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We consider the existence and properties of the global attractor for a class of reaction-diffusion equation ou/dt — Au — u +
x () |ulP2u + f@) =0, in R" x RY; u(x,0) = uy(x), in R". Under some suitable assumptions, we first prove that the problem
has a global attractor </ in L*(R™). Then, by using the Z,-index theory, we verify that < is an infinite dimensional set and it

contains infinite distinct pairs of equilibrium points.

1. Introduction

In this paper, we are mainly concerned with the long-time
behaviour of solutions for the following reaction-diffusion
equation:

Z—Z—Au—uﬂc(x) |u|p_2u+f(u) =0,

in R" x RY, M
u(x,0) =uy(x),
in R”,

where p > 2 and k(x) > «, > 0 satisfies

1 2/([7’2)
J ( > dx < 00 (2)
R \ K (X)

(e.g., k(x) = (1 + |x])"with r > (p — 2)n/2). The function
f + R — R is continuous and satisfies the following
assumptions:

(f1) f(s)isodd;thatis, f(—s) = —f(s), forall s € R;

(f,) there exists a constant &, 0 < & < p — 1, such that

sup lim i 0,
[s| = 0o |S|
€)
sup lim |f($)| =0
Isl—0 |s]|

(f;) there exists a positive constant [ such that f'(s) > —I;

(fy) there exists a positive constant 8 such that 0 <

BE(s) < f(s)s, where
Hg;Ef@w. (4)

As we know, the basic problems to consider the long-
time behaviour of solutions for the above equation are to
prove the existence of global attractors for the semigroup of
solutions and discuss some properties of the global attractors,
such as the dimension property and the existence of multiple
equilibrium points.

Those problems for the equations in bounded domains
have been studied extensively by many authors and have been



rather well understood; see, for example, [1-7]. However, the
solution for the equation is different in unbounded domain.
The main difference is the fact that, in contrast to the case
of bounded domains, the global attractors for the reaction-
diffusion equations in unbounded domains admit finite
dimension under some specific assumptions and infinite
dimension under general assumptions.

For the kind of equation
%—Abwf(x,u):h (5)

in unbounded domains. In pioneering work [8], the authors
used weighted spaces instead of the usual spaces to prove
the existence of the global attractors; further details can be
found in [9-11]. In [12-15], the authors have developed some
new ideas and methods to deal with more general cases
in unbounded domains, including uniformly local Sobolev
spaces, locally compact attractor, and the so-called entropy
theory, and have obtained the existence of the locally compact
global attractors for the semigroups associated with the
equations. Under some structural assumptions on the term f
(i.e., fx,u)u = 0or f(x,u)u > alul? + y(x)), the authors in
[16,17] prove the existence of global attractor for the equation
in unbounded domain in usual space L*(R™).

On the other hand, we have noticed that the Z,-index is
a powerful method to find multiple critical points of some
even functional. The authors in [18] used the Z,-index to
obtain the existence of infinite dimensional global attractor
for a class of p-Laplacian equation in bounded domain, for
which p > 2 is necessary. Additional information about other
attractor problems can be found in [19-23].

Motivated by the above papers, in this paper, we are
interested in finding a semigroup associated with a reaction-
diffusion equation in unbounded domain, such that the semi-
group has a global attractor in the usual space; furthermore
the dimension of the global attractor is infinite.

The main results of this paper can be stated as follows.

Theorem 1. Assuming thatn > 3, p > 2, and k(x) > «, > 0
satisfies condition (2) and the nonlinear term f satisfies (f;) ~
(f4), then reaction-diffusion equation (1) has a global attractor
o in L}(R").

Theorem 2. Assume thatn > 3, p > 2, and k(x) > «y > 0
satisfies condition (2) and the nonlinear term f satisfies (f;) ~
(f4). Let o be the global attractor of (1). Then, for any m €
N¥, there exists a neighborhood ©(0) of the origin, such that
p( \ 0(0)) > m, where y(&f \ 0(0)) denotes the Z,-index of
the set o \ 0(0).

We recall that, from [24], any compact set E, with fractal
dimension dim(E) = n, can be mapped into spaces R***! by
a linear odd Hoélder continuous one-to-one projector. Thus,
we obtained the following corollary.

Corollary 3. Under the assumptions of Theorem 2, the fractal
dimension of the global attractor f is infinite.
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Theorem 4. Assume thatn > 3, p > 2, and k(x) > a5 > 0
satisfies condition (2) and the nonlinear term f satisfies (f;) ~
(fy). Let of be the global attractor of (1). Then, o contains
infinite distinct pairs of equilibrium points.

The proofs of the above theorems are, respectively, given
in Sections 3 and 4. Some preliminaries and associate lemmas
can be found in Section 2.

2. Some Preliminaries

Initially, backgrounds about global attractors and Z,-index
theory are reviewed. Proofs are then given for the lemmas and
the existence of solution for (1).

In this paper, we define the following space:

H, (R") £ DY (R")nLE (R")

(6)
= o] Tl + el iz < +00}
with the corresponding norm
leall gy = el + Netll o2 @)
where
1/2
el pre = (J Vul? dx) ,
R
(8)

1/p
Il = ([ o ax)

Let V be a Banach space, and define ¥ = {A c V |
A closed, A = —A} as the class of closed symmetric subsets
of V. Based on this, the formal definition of Z,-index can be
given.

Definition 5 (see [25]). Let A € X, A # 0. The Z,-index or
Krasnoselskii genus y(A) of A is defined by
v (A)
inf {m : 3h € C* (A, R™\ {0}),h(~u) = ~h (W)} , 9
oo if fmiTne AR\ {0}) h(-u) = ~h W)} = 0.

In particular, if 0 € A, p(A) = oo, then define y(f) = 0.

The properties of Z,-index y(A) are provided in the
following lemma.

Lemma 6 (see [25]). Let h € C°(V,V) be an odd map and
A,A A, € X Then the Z,-index y(A) on V satisfies the
following properties:

(ADy(A)=20,9(A) =0 A=0;

(Ay) Ay C Ay = p(A) < p(Ay);

(A3) y(ALUA,) <y(A) +y(A,);

(A,) y(A) < yp(h(A)), forallA e X, andh:V — Visodd
and continuous;
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(As) If A € X is compact and 0 ¢ A, then y(A) < oo and
there exists a neighborhood NV of A in'V such that IV €
= and y(A) = y();

(Ag) For any bounded symmetric neighborhood Q of the
origin in R” there holds y(0Q2) = n.

Applying the index theory to an even functional E on
some Banach space V, we can obtain a sequence of minimax
values. Moreover, if E satisfies the (P.S.) condition, the
sequence of minimax values must be the critical values of the
functional E.

Definition 7 (see [25]). Let V be a Banach space, E ¢
C(V,R), and d € R. The functional E is said to satisfy the
(P.S.) condition if any sequence {u,} € V such that

{E (u,)} is bounded and E' (1,) — 0 (10)

has a convergent subsequence.

Lemma 8 (see [26]). SupposeV is a Banach space and suppose
E € CHV,R), E(w) = E(~u) for all u. E satisfies the following
conditions:

(B,) there exists a subspace V, C V with dimV, = r and
p > 0, such that

sup E(u) < E(0), (1)

uev.nS,
where S, = {fueV|lul=pkh
(B,) there exists a closed subspace W C V with codimW =
s, such that

inf E () > - 0o; (12)

(Bs) E(u) satisfies the (P.S.) condition.

Then if r > s, the functional E possesses at least r — s pairs of
critical points.

Following the proof in [8], we will prove the existence of
a unique weak solution of (1) for any initial data v € LY*(R™).
Firstly, we consider the problem in the bounded domain.
We denote Qp = {x € R" : x| < R} and the function ¥ €
C®(R") with 0 < Wg(x) < 1, [¥x(x)| < 2, satisfying
I, |x]<R-1,
Wr (x) = { (13)
0, |x|=R.

It is well known that (see, e.g., [5, 6])

d _
a—I:—Au—uﬂc(x) lul? 2u+f(u) =0
in Qp xR™,
u(0) =uyp in Qp, (14)
u(t)lon, =0
t € (0,00),

has a unique solution ug, where u, = Wru,. And for every
T > 0 it satisfies

ug € C([0,T],L* (Qg)) N L* (0, T, Hy (Qg))
(15)
NnL?(0,T,L% (Qg)).

The following lemmas give some estimates for solution uy
of the bounded problem (14).

Lemma9. Letn > 3, p > 2, k(x) > «, > 0 satisfy condition
(2), and f satisfies (f,) ~ (f,); let ug be a solution of problem
(14). Then, for any T > 0, the following estimates hold:

J |ug (t)|2 dx <C,,
O (16)

tel0,T],

T T
L ot + L Jeall? gt < Co 1)

where the constants C,, C, depend on data T, u, p, and k but
are independent of R.

Proof. Firstly, foranyu € Li(Q r) utilizing Holder inequality,
we have

2/p
[ = [ (2) 7 x
1\2/Pplp-2) N\ (P2IP
S(J <—> dx)
0p \K
2/p
<J- K|u|pdx)
Ox (18)
17\2/(P-2) (p-2)/p
(L
R* \K

2/p
J i |ul? dx>
Qg

2
= M, (1) July -

Then utilizing Young’s inequality, we have

1
Jo e < My 05 bl 0 9)

where

1 2/(p-2) (p-2)/p
mw=(J (1))

_ 2/p ) P — 2 J- l 2/(P_2)
M, (k) =2 _P - ( )

K

(20)

dx.



Multiplying (14) by uy and integrating over Qp, we have

1d 2 J 2 j 2
- — d \% dx - d
YT LR |uR| x + QR| uR| x o |uR| x

(21)
+J K |ug|” dx +J f (ug) ugdx <0,
Q% Q%
and it follows from (19) and f(ug)uy > 0 that
1d
T, LR |uR|2 dx + JQR |VuR|2 dx
. (22)
i J K|MR|‘DdeM2(K).
P Jog
Integrating t between 0 and T yields
1 2 1 2 T 2
3 b Dl =5 Bolia + | Moalia,
(23)
p=1 (T e
2 L Jeal?y g, it < TM; ().
It follows that
T T
2 p-1
J, Dl e = | el
(24)

1 2
<TM, (x) + > ||”0,R||L2(QR> >

which implies second estimate (17).
On the other hand, it follows from (21) and f(ug)ug > 0
that

1d
T L |ug|” dx < L |ug|” dx. (25)

Referring to Gronwall’s inequality, first estimate (16) can be
easily obtained. O

Lemma 10. Letn > 3, p > 2, and x(x) > o, > 0 satisfy
condition (2), and f satisfies (f,) ~ (f,); let uy be a solution of
problem (14). Then, for any T > 0, the following estimate holds:

Oup

< C,,
ot 3

26
LP/P=D(0,T,(HL(QR))*) 26

where (Hi(QR))* E (HS(QR) n L‘Z(QR))* and the constant Cy
depends on data T, u p, and x but independent of R.

Proof. For any v € Hy(Qg) N L2(Qy), we have

‘ aﬂ,v> SJ |Vig] - [Vv] dx+j |ugv| dx
ot Qg Qg
(27)
+ J K 'u£_1v| dx + J f (ug) vdx.
o o
By (f,) we find that

|f @)] < C(lul+1ul”™), (28)
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so we get
J f(uR)vdstJ |ugy| dx+CJ |u£_1v'dx
[t O O
< CJ |ugv| dx (29)
QR
C P71
+— dx.
. LR [ ] dx

Applying the Holder inequality to each term, it follows that
LR |Vig|- Vv dx < "”R“Hg(QR) V2 »

J, Tuaoldx < el Wi
O (30)

< M} (8) [ugl 2 0, 1Mz »
J K|u§71v| dx < ||uR|p_1
Q

12(Qp) Vlzz 0 -
‘R

Substituting into inequality (27), there exists a constant C; >
0, such that

Ouy
ot llazop) 31
c pl
<G5 ||“R||H5(QR)+||“R L,';(QR)+||”R”L1;(QR) .
Then, referring to Lemma 9, the estimate
T |l 9ugo 1210 (p-Dip
(j i dt) < ¢ (32)
o Il 9t Hle )
yields the conclusion. O

It is worth noting that both estimates in Lemmas 9 and
10 are independent of R, so we let R — +00, providing
the existence and uniqueness of the solution of problem (1).
Before giving the proof of the existence theorem, we first state
the following two lemmas.

Lemma 11 (see [5]). Let V. cc H C Y be Banach spaces,
with 'V reflexive. Suppose that {u,} is a sequence uniformly
bounded in L*(0,T,V) and {du,/dt} is uniformly bounded
in LP(0,T,Y), for p > 1. Then there is a subsequence that
converges strongly in L*(0, T, H).

Lemma 12 (see [27]). Let x, y € RY, p =2, and (.,-) be the
standard scalar product in R Then, there exists a constant
a > 0 such that

(xP?x =y 2 yox-y) zalx—yP.  (33)

Theorem 13. Letn > 3, p > 2, k(x) > «, > 0 satisfy condition
(2), and f satisfies (f1) ~ (f,), then for any u, € L*(R™) and
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T > 0, there exists a unique weak solution u(x,t) of (1) which
satisfies

ueC([o,1],L*(R"))nL*(0,T,D"* (R"))
(34)
nLf (0, T,LE (R")).

Furthermore, uy, — u(t) is continuous on LE(R™).

Proof. We choose R, such that R, — +ocoask — +oo.
Denote that up (k = 1,2,...) are the solutions of boundary
problem (14) in the domain Q.

Now, we extend the functions up (k = 1,2,...) from
LZ(QR) into L2(R™). For each k € N, define the function Up,
as zero for |x| > R, and multiply by W, (x), where ¥p (x) is
defined by (13). For simplicity, we denote u; = ¥y up_by the
extended functions and € = Q . Since

JR»« |e|* dx = JRH |\PRkuRk|2 dx < Lk 'uRklz dx,
Jan Vi |” dx < 2 JW |V‘I’Rk|2 |uRk|2 dx

+2J
R

<8 Lk |uRk'2 dx

‘{’Rk'z |VuRk'2 dx

(35)

+2 le 'VuRk|2 dx,

J x|uk|P dx < J K|uR 'p dx,

R” o k

we obtain that Lemmas 9 and 10 are still valid. It follows that
{u} is uniformly bounded in L™ ([0, T],L’ (IR")) ,
{u} is uniformly bounded in L* (0, T, D"* (R")),

{u} is uniformly bounded in L? (0, T, L (R")), (36)

{%} is uniformly bounded in LP/~V (0, T

(HE(RM)").

Hence, taking a subsequence of {u,f} if necessary there exists
u € L2([0, T], L*(R")nL*(0, T, D"*(R™)) N LP(0, T, LE(R™))
such that

u —u, inL*(0,T,D"(R")),

we—u, in L”(0,T, L8 (R")), (37)
O i e (0,1, (112 (7))
ot ot B .

Similarly to the proofin [5, 6], we can obtain

flw)— f@ in L%V (0,1, (L2 (R")").  (38)

In addition, referring to Lemma 11, we have
w, —u in L*([0,T],L* (R")). (39)

Therefore, for any v € C;°([0, T, Hi(IR")),
T 0 _
Ozj J (ﬂ—Auk—uk+K|uk|p2uk
o Jrr \ Ot

T
+f(”k)>1/dxdt — Jo JRn <3—1:—Au—u (40)

+K|u|P_2u+f(u)> vdxdt.

Thus, u is the weak solution of (1).

In the following, we will prove uniqueness of solution and
the continuous dependence. Let u, v be any two solutions of
(1) with initial data u,, v,; setting w = u — v, we have

0 . .

i —Aw—w+x (x) [ulf P u—x(x) P v+ f ()

ot (41)

- f (V) =0,

with initial data w(0) = u, — v,. Multiplying by w and inte-
grating on R”, we obtain

1d

——J |w|2dx+j |Vw|2dx—j lw|* dx
zdt R" R” R”

+ JRH (fw)-f ) m-v)dx (42)

+j (K|1/t|p72u—1<|v|1’72 v) (u-v)dx =0,
RYI
and it follows from Lemma 12 that

J (K|u|p_21,t—;<|v|p_2 v) (u—v)dx
§ (43)
Z(xj klu—v|fdx >0,

and by condition (f;) we find that

juv (fW) - f W) m-v)dx

u(x)
= I (J fs) ds) (u(x)—v(x))dx (44)
R" x)

v(
Z—ZJ |u—v|2dx=—lj lw|* dx.
R" R"

Then note that .[R" |Vw|*dx > 0; we have

—— w|"dx < l+1J w|” dx, 45
S5 | wldx <y | (45)
and integrating this gives

I () = v ()2 < TV lug o 2 » (46)
which implies uniqueness if u, = v, and the continuous
dependence on initial data. O



The following theorem shows the existence of global
attractors when an absorbing set exists.

Lemma 14 (see [5, 6]). If a continuous semigroup S(t) has a
compact absorbing set B, then there exists a global attractor
9 = w(B), where w(B) is the w-limit set of the set B.

3. The Existence of a Global Attractor

In this section, we will prove Theorem 1. Before the proof, we
first give the following lemma.

Lemma 15. Assuming thatn > 3, p > 2, and k(x) = oy > 0
satisfies assumption (2), then H-(R") is compactly embedded
in L*(R").

Proof. Assume that {u,} is a bounded sequence in Hi([R”).
Then there exists a constant C > 0, such that

””n“DM(R") <G,

(47)
””n“L{;(R") <G,
so it has a subsequence {u,, } satisfying
U, — Uy in D" (R"),
(48)

u, —u, inLE(R").

My

For arbitrary € > 0, choose the constant R sufficiently large,

such that
1\ \PAP
j (-) dx < £ (49)
RMN\Q \K C?

Note that g, u,, — Yg, 4, in HS(QRH) and due to the
boundedness of the domain Q. ,, the Sobolev embedding
theorem can be used, yielding

Yrithy, — Yruathy in r (Qpe1) - (50)

Then there exists K > 0 sufficiently large such that, for all
n, > K, we have

2
J-Q '\I’R+lunk ‘\I’R+1”o| dx <, (51)
R+1

and it follows that

2 2 i
I2R") 'u”k B u0| X
QR

+ J
R™MQp
S J
QR+1

J
R™M\Qp

2
<e+ |unk —u0| dx.
R"™\Qg

et — 110

My

2
X —u0| dx

Uy,

2
|‘IJR+1unk - ‘PR+1”0| dx (52)

2
Uy, — u0| dx
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Utilizing the Holder inequality and inequality (49), we have

2
J 'un —uo' dx
R\Q
1\*? 2
o, ()
RMN\Qp \K k
[ \2/pplp-2) PP
< J (—) dx
RM\Q, \K

21p/2 2/p
(J [KZ/P |unk—u0' ] dx) (53)
R"™\Qg
1 2/(p-2) (p-2)/p
= J <—) dx
RM\Qp \K
2/p
<J x'un —uo'pdx>
k
R™\Qp

&
< —.4C* = 4g,

2
"”"k B ”OHLi(R") 2

€
T
which implies

) < 5¢, for m > K. (54)

2
“” L*(R"

n, ~ Yo

This completes the proof of Lemma 15. O

Proof of Theorem 1. In order to prove that (1) has a global
attractor, referring to Lemma 14, it is sufficient to show the
existence of a compact absorbing set in L*(R™).

Let u be the solution of (1); multiplying the first equation
of (1) by u and integrating on R”, it follows that

li J lul* dx + J |Vul* dx - J lul* dx
2 dt R" R" R”
(55)
+J K(x)|ulpdx+J fwudx=0.
R" R"
Since JW |Vu|*dx > 0 and f(u)u > 0, we have
li J |ul? dx+J [ul* dx
2dt Jpn R™
(56)

<2 J lul* dx — J i (x) |ul? dx.
R” R”
Similar to estimate (19), we have
J u)* dx < C (k) + L J « (x) |ul? dx, (57)
R” P Jrr
and thus

——J |u|2dx+J [ul* dx
R R
(58)
<2C (k) - <1 - E) J « (x) |ul? dx.
p/ Jr
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Note that p > 2 yielded

4 J |ul? dx+2j [u* dx < 4C, (59)
dt Jrn R"

and then Gronwall’s inequality can be applied, yielding
et ()17 ooy < 4C, when £ > £ (Juo]12) . (60)

where t, = (1/2)1n(||u0||i2 /2C). Now, combining estimates
(55) and (57), we have

li J [ul? dx + 1 J |Vul* dx
2dt Jpn 2 Jrr
) (61)
+—J K(x)lulpdx+J fwudx <C.
P Jre R"

Integrating between t and ¢ + 1, it follows that

t+1 1 2 1 P
| <ij Vs ()] dx+;ij(x> ju (5)1P dx

(62)
. J Fu(s)us) dx> ds<C+ @
R” 2

When t > t,, it follows from (60) that

LM (% jRn [V (s))* dx + % jRn (%) [u(s)|? dx

(6
o[ fueudx)as<ac
Rn

Now, multiplying the first equation of (1) by 1, and integrating
on R", we obtain

i<lj |Vu|2dx—lj lul* dx
dt \ 2 Jrn 2 Jrr

+lj K(x)|u|de+J F(u)dx> (64)
p Jrr R

- _J lu > dx < 0,
Rﬂ

so it follows from (61) and (64) that

i<lj |Vu|2dx+lj (%) |ul? dx
dt \ 2 Jpn P Jrr

+ JW F (u) dx) <C. (65)

Integrating between sand t (¢t — 1 < s < t), it holds that
! J IVu (1) dox + J klu ()P dx
2 R" p R"
+J Fu@)dx<C+ 1 J |Vu (s)]* dx
R" 2 Jrn
+1J- Klu(s)|pdx+J F(u(s))dx<C (66)
P Jrr R”
1 5 1 ,
+—J [V (s)] dx+—J- Klu(s)|F dx
2 R" p R"”

1
‘3 JW Fu(s) u(s)dx.

Then integrating the equation with respect to s between t — 1
and t again, we have

1 24,1 I3
5 JRH [Vu (t)|” dx + ’ JW K |u(t)F dx
t+1 1 )
+ jRn Fu(®)dx<C+ L (E JW Vus)Pdx  (67)

+ 1—1) JR" < Ju (s)|P dx + % JRW fw(s)u(s) dx> ds,

when t > £, so it follows from (63) and .[R” F(u(t))dx > 0
that

1 J Vi (O dx + J | (0)]7 dx
2 R" p R"

(68)
< C+max<{3,i}c,
B
which implies that there exists a constant C, such that
lu Ol < C, Vt>t,. (69)

Finally, referring to Lemma 15, H.(R") is compactly

embedded in L?(R"), and we obtain a compact absorbing set
in L?(R") which concludes the proof of Theorem 1. O

4. The Dimension of the Global Attractor and
the Equilibrium Points

Next we will estimate the Z,-index of the global attractor
obtained in Theorem 1. Before the formal proof of Theorem 2,
we first consider the energy function

E(u) = % JRn (IVu|2 _ |u|2) dx + % JW & (x) |ulf dx o
+ J F (u)dx.
R

It is well known that functional (70) has an infinite dimen-
sional negative subspace H™ of Hi(R"); that is, there exists



8
linearly independent nonzero functions u;,u,,...,u,,... €
H™, satisfying
J |Vum|2dx—J |um|2dx<0, m=12,.... (71
R" R"

Let H,, = span{u,,u,,...,u,,} be a subspace of H~ with
dim(H,,) = m, where u;,u,,...,u,, are orthogonal in both
D"(R™) and L*(R").

Now, we give the proof of Theorem 2.

Proof of Theorem 2. For arbitrary m € N, we first prove
that there exists a set B,, € H;([R”) with y(B,,) > mand a
neighborhood 0 of the origin, such that

w(B,,) cd\O. (72)

It follows from (64) that
d 2
— (E(u) = —J lut| dx <05 (73)
dt R

that is, for any v, € Hi(lR”), the function t — E(u(t)) is
nonincreasing. For arbitrary m > 0 and u € H,, \ {0}, we have

J |Vul* dx - J lu* dx < 0. (74)
R" R”
Denoting A,, = H,, NS, ={uecH,: ||U||H; =1},then A, is

compact in H ; (R™); thus, there exists § > 0, such that for all
ueAh,

j Vil dx — J ul dx < -8 < 0. (75)
R" R"

Referring to Lemma 6 (Ay), for every constant € > 0, we have
y(eAn) =y (An) =m, (76)

where €A, = {eu :
follows that

u e A} Thus, forv = eu € €A, it

82 82
E(v) = — J [Vul> dx - — J ul* dx
2 Jrn 2 Jgpn

. (77)
+ & J & (x) [ulf dx + J F (eu) dx.
P Jrr R”
Recalling p > 2 and condition (f,), when ¢ is sufficiently
small, we have
2 p

E(v)g—ﬁ+8—+o(82) <-0,<0, VveeA,. (78)
2 p

In addition, since E(0) = 0 and t — E(u(t)) is nonincreas-

ing, then w(eA,,) ¢ o \ {0}. Since w(eA,,) is closed and

compact, there exists open neighborhood O of 0, such that
w(eA,,) cd\O. (79)

Let B,, = €A,,; we have completed the proof of the first step.
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Next, we only need to prove y(&f \ 0) > y(B,,). Referring
to Lemma 6 (As), there exists A (o \ 0), which is a neigh-
borhood of &/ \ O, satisfying

YW (L\O) =y(d\O). (80)

In addition, referring to the definition of w-limit set w(B,,),
there exists t, > 0 such that

S({t)B,, ¢ ¥ (w(B,,)) c N (d\O). (81)
Thus,
Y(ANO) =y(W (A\0) 2y (SO B,). (82)

It is obvious that S(t) is odd since S(t)(-u,) =
—u(t) = =S(t)u,. Then, referring to Lemma 6 (A,), we have
y(S(t)B,,) = y(B,,), and then y(&/ \ ©(0)) > y(B,,). The proof
is complete. O

At last, we want to investigate existence of the multiple
equilibrium points of the equation, that is, solutions of the
following elliptic equation:

—Au-u+x(x)|[ufPu+fw)=0 inR" (83)

We consider the critical values of the energy functional
E(u) defined by (70). In order to obtain infinite critical values
by Lemma 8, we verify that the functional E(u) is bounded
from below and satisfies the (P.S.) condition.

Lemma 16. The functional E(u) defined by (70) is bounded
from below.

Proof. The functional is
1 2 1 2
E() =- |[Vu|"dx - = |u|” dx
2 Jrn 2 Jrr

(84)
+ 1 J © (x) |ulf dx + J F (u) dx.
p Jrr R

By estimate (57), it is easy to verify that the functional E(u) is
bounded from below. O

Lemmal7. Let E(u) be a functional defined by (70) andd € R
be a constant, then any sequence {u,} C H;([R") such that

E(u,)<d VneN,

(85)
E, (un) —0
contains a convergent subsequence.
Proof. Since E(u,) < d, we obtain
l 2 1 p
—| |Vu,| dx+—=| x()|u,|"dx+| F(u)dx
2 Jpr p Jre R"
(86)

1
<d+ 3 jRn |un|2 dx.
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Similarly to estimate (19), we have
2 1 p
[u,|"dx<Cx)+—= | x(x)]|u,|” dx, (87)
R” P Jrr

and combining the above estimates and F(u) > 0, we have

C (x)

1 2 dx 4 - P cl©)
JRH|Vun| dx+2p JRHK(X)lu”l dx <d+ > (88)

2
It follows that [|u,,|| Hi s bounded.
Going if necessary to a subsequence, we assume that
u, —u in H, (R"). (89)

By Lemma 15, we have u, — uin L*(R™). Observe that

<E' (u,)-E (u),u, - u>
[~ £ @) (- ) dx

=J- |V(un—u)|2dx—J- |, —u| dx
R R

(90)
+ J (K |t [P 0, = 1 [P u) (u, —u)dx

> J- IV (u, — )| dx—j. |, —u| dx
R R
+ocJ K|un—u|P dx.
R

Since E'(u,) — Oandu, — wuin L*(R"), we can obtain that

<E' (u,)-E' (u),un—u> — 0, n-— 0o,

J |un—u|2dx—>0, n— 00,
RYK

[ ) F ) - O

([ o)

SlJ |un—u|2dx—>0, n — 00.
Rn

Thus we have proved that |[u,, — ul;n — 0,n — oo. L]

Now, we prove that the global attractor contains infinite
distinct pairs of equilibrium points.

Proof of Theorem 4. By the proof of Theorem 2, we obtain
that, for arbitrary r > 0, there exists a subspace V, ¢ V with
dimV, = rand p > 0, such that

sup E(u) < E(0) =0.
uev,ns, (92)
The above two lemmas show that E also satisfies conditions
(B,) and (B;) of Lemma 8; thus we obtain infinite pairs of
critical points, which implies the conclusion. O

Remark 18. In this paper, we suppose that the nonlinear term
f is continuous. If f(u) is a weak continuous function in
space H,i(IR") or f(x,u) : R" xR — R isa Carathéodory
mapping of C' in u, all conclusions in this paper are still valid.
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