,

where 𝑆 (𝑡) is the first order derivative of 𝑆 about time 𝑡.

The range over the time period 𝑛 is

𝐸[

Definition 8. Assuming that a financial asset price is 𝑆,
according to the fractional ordinary differential equation, and
considering the stochastic process, we can get the FSDE as
follows:

(16)

𝑡=1

𝑅 (𝑛) = max 𝑋𝑘,𝑛 − min 𝑋𝑘,𝑛 ,

2.3. Fractional Order Stochastic Differential Equation (FSDE).
Here, we generalize the classic stochastic differential equation
to establish the fractional order stochastic differential equation based on the results presented before and then apply it
to the option pricing in the next section.

𝑛 → ∞,

(20)

where 𝛼 is a constant and 𝐻 is the Hurst index.
As a consequence, we can get the Hurst index of the
observed time by linear regression:
𝑅
log 𝐸 ( ) (𝑛) = 𝐻 log 𝑛 + log 𝛼.
SD

(21)

3. European Call Option Pricing
Based on FOSDE
In this section, the corresponding Ito’s formula and European
call option pricing formula are derived based on the fractional
order stochastic differential equation.
3.1. Ito’s Lemma Based on FSDE
Lemma 9. Assume that the stock price 𝑆 follows the fractional
order stochastic differential equation as below:
𝑑𝛼 𝑆 = 𝜇𝑆(𝑑𝑡)𝛼 + 𝜎𝑆𝑑𝐵 (𝑡) ,

𝛼 = 2𝐻;

(25)

then, the function 𝑓 = 𝑓(𝑆𝑡 , 𝑡) is still an Ito stochastic process,
and the following expressions hold.
When 0.25 < 𝐻 ≤ 0.5
𝑑𝑓 = [
+

𝜇𝑆 𝜕𝑓
𝜕2 𝑓
𝜕𝑓
𝜎2 𝑆2
] 𝑑𝑡 +
+ 2
(𝑑𝑡)2𝐻
2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆
𝜎𝑆 𝜕𝑓
𝑑𝐵 (𝑡) .
Γ (1 + 𝛼) 𝜕𝑆

(26)
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When 0.5 < 𝐻 < 1
𝑑𝑓 = [
+

Thus, the differential form is given below:
2 2

2

𝜕𝑓
𝜕𝑓
𝜕𝑓
𝜎𝑆
+ 𝑆 (𝑡) ] 𝑑𝑡
+
𝜕𝑡 2Γ2 (1 + 𝛼) 𝜕𝑆2
𝜕𝑆
𝜇𝑆 𝜕𝑓
𝜎𝑆 𝜕𝑓
𝑑𝐵 (𝑡) .
(𝑑𝑡)2𝐻 +
Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆

(27)

1 𝜕2 𝑓
+
(Δ𝑡)2
2 𝜕𝑡2

(28)

and the discrete form of 𝑑𝛼 𝑆 = 𝜇𝑆(𝑑𝑡)𝛼 + 𝜎𝑆𝑑𝐵(𝑡) is Δ𝛼 𝑆 =
𝜇𝑆(Δ𝑡)𝛼 + 𝜎𝑆Δ𝐵(𝑡).
In this paper, we only consider the case that 0.25 < 𝐻 < 1.
There are two reasons for this consideration: first, the Hurst
index 𝐻 is much larger than 0 generally; second, when 0.25 <
𝐻 < 1, 𝛼 = 2𝐻 > 0.5, (Δ𝑡)2𝛼 and (Δ𝑡)𝛼+0.5 are infinitesimal.
Hence, we do not need to consider the case of 0 < 𝐻 ≤ 0.25.
(1) In the case of 0.25 < 𝐻 ≤ 0.5, since 𝐸(𝜀) = 0, 𝐸(𝜀2 ) =
1, we have
Δ𝑆 =
Δ𝑆Δ𝑡 =

Δ𝑆 =

Δ𝑆Δ𝑡 =

(Δ𝑆)2 =

2
𝜇2 𝑆2
𝜎2 𝑆2
2𝛼
+
𝜀2 Δ𝑡 + [𝑆 (𝑡)] (Δ𝑡)2
(Δ𝑡)
2
2
Γ (1 + 𝛼)
Γ (1 + 𝛼)

+
Δ𝑓 =
=

2𝜇𝜎𝑆2
𝜎2 𝑆2
𝛼+0.5
𝜀(Δ𝑡)
→
(Δ𝑡) .
Γ2 (1 + 𝛼)
Γ2 (1 + 𝛼)

𝜕𝑓
𝜕𝑓
𝜇𝑆
𝜎𝑆
Δ𝑡 +
[
𝜀(Δ𝑡)0.5
(Δ𝑡)𝛼 +
𝜕𝑡
𝜕𝑆 Γ (1 + 𝛼)
Γ (1 + 𝛼)

1 𝜕2 𝑓
(Δ𝑡)2
2 𝜕𝑡2

+

𝜕𝑓
𝜕𝑓
𝜇𝑆
𝜎𝑆
𝜀(Δ𝑡)0.5 ]
=
Δ𝑡 +
[
(Δ𝑡)𝛼 +
𝜕𝑡
𝜕𝑆 Γ (1 + 𝛼)
Γ (1 + 𝛼)

=[
+

𝜕𝑓
𝜎𝑆
(Δ𝑡)
2Γ2 (1 + 𝛼) 𝜕𝑆2
𝜕𝑓
𝜇𝑆 𝜕𝑓
𝜕2 𝑓
𝜎2 𝑆2
] Δ𝑡 +
+ 2
(Δ𝑡)2𝐻
2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆
𝜎𝑆 𝜕𝑓
𝜀(Δ𝑡)0.5 .
Γ (1 + 𝛼) 𝜕𝑆

(30)

𝜇𝑆 𝜕𝑓
𝜎𝑆 𝜕𝑓
𝜀(Δ𝑡)0.5 .
(Δ𝑡)2𝐻 +
Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆

(32)

Similarly, we obtain the differential form as follows:

𝑑𝑓 = [

2

𝜕2 𝑓
𝜎2 𝑆2
Δ𝑡
2Γ2 (1 + 𝛼) 𝜕𝑆2

𝜕2 𝑓
𝜕𝑓
𝜕𝑓
𝜎2 𝑆2
+ 𝑆 (𝑡) ] Δ𝑡
+ 2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆2
𝜕𝑆

=[

𝜕𝑓
𝜕𝑓
1 𝜕2 𝑓
=
Δ𝑡 + Δ𝑆 +
(Δ𝑆)2
𝜕𝑡
𝜕𝑆
2 𝜕𝑆2

+

2𝜎𝑆𝑆 (𝑡)
𝜎2 𝑆2
𝜀(Δ𝑡)1.5 → 2
Δ𝑡,
Γ (1 + 𝛼)
Γ (1 + 𝛼)

+𝑆 (𝑡) Δ𝑡] +

𝜕2 𝑓
𝜕𝑓
𝜕𝑓
1 𝜕2 𝑓
2
+
Δ𝑓 =
Δ𝑡 + Δ𝑆 +
(Δ𝑆Δ𝑡)
(Δ𝑆)
𝜕𝑡
𝜕𝑆
2 𝜕𝑆2
𝜕𝑆𝜕𝑡

2 2

2𝜇𝜎𝑆2
2𝜇𝑆𝑆 (𝑡)
𝜀(Δ𝑡)𝛼+0.5 +
(Δ𝑡)𝛼+1
Γ (1 + 𝛼)
(1 + 𝛼)

Γ2

𝜕𝑓
𝜕𝑓
1 𝜕2 𝑓
Δ𝑡 + Δ𝑆 +
(Δ𝑆)2
𝜕𝑡
𝜕𝑆
2 𝜕𝑆2

According to the Ito formula presented above, we can get

+

𝜇𝑆
𝜎𝑆
𝜀(Δ𝑡)1.5
(Δ𝑡)𝛼+1 +
Γ (1 + 𝛼)
Γ (1 + 𝛼)
+ 𝑆 (𝑡) (Δ𝑡)2 → 0,

𝜇𝑆
𝜎𝑆
𝜀(Δ𝑡)1.5 → 0,
(Δ𝑡)𝛼+1 +
Γ (1 + 𝛼)
Γ (1 + 𝛼)

+

𝜇𝑆
𝜎𝑆
𝜀(Δ𝑡)0.5 + 𝑆 (𝑡) Δ𝑡,
(Δ𝑡)𝛼 +
Γ (1 + 𝛼)
Γ (1 + 𝛼)

+

𝜇2 𝑆2
𝜎2 𝑆2
𝜀2 (Δ𝑡)
(Δ𝑡)2𝛼 + 2
2
Γ (1 + 𝛼)
Γ (1 + 𝛼)

(31)

(2) In the case of 0.5 < 𝐻 < 1

𝜇𝑆
𝜎𝑆
𝜀(Δ𝑡)1/2 ,
(Δ𝑡)𝛼 +
Γ (1 + 𝛼)
Γ (1 + 𝛼)

0 < 𝐻 ≤ 0.5. (29)
(Δ𝑆)2 =

𝜎𝑆
𝑑𝐵 (𝑡) .
Γ (1 + 𝛼)

+

Proof. According to the Ito formula, we notice that
𝜕2 𝑓
𝜕𝑓
𝜕𝑓
1 𝜕2 𝑓
2
+
Δ𝑡 + Δ𝑆 +
Δ𝑓 =
(Δ𝑆)
(Δ𝑆Δ𝑡)
𝜕𝑡
𝜕𝑆
2 𝜕𝑆2
𝜕𝑆𝜕𝑡

𝜇𝑆 𝜕𝑓
𝜕2 𝑓
𝜕𝑓
𝜎2 𝑆2
+ 2
] 𝑑𝑡 +
(𝑑𝑡)2𝐻
2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆

𝑑𝑓 = [

𝜕𝑓
𝜕2 𝑓
𝜕𝑓
𝜎2 𝑆2
+ 𝑆 (𝑡) ] 𝑑𝑡
+ 2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆2
𝜕𝑆

𝜇𝑆 𝜕𝑓
𝜎𝑆 𝜕𝑓
+
𝑑𝐵 (𝑡) .
(𝑑𝑡)2𝐻 +
Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆

(33)

To price a European option, we first introduce Lemma 10,
which connects the fractional order stochastic differential
equations to the partial differential equations.
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Lemma 10. 𝑓(𝑆(𝑡), 𝑡) is the solution of the partial differential
equations:
𝜕𝑓
𝜕2 𝑓
𝜕𝑓
𝜎2 𝑆2
− 𝑟𝑓 = 0,
+ 𝑟𝑆 + 2
𝜕𝑡
𝜕𝑆 2Γ (1 + 𝛼) 𝜕𝑆2

0.25 < 𝐻 ≤ 0.5,

𝑓 (𝑆 (𝑇) , 𝑇) = 𝑓 (𝑆 (𝑇)) ,

(2) In the case of 0.5 < 𝐻 < 1,
ΔΠ = Δ𝑑𝑆 − 𝑑𝑓
= Δ[

− {[

𝜕𝑓
𝜕𝑓
𝜕2 𝑓
𝜎2 𝑆2
− 𝑟𝑓 = 0,
+ [𝑆 (𝑡) + 𝑟𝑆]
+ 2
𝜕𝑡
𝜕𝑆 2Γ (1 + 𝛼) 𝜕𝑆2
= −[

𝑓 (𝑆 (𝑇) , 𝑇) = 𝑓 (𝑆 (𝑇)) .
(34)
Proof. First, make portfolios Π = Δ𝑆 − 𝑓 and 𝑑Π = Δ𝑑𝑆 − 𝑑𝑓.
(1) In the case of 0.25 < 𝐻 ≤ 0.5,
𝑑Π = Δ𝑑𝑆 − 𝑑𝑓

𝜇𝑆 𝜕𝑓
𝜎𝑆 𝜕𝑓
] (𝑑𝑡)2𝐻 +
𝑑𝐵 (𝑡)]
+[
Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆
𝜕2 𝑓
𝜕𝑓
𝜎2 𝑆2
+ 2
] 𝑑𝑡
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆

+

𝜕𝑓
𝜎𝑆
(Δ − ) 𝑑𝐵 (𝑡) .
Γ (1 + 𝛼)
𝜕𝑆

(38)

𝜕2 𝑓
𝜕𝑓
𝜕𝑓
𝜎2
+ 𝑆 (𝑡) ] 𝑑𝑡.
+ 2
2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆
𝜕𝑆
(39)

And again because Π is riskless, we can get the equation
𝑑Π = 𝑟Π𝑑𝑡 = − [

𝜕2 𝑓
𝜕𝑓
𝜕𝑓
𝜎2
+ 𝑆 (𝑡) ] 𝑑𝑡.
+ 2
2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆
𝜕𝑆
(40)

(41)

(35)
3.2. European Call Option Based on FSDE. Before we proceed
to price the European call option, we make the assumptions
as below:
(36)

And because the portfolio Π is riskless, according to the
Bellman Equation, we have 𝑑Π = 𝑟Π𝑑𝑡, where 𝑟 is the riskless
rate. Thus, we get the equation 𝑑Π = 𝑟Π𝑑𝑡 = −[(𝜕𝑓/𝜕𝑡) +
(𝜎2 𝑆2 /2Γ2 (1 + 𝛼))(𝜕2 𝑓/𝜕𝑆2 )]𝑑𝑡. Consequently, we obtain the
first partial differential equation
𝜕2 𝑓
𝜕𝑓
𝜕𝑓
𝜎2 𝑆2
− 𝑟𝑓 = 0.
+ 𝑟𝑆 + 2
𝜕𝑡
𝜕𝑆 2Γ (1 + 𝛼) 𝜕𝑆2

𝜇𝑆
𝜕𝑓
(Δ − ) (𝑑𝑡)2𝐻
Γ (1 + 𝛼)
𝜕𝑆

𝜕𝑓
𝜕2 𝑓
𝜕𝑓
𝜎2 𝑆2
− 𝑟𝑓 = 0.
+ [𝑆 (𝑡) + 𝑟𝑆]
+ 2
𝜕𝑡
𝜕𝑆 2Γ (1 + 𝛼) 𝜕𝑆2

When Δ = 𝜕𝑓/𝜕𝑆, we can get the riskless asset portfolio
𝜕𝑓
𝜕2 𝑓
𝜎2 𝑆2
+ 2
] 𝑑𝑡.
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆2

+

Similarly, the second partial differential equation can be
obtained as below:

𝜕𝑓
𝜇𝑆
(Δ − ) (𝑑𝑡)2𝐻
+
Γ (1 + 𝛼)
𝜕𝑆

𝑑Π = Δ𝑑𝑆 − 𝑑𝑓 = − [

𝜕2 𝑓
𝜕𝑓
𝜕𝑓
𝜎2
+ 𝑆 (𝑡) ] 𝑑𝑡
+ 2
2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆
𝜕𝑆

𝑑Π = Δ𝑑𝑆 − 𝑑𝑓 = − [

𝜕𝑓
𝜕2 𝑓
𝜎2 𝑆2
+ 2
] 𝑑𝑡
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆

𝜕𝑓
𝜎𝑆
+
(Δ − ) 𝑑𝐵 (𝑡) .
Γ (1 + 𝛼)
𝜕𝑆

𝜕𝑓
𝜕𝑓
𝜇
𝜎
𝑑𝐵 (𝑡)}
(𝑑𝑡)2𝐻 +
Γ (1 + 𝛼) 𝜕𝑆
Γ (1 + 𝛼) 𝜕𝑆

When Δ = 𝜕𝑓/𝜕𝑆, we can also get the riskless asset portfolio

𝜇𝑆
𝜎𝑆
= Δ[
𝑑𝑡𝛼 +
𝑑𝐵 (𝑡)]
Γ (1 + 𝛼)
Γ (1 + 𝛼)

= −[

𝜕2 𝑓
𝜕𝑓
𝜕𝑓
𝜎2
+ 𝑥 (𝑡) ] 𝑑𝑡
+ 2
𝜕𝑡 2Γ (1 + 𝛼) 𝜕𝑆2
𝜕𝑆

+

0.5 < 𝐻 < 1,

− [[

𝜇𝑆
𝜎𝑆
𝑑𝐵 (𝑡) + 𝑆 (𝑡) 𝑑𝑡]
(𝑑𝑡)𝛼 +
Γ (1 + 𝛼)
Γ (1 + 𝛼)

(37)

(1) 𝑟 is the riskless rate and is a constant;
(2) the exchange of the stock is continuous and the stock
can be divided;
(3) the tax of the stock exchange is free;
(4) the bonus of the stock cannot be paid within the
duration of derivatives;
(5) no arbitrage exists in the market;
(6) the price of stock follows a fractional order stochastic
differential equation
𝑑𝛼 𝑆
= 𝑟(𝑑𝑡)𝛼 + 𝜎𝑑𝐵 (𝑡) ,
𝑆

𝛼 = 2𝐻;

(42)
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(7) the strike price is 𝐾;

the option price based on risk-neutral, and the price of the
asset 𝑆𝑇 obeys the lognormal distribution:

(8) the maturity is 𝑇,
where 𝑆 is the price of the stock and 𝑟 is the riskless interest
rate; 𝜎 is the volatility of the price of stock; 𝐻 is Hurst
parameter of the stock.
In the following work, we will derive the fractional option
pricing formula based on the risk-neutral assumption. If the
price of underlying asset is subject to the geometric Brownian
motion and the return 𝜇 is equal to the riskless interest rate 𝑟
(i.e., 𝜇 = 𝑟), we have
𝛼

𝑑 𝑆
= 𝑟(𝑑𝑡)𝛼 + 𝜎𝑑𝐵 (𝑡) ,
𝑆

𝛼 = 2𝐻.

(43)

(1) In the case of 0.25 < 𝐻 ≤ 0.5, according to Ito’s
Lemma 9, we can get the price of the stock as
𝑑 (ln 𝑆) =

𝜎
𝑑𝐵 (𝑡) ,
Γ (1 + 𝛼)

∼ 𝑁(

𝑟
(𝑇2𝐻 − 𝑡2𝐻)
Γ (1 + 𝛼)
−

𝜎2
𝜎2
−
𝑡)
,
(𝑇
(𝑇 − 𝑡)) .
2Γ2 (1 + 𝛼)
Γ2 (1 + 𝛼)

𝐸 [max (𝑆𝑇 − 𝐾, 0)]
=∫

−∞

(44)

+∞

=∫

0.25 < 𝐻 ≤ 0.5.

𝐾
+∞

=∫

Integrate (44) and use Lemma 5; then, we can get the solution
of 𝑆:

ln 𝐾

max (𝑆𝑇 − 𝐾, 0) ℎ (𝑆𝑇 ) 𝑑𝑆 (𝑇)
(𝑆𝑇 − 𝐾) ℎ (𝑆𝑇 ) 𝑑𝑆𝑇 + ∫

(ln 𝐾−𝑚)/𝑠
+∞

=∫

𝜎
+
(𝐵 (𝑇) − 𝐵 (𝑡))) .
Γ (1 + 𝛼)

(ln 𝐾−𝑚)/𝑠
+∞

(45)

=∫

Therefore, the European call option pricing formula follows:

=∫

(ln 𝐾−𝑚)/𝑠
+∞

𝑐 = 𝑆𝑒

𝑁 (𝑑1 ) − 𝐾𝑒

𝑁 (𝑑2 ) ,
(46)

− 𝐾𝑁 (

(𝑒𝑆𝑇 − 𝐾) ℎ (

(𝑒𝑠𝑊+𝑚 − 𝐾) ℎ (𝑊) 𝑑𝑊
1 −(𝑊−𝑠)2 /2
𝑑𝑊
𝑒
√2𝜋

𝑒(𝑠 /2)+𝑚

𝑚 − ln 𝐾
)
𝑠
2𝐻

= 𝑆𝑒(𝑟/Γ(1+𝛼))(𝑇

where

ln 𝑆𝑇 − 𝑚
ln 𝑆𝑇 − 𝑚
)𝑑(
)
𝑠
𝑠

(𝑒𝑆𝑇 − 𝐾) ℎ (ln 𝑆𝑇 ) 𝑑 (ln 𝑆𝑇 )

2

(ln 𝐾−𝑚)/𝑠

−𝑟(𝑇−𝑡)

0ℎ (𝑆𝑇 ) 𝑑𝑆𝑇

(𝑒𝑆𝑇 − 𝐾) ℎ (ln 𝑆𝑇 ) 𝑑 (ln 𝑆𝑇 )

+∞

𝑟
𝜎
(𝑇2𝐻 − 𝑡2𝐻) − 2
𝑆𝑇 = 𝑆 exp (
(𝑇 − 𝑡)
Γ (1 + 𝛼)
2Γ (1 + 𝛼)

𝐾

−∞

=∫

2

(𝑟/Γ(1+𝛼))(𝑇2𝐻 −𝑡2𝐻 )−𝑟(𝑇−𝑡)

(48)

Let 𝑊 = (ln 𝑆𝑇 − 𝑚)/𝑠; obviously, 𝑊 ∼ 𝑁(0, 1), and the
2
probability density function ℎ(𝑊) = (1/√2𝜋)𝑒−𝑊 /2 , where
𝑚 = 𝐸(ln 𝑆𝑇 ) = ln 𝑆 + (𝑟/Γ(1 + 𝛼))(𝑇2𝐻 − 𝑡2𝐻) − (𝜎2 /2Γ2 (1 +
𝛼))(𝑇 − 𝑡), and 𝑠 = 𝜎√𝑇 − 𝑡/Γ(1 + 𝛼). Hence,

+∞

𝜎2
𝑟
𝑑𝑡
(𝑑𝑡)2𝐻 − 2
Γ (1 + 𝛼)
2Γ (1 + 𝛼)
+

ln 𝑆𝑇 − ln 𝑆

−𝑡2𝐻 )

𝑁 (𝑑1 ) − 𝐾𝑁 (𝑑2 ) ,
(49)

𝑆
𝑑1 = (Γ (1 + 𝛼) ln + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
+

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡)
2Γ (1 + 𝛼)

𝑆
𝑑2 = (Γ (1 + 𝛼) ln + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
−

where
𝑑1 = (Γ (1 + 𝛼) ln
(47)

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) .
2Γ (1 + 𝛼)

Proof. The price of the European option is given by 𝑐 =
𝑒−𝑟(𝑇−𝑡) 𝐸[max(𝑆𝑇 − 𝐾), 0], where 𝐸(⋅) is the expectation of

+

𝑆
+ 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) ,
2Γ (1 + 𝛼)

𝑆
𝑑2 = (Γ (1 + 𝛼) ln + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
−

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) .
2Γ (1 + 𝛼)

(50)
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So we get the European option pricing formula as follows:
𝑐 = 𝑒−𝑟(𝑇−𝑡) 𝐸 [max (𝑆𝑇 − 𝐾, 0)]
2𝐻

= 𝑒−𝑟(𝑇−𝑡) [𝑆𝑒(𝑟/Γ(1+𝛼))(𝑇
2𝐻

= 𝑆𝑒(𝑟/Γ(1+𝛼))(𝑇

−𝑡2𝐻 )

−𝑡2𝐻 )−𝑟(𝑇−𝑡)

𝑁 (𝑑1 ) − 𝐾𝑁 (𝑑2 )]

(51)

Proof. Let 𝑊 = (ln 𝑆𝑇 − 𝑚)/𝑠, and it is obvious that 𝑊 ∼
𝑁(0, 1), so the probability density function ℎ(𝑊) = (1/
2
√2𝜋)𝑒−𝑊 /2 , where
𝑚 = 𝐸̂ (ln 𝑆𝑇 )
𝑇

𝑁 (𝑑1 )

= ln 𝑆 + ∫ 𝜇 (𝑠) 𝑑𝑠 −
𝑡

− 𝐾𝑒−𝑟(𝑇−𝑡) 𝑁 (𝑑2 ) .

𝑑 (ln 𝑆) =

𝑆
𝑟
𝜎2
) 𝑑𝑡
(𝑑𝑡)2𝐻 + ( − 2
Γ (1 + 𝛼)
𝑆 2Γ (1 + 𝛼)
𝜎
+
𝑑𝐵 (𝑡) .
Γ (1 + 𝛼)

+

+∞

(52)

=∫

+∞

𝜎
𝑑𝐵 (𝑡) .
Γ (1 + 𝛼)

=∫

𝐾
+∞

(ln 𝐾−𝑚)/𝑠
+∞

− 𝐾𝑁 (
𝑇

= 𝑆𝑒∫𝑡

Consequently, the European call option pricing formula is
obtained:
𝑇

(𝑟/Γ(1+𝛼))(𝑇2𝐻 −𝑡2𝐻 )+∫𝑡 𝜇(𝑠)𝑑𝑠−𝑟(𝑇−𝑡)

𝑁 (𝑑1 )

− 𝐾𝑒−𝑟(𝑇−𝑡) 𝑁 (𝑑2 ) ,

(55)

𝑇
𝑆
+ ∫ 𝜇 (𝑠) 𝑑𝑠
𝐾
𝑡

+𝑟 (𝑇2𝐻 − 𝑡2𝐻) +

𝑒(𝑠 /2)+𝑚

(58)

1 −(𝑊−𝑠)2 /2
𝑑𝑊
𝑒
√2𝜋

𝑚 − ln 𝐾
)
𝑠

𝜇(𝑠)𝑑𝑠+(𝑟/Γ(1+𝛼))(𝑇2𝐻 −𝑡2𝐻 )

𝑁 (𝑑1 ) − 𝐾𝑁 (𝑑2 ) ,

where
𝑑1 = (Γ (1 + 𝛼) ln
+

𝑇
𝑆
+ ∫ 𝜇 (𝑠) 𝑑𝑠 + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
𝑡

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) ,
2Γ (1 + 𝛼)

𝑇
𝑆
𝑑2 = (Γ (1 + 𝛼) ln + ∫ 𝜇 (𝑠) 𝑑𝑠 + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
𝑡

−

where

(𝑒𝑠𝑊+𝑚 − 𝐾) ℎ (𝑊) 𝑑𝑊
2

(ln 𝐾−𝑚)/𝑠

(53)

(54)

𝑑1 = (Γ (1 + 𝛼) ln

(𝑆𝑇 − 𝐾) ℎ (𝑆𝑇 ) 𝑑𝑆𝑇

=∫

𝑟
𝑇
(𝑇2𝐻 − 𝑡2𝐻) + ∫𝑡 𝜇 (𝑠) 𝑑𝑠
Γ (1 + 𝛼)
𝜎
𝜎2
− 2
(𝑇 − 𝑡) +
(𝐵 (𝑇) − 𝐵 (𝑡))] .
2Γ (1 + 𝛼)
Γ (1 + 𝛼)

𝑐 = 𝑆𝑒

max (𝑆𝑇 − 𝐾, 0) ℎ (𝑆𝑇 ) 𝑑𝑆𝑇

=∫

By integrating (52) and employing Lemma 5, we get the
solution of 𝑆:
𝑆𝑇 = 𝑆 exp [

𝜎(𝑇 − 𝑡)0.5
.
Γ (1 + 𝛼)

𝐸 [max (𝑆𝑇 − 𝐾, 0)]
−∞

𝜎2
𝑟
) 𝑑𝑡
(𝑑𝑡)2𝐻 + (𝜇 (𝑡) − 2
Γ (1 + 𝛼)
2Γ (1 + 𝛼)

𝑠=

(57)

Hence,

Notice that (𝑆 /𝑆)𝑑𝑡 = 𝑑(ln 𝑆) = ln 𝑆𝑡+1 − ln 𝑆𝑡 = 𝑚(𝑡), 𝑚(𝑡)
represents the daily logarithm returns of stock 𝑆, and 𝑚(𝑡) =
𝜇(𝑡)𝑑𝑡, 𝜇(𝑡) is the returns of one year; thus, 𝑆 /𝑆 = 𝜇(𝑡), and
(52) can be written as below:
𝑑 (ln 𝑆) =

𝜎2
(𝑇 − 𝑡)
(1 + 𝛼)

𝑟
(𝑇2𝐻 − 𝑡2𝐻) ,
Γ (1 + 𝛼)

+
(2) In the case of 0.5 < 𝐻 < 1, in a similar way, according
to Ito’s Lemma 9, the price of the stock is

2Γ2

(59)

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) .
2Γ (1 + 𝛼)

Finally, the European option pricing formula is given as
below:

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) ,
2Γ (1 + 𝛼)

𝑐 = 𝑒−𝑟(𝑇−𝑡) 𝐸 [max (𝑆𝑇 − 𝐾, 0)]
𝑇

= 𝑒−𝑟(𝑇−𝑡) [𝑆𝑒∫𝑡

𝑇
𝑆
𝑑2 = (Γ (1 + 𝛼) ln + ∫ 𝜇 (𝑠) 𝑑𝑠 + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
𝑡

𝜇(𝑠)𝑑𝑠+(𝑟/Γ(1+𝛼))(𝑇−𝑡)2𝐻

2𝐻

= 𝑆𝑒(𝑟/Γ(1+𝛼))(𝑇

2

−1
𝜎
−
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) .
2Γ (1 + 𝛼)

𝑇

−𝑡2𝐻 )+∫𝑡 𝜇(𝑠)𝑑𝑠−𝑟(𝑇−𝑡)

𝑁 (𝑑1 ) − 𝐾𝑁 (𝑑2 )]

𝑁 (𝑑1 )

− 𝐾𝑒−𝑟(𝑇−𝑡) 𝑁 (𝑑2 ) .
(56)

(60)
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From the result we derived, the option price formula contains
𝑇
mean value function ∫𝑡 𝜇(𝑠)𝑑𝑠 of the logarithmic returns of
stock price, which is the effect of trend memory. Therefore,
we proved that trend memory exists in the financial systems.
Now, we give the European call option pricing formula
under the risk-neutral measure. Let the mean returns of stock
be equal to the riskless rate 𝑟; by taking the expectation of
the returns in case 0.5 < 𝐻 < 1, we have 𝐸[𝜇(𝑡)] = 𝜇 = 𝑟,
where 𝑟 is the riskless returns. Then, we simplify the mean
𝑇
𝑇
value function ∫𝑡 𝜇(𝑠)𝑑𝑠 = ∫𝑡 𝜇 𝑑𝑠 = 𝜇(𝑇 − 𝑡) = 𝑟(𝑇 − 𝑡) and
have 𝜇 − 𝑟 = 0; thus, we get the option pricing formula
2𝐻

𝑐 = 𝑆𝑒(𝑟/Γ(1+𝛼))(𝑇

−𝑡2𝐻 )

𝑁 (𝑑1 ) − 𝐾𝑒−𝑟(𝑇−𝑡) 𝑁 (𝑑2 ) ,

(61)

where
𝑑41 = (Γ (1 + 𝛼) ln
+ (𝑟 +

𝑑21 =
𝑑22 =

𝑆
+ 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾

+

4.1. Comparing European Pricing Formula with Other Models.
(1) Classical Black-Scholes model: 𝑑𝑆 = 𝑟𝑆𝑑𝑡 + 𝜎𝑆𝑑𝐵(𝑡) [17].
The European option pricing formula is 𝑐 = 𝑆𝑁(𝑑11 ) −
𝐾𝑒−𝑟(𝑇−𝑡) 𝑁(𝑑12 ), where

𝑑12 =

𝜎√𝑇 − 𝑡

2𝐻

−𝑟(𝑇−𝑡)

𝑑31 = (Γ (1 + 𝛼) ln

To explain the memory effects in financial market, we make
some comparisons in this section between our proposed
European option pricing model and its underlying stock
price equation and the well-known classic models, such as
the Black-Scholes model (Black and Scholes (1973) [17])
and Black-Scholes model under fractional Brownian motion
(Necula (2002) [18], Hu and Øksendal (2003) [20]).

ln (𝑆/𝐾) + (𝑟 − 𝜎2 /2) (𝑇 − 𝑡)

𝜎 (𝑇𝐻 − 𝑡𝐻)

,
(64)
.

𝑁 (𝑑31 ) − 𝐾𝑒−𝑟(𝑇−𝑡) 𝑁 (𝑑32 ) ,
(65)

where

4. Results and Discussion

𝜎√𝑇 − 𝑡

ln (𝑆/𝐾) + 𝑟 (𝑇 − 𝑡) − (𝜎2 /2) (𝑇2𝐻 − 𝑡2𝐻)

(62)

−1
𝜎2
) (𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) .
2Γ (1 + 𝛼)

ln (𝑆/𝐾) + (𝑟 + 𝜎2 /2) (𝑇 − 𝑡)

𝜎 (𝑇𝐻 − 𝑡𝐻)

The fractional Brownian motion model has improved the
Black-Scholes model by considering the memory effect of the
asset price but only considered the memory effect of the noise.
(3) Fractional order SDE (FSDE model): 𝑑𝛼 𝑆 = 𝑟𝑆(𝑑𝑡)𝛼 +
𝜎𝑆𝑑𝐵(𝑡), 𝛼 = 2𝐻.
In the case of 0.25 < 𝐻 ≤ 0.5, the European call option
pricing formula is

𝑑32

𝑑11 =

ln (𝑆/𝐾) + 𝑟 (𝑇 − 𝑡) + (𝜎2 /2) (𝑇2𝐻 − 𝑡2𝐻)

𝑐 = 𝑆𝑒(𝑟/Γ(1+𝛼))(𝑇−𝑡)

−1
𝜎2
) (𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) ,
2Γ (1 + 𝛼)

𝑑42 = (Γ (1 + 𝛼) ln
+ (𝑟 −

𝑆
+ 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾

The European option pricing formula is 𝑐 = 𝑆𝑁(𝑑21 ) −
𝐾𝑒−𝑟(𝑇−𝑡) 𝑁(𝑑22 ), where

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) ,
2Γ (1 + 𝛼)

𝑆
= (Γ (1 + 𝛼) ln + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
−

−1
𝜎2
(𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) .
2Γ (1 + 𝛼)

2𝐻

𝑐 = 𝑆𝑒(𝑟/Γ(1+𝛼))(𝑇

−𝑡2𝐻 )

𝑁 (𝑑41 ) − 𝐾𝑒−𝑟(𝑇−𝑡) 𝑁 (𝑑42 ) ,

(67)

where
𝑑41 = (Γ (1 + 𝛼) ln
+ (𝑟 +

(63)

The classical Black-Scholes model was established under the
assumption that the price process is Markov process and that
the price process is independent and has no memory effect;
however, the memory effects exist in price process.
(2) SDE with fractional Brownian motion: 𝑑𝑆 = 𝑟𝑆𝑑𝑡 +
𝜎𝑆𝑑𝐵𝐻(𝑡) [18, 20].

(66)

When 𝐻 = 0.5, the option formula is reduced to the classic
option formula.
In the case of 0.5 < 𝐻 < 1, the European call option
pricing formula is

,
.

𝑆
+ 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾

𝑑42

𝑆
+ 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾

−1
𝜎2
) (𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) ,
2Γ (1 + 𝛼)

𝑆
= (Γ (1 + 𝛼) ln + 𝑟 (𝑇2𝐻 − 𝑡2𝐻)
𝐾
+ (𝑟 −

(68)

−1
𝜎2
) (𝑇 − 𝑡)) (𝜎√𝑇 − 𝑡) .
2Γ (1 + 𝛼)

In the paper, our model takes a new memory effect into
consideration, which is called the trend memory effect of the
asset price.
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Table 1: Simulation results of SDE model.

Simulation times
100
1000
10000
100000

Real value
2445
2445
2445
2445

Mean value
2351.9
2358.7
2357
2360

Standard deviation
198.6958
195.7074
200.5667
202.2802

Error rate
3.81%
3.53%
3.60%
3.48%

Confidence interval
[2313, 2390.8]
[2346.5, 2370.8]
[2353.1, 2360.9]
[2358.7, 2361.2]

Error rate
3.55%
3.44%
3.48%
3.43%

Confidence interval
[2343.0, 2373.3]
[2356.1, 2365.6]
[2358.6, 2361.6]
[2360.8, 2361.7]

Error rate
3.37%
3.13%
3.19%
3.09%

Confidence interval
[2359.1, 2366.5]
[2367.2, 2369.8]
[2366.7, 2367.5]
[2369.5, 2369.7]

Table 2: Simulation results of SDE with FBM.
Simulation times
100
1000
10000
100000

Real value
2445
2445
2445
2445

Mean value
2358.2
2360.8
2360
2361.2

Standard deviation
77.4242
76.3254
78.0423
78.5882

Table 3: Simulation results of FSDE.
Simulation times
100
1000
10000
100000

Real value
2445
2445
2445
2445

Mean value
2362.7
2368.4
2367.0
2369.5

Standard deviation
19.0566
21.1279
19.7396
20.4312

4.2. Comparing the Asset Price Equation with Other Models.
The underlying asset price equations to be used to make
comparison are given as follows:
(1) the SDE model: 𝑑𝑆 = 𝑟𝑆𝑑𝑡 + 𝜎𝑆𝑑𝐵(𝑡) [17].
The stock price equation is 𝑆𝑇 = 𝑆 exp[(𝑟 − 𝜎2 /2)(𝑇 −
𝑡) + 𝜎Δ𝐵(𝑡)];
(2) the SDE model with fractional Brownian motion:
𝑑𝑆 = 𝑟𝑆𝑑𝑡 + 𝜎𝑆𝑑𝐵𝐻(𝑡) [18, 20].
The stock price equation is 𝑆𝑇 = 𝑆 exp[𝑟(𝑇−𝑡)−𝜎2 (𝑇−
𝑡)2𝐻 + 𝜎Δ𝐵𝐻(𝑡)];

(3) the fractional order SDE model: 𝑑𝛼 𝑆 = 𝑟𝑆(𝑑𝑡)𝛼 +
𝜎𝑆𝑑𝐵(𝑡), 𝛼 = 2𝐻;
when 0.25 < 𝐻 ≤ 0.5, the stock price equation is
𝑆𝑡 = 𝑆𝑡−1 exp [

𝑟
𝜎2
Δ𝑡
Δ𝑡2𝐻 − 2
Γ (1 + 𝛼)
2Γ (1 + 𝛼)
𝜎
+
𝜀Δ𝐵 (𝑡)] .
Γ (1 + 𝛼)

(69)

However, when 0.5 < 𝐻 < 1, the stock price equation is
𝑆𝑡 = 𝑆𝑡−1 exp [

𝑟
𝜎2
Δ𝑡2𝐻 + (𝑟 − 2
) Δ𝑡
Γ (1 + 𝛼)
2Γ (1 + 𝛼)
𝜎
𝜀Δ𝐵 (𝑡)] .
+
Γ (1 + 𝛼)

(70)

To illustrate the proposed FSDE model, we simulate the three
types of stochastic differential equations presented above by
using the Monte Carlo simulation method and then make

comparison of these three different models. The data used in
the empirical analysis is the daily closing price index series
of CSI300 index of China. The time range is from January 4,
2012, to October 27, 2012, with the initial value 𝑆0 = 2299 (the
price index on January 4, 2012) and the final value 𝑆𝑇 = 2445.
We choose the one-year bonds interest rate 𝑟 = 2.65% in
China as the riskless rate and the mean yield 𝜇 = 0.0266. The
Hurst parameter is 𝐻 = 0.6614, which is estimated by 𝑅/𝑆
analysis approach. Given a 95 percent confidence interval, the
simulation results are shown in Tables 1, 2, and 3.
From the results in Tables 1–3, by using Monte Carlo
simulation, we conclude that the error of our proposed FSDE
model is smaller than the conventional SDE model and SDE
with FBM model. If we take the simulating process 100000
times, which is large enough for the error analysis, we obtain
that the error rate of SDE model is 3.48%, the SDE driven by
fractional Brownian motion model is 3.43%, and the FSDE
model is 3.09%, respectively.
In addition, the standard derivation of simulation is also
much lower than the SDE model and SDE with FBM model,
and the confidence interval is smaller than those two classic
models. In the same way, when we simulate 100000 times, the
standard deviation of SDE model is 202.2802, the SDE driven
by fractional Brownian motion model is 78.5882, and FSDE
model is 20.4312. Thus, we get the conclusion that the FSDE
has about 10 times lower standard derivation than the SDE
model and about 2.5 times lower standard derivation than the
SDE driven by fractional Brownian motion model.

5. Conclusions and Future Research
Because the fractional order ordinary differential equations
can capture the memory effect in the financial system,
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we established the fractional order stochastic differential
equation by adding the stochastic process into the fractional
ordinary differential equation. Based on this stochastic differential equation with fractional order, we apply the fractional order stochastic differential equation to the financial
market. We constructed the stock price 𝑑𝛼 𝑆 = 𝜇(𝑆, 𝑡)𝑑𝑡𝛼 +
𝜎(𝑆, 𝑡)𝑑𝐵(𝑡), where 𝛼 = 2𝐻, 𝐻 is Hurst index, and derived the
stock price process in the cases of 0.25 < 𝐻 ≤ 0.5 and 0.5 <
𝐻 < 1, respectively, and the European call option pricing
formula under the fractional order stochastic differential
equation. From the European option pricing formula, we find
the trend memory in stock price process when Hurst index is
between 0.5 and 1.
In addition, we made some comparisons in terms of the
pricing option formula and its underlying stock price process
between our proposed approach and the other two classical
models. We find that the new approach leads to a better result
than the classic approach and fractional Brownian motion
approach when we simulate the stock prices by Monte Carlo
simulation.
It would be an interesting work if we improve our model
by connecting fractional ordinary differential equation with
fractional Brownian motion, which can describe both the
trend memory and the noise memory.
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