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The problem of controllability to a given convex target set of linear fractional systems with ℎ-difference fractional operator of
Caputo type is studied. Necessary and sufficient conditions of controllability with constrained controllers for such systems are
given. Problem of approximation of a continuous-time system with Caputo fractional differential by a discrete-time system with
ℎ-difference fractional operator of Caputo type is discussed.

1. Introduction

In the control theory there are three fundamental concepts:
controllability, observability, and stability of the given control
system. Controllability means that there is a possibility to
transfer the considered system from a given initial state to a
final state using controls from some set. Observability means
the possibility of the reconstruction of an initial state on
the base of controls (inputs) and output sequences. It seems
that these concepts in the classical linear control systems
(for both continuous-time and discrete-time cases) are quite
well investigated. In last years some of theirs extensions on
nonuniform time domain have been done; see, for example,
[1, 2]. The other extension of the classical theory of control
systems is introducing instead of the classical time derivative
a fractional one (see, e.g., [3, 4]) or instead of the classical
difference operator a fractional difference (see, e.g., [5–7]).
In the recent years the fractional calculus is viewed as a
power tool in descriptions of real system’ behaviours; see, for
example, [8–10].

The controllability problem of fractional linear systems
was studied, for example, in [3, 7, 11–14]. In [15] controllability
of linear systems with Caputo type difference operators with
two different fractional orders was investigated. Later on
these results were extended to ℎ-difference linear control
systems with 𝑛 different fractional orders in [16].

In many cases it is assumed that the set of control
values coincides directly with the whole control space, but

in practise this set should be bounded; see, for example,
[17]. A restriction on controls possesses some difficulties
for controllability conditions. Necessary and sufficient con-
ditions for controllability of classical linear systems with
control constrains were proven in [18–20]. In [21] some of
results of [20] were extended to any time model. Conditions
for constrained controllability for a special class of linear
systems with two fractional orders and with Caputo type
difference operators were tackled in [22]. Generally, in the
field of systems with fractional order, this topic is worthy of
investigation. To the best of our knowledge, there exist only
few works in continuous-time case; see [23].

The goal of the present work is to give conditions for
possibility of steering of linear ℎ-difference control system
with fractional difference Caputo type operator to a given
convex target set 𝑋 from a specified initial state. To this aim
in Section 2 there are presented the needed definitions and
facts from fractional ℎ-difference calculus. Next, in Section 3,
using the separation hyperplane theorem, necessary and
sufficient conditions for constrained controllability of the
considered system are discussed. In [22] the first step in the
investigation of the problem of constrained controllability for
discrete-time fractional two-order linear systems, using the
specific transition and gramian controllability matrices, was
discussed. Now, in Section 3, using theZ-transformmethod
and Mittag-Leffler function introduced in [24] and similar
reasoning (that idea in fact comes from [20]), necessary and
sufficient conditions for constrained controllability of the
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considered system are presented. These results can be quite
easily extended to multistep and/or multiorder fractional
systems, but notation would be more complicated.

As real continuous-time models in some cases should
be approximated by discrete-time models, the problem of
approximation of a continuous fractional coast function by
a discrete-time one is discussed in Section 4. Section 5
discussed a particular case of constrained controllability,
namely, the case when the target set consists only of one
point. This specific situation obtains when a given object is
transferred to a predetermined position.

For our goal let us recall the separation theorem. Suppose
that𝑋 is a real normed space and 𝐴, 𝐵 ⊂ 𝑋.

Theorem 1 (see [25]). Suppose that 𝐴 and 𝐵 are convex and
disjoint sets. Let the interior of𝐴 be nonempty.Then sets𝐴 and
𝐵 are separable.

Theorem 1 implies that there exists a linear continuous
functional 𝑓 such that

sup
𝑦∈𝐵

𝑓 (𝑦) ≤ inf
𝑥∈𝐴

𝑓 (𝑥) . (1)

2. Preliminaries

Let us start from introduction of the basic notations and facts
needed in the subsequent sections.

For 𝛼 > 0, ℎ > 0, and 𝑎 ∈ R let (ℎN)𝑎 fl {𝑎, 𝑎 +

ℎ, 𝑎 + 2ℎ, . . .}. For a function 𝑥 : (ℎN)𝑎 → R, the forward
ℎ-difference operator is defined by

(Δ ℎ𝑥) (𝑡) fl
𝑥 (𝑡 + ℎ) − 𝑥 (𝑡)

ℎ
, 𝑡 = 𝑎 + 𝑘ℎ, 𝑘 ∈ N0, (2)

and the ℎ-difference sum is given by

(
𝑎Δ

−1

ℎ
𝑥) (𝑡) fl ℎ

𝑘

∑

𝑖=0

𝑥 (𝑎 + 𝑖ℎ) ,

(
𝑎Δ

−1

ℎ
𝑥) (𝑎) fl 0,

(3)

where 𝑡 = 𝑎 + (𝑘 + 1)ℎ and 𝑘 ∈ N0.
Let

𝜑𝜇 (𝑛) = (
𝑛 + 𝜇 − 1

𝑛
) , for 𝑛 ∈ N0, (4)

denotes the family of binomial sequences onZ parameterized
by 𝜇 > 0. Recall that (see [24])

(𝜑𝜇 ∗ 𝑥) (𝑛) fl
𝑛

∑

𝑠=0

(
𝑛 − 𝑠 + 𝜇 − 1

𝑛 − 𝑠
)𝑥 (𝑠) (5)

denotes the convolution of sequences𝜑𝜇 and𝑥(𝑠) fl 𝑥(𝑎+𝑠ℎ),
𝑛 ∈ N0. Then, the fractional ℎ-sum of order 𝛼 > 0 for a real
valued function 𝑥 defined on (ℎN)𝑎 is given by

(
𝑎Δ

−𝛼

ℎ
𝑥) (𝑡) fl ℎ

𝛼
(𝜑𝛼 ∗ 𝑥) (𝑛) , (6)

with 𝑡 = 𝑎 + (𝛼 + 𝑛)ℎ. Note that the operator
𝑎Δ

−𝛼

ℎ
maps

real valued functions defined on the set (ℎN)𝑎 into real valued
functions defined on the set (ℎN)𝑎+𝛼ℎ.

Let the discreteMittag-Leffler two-parameter function be
defined as follows (see [24]):

𝐸(𝛼,𝛽) (𝜆, 𝑛) fl
∞

∑

𝑘=0

𝜆
𝑘
𝜑𝑘𝛼+𝛽 (𝑛 − 𝑞𝑘) . (7)

Note that

𝐸(𝛼,𝛼) (𝜆, 𝑛) =

∞

∑

𝑘=0

𝜆
𝑘
(
𝑛 − 𝑞𝑘 + (𝑘 + 1) 𝛼 − 1

𝑛 − 𝑘
) ,

𝐸(𝛼,1) (𝜆, 𝑛) =

∞

∑

𝑘=0

𝜆
𝑘
(
𝑛 − 𝑞𝑘 + 𝑘𝛼

𝑛 − 𝑘
) .

(8)

Definition 2 (see [26]). Let 𝛼 ∈ (0, 1] and 𝑎 ∈ R. The Caputo
type fractional ℎ-difference operator

𝑎Δ
𝛼

ℎ,∗
of order 𝛼 for a

function 𝑥 : (ℎN)𝑎 → R is defined by

(
𝑎Δ

𝛼

ℎ,∗
𝑥) (𝑡) fl (

𝑎Δ
−(1−𝛼)

ℎ
(Δ ℎ𝑥)) (𝑡) , (9)

where 𝑡 ∈ (ℎN)𝑎+(1−𝛼)ℎ.

Note that for any 𝛼 ∈ (0, 1] the operator
𝑎Δ

𝛼

ℎ,∗
changes

the domain of the function 𝑥; that is, it maps real val-
ued functions defined on (ℎN)𝑎 into real valued functions
defined on (ℎN)𝑎+(1−𝛼)ℎ. Additionally, for 𝛼 = 1 it holds
that (

𝑎Δ
1

ℎ,∗
𝑥)(𝑡) = (Δ ℎ𝑥)(𝑡). We will need the backward

shifted discrete Mittag-Leffler function, that is, function
𝐸
𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, 𝑛) fl 𝐸(𝛼,𝛼)(𝐴ℎ

𝛼
, 𝑛 − 1).

3. Linear Control Systems with
Fractional Order

Let us consider the following linear control systemof the form

(
𝑎Δ

𝛼

ℎ,∗
𝑥) (𝑛ℎ) = 𝐴𝑥 (𝑛ℎ + 𝑎) + 𝐵𝑢 (𝑛ℎ) (10)

with an initial condition 𝑥(𝑎) = 𝑥0 and 𝑛 ∈ N0. Therin 𝑥 :

(ℎN)𝑎 → R𝑝 is a state vector, 𝐴 ∈ R𝑝×𝑝, 𝐵 ∈ R𝑚×𝑝, 𝑎 =

(𝛼 − 1)ℎ, and the values 𝑢(𝑛ℎ) of control 𝑢 are elements of an
arbitrary set Ω ⊆ R𝑚. Denote the state forward trajectory of
system (10), that is, a solution which is uniquely defined by
initial state 𝑥0 and control 𝑢 ∈ Ω by 𝜓(⋅, 𝑥0, 𝑢).

Corollary 3. System (10) with initial condition 𝑥(𝑎) = 𝑥0 and
a fixed control 𝑢 has the unique solution given by

𝜓 (𝑠, 𝑥0, 𝑢) = 𝐸(𝛼,1) (𝐴ℎ
𝛼
, 𝑛) 𝑥0

+ (𝐸
𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢) (𝑛) ,

(11)

where 𝑢(𝑛) = ℎ
𝛼
𝑢(𝑛ℎ).

Proof. The proof follows from the properties ofZ-transform
of the fractional Caputo type difference operator and it
mimics (with respect to ℎ) the proof of the similar result with
ℎ = 1 given in [24].
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The set of all states that can be reached by system (10) from
the initial state 𝑥(𝑎) = 𝑥0 in a finite number of steps 𝑠 is called
a reachable set and denoted byR𝑥0

(𝑠); see, for example, [27];
that is,

R𝑥0
(𝑠)

fl {𝑥 ∈R
𝑛
: 𝑥 (𝑡1) = 𝜓 (𝑠, 𝑥0, 𝑢) , for some 𝑢 ∈ Ω}

(12)

and R𝑥0
(0) fl {0}. Similarly as in [28] one can show that if

Ω ⊂ R𝑚 is compact and convex set, thenR𝑥0
(𝑠) is a compact

and convex subset of R𝑝 for any 𝑥0.
Let𝑋 ⊂ R𝑛 denote a target set andΩ ⊂ R𝑚.

Definition 4. System (10) is Ω-controllable to 𝑋 in a finite
number of steps 𝑠 from the initial state 𝑥(𝑎) = 𝑥0 if there exists
a control 𝑢 ∈ Ω which transfers this system to the set 𝑋 at a
prescribed number of steps 𝑠.

Let 𝑠 ∈ N0 and 𝑢(𝑛) fl ℎ
𝛼
𝑢(𝑛ℎ). For a vector 𝜆 ∈ R𝑝 let

us define the cost function in the following way:

𝐼 (𝑥0, 𝑠, 𝜆) fl 𝜆
𝑇
𝐸(𝛼,1) (𝐴ℎ

𝛼
, 𝑠) 𝑥0

+max
𝑢∈Ω

[(𝐸
𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢) (𝑠)]

− inf
𝑥∈𝑋

𝜆𝑥
𝑇
,

(13)

where 𝜆𝑇 denotes the transposition of the vector 𝜆 ∈ R𝑝.
From definition of the convolution it follows that (13) can be
rewritten as

𝐼 (𝑥0, 𝑠, 𝜆)

= 𝜆
𝑇
𝐸(𝛼,1) (𝐴ℎ

𝛼
, 𝑠) 𝑥0

+ ℎ
𝛼max
𝑢∈Ω

[

𝑠−1

∑

]=0
𝐸(𝛼,𝛼) (𝐴ℎ

𝛼
, 𝑠 − ] − 1) 𝐵 (]ℎ)]

− inf
𝑥∈𝑋

𝜆𝑥
𝑇
.

(14)

Note that if 𝛼 = 1 and ℎ = 1, then

𝐼 (𝑥0, 𝑠, 𝜆) = 𝜆
𝑇
𝐸(1,1) (𝐴, 𝑠) 𝑥0

+max
𝑢∈Ω

[

𝑠−1

∑

]=0
𝐸(1,1) (𝐴, 𝑠 − ] − 1) 𝐵𝑢 (])]

− inf
𝑥∈𝑋

𝜆𝑥
𝑇
.

(15)

Theorem 5. System (10) is Ω-controllable to an open convex
target set 𝑋 in 𝑠 steps from the given initial state 𝑥(𝑎) = 𝑥0 if
and only if there exists a vector 𝜆 ∈ R𝑝 such that 𝐼(𝑥0, 𝑠, 𝜆) > 0.

Proof. The proof is similar to the proof of the respective
results in [21].

“⇒” Ω-controllability of system (10) to the target set 𝑋
in 𝑠 steps from initial state 𝑥(𝑎) = 𝑥0 means that the set

R𝑥0
(𝑠) ∩𝑋 is not empty. So, by contradiction,Theorem 1 and

inequality (1) imply that

sup
𝜓(𝑠,𝑥0 ,𝑢)∈R𝑥0 (𝑠)

𝜆𝜓
𝑇
(𝑠, 𝑥0, 𝑢) > inf

𝑥∈𝑋

𝜆𝑥
𝑇
, (16)

where 𝜓𝑇 is the transposition of the vector function 𝜓. Then

sup
𝜓(𝑠,𝑥0 ,𝑢)∈R𝑥0 (𝑠)

𝜆𝜓
𝑇
(𝑠, 𝑥0, 𝑢) − inf

𝑥∈𝑋

𝜆𝑥
𝑇
> 0, (17)

so

sup
𝜓(𝑠,𝑥0 ,𝑢)∈R𝑥0 (𝑡1)

[𝜆
𝑇
𝐸(𝛼,1) (𝐴ℎ

𝛼
, 𝑠) 𝑥0

+ (𝐸
𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢) (𝑛)] − inf

𝑥∈𝑋

𝜆𝑥
𝑇
> 0.

(18)

SinceΩ is compact, then inequality (18) can be rewritten as

𝜆
𝑇
𝐸(𝛼,1) (𝐴ℎ

𝛼
, 𝑠) 𝑥0 +max

𝑢∈Ω

[𝐸
𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢] (𝑛)

− inf
𝑥∈𝑋

𝜆𝑥
𝑇
> 0.

(19)

Hence, there exists 𝜆 ∈ R𝑝 such that 𝐼(𝑥0, 𝑠, 𝜆) > 0.
“⇐” First let us note that if system (10) is not Ω-

controllable to an open and convex target set𝑋 in 𝑠 steps from
the given initial state 𝑥(𝑎) = 𝑥0, then R𝑥0

(𝑡1) ∩ 𝑋 = 0. So,
Theorem 1 implies that

sup
𝜓(𝑠,𝑥0 ,𝑢)∈R𝑥0 (𝑠)

𝜆𝜓
𝑇
(𝑠, 𝑥0, 𝑢) ≤ inf

𝑥∈𝑋

𝜆𝑥
𝑇
. (20)

On the other hand, if there exists a vector 𝜆 ∈ R𝑝 such
that 𝐼(𝑥0, 𝑠, 𝜆) > 0, then taking into account compactness of
the setΩ, the following holds:

𝐼 (𝑥0, 𝑠, 𝜆)

= 𝜆
𝑇
𝐸(𝛼,1) (𝐴, 𝑠) 𝑥0

+max
𝑢∈Ω

[(𝐸
𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢) (𝑠)] − inf

𝑥∈𝑋

𝜆𝑥
𝑇

= sup
𝑢∈Ω

[𝜆
𝑇
𝐸(𝛼,1) (𝐴, 𝑠) 𝑥0 + [𝐸

𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢] (𝑠)]

− inf
𝑥∈𝑋

𝜆𝑥
𝑇
= sup
𝜓(𝑠,𝑥0 ,𝑢)∈R𝑥0 (𝑠)

𝜆
𝑇
𝜓 (𝑠, 𝑥0, 𝑢) − inf

𝑥∈𝑋

𝜆𝑥
𝑇

> 0.

(21)

So, we have contradiction with (20) and in the consequence
with the assumption that system (10) is notΩ-controllable to
an open convex target set 𝑋 in the finite number of steps 𝑠
from the given initial state.

Corollary 6. If the target set 𝑋 is closed and convex, then
system (10) is Ω-controllable to 𝑋 from initial state 𝑥(0) = 𝑥0
in a finite number of steps 𝑠 if and only if for any vector 𝜆 ∈ R𝑝

such that ‖𝜆‖ = 1 it holds thatmin‖𝜆‖=1𝐼(𝑥0, 𝑠, 𝜆) ≥ 0.
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Proof. “⇒” Theorem 5 implies that 𝐼(𝑥0, 𝑠, 𝜆) > 0, so also
inf𝜆𝐼(𝑥0, 𝑠, 𝜆) ≥ 0. Then min‖𝜆‖=1𝐼(𝑥0, 𝑠, 𝜆) ≥ 0 for any
𝜆 ∈ R𝑝.

“⇐” Inequality min‖𝜆‖=1𝐼(𝑥0, 𝑠, 𝜆) ≥ 0 implies that also
inf𝜆𝐼(𝑥0, 𝑠, 𝜆) ≥ 0, so the thesis follows fromTheorem 5.

4. Approximation of Continuous-Time Control
Systems of Fractional Order

Since during the study of real phenomena sometimes
continuous-timemodels should be approximated by discrete-
time ones, in this section we consider the problem of
approximation a coast function associatedwith a continuous-
time linear fractional control system with Caputo differential
by the respective coast function associated with the discrete-
time linear control system with ℎ-difference fractional oper-
ator of Caputo type.

Before stating the main result of this section let us recall
some facts and results about approximation of a continuous-
time linear control system with the Caputo fractional differ-
ential by an ℎ-difference linear control system with fractional
Caputo type operator.

Proposition 7 (see [29]). Let 𝛼 ∈ (0, 1], ℎ > 0, 𝑎 ∈ R, and
𝑡 ≥ 𝑎. If 𝑡ℎ fl 𝑎 + (1 − 𝛼)ℎ + 𝑛ℎ, where 𝑛 = [(𝑡 − 𝑎)/ℎ] + 1 and
[(𝑡 − 𝑎)/ℎ] is the greatest integer less than or equal to (𝑡 − 𝑎)/ℎ,
then limℎ→0𝑡ℎ = 𝑡 and

lim
ℎ→0

(𝑡ℎ − 𝑎)
(−𝛼)

ℎ
= (𝑡 − 𝑎)

−𝛼
. (22)

Let us recall that the Caputo fractional derivative of order
𝛼, 0 < 𝛼 ≤ 1, of a real continuous function 𝑥 is defined as

𝐶

𝑎
𝐷
𝛼
𝑥 (𝑡) =

1

Γ (𝑛 − 𝛼)
∫

1

𝑎

𝑥
(𝑛)
(𝜏)

(𝑡 − 𝜏)
𝛼+1−𝑛

𝑑𝜏, (23)

where Γ denotes the gamma function.

Proposition 8 (see [29]). Let 𝛼 ∈ (0, 1], let ℎ > 0, and let𝑓 be
a continuous real function with integrable 𝑓 defined on some
interval [𝑎, 𝑇] with 𝑇 > 𝑎 > 0, and 𝑡ℎ fl 𝑎 + (1 − 𝛼)ℎ + 𝑛ℎ,
where 𝑛 = [(𝑡 − 𝑎)/ℎ] + 1. Then

(
𝐶

𝑎
𝐷
𝛼
𝑓) (𝑡) = lim

ℎ→0

(
𝑎Δ

𝛼

ℎ,∗
𝑓) (𝑡ℎ) . (24)

Consider an initial value problem defined for the Caputo
fractional derivative with order 𝛼 ∈ (0, 1] of the form

𝐶

𝑎
𝐷
𝛼
𝑥 (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) , 𝑥 (𝑎) = 𝑥𝑎 ∈ R

𝑛
, (25)

where 𝑡 ∈ (𝑎, 𝑇], 𝑎 > 0, 𝑥 : (𝑎, 𝑇] → R𝑝. Let (𝑎, 𝑇](ℎN)𝑎 fl
(𝑎, 𝑇] ∩ (ℎN)𝑎+(1−𝛼)ℎ. Suppose that system (25) is uniformly
sampled with a sampling step ℎ, ℎ > 0. As a result of this
operations, we can consider an initial value problem given for
the ℎ-difference fractional operator of Caputo typewith order
𝛼 ∈ (0, 1]:

(
𝑎Δ

𝛼

ℎ,∗
𝑦) (𝑡) = 𝑓 (𝑡, 𝑦 (𝑡 + 𝑎)) , 𝑦 (𝑎) = 𝑥 (𝑎) = 𝑥𝑎, (26)

where 𝑎 = (𝛼 − 1)ℎ, 𝑛 ∈ N0, 𝑦 : (𝑎, 𝑇](ℎN)𝑎
→ R𝑝.

Let 𝑡ℎ fl 𝑎 + (1 − 𝛼)ℎ + 𝑛ℎ with 𝑛 = [(𝑡 − 𝑎)/ℎ] + 1 and
𝑎 = (𝛼 − 1)ℎ, 𝛼 ∈ (0, 1]. Also let 𝑥 : (𝑎, 𝑇](ℎN)𝑎

→ R𝑛.

Proposition 9 (see [29]). The solution 𝑥 of system

(
𝐶

0
𝐷
𝛼
𝑥) (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) , 𝑥 (0) = 𝑥0, (27)

is approximated by the solution of system

(
𝑎Δ

𝛼

ℎ,∗
𝑥) (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) , 𝑥 (𝑎) = 𝑥0, (28)

in values via the limit limℎ→0𝑥(𝑡ℎ) = 𝑥(𝑡).

Let us consider a continuous-time linear control system
with the Caputo fractional differential

(
𝐶

0
𝐷
𝛼
𝑥) (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) , 𝑥 (0) = 𝑥0, (29)

where 𝑡 ∈ (0, 𝑇], 𝑇 > 0, 𝐴 ∈ R𝑝×𝑝, 𝐵 ∈ R𝑚×𝑝, and the values
𝑢(𝑡) of control 𝑢 are elements of an arbitrary setΩ ⊆ R𝑚. The
trajectory 𝛾(𝑡, 𝑥0, 𝑢) of color blue system (29) is described by
(see [11])

𝛾 (𝑡, 𝑥0, 𝑢)

= E𝛼 (𝐴𝑡
𝛼
) 𝑥0

+ ∫

𝑡

0

(𝑡 − 𝑠)
𝛼−1

E(𝛼,𝛼) (𝐴 (𝑡 − 𝑠)
𝛼
) 𝐵𝑢 (𝑠) 𝑑𝑠,

(30)

where E(𝛼,𝛽) denotes two-parameter continuous Mittag-
Leffler function defined as

E(𝛼,𝛽) (𝑧) fl
∞

∑

𝑘=0

𝑧
𝑘

Γ (𝑘𝛼 + 𝛽)
(31)

for 𝛼, 𝛽 > 0 and E(𝛼)(𝑧) fl ∑
∞

𝑘=0
(𝐴

𝑘
𝑡
𝑘𝛼
/Γ(𝑘𝛼 + 1)). Using the

convolution operator formula (30) can be rewritten as

𝛾 (𝑡, 0, 𝑥0, 𝑢) = E(𝛼) (𝐴𝑡
𝛼
) 𝑥0

+ (𝑡
𝛼−1

E(𝛼,𝛼) (𝐴𝑡
𝛼
) ∗ 𝐵𝑢) (𝑠) .

(32)

Similarly as in Section 3, we can define the reachable set
for system (29), denoted byR𝑥0

(𝑡), as the set of all states that
can be reached by system (29) from the initial state 𝑥(0) = 𝑥0
in a finite time 𝑡 ∈ (0, 𝑇]; that is,

R𝑥0
(𝑡) fl {𝑥 ∈R

𝑛
: 𝑥 (𝑡)

= 𝛾 (𝑡, 0, 𝑥0, 𝑢) , for some 𝑢 ∈ Ω} .
(33)

By the samemotivation as in [28] one can note that ifΩ ⊂ R𝑚

is compact and convex set, thenR𝑥0
(𝑡) is also a compact and

convex subset of R𝑝 for any 𝑥0.
Let𝑋 ⊂ R𝑛 denote a target set andΩ ⊂ R𝑚.

Definition 10. System (29) isΩ-controllable to𝑋 in a time 𝑡 ∈
(0, 𝑇], 𝑇-positive arbitrary but fixed, from initial state 𝑥(0) =
𝑥0 if there exists a control 𝑢 ∈ Ω which transfers this system
to the target set𝑋 in time 𝑡.
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For a vector 𝜆 ∈ R𝑝 let us define the cost function in the
following way:

𝐼 (𝑥0, 𝑡, 𝜆) fl 𝜆
𝑇
E(𝛼) (𝐴𝑡

𝛼
) 𝑥0

+max
𝑢∈Ω

[(𝑡
𝛼−1

E(𝛼,𝛼) (𝐴𝑡
𝛼
) ∗ 𝐵𝑢) (𝑠)]

− inf
𝑥∈𝑋

𝜆𝑥
𝑇

(34)

for any 𝑡 ∈ (0, 𝑇] with positive 𝑇 arbitrary but fixed.

Proposition 11. Let 𝛼 ∈ (0, 1], ℎ > 0, 𝑎 ∈ R, and 𝑡 ≥ 𝑎. If
𝑡ℎ fl (1−𝛼)ℎ+𝑛ℎ, then the continuousMittag-Leffler function
E(𝛼,𝛼)(𝐴𝑡) is approximated by the the discrete Mittag-Leffler
two-parameter function 𝐸(𝛼,𝛼)(𝐴, 𝑡ℎ).

Proof. By Proposition 9 the solution of IVP (
𝐶

0
𝐷
𝛼
𝑥)(𝑡) =

𝐴𝑥(𝑡), 𝑥(0) = 𝑥0, that is, by

𝑥 (𝑡) = E(𝛼) (𝐴𝑡
𝛼
) 𝑥0, 𝑡 ∈ (0, 𝑇] , (35)

is approximated by the solution of system (
0Δ

𝛼

ℎ,∗
𝑥)(𝑡) =

𝐴𝑥(𝑡), 𝑥(0) = 𝑥0, that is, by

𝑥 (𝑡) = 𝐸(𝛼) (𝐴ℎ
𝛼
, 𝑡ℎ) 𝑥0, 𝑡ℎ ∈ (0, 𝑇](ℎN)𝑎

. (36)

Additionally, fromProposition 7, it follows that limℎ→0𝑡ℎ = 𝑡.
Then E(𝛼)(𝐴𝑡

𝛼
) can be approximated by 𝐸(𝛼)(𝐴ℎ

𝛼
, 𝑡ℎ).

Corollary 12. Let 𝛼 ∈ (0, 1], ℎ > 0, and 𝑡 ≥ 𝑎. If 𝑡ℎ fl
(1 − 𝛼)ℎ + 𝑛ℎ, then the continuous Mittag-Leffler function
E(𝛼,𝛽)(𝐴𝑡) is approximated by the the discrete Mittag-Leffler
function 𝐸(𝛼,𝛽)(𝐴, 𝑡ℎ).

Proof. Result is a consequence of definitions of two-param-
eter Mittag-Leffler functions in continuous- and discrete-
cases, respectively, and of Propositions 11 and 7.

Theorem 13. Assume that linear control system (29) is approx-
imated by control system of the form

(
𝑎Δ

𝛼

ℎ,∗
𝑥) (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) , 𝑥 (0) = 𝑥0 (37)

with 𝑎 = (𝛼 − 1)ℎ, 𝑛 ∈ N0, 𝑥 : (𝑎, 𝑇](ℎN)𝑎
→ R𝑛. Then the

cost function 𝐼(𝑥0, 𝑡, 𝜆) described by (34) can be approximated
by the cost function 𝐼(𝑥0, 𝑠, 𝜆) given by (13).

Proof. If system (37) is the one that we can obtaine under the
uniform samplingwith sampling step ℎ > 0 from continuous-
time linear system (29), then by Corollary 12 the trajectory of
(29) can be approximated by the respective trajectory of (37)
in values via the limit limℎ→0𝑥(𝑡ℎ) = 𝑥(𝑡). Hence thesis is a
simple consequence of definition of the coast function (34),
Corollary 12, and Proposition 11.

5. Some Remarks

Let us, using the classical reasoning (see, e.g., in [30, 31]),
shortly remark a special case of constrained controllability of
system (10) to the target set𝑋 that consists only of one point.

Let us consider system (10) and let 𝑋 = {0}. By
Corollary 3, the final state 𝑥𝑓 that can be obtained in a finite
number of steps 𝑠 from the initial state 𝑥(𝑎) = 𝑥0 using
controls 𝑢 with values inΩ ⊂ R𝑚 is given by

𝑥𝑓 = 𝜓 (𝑠, 𝑥0, 𝑢)

= 𝐸(𝛼,1) (𝐴ℎ
𝛼
, 𝑛) 𝑥0 + (𝐸

𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢) (𝑛)

(38)

with 𝑢(𝑛) = ℎ
𝛼
𝑢(𝑛ℎ). Note that in fact

(𝐸
𝜌

(𝛼,𝛼)
(𝐴ℎ

𝛼
, ⋅) ∗ 𝐵𝑢) (𝑛)

= ℎ
𝛼

𝑠−1

∑

]=0
𝐸(𝛼,𝛼) (𝐴ℎ

𝛼
, 𝑠 − ] − 1) 𝐵𝑢 (]ℎ) .

(39)

Denoting by

𝑄 (𝑠) =

𝑠−1

∑

𝑘=0

𝐸(𝛼,𝛼) (𝐴ℎ
𝛼
, 𝑠 − 𝑘 − 1) 𝐵 (40)

it can be easy to see that the target set𝑋 = {0} to which system
(10) should be steered from the given initial state 𝑥(𝑎) = 𝑥0
using controls 𝑢𝑠 = (𝑢(0), 𝑢(ℎ), . . . , 𝑢((𝑠 − 1)ℎ)), 𝑢(𝑘ℎ) ∈ Ω, is
given by

0 = 𝐸(𝛼,1) (𝐴ℎ
𝛼
, 𝑠) 𝑥0 + ℎ

𝛼
𝑄 (𝑠) 𝑢𝑠. (41)

Corollary 14. Let 0 ∈ intΩ. Assume that system (10) is
controllable in a finite number steps 𝑠. Then there exists a
neighborhood𝑉0 of state 𝑥(𝑎) = 𝑥0 ∈ R𝑝 such that all elements
of 𝑉0 can be steered to set 𝑋 = {0} using the control 𝑢𝑠 with
controls values in Ω.

Proof. First of all note that system (10) is controllable if and
only if matrix 𝑄(𝑠) is invertible. So the sequence of controls

𝑢𝑠 = −ℎ
−𝛼
𝑄
−1
(𝑠) 𝐸(𝛼,1) (𝐴ℎ

𝛼
, 𝑠) 𝑥0 (42)

transfers the given initial state to the final state 𝑥𝑓 = 0, that
is, to the target set 𝑋 = {0}. Then there exists 𝐾 such that
‖𝑢(𝑡)‖ ≤ 𝐾‖𝑥‖ for 𝑡 ∈ {0, 𝑠, . . . , 𝑠ℎ} and 𝑥 ∈ R𝑝, hence the
thesis.

Corollaries 12 and 14 imply the following.

Corollary 15. If controllable system (29) with 𝑡 ∈ (𝑎, 𝑇],
𝑇 > 0, is approximated by controllable (in finite number steps)
system (37) with 𝑡 ∈ (𝑎, 𝑇](ℎN)𝑎

and �̃� = (𝑢((1 − 𝛼)ℎ), 𝑢((2 −

𝛼)ℎ), . . . , 𝑢((𝑠 − 𝛼)ℎ)), then there exists a neighborhood 𝑉0 of
state 𝑥(0) = 𝑥0 ∈ R𝑝 such that all elements of𝑉0 can be steered
to set 𝑋 = {0} using the control 𝑢𝑠 with controls values in Ω.

6. Conclusions

In the paper we consider the problem of steering in a finite
number of steps of a linear ℎ-difference control system with
Caputo type fractional operator to a given target set when
the control is subject to specified magnitude constraints.
Necessary and sufficient conditions for the constrained
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controllability for this class of systems to the target set
were proposed. Since in some cases continuous-time models
should be approximated by discrete-time ones, conditions
for approximation of the coast function associated with a
continuous-time linear fractional control systemwithCaputo
differential by coast function associated with the respective
(i.e., obtained by uniform sampling) discrete-time linear con-
trol system with ℎ-difference fractional operator of Caputo
type were presented.
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