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Fractal Characteristic of Rock Cutting Load Time Series
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A test-bed was developed to perform the rock cutting experiments under different cutting conditions. The fractal theory was
adopted to investigate the fractal characteristic of cutting load time series and fragment size distribution in rock cutting. The box-
counting dimension for the cutting load time series was consistent with the fractal dimension of the corresponding fragment size
distribution, which indicated that there were inherent relations between the rock fragmentation and the cutting load. Furthermore,
the box-counting dimension was used to describe the fractal characteristic of cutting load time series under different conditions.
The results show that the rock compressive strength, cutting depth, cutting angle, and assisted water-jet types all have no significant
effect on the fractal characteristic of cutting load. The box-counting dimension can be an evaluation index to assess the extent of
rock crushing or cutting. Rock fracture mechanism would not be changed due to water-jet in front of or behind the cutter, but it
would be changed when the water-jet was in cutter.

1. Introduction

In rock cutting process, the dynamic characteristic and
fragmentation information are recorded in the cutting load
time series directly. The irregularity and aperiodicity of the
cutting load have close relations to rock crushing [1, 2].
Since the concepts of fractal dimension and fractal geometry
were formulated, the fractal theory has been applied in many
fields [3], including the study on rock fragmentation. Xie
et al. [4] proposed a column method to analyze the fractal
property of the spatial distribution of acoustic emissions
during rock damage and failure process. They found that
an increase in fractal dimension corresponds to a decrease
in stress and an increase in energy release. Wu et al. [5]
used the fractal theory to study the fractal characteristic
of acoustic emission time series when rock failed as a
result of uniaxial compression, and they found that the time
series had fractal feature at every stage. In addition, the
fractal dimension can describe the evolving regularity of
microscopic cracks. Wang et al. [6] investigated the fractal
characteristic of electromagnetic radiation time series of
coal and rock failure, and they found that the variation of
correlation dimension was consistent with coal or rock burst.
Huang et al. [7] researched on the fragments size distribution

under DTH hammer reverse circulation drilling and found
that the rock fragments size distribution of drillings conform
to fractal distribution. As mentioned above, these studies
have improved people’s understanding of the fragmentation
information on rock crushing or cutting process to a certain
extent. However, those research objects were mainly focused
on the fractal characteristic of acoustic emission signals, but
the research on the relationship between cutting load time
series and rock fragmentation by cutter was far from enough.
As a consequence, fractal was used to investigate fragments
size distribution and the characteristic of cutting load time
series, and fractal dimension was calculated and analyzed to
provide the basis for studying rock fragmentation and cutting
performance under different conditions.

2. Fractal Theory

2.1. Fractal Function of Fragments Distribution. Mandelbrot
noticed that several natural phenomena could be well de-
scribed by a single power law.The exponent of this power law,
called fractal dimension, is a nonnegative real number that
can assume fractional or nonfractional values [8]. If the size
of the fragments is a fractal, then the fractal dimension could
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be estimated from the size distribution of the fragments.Most
applications of fractal concepts to fragments distribution
are based on the fragmentation model of Turcotte [9].
Fractal relationship for fragments size distributions have been
described relating number of fragments of a defined size to
the size as follows:

𝑁(𝑠) = 𝑘
𝑠
𝑠
−𝐷
𝑠 , (1)

where 𝑁(𝑠) is the cumulative number of fragments greater
than a given comparative sieve size 𝑠; 𝑘

𝑠
is a constant

corresponding to the number of fragments of unit length;
𝐷
𝑠
is the fractal dimension. Equation (1) is also called the

power-law relationship of a fractal distribution. In many
cases, fragmentation results in a fractal distribution.

The function on fragments number density distribution
can be obtained by taking the derivative of (1):

𝑑𝑁 (𝑠) = −𝑘
𝑠
𝐷
𝑠
𝑠
−1−𝐷

𝑠𝑑𝑠. (2)

In practical applications, the use of number-based size
relationship is inconvenient and the systematic error is
introduced into the dimensioning process by assuming the
particles are uniform with respect to both shape and density.
Tyler et al. suggested that a fractal dimension estimated
from the cumulative mass distribution is less sensitive to
the assumptions of scale invariant density and size of aggre-
gates compared to number-size distribution [10, 11]. The
cumulative mass of fragments size is smaller than a given
comparative sieve size 𝑠:

𝑀
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= ∫

𝑠
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𝑘V𝜌𝑠
3

𝑑𝑁 (𝑠) = 𝑘V𝜌𝑘𝑠
𝐷
𝑠

𝐷
𝑠
− 3
𝑠
3−𝐷
𝑠 , (3)

where 𝜌 is the density of fragments, kg/mm3; 𝑘V is the shape
coefficient of fragments.

Mandelbrot and Turcotte proposed a logarithmic expres-
sion involving the mass and size information for the frag-
ments [8, 9]:

𝑀
<𝑠

𝑀
= (

𝑠

𝑠max
)

3−𝐷
𝑠

, (4)

where𝑀
<𝑠

is the cumulative mass of fragments size smaller
than a given comparative sieve size 𝑠;𝑀 is the total mass of
fragments; 𝑠max is the maximum fragment size as defined by
the largest sieve size opening;𝐷

𝑠
is the fragmentation fractal

dimension.
The fractal dimension can be calculated by the simpler

linear equation obtained from the regression line via (4) as
shown below:

ln(
𝑀
<𝑠

𝑀
) = 𝑚 ln 𝑠 + ln 𝑘. (5)

The linear best fit of (5) produced estimates of𝑚 and 𝑘.𝐷
𝑠

is found using the slope coefficient, for the linear regression
line and the equation:

𝐷
𝑠
= 3 − 𝑚. (6)
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Figure 1: Covered boxes of cutting load time series.

2.2. Box-Counting Dimension of Time Series. The fractal
dimension is a numerical measure of the self-similarity of
an object; it can be used to analyze the irregularity of a set
of time series. In rock cutting process, the load time series
could be regarded as open curve in two dimensions, and
its outline has fractal characteristic. The commonly used
definition about the fractal dimension in literature is the box-
counting dimension given as below [12–14]:

𝑁(𝑙) = 𝐴𝑙
𝐷
𝑏 , (7)

where𝑁(𝑙) is the smallest number of boxes of side 𝑙 to cover
the cutting load time series 𝐹; 𝐷

𝑏
is the fractal dimension

called box-counting dimension. Taking logarithm on both
sides of the equation, we have

log 2 (𝑁 (𝑙)) = 𝐷
𝑏
log 2 (𝑙) + log 2 (𝐴) . (8)

According to the feature of cutting load time series, the
operative method to determine the fractal dimension 𝐷

𝑏
in

nontrivial cases is counting the number𝑁(𝑙) of boxes needed
to cover the cutting load curve for different values of 𝑙. The
region of the coordinate plane of the load curve is meshed
by those boxes with side 𝑙 as shown in Figure 1, and it is
the algorithm basic philosophy of box-counting dimension
method.

When 𝑥
𝑖
∈ [𝑖𝑙, (𝑖 + 1)𝑙], the cutting load time series is dis-

crete sampled on the vertical coordinate. The number of
covered boxes adds 1 when 𝑍(𝑗𝑙) ̸= 0, which can be expressed
as

𝑁
𝑖,𝑖+1

= 1 + [

[

𝑚

∑
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]

]

𝑍(𝑗𝑙) ̸= 0

. (9)

Therefore, the number of total boxes, which can cover the
cutting load time series totally, is as follows:
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, (10)

where 𝑖 is equal to 0, 1, 2, . . ., 𝑛 = INT(𝐹
𝑚
/𝑙); 𝑗 is equal to 0, 1,

2, . . .,𝑚 = INT(𝑍
𝑚
/𝑙).
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For a series of boxes with different side 𝑙, the linear best fit
of (8) produced estimates of 𝐷

𝑏
and log 2(𝐴). 𝐷

𝑏
is equal to

the slope coefficient for the linear regression line by the least
square method.

3. Experiment

3.1. Acquisition of Cutting Load Time Series. Figure 2 de-
scribed the rock cutting test-bed, Figure 2(a) was the sche-
matic diagram of the acquisition and processing system of
cutting load time series, and Figure 2(b) was the photograph
of the test-bed in laboratory. There were mainly four com-
ponents: (I) rock cutting device, which was used to perform
the cutting experiments with a linear feed speed. Meanwhile,
many experiments could be realized, such as different cutting
depth, cutting angle, rock compressive strength, and assisted
water-jet types; (II) fixed beam, which was designed to attach
strain gages. Furthermore, the full-bridge circuit of strain
gages was selected to collect voltage signal [15], whose aim
was to avoid the change of voltage signal as a result of
beam bending and calculate the cutting load time series
according to the fixed beam torque; (III) acquisition instru-
ment INV306U, which was developed by Beijing Dongfang
Vibration And Noise Technology Research Institute. And
analog signal or digital signal all could be collected through
it; (IV) signal processing equipment, which was a personal
computer with the signal processing software DASP-V10.

3.2. Experimental Phenomena. The load time series and rock
fragments in rock cutting were shown in Figure 3. It was
obvious that the sizes of rock fragments were very dif-
ferent from each other. Therefore, the rock cutting could be
regarded as a nonlinear and nonperiodic process, and the
fragments might be reflected in the cutting load time series.
Figure 3(b) showed that there was a great difference among
the amplitudes and time intervals of the cutting force peaks
(corresponding to big rock fragments). Also it indicated that
the cutting load time series was discrete and irregular. Firstly,
the crushing zone was caused by the cutter extrusion on
rock. Then, the cutting force continued to increase after the
crushing zone was formed, and several small peaks showed
that local breakings happened in rock cutting process. Lastly,
the cutting load decreased suddenly after it achieved the peak
value, which shows that a big fragment had formed at this
moment. The above-mentioned phenomena were consistent
with the previous rock cutting theory and the experimental
results [1, 16, 17].

4. Results and Discussion

4.1. Fractal Characteristic. The fragments in Figure 3(a) were
sieved into six different sizes, ranging from 0 to 5mm, from
5.1 to 10mm, from 10.1 to 15mm, from 15.1 to 20mm, from
20.1 to 25mm, and from 25.1 to 30mm.The cumulative mass
rate of the fragments was shown in Figure 4, and its variation
was consent with Power law showing that the cumulative
mass rate followed fractal distribution. According to (5), the
fractal dimension of fragments size distribution could be

obtained by first developing an 𝑠 versus𝑀
<𝑠
/𝑀 on ln-ln plots

and determining the slope of best-fit line through the data
points by linear regression method as shown in Figure 5, the
correlation coefficient of 0.994 showing the cumulative mass
rate and fragments size had the fractal characteristic again.
According to (6), it was easy to get the fractal dimension of
fragments size distribution which was equal to 1.42. Accord-
ing to (8), the double logarithmic curves for calculating the
box-counting dimension of the time series corresponding to
the fragments in Figure 3(a) was shown in Figure 6, and the
correlation coefficient of 0.998 shows that the cutting load
time series also followed the fractal distribution in space.
The difference between the fractal dimension of fragments
size distribution and the box-counting dimension of cutting
load time series was smaller than 3%, which indicated that
there were inherent relations between rock fragmentation
and the load time series in rock cutting process.Therefore, the
box-counting dimension could be as the fractal dimension
of fragments size distribution, and it provided a new idea
to investigate the rock crushing. As a result of the tedious
process of the fragments classification, the box-counting
dimension was used to investigate the fractal characteristic
of the load time series and fragments size distribution under
different cutting conditions below.

4.2. Effect of Rock Compressive Strength on Fractal Charac-
teristic. The rock compressive strength has significant effect
on cutting load time series and fragments. The box-counting
dimensions for the compressive strengths 2.5MPa, 4MPa,
and 5MPa were obtained by first developing an 𝑙 versus𝑁(𝑙)
on log-log plots and determining the slope of best-fit line
through the data points using linear regression as shown in
Figure 7(a). The correlation coefficient of these fitting lines
were all greater than 0.95; therefore, it was concluded that
the cutting load time series under different rock compressive
strength all had fractal characteristic. Moreover, the differ-
ence between the box-counting dimensions in these three
conditions was little, and it indicated that the rock fracture
mechanism would not change when the rock compressive
strength was different. For the size distribution of fragments,
the rock of low compressive strength (LCS) was easier to
be crushed than that of high compressive strength (HCS).
In addition, the box-counting dimension of LCS rock was
greater than that of HCS; it shows that the cutting load time
series of LCS had better space filling ability. Box-counting
dimension of cutting load time series approximately linearly
decreased with compressive strength as shown in Figure 7(b).
Through the above analysis, the box-counting dimension of
the load time series could be used to estimate the extent of
rock crushing in rock cutting process.

4.3. Effect of Cutting Depth on Fractal Characteristic. Accord-
ing to the calculationalmethod of box-counting dimension as
(8), the log-log plots for estimating the box-counting dimen-
sion under cutting depths of 10mm, 15mm, and 20mm
were shown in Figure 8(a). The correlation coefficients of
fitting straight lines using the least square method were
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Figure 2: Rock cutting test-bed.
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Figure 3: Cutting load time series and fragments Δ.

0.996, 0.998, and 0.998, respectively, which indicated that
the time series had fractal distribution in space. And the
difference of cutting depth had no effect on the fractal feature
of rock cutting load. However, the box-counting dimension
of cutting load was different with different cutting depths.

The smaller cutting depth increased the box-counting dimen-
sion, thus it indicated that the cutting load time series had
more self-similarity in space when cutting depth was smaller.
For the rock fragments, the smaller box-counting dimension
was corresponding to larger number and smaller size of
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Figure 7: Box-counting dimension of cutting load under different
compressive strengths.

rock fragments, which meant that rock was seriously bro-
ken. Oppositely, the big box-counting dimension produced
smaller number and larger size of rock fragments. Box-
counting dimension of cutting load time series approximately
linearly decreasedwith cutting depth as shown in Figure 8(b).
Therefore, the box-counting dimension of the time series
could be regarded as an evaluation index for the extent of rock
cutting or crushing.
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4.4. Effect of Cutting Angle on Fractal Characteristic. The
𝐷
𝑏
for the cutting angles 40∘, 45∘, and 50∘ were obtained

by first developing an 𝑙 versus 𝑁(𝐹, 𝑙) on log-log plots and
determining the slope of best-fit line through the data points
using linear regression as shown in Figure 9(a). The 𝐷

𝑏

values from different cutting angles of 40∘, 45∘, and 50∘ were
1.41, 1.427, and 1.47, respectively; the correlation coefficient
𝑅
2 in these cases were 0.997, 0.999, and 0.997. The box-

counting dimension and correlation coefficient all indicated

that the cutting time series of different cutting angles had
fractal characteristic with similar rock-cutting mechanism.
According to rock fragments in these experiments, the extent
of rock crushing increased as the cutting angle. The reason
was that the rock failure was mainly in tensile when the
cutting angle was small, but it was mainly in shear or com-
pression failure when the cutting angle was big. For the box-
counting dimension, it was greater of small cutting angle than
that of big cutting angle, and the box-counting dimension



Discrete Dynamics in Nature and Society 7

0

0

Water-jet in front of the cutter
Water-jet behind the cutter
Water-jet in cutter

y = 1.43x − 0.88 R2 = 0.996

y = 1.54x − 0.64 R2 = 0.998

y = 0.87x − 4.71 R2 = 0.997

−10−12 −8 −6 −4 −2

−10

−12

−14

−16

−18

−8

−6

−4

−2

log2(l)

lo
g
2
(N

(l
))

,
,
,

Figure 10: Box-counting dimension of cutting load under assisted water-jet types.

of the load time series also could be used to estimate the
fragmentation extent of rock in rock cutting. Moreover, box-
counting dimension of cutting load time series approximately
linearly decreased with cutting angle as shown in Figure 9(b).

4.5. Effect of AssistedWater-Jet Types on Fractal Characteristic.
High-pressure water-jet technology has been widely used in
rock breaking or cutting mechanism, such as roadheader
and shearer drum. However, the fracture mechanism by
mechanical cutter assisted with water-jet is still not clear
as a result of the opaqueness and instantaneity of rock
fragmentation. Therefore, the box-counting dimensions of
cutting load time series with three different water-jet assisted
types were investigated. And their position relations between
mechanical cutter and water-jet were shown in Figure 2(a),
including water-jet in front of cutter, water-jet behind cutter,
and water-jet in cutter. The log-log plots for calculating box-
counting dimension under different water-jet assisted types
were shown in Figure 10.The correlation coefficients of fitting
lines were greater than 0.95 which shows that the assisted
water-jet types had little effect on the fractal characteristic of
rock cutting load time series. The difference of box-counting
dimension between the water-jet in front of cutter and water-
jet behind cutter was very small, and the two values were
nearly with the box-counting dimension of cutting load time
series without water-jet. However, as was known to us, the
fractal dimension of cutting load would obviously change
once the rock fracture mechanism changed [18]. Therefore, it
showed that rock cutting mechanism would not change with
the water-jet in front of or behind the cutter. The decreased
cutting load was due to the weakened rock strength caused by
the impact and damage of the water-jet in front of the cutter
[19]. And the water-jet was mainly used for clearing away
rock fragments and lubricating cutter when it was set behind
the cutter. On the contrary, the box-counting dimension of

cutting load time series was 0.87 when the water-jet was in
cutter. Therefore, it indicated that the fracture mechanism of
rock cutting by mechanical cutter assisted with water-jet in
cutter was changed.

5. Conclusions

Based on the rock cutting load time series and fragments,
the fractal characteristics of the time series and fragments
size distribution were investigated by fractal theory and then
some main conclusions were obtained as follows.

The sizes of rock fragments are very different from each
other, which show that the rock cutting process is a nonlinear
and nonperiodic process. There is a great difference among
the amplitudes and time intervals of the cutting force peaks,
and it indicates that the cutting load time series has discrete-
ness and irregularity. The crushing zone, local breaking, and
the avalanche of rock fragments occur alternately.

The difference between the fractal dimension of frag-
ments size distribution and the box-counting dimension of
cutting load time series was smaller than 3%, which shows
that there are inherent relations between rock fragmentation
and the corresponding cutting load time series. The box-
counting dimension could be regarded as the fractal dimen-
sion of fragments size distribution, and it provides a new idea
to investigate the rock fragments size distribution.

The correlation coefficients of fitting straight lines are all
greater than 0.95 under different conditions showing that
the difference of compressive strength, cutting depth, and
cutting angle all cannot change the fracture mechanism of
rock cutting. Meanwhile, rock cutting mechanism would
not change with the water-jet in front of or behind cutter.
However, fracture mechanism of rock cutting by mechanical
cutter assisted with water-jet in cutter was changed. The
box-counting dimension of cutting load time series can be
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an evaluation index for the extent of rock cutting or crushing,
and it has a negative relationship with rock fragments size.
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