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A modified predator-prey biological economic system with nonselective harvesting is investigated. An important mathematical
feature of the system is that the economic profit on the predator-prey system is investigated from an economic perspective.
By using the local parameterization method and Hopf bifurcation theorem, we analyze the Hopf bifurcation of the proposed
system. In addition, the modified model enriches the database for the predator-prey biological economic system. Finally, numerical

simulations illustrate the effectiveness of our results.

1. Introduction

At present, the increasingly serious problem of environmen-
tal degradation and resource shortage makes the analysis and
modeling of biological systems more interesting. From the
perspective of human needs, the exploitation of biological
resources and harvest of population are usually practiced in
the fields of wildlife, fishery, and forestry management. It is
well known that one of dominant themes in both ecology and
mathematical ecology is the dynamic relationship between
predators and their prey because of its universal existence
and importance in population dynamics. Many authors [1-
12] have studied the dynamics of predator-prey models with
harvesting and obtained various dynamic behaviors, such
as permanence, extinction, stability of equilibrium, Hopf
bifurcation, and limit cycle. Most of these discussions on
biological models are based on normal systems governed by
differential equations or difference equations.

In these years, it has been shown that harvesting has a
strong impact on dynamic evolution of a population; see [8-
16]. In fact, the harvesting should be a variable from real
world view, because it may vary with seasonality, market
demand, harvesting cost, and so on. On the other hand,
economic profit is a very important factor for governments,
merchants, and even every citizen, so it is necessary to
research biological economic systems with economic profit,
which can be described by differential-algebraic equations.

In particular, according to the economic principle in [5],
Zhang et al. [11-13] put forward a class of modified predator-
prey systems, which are established by differential-algebraic
equations. The advantages of the systems proposed in [11-13]
are that these models investigated the interaction mechanism
in the predator-prey ecosystem and offered a new cognitive
perspective for the harvested predator-prey biological system.
That is, the harvest effort on the predator-prey system can
be realized from an economic perspective. However, to our
knowledge, the systems in most of the articles on this subject
are with just one capture harvesting, such as the system
with predator harvesting or the system with prey harvesting;
so far there have been no attempts in the study of the
bifurcation of the predator-prey biological economic system
with nonselective harvesting.

The aim of this paper is to investigate the Hopf bifurcation
of a predator-prey biological economic system with nonse-
lective harvesting by using bifurcation theory in [17, 18] and
center manifold theory in [17-19].

The rest of the paper is arranged as follows: a predator-
prey biological economic system with nonselective harvest-
ing is established in Section 2. We investigate the Hopf
bifurcation for this system in the closed positive cone R’
in Section 3. Numerical simulations will be performed to
illustrate the analytical results in Section 4. A brief discussion
is given in Section 5.



2. Model

The basic model we consider is based on the following Lotka-
Volterra predator-prey model with harvest:

d—g—r£<1—£>—af~—ﬁf
a K J o

dy - - _
—~ =—-dy+bxy-Ey,
pra ytoxy—Ly

@)

where X and ¥ denote prey and predator population densities
at time 7, respectively. r > 0, d > 0 are the intrinsic growth
rate of prey and the death rate of predator in the absence of
food, respectively. K > 0 is the carrying capacity of prey.
a > 0and b > 0 measure the effect of the interaction of the
two populations. E represents harvesting effort. EX and Ey
indicate that the harvests for prey and predator population
are proportional to their densities at time f.

Based on the model system (1) and the economic theory
of fishery resource proposed by Gordon [5] in 1954, a
differential-algebraic model which consists of two differential
equations and an algebraic equation can be established as
follows:

ég—rf<k—£>—a%~—§f
i K) T
dy = s = )
— =-dy+bxy - Ey,
7 y+bxXy - Ey
0=E(p,%-¢)+E(p,7-¢,)-m,

where p, and p, are harvesting reward per unit harvesting
effort for unit weight of prey and predator and ¢, and ¢,
are harvesting cost per unit harvesting effort for prey and
predator, respectively. m > 0 is the economic profit per unit
harvesting effort.

For convenience, substituting these dimensionless vari-
ables in system (2),

X E _
x=£, y=ﬂ, E=—, t=rt,
K r r
d bK _
p=m, d=-, b=—, p =rKp,, (3)
r r
o _ ~
p=7Pp  a=1% o=,

and then obtain the following biological economic system
expressed by differential-algebraic equation:

%=x(l—x—y—E),
d
D ydabx-B), )

0=E(px-—c)+E(py—c)-p

In this paper, we mainly discuss the effects of economic
profit on the dynamics of the system (4) in the region R? =
{(x,y,E) | x>0,y >0,E > 0}.
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For convenience, we let

ren=(e )= ()

(5)
g X)=E(px+py—c-6)-i

X =(xE)".

3. Hopf Bifurcation

In this section, we will present some analytical criteria for the
Hopf bifurcation of the bioeconomic system (4). In order to
obtain the criteria, we need the following preparations.

Now, we try to find all positive equilibrium points of the
system (4). The positive equilibrium point X, = (x,, ¥y, Eg)"
of system (4) satisfies the following equations:

l-x-y-E=0,
-d+bx-E=0, (6)

E(pix-c)+E(py-¢)-pu=0.
By computing, we can easily obtain that the system (4) has an
equilibrium point X, = (x,, ¥y, EO)T = ((1/b)E,+d/b,—((b+
1)/b)E, + (b—-d)/b, EO)T, where E,, satisfies the equation

(1 — P2 — P2b) E’

(7)
+(pyd + p,b— pyd — be, — be,) E — by = 0.
Obviously,
E, = ((Pzd +be, +be, - pyd - p,b)
+ ((pid + psb — pod — be, — bey)’
(8)

+4bu (py - p, - sz))l/2>

-1
-@2(p1-p-pob) -

The paper only concentrates on the positive equilibrium
point of the system (4), since the biological meaning of the
positive equilibrium point implies that the prey, the predator,
and the harvest effort on prey all exist, which are relevant to
our study. Therefore, throughout the paper, we assume that
b-d
b+1’

pid + p,b— p,d —be, —be, >0,

b>d, E, < p1— P, — b <0,
9
(pyd + pob =~ pd — be, — be,)”

+4bu (p, = p, — pob) > 0.

For the system (4), we consider the following local
parameterization:

Y:‘I/(H’Y) =X, (u) +UpY + Voh(,Y),

gy (wY)) =0,

(10)
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where
10 0

U=[0o1], Vv,=(0], Y=@G,.n) R,
00 1

(11)

and h is a continuous mapping from R x R* into R which is
smooth with respect to Y. And then, we can deduce that the
parametric system of the system (4) takes the form of

yi = filwy(wY)),
¥, = H(ww(wY)).

Therefore, the Jacobian matrix A(y) of the system (12) at
Y = 0 takes the form of

(Dyl filwy (wY)) D, fi (v (4 Y)))
D, fo(wy (wY)) Dy, fo (v (1Y)
_ <Dxf1 (.%o (.“))) <DXg (1 X, (‘u))>_l ( 0 )

Dxf, (4 ?0 (!") UOT I,

(
(o

(12)

Y=0

)
Xo (1) Dyfy (1%, (1)
| )

U
Dy f> (@ X0 (.“) Dny (!4) Y0 (P‘))
E E
—x0+‘p1 %x, —x0+P2 % x,
~ 0 0
PiEg P.Ey ’
b o
Vo t+ Zo Yo Zo Yo

(13)

where Z = p\x+ p,y — ¢, =6, Zyg = piXg+ P2Yo — 6 — G
Therefore, the characteristic equation of the matrix J(y) can
be expressed as

A+ a (u)A+a,(u)=0, (14)

where ay; = —x, + piEgXo/Zg, a1, = =X + P, EgXo/ 2y, @y =
byo+p1Eg Yo/ Zo 0y = P2Eg Yol Zo, and ay () = —(ay; +ay,) =
Xo—P1EoXo/ Zo—P2Eo Yol Zo» (1) = a11055 01205, = bXg Y+
(p1 = P2 = bP,)Egx0¥0/ Zy-

Remark 1. The positive equilibrium point X, of the system (4)
corresponds to the equilibrium point Y = 0 of the parametric
system (12). For this reason, A(4) can be considered as
Jacobian matrix of the system (4) at X_O, which can be also
determined by the method in [16].

In (14), letting a, (¢) = 0, we obtain the bifurcation value
o = Zoxo/(p1Xg + PrYo)- In fact, if we let a?(u) < 4a, (),
then (14) has a pair of conjugate complex roots:

AL2=—§amu>iiJ%<ﬂ>—“l“”==a(u)iwmuy
(15)

By computing, we have

+
ali) =0, o () = TP 4
272

(16)

-p,—bp,)E
@ (fo) = \/bxo)/o + (2 PzZ P2) oxo)’o > 0.
0

Therefore, a phenomenon of Hopf bifurcation occurs at the
bifurcation value y,.

In order to calculate the Hopf bifurcation, according to

[3,17], when p = gy, X = X,, we need to lead the normal
form of the system (4) as follows:

. Ly 5
Y1 =w), t+ 5‘111)’1 +tapny,
| I )
T SapY, t Zam ) t 5011201 )2

2 6 2

1, > 11 3 4
+ 5“122)’1)’2 + gazzzyz + O(|Y| )’

(17)
. L, 5 o
V2= —wey t 5“11)’1 Tt api:
2 2 2 3. 1 3
T SapY, T Zam ) T 50411201 )1

2 6 2

L, > 15 3 4
+ 5“122)’1)’2 + g%zz)’z +o (|Y| )’

where w, = w(y,). And it can be proved that the parametric
system (12) with y = yy and X = X, takes the form of

J1 = fiy, (o Xo) 71 + fuy, (o Xo) 7
' %flylyl (#40:X0) 31 + Fryy, (0o Xo) 1175
Lo (10 %) 33+ L o (0 %o 77
* %f Ly, (Ho Xo) Y192 + %flylmz (440> Xo) 177

+ & i (b0 Xo) 33 0 (),



N = oy, (‘“0>Y0))’1 + fay, (//‘o’yo))’z

+ %nylyl (F‘o’yo) yf + foyy, (#O)Xo) 1)
%nyzyz (VO’YO)yg + énylylyl (.MO’XO))}T
+ %nylylyz (VO’XO)}/%)/Z + %nylyzyz (MO,XO))’J;

+ éfz)’z}’z}’z (‘MO’XO) y23 to (|Y|4) :
(18)

In the following, we will calculate the coeflicients of the
above parametric system (18). By calculation, we derive

D+xf (‘u,f) =(1-2x-y-E,—-x,-x),
Dxf, (#.X) = (by,~d + bx ~ E,~y),
Dxg ( ) (PE pE,prx+ py =6 — ),

),D, v (1,Y))

0
(12)
1E PzE bix+py -6 - /00
1 10
0 01

v (wY) =

(19)
Thus,

fiy, (1 X) = D fy (1. X) D,y (1, Y)

=1-2x-y- E+%x,

p.E

flyz (P"X) = Dxf, (M»X) Dyzll/(pt, Y)=-x+ —x,

PE

Fan (1 X) = Dxcfo (0 X) Dy, (1Y) = by + ==,

fay, (1 X) = Dgfo (1, X) Dy, y (1, Y)
=—d+bx—E+%y.

(20)
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Substituting 4, X, into (20),

fly1 (/’IO’YO) = _p;EO Yo>
0

— E

fly2 (HO’XO) ==Xt P;_Ooxo)
(21)

fzy1 (.“o’yo) =by, + p%_EO)’o’

0

f2y2 (P’oiyo) = pZEOJ’

From (20), we have

PE(py—¢-06)
72 ’

Dify, (%) = -2+

L _mpEx | opx)
Z2 Z

Difl}’z ([/l, X)

- (_1 + PE(py-a-c) _ngx M)
(22)

Z? zr z
foZyl (”’X)
_(_piEy, PE(Px-c-c) py
z2’ Z? z )

Difz)’z ([/l, X)

(b PiEy pE(pix-a-¢) —1+M>.

zr’ Z? ’ Z
According to (19) and (22), we obtain

flylyl (‘M’X) = IDYflyl (H)Y) Dyllﬂ(‘u, Y)

2pE(pry—¢ - ¢)
+ 72

>

iy (0 X) = Dxfry, (1 X) Dy (1Y)
— 14 lf’zE(sz—;lx—c1 ~a)
X v 2p2E
Fi (8 X) = Dy, (1 X) D, o) = =227,

2p°E
f2ym(”’ ) Dxfy, (”’ )D v(wY)=- lezy,
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fz)’l)’z ([/l, X) = DYnyl (lu’ X) Dyzw (Au’ Y)

PE(pix—py—6-¢)
=b+ = ! ,

f2y2y2 (#’Y) = DYnyZ (A“’Y) Dyzl// ([4’ Y)

_ 2p,E(pix—¢ - "2)'

ZZ
(23)
Substituting g, X, into (23),
e 2p1Ey (poyo — 6 — &)
Fiyn (FO’XO) =-2+ 7z >
_ 2p2E X
Fiyns (Moo Xo) = ==,
0
- P2Eo (P20 — Pr%o — 6 — )
fl)’l)’z (HO’XO) =-1+ Z% >
R (24)
— 2piEyy
fz)’l}’l (‘MO’XO) =" 1220 0’
0
-~ P1Eo (P1Xo = P2yo— 6 — 6)
Fayin (/"O’XO) =b+ 72 g

<\ _ 2By (Pixo — ¢ — &)
f2y2y2 (‘MO’XO) = = IZ(; : .
0

By (23) we get

— 4p°E -G -6
Dyfl}’l}’l ([/l, X) = (_ pl (p2§3 1 )’

2P P E(pix = oy + ¢ +6)
73 ’

2p, (pry -6 —6) )
Z? ’

—= E(p;x-3 + 3¢, + 3¢,
Do, (i X):<P1P2 (P Zzzzy 1+3a)

P;E Bpx—py+6+6)
73 ’

PPy -pix—c-¢6) )
Z? ’

2pE(py - pix—a-6)
z3 ’

4p3Ex  2p3x
2 )

D?fl}’z}’z ([,[,X) = <

5
foz}’l}ﬁ (‘u’?)
_ (4piEy 2PE(pix-py -6 -6) _2pfy>
oz 73 ooz )
_ sz(3py—px+c +6
foz}’l}’z (”’ X) = ( . : ZSI k ) ’
pipE(pry = 3p1x + 3¢ + 3¢)
73 ’
pi(pix—py—¢ _‘é))
72 ’
- 2p P, E(pry — prx+6 +6)
Dxfay,y, (”’X) :( L2 73 . . >
ApE(px-—a-¢)
73 ’
2p, (Plx -6 - Cz))
72 '
(25)

Substituting g, X, into (19) and (25), it is easy to compute
that

flJ’lJ’l}’l (AMO’XO) = folylyl (MO’XO) Dylw (MO’YO)

_ _6PfE0 (P20 - - )
Z

flylylyz (VO’YO) = Diflylyl (#O’XO) Dyz‘/’ (#0>Y0)

_ 2p1 2By (p1xg = 2P, )0 + 26 + 26,)
z;

flylyzyz (VO’YO) = Diflylyz (VO’XO) D,y 780

_ 2PgEo (2p1%g = Payo + 6 +6)

>

>

Z;
fl}’z)’z)’z (MO’YO) = DYflJ’z}Vz (‘MO’YO) D}Vzv/ (HO’YO)
_ 6P By
z:
f2}’1)’1)’1 (#O’XO) = DYnylyl (”O)XO)D)/IVI(.MO’YO)
_ 601 Eo Yo
z:

f2J’1}’1)’2 (AMO’YO) = DYnylyl (FO’XO) Dyzw (MO’YO)

_ ZPon (2p2y0 — Pr%o + 6 +6)
z;

>



fz)’1)’z)’z (1“0’?0) = Difzylyz (P‘o’yo) D,y (Ho> Y)

_ 2p1 P2 Eq (2o = 2P1% + 26, +26,)
Z;

fz)/zyz)’z (P‘o’?o) = Difzyzyz (P‘o’yo) D,y (Ho> Y)

_ _6P§E0 (prxo—a-q)
Z

>

(26)

According to (18), (21), (24), and (26), we obtain the paramet-
ric system (4), which takes the form of

. 2
Y =an) tapy, +aiy,;
2 3
tapy )y, taisy; ta)

+ a1 Yy A Y, + Y +0 (|Y|4) , )
27

Vo =any +any, + a23yf
+tapu ), t+ azs)é + azeyf
+ay Y1y, + Gy + s +o(IYTY),

where ay; = =(p,Eo/Zy) yo» a1y = —x¢ + (P1Eo/ Z)x¢ ay3 =
=1+ pEg(pryo— € - "2)/23’ ayy = =1+ prEo(payy — p1%o =
o - ) Zy ais = —prEoxo/Zy arg = —PrEo(payy — ¢ -
Q)/ZS’ a;; = pipEo(pixe — 2P0 + 26 + 202)/28’ dig =
PE2p1Xo = Payo + 6 + o) Zy, arg = Pgono/Z?p ay =
by, + (PrEo/Z0) Yo day = (P2Eo/Zo)Y> a3 = _Pon)’o/Zz>
Ay = b+ pLE(p1xg — P2yo— 6 — Gz)/Z(Zp ays = prEg(prxg —
- Q)/Z(z)’ Iy = Pon)’o/Z?)’ y; = P%Eo(zpz)’o — Pi1xo t
q+ Cz)/Z?p thg = P1P2Eo(Paye — 2p1xg + 2¢ + 202)/23’ and
o = =Py Eo(p1Xg — ¢ = &)/ Z.

Compared with the normal form (17), we should normal-
ize the parametric system (27) with the following nonsingular
linear transformation:

<y1) = p<u1> , U := (ul,uz)T, (28)
Y2 Uy

— 0 . .
where p = ( 2 ) For convenience, we use Y instead of

U. Thus, the normal form of system (4) takes the form of

Y1 =Wy, + b11}’f +bu ),
+ bn)’% + b14yf + bls)/f)’z
+bisy1Ys +biyys +0 (|Y|4) )
, (29)
Vo= —woyy + by ¥ + by y,
+ bza)’g + bz4)’f + bzs)/f}’z

+byy1y; +byy; +o (|Y|4) >
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_ 2 2
where by, = —(apaa;, + aia;, — a;45014)/a0,
b, = —(a,a.,0y — 2ay,0,:w0,)/A15 bis = —a,w:/a
2 = 12814W 11915Wo) [ Gyp> O3 = 15W/ 412>
b = —(aya,0%, + ad, — aa, — aagal)la
4 = 1141791, 19911 6% 124180/ 02>
bs; = —(2‘1112‘112‘118“’0 —2 1701,Wp  — 3“12“11‘00)/“12»
bis = —(3ayaw; — apagw’)/ay, by; = apw/ay, by =

2 2
—(ay3a7, + 57, — a1 a0y, — aybyy)/wy, b222 = —(a1,a4w, -
2aa0) — aybp)/wy, by = —(ayw; — apbis)/w,

_ 3 2 2 3
by = (azsanz + 51125’28“11;r ayi by — ay10y,0;, — ay90y,)/ W,
by = (aya,w, + 3“23“11“’0 + “nb%s = 2ay,a,,050)) ] wy,
b = —Bayayw; — apaw” — ayb)/wy, and

3
by; = (aywy — ay1by7)/wp.

Summarizing the previous results, we arrive at the follow-
ing theorem.

Theorem 2. For the system (4), there exist a positive constant
€ and two small enough neighborhoods of the positive equilib-
rium point X, (u): O and P, where0 < ¢ <« 1, O C P.

(1) If o, > 0, that is,

4b,, by, + 2by,by; + 2by,by,
Wy Wy Wy

+6by,

+2by + 2b,5 + 6by, (30)

2b,,b 4b,.b 2b,,b,
b 1 L B D
Wy Wy Wy

then,
(i) when py < u < py + & Xo(p) repels all the points in
P, and X, (p) is unstable;

(ii) when py—e < p < y, there exists at least one periodic
solution in O, one of them repels all the points in O \
{Xo(n)}, and there also exists one (may be the same
one) that repels all the points in P\ 0, and Xo(y) is
locally asymptotically stable.

(2) If o, < 0, that is,

4b,.b 2b,,b 2b,,b.
%1 “O0%3 | 9%
Wy Wy Wy

6by,

2b11b12

+2bjg + 2b,5 + 6b,; < (31

0
4b, by; 20D
+ 0% S
w, wy

then,

(i) when py — € < p < py, X (1) absorbs all the points in
P, and X, (p) is locally asymptotically stable;

(ii) when y, < p < p,+e, there exists at least one periodic
solution in O, one of them absorbs all the points in
5\{X0(y)}, and there also exists one (may be the same
one) that absorbs all the points in P \ O, and X, (y) is
unstable.
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FIGURE 1: When p = 0.155 < y,, the positive equilibrium point X, (y) is locally asymptotically stable.

Proof. From (17) and (29), we can obtain that

1 1 1
ay, = 2byy, a3 = O1p> ay, = 2by;,
1 1 2
ayy; = 6byy, ayy; = 2byg, ay, =2by,
2 2 2 2
app = by a5, = 2by;, ayyy = 2bys, Ayy; = 6by;.

(32)

According to the Hopf bifurcation theorem in [1, 14], next we
will judge the sign of the value o, which is defined as follows:

{1(2_1) 2(2_1)
A\ — ) Ty (a1 —ay

160y :

2 2 11 -1
+ (“11“12 - "112‘122)} ~(wp)

1 1 2 2
+ (am Tap, Tan,t ‘1222)

{

4b,,b 2b,,b 2b,.b
%1, 29203 | 2019
Wy

(33)

Wy Wy

+6by, + 2by + 2b,5 + 6b27}

2b,.b 4b,,b 2b,.b
1%2 | 291%3 | “0n%n
Wy

_{ }

In what follows, there are two cases that ought to be
discussed. That is, 0, > 0 and 0, < 0. And then the following

20 Wy

process is similar to the proof of the Hopf bifurcation theorem
in [1, 14], so the process is omitted here. O

Remark 3. The local stability of X, is equivalent to the local
stability of x,,.
4. Numerical Simulations

In this section, we present some numerical simulations to
illustrate our theoretical analysis. On the basis of condition
(9), the coefficients of the system (4) are chosen as follows:

P =65 p,=3,  ¢=L5,
(34)
=1, b=15  d=04
then the system (4) becomes
Z—: =x(1-x-y-E),
d
d—f = y(~04+15x - E), (35)

0=E(65x-15+E3y-1)-pu.

Clearly, the system (35) has a positive equilibrium point X, =
(x0> ¥o» Eg) = (0.3484,0.5290, 0.1226), and the bifurcation
value y, = 0.1657.
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FIGURE 2: Periodic solutions bifurcating from X,(¢) when p = 0.164 < y,.

In Theorem 2, we let ¢ = 0.015, and then, by Theorem 2,
the positive equilibrium point X,(u) of the system (35) is
locally asymptotically stable when p = 0.155 < y,, which has
been illustrated in Figure 1; the periodic solution occurs from
Xo(u) when p = 0.164 < y,, which has been illustrated in
Figure 2; the positive equilibrium point X (¢) of the system
(35) is unstable when ¢ = 0.171 > y,, which has been
illustrated in Figure 3.

5. Discussion

In this paper, we investigate the effects of the varying
economic profit on the dynamics of the bioeconomic system
(4). According to Theorem 2, we can see that if the fishermen’s
pursuit of economic profit y is equal to or larger than the
bifurcation value y, then the status of preys, the predators,
and the harvest effort will be unstable. Clearly, this is harmful
to the predator-prey biological economic system. Therefore,
in order to ensure the continuable and healthy development
of the biological economic system as well as maintain the
ideal income from the harvest effort, the fishermen ought to
guarantee that their positive economic profit y is less than the
bifurcation value y.

As we know, harvesting has a strong impact on the
dynamic evolution of a population. And many works have

been done for the predator-prey system with harvesting; see
[7-9, 11-16, 20]. Particularly, a class of biological economic
systems is proposed in [8,11-13,15, 20]. Some scholars analyze
the system with predator harvesting and some scholars
analyze the system with prey harvesting. Compared with the
above researches, the main contribution of this paper lies
in the following aspect. The predator-prey system we con-
sider incorporates nonselective harvesting. In fact, predator
harvest and prey harvest can also bring economic benefits
for us, so the system with nonselective harvesting that we
investigate is more realistic. And the analysis result in this
paper will be more scientific. So the modified model in our
paper enriches the database for the predator-prey biological
economic system.

In addition, stage structure, time delays, diffusion effects,
and disease effects may be incorporated into our bioeconomic
system, which would make the bioeconomic system exhibit
much more complicated dynamics.
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