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We study connectivity property in the superposition of random key graph on random geometric graph. For this class of random
graphs, we establish a new version of a conjectured zero-one law for graph connectivity as the number of nodes becomes
unboundedly large. The results reported here strengthen recent work by the Krishnan et al.

1. Introduction

Random key graph (RKG), also known as uniform random
intersection graph, is a random graph defined below. Con-
sider a set with n nodes and another key pool with P, keys;
we assume each node randomly chooses K,, distinct keys for
its key ring; two nodes can establish a secure link between
them if they share at least one common key in their key rings.

The random key graph is naturally associated with
the random key predistribution scheme of Eschenauer and
Gligor [1] for wireless sensor networks (WSNs). A WSN is
a collection of distributed sensor devices that are able to
communicated wirelessly and supports wide range of applica-
tions such as health and environment monitoring, imaging,
tracking, and biomedical research; see [2]. These applications
require all nodes in the network to be within communication
range and to be connected with high probability.

Some partial results concerning the connectivity of RKGs
were given in [3-5]. In [6], Rybarczyk gave asymptotic
tight bounds for the thresholds of the connectivity, phase
transition, and diameter of the largest connected component
in RKGs for all ranges of K,,.

With the advent of ad hoc sensor networks, an interesting
class of random graphs, namely, random geometric graphs
(RGGs), has gained new importance and its properties have
been the subject of much study. Here the nodes are randomly
distributed in a finite Euclidean space and there is an edge

between two nodes if the Euclidean distance between them
is below a specified threshold. Much work has been done on
graph theoretic properties of such graph, comprehensively
summarized in the monograph of [7].

Recently, there is interest in random graphs in which an
edge is determined by more than one random property, that
is, superposition of different random graphs. The superposi-
tion of ER random graphs over RGGs has been of interest for
quite some time now. Recent work on such random graphs
is in [8, 9] where connectivity properties and the distribution
of isolated nodes are analyzed. And the superposition of ER
random graphs on RKGs is considered in [10]. Such a graph
is constructed as follows: a RKG is first formed based on the
key distribution and each edge in this graph is deleted with a
specified probability.

The superposition of RKGs on RGGs is first studied in
[11]. The »n nodes are distributed in a finite Euclidean space
and each node is assigned a key ring of K|, distinct keys drawn
randomly from a pool of P, keys. Two nodes have an edge if
and only if they share at least one common key in their key
rings and their Euclidean distance is at most r,,. Pietro et al.
[11] have shown that under the scaling nriKﬁ [P, = c(logn/n),
the one-law that this class of random graphs is connected
follows if r, > 0 and ¢ > 207. Another notable work is due
by Krzywdzinski and Rybarczyk [12], where the authors have
improved these results and established the one-law for ¢ > 8
without any constraint on r,,. Recently, Krishnan et al. [13]



have shown that for large #, this class of random graphs will
be connected if K,, > 2,7, and P, are selected such that

K,,P, — oo,

K2
P,

n

P, > 2K, @
P, > o‘nrﬁ,

2Ki> 2 logn
1-y n ’

foranyo > 0and 0 < y < 1. They also observed that for large
nand 0 < ¢ < 00, the probability that this class of random
graphs is disconnected is at least ™ /4 if the scaling satisfies
riK_ﬁzlogn+cl. @)

P, n

The connectivity in the superposition of RKGs on RGGs
is still studied in this paper. Assuming that P, > n, we show
that given nr2K>/P, = log n+c,, this class of random graphs
is disconnected if ¢, — —00, and for ¢, — 00, this class of
random graphs is connected.

In this paper, we use standard, asymptotic notations: a,, =
e®,), a, = wb,), a, = o(b,), and a, ~ b, for 3., 4ch, <
a, < Cb,, a,/b, — o00,4a,/b, — 0,anda,/b, — 1,
respectively, all limits are taken as#n — o00. The phrase “with
high probability” (abbreviated whp) means with probability
tending to one as n tends to infinity.

The rest of the paper is organized as follows. Our
main result is presented in Section 2. Namely, the theorem
concerning zero-one law for graph connectivity is presented.
Section 3 contains technical proof of Theorem 1. Finally,
Section 4 discusses prospects of establishing tighter connec-
tivity thresholds in the superposition of RKGs on RGGs.

2. Main Result

The n nodes are uniformly and independently distributed in
R = [0,1]%. Let x; € R be the location of point i. A key pool
with P, cryptographic keys is designated for the network of n
nodes. Node i randomly chooses a subset S; of keys from the
key pool with |S;| = K,,. Our interest is in the random graph
G(P,,K,,,) with n nodes and edges formed as follows. An
edge (i, j), 1 <i < j < m,ispresentin G(P,, K,,r,) if both of
the following two conditions are satisfied:

E;: "xi - xj" <7y )
E,:§nS; #0,

where | - || represents the Euclidean norm. Condition E,
produces a random geometric graph with the transmission
range r,. Imposing condition E, on E, retains the edges of
the random geometric graph for which the two nodes share
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at least one common key. Thus G(P,, K,,, r,,) is a superposition
of RKG on RGG.

In the following, to avoid technicalities which obscure the
main ideas, we will neglect edge effects resulting due to the
fact that n nodes are distributed uniformly and independently
over a folded unit square R = [0, 1]> with continuous
boundary conditions and a node is close to the boundary of
R. Throughout the paper, we set nrrrﬁ = d,, where d,, =
w(logn) and d,, = o(n'=*) for any small 0 < § < 1. The
following theorem gives zero-one law for the connectivity of
a superposition of RKG on RGG.

Theorem 1. Let K, > 2, K,,P, — oo, K>/P, — 0, P, > n.
Then

(i) ifﬂrﬁKﬁ/Pn = (logn+c,)/nandc, — —oo, then with
high probability G(P,, K,,, 1,,) is disconnected;

(ii) ifﬂrﬁKﬁ/Pn = (2logn+c,)/nandc, — oo, then with
high probability G(P,, K,,,1,,) is connected.

The first part of the Theorem 1 is proved by using the
second moment method, that is, considering the probability
of finding at least one isolated node in the network for
a random graph G(P,,K,,r,). The second part takes a
slightly different approach, we assume that R = [0,1]* is
entirely coved by circle cells of radius r,/2. Connectivity of
G(P,,K,,r,) is ensured as follows: (1) every circle cell is
dense; namely, every circle cell has @(nrﬁ) nodes inside it; (2)
the overlapping structure of any two adjacent circle cells has
at least one common node; and (3) the nodes in any circle cell
form a connected subgraph.

3. Proof of Theorem 1

Before proceeding, we first introduce some definitions and
auxiliary lemmas. Fori = 1,2,...,n,let X; = 1 if node i is
isolated in G(P,,K,,,1,,) and X = Y| X;. Then, X is exactly
the number of isolated nodes in G(P,, K,,,1,,). Let |S| denote
the cardinality of a set S and let E(X), Var(X) denote the
expectation and variance of random variable X, respectively.
As a special case of Markov’s inequality the first moment
method states that

Pr(X >1) < EX, (4)
and the second moment method (special case of Tsche-
byscheft’s inequality) states that
VarX
(EX)"

If X is a binomial distributed random variable, A = EX and
for any t > 0, then we will use the following variants of
Chernoff’s inequality (see [14]):

Pr(X=0) < (5)

2
PI'(XZA'Ft)SeXp(—m),

2
Pr(XS/\—t)Sexp(—;—/\).
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Of course, it is easy to check that

P,-K, 2
( 7 )N K @
(¢) B

under the assumption that lim,, _, . ,(K2/P,) = 0, where 3, is
the probability that two nodes share at least one common key.
Throughout, we make use of the standard bounds

()=

valid for all u,n = 1,2,... with u < n. Finally, we note the
equation

ﬁnzl_

(1-p)" ~ e ©)

holds if mp* — 0.

Proof of Statement (i) of Theorem L Let o, = mr2, B, =
1- ( P"I}f” ) / ( 112: ), where f3,, is the probability that two nodes
share at least one common key in their key rings. By linearity
of expectation, EX = E(} ., X;) = nEX;; hence

EX =nEX, =n(1-a,pB,)""
~nexp(-(n-1)a,pB,)

logn+cn>

= nexp (—(n— 1) " (10)

1
=nexp (-logn-c,)exp (()gn—i-cn>
n
~ nexp (—logn) exp (—¢,) = exp (-¢,) — oo,
as ¢, — —o0. The second moment method now implies the
result we require, provided that we can show that VarX =

o((EX)%). Now

VarX = E(X) - (EX)* 2 0, (1)

and so it suffices to show that E(X?) = (1 + o(1))(EX)*. Note
that

E(X*)=EX+n(n-1)E(X,X,), (12)

where 1, 2 are fixed nodes. Since EX — 00, it therefore
suffices to prove that

nn-1)E(X;X,)

3 — 1 asn— oo. (13)
(EX)

Note that X, X, take the value 1 exactly when node 1and node
2 are both isolated. Consider two discs of radius r,, centered

at x; and x,; let d = ||x; —x,||; the cross term n(n—1)E(X, X,)
is shown to be given by

nn-1)E(X,X,)=nn-1)Pr(X;X,=1)
=n(n-1)Pr(X;X,=1|d>2r,)Pr(d>2r,)
+n(n-1)Pr(X;X,=1]|r,<d<2r,) (14)
Pr(r,<d<2r,)+n(n-1)
Pr(X,X,=1|0<d<r,)Pr(0<d<r,).

Conditional on the range of d, we consider the following
three cases. In each case, the conditional joint probability of
two nodes being isolated can be obtained from [13].

(1) d > 2r,: this case happens with the probability 1 —
4e,,, and

Pr(X,X,=1|d>2r,)=1-2a,8) . (15

(2) r, < d < 2r,: this case happens with the probability
3a,, and

Pr(X,X,=1]|r,<d<2r,)

S(Kn+1)exp<—(n_2)(2_ %

n

_2’

(16)
)it ).
wherey, =1- (P”;(ZK")/(IIE” )

(3)0<dc<ry, this case };appens with the probability «,,,
and

Pr(X,X,=1|0<d<r,)

ﬁ_4

17)
< exp (—(n—2)<2— >ocm8n>.
B
The upper bound on n(n — 1)E(X; X,) that nodes 1 and
2 are isolated if v, < d < 2r,and 0 < d < r, is obtained
together using (16) and (17). So 3n(n — 1)a,Pr(X, X, = 1 |
r,<d<2r)+nn-1a,Pr(X;X, =110<d<r,)is
upper-bounded as follows:

3n(n-1)a,Pr(X,X,=1|r,<d<2r,)+nn-1)

co,Pr(X;X,=110<d<r,)

< nin = 1) (Ifn e exp <logn[ L 2“
n ﬁn (18)
_ G (2 — "yn/ﬁn — 2")
logn
+ (4_2(”)}n/ﬁn_2”))‘xnﬁn < L
logn RV

See [13] for details.
From (14), (15), and (18), the term n(n — 1)E(X,X,) is
bounded as

nmn-1) (1 - 4“n) (1 - zanﬁn)n_z
(19)
<nn-1)E(X;X,).



The term n(n — 1)E(X; X,) also satisfies

n(n-1)E(X;X,)

20
Sn(n—1)(1—4ocn)(1—20¢nﬁn)”_2+%. 0
Since EX = n(1 —a,B8,)" ", if n — o, we find that
nn-1)(1-4a,)(1 —Zanﬁn)”_z .
(EX)*
(21
nn-1)(1-4a,)(1-2a,B,)" " +1/Vn o
(EX)? '

The above two convergence formulas are true since «, =
d,/n, where d, = w(logn), d, = o(n"™*), and «,B, =
(logn+c,)/n. We see that (13) holds as required, which implies
that

X
Pr(x=0)< 2% (22)

(EX)
asn — 00, which concludes the proof. O
If noa,3, = logn + ¢, for any ¢, — 00, we have

EX — 0. Then using the first moment method, we see that
the probability Pr(X > 1) < EX — 0holds; thisimplies a.a.s.
there are no isolated nodes in random graph G(P,,K,,,1,,).
The upcoming corollary is immediate from the proof of
statement (i) of Theorem 1.

Corollary 2. In the model G(P,,K,,,r,), let K, > 2, K,,P, —
o0, K2/P, — 0, P, >n, and

ZK_ﬁ _ logn+c,

23
R pE (23)

(i)If¢, » —-ocoasn — oo, then whp G(P,,K,,1,)
contains at least an isolated node.

(ii) If ¢, —» ocoasn — oo, then whp G(P,,K,,,r,) does
not contain an isolated node.

Proof of Statement (ii) of Theorem 1. We consider the unit-
area square on R = [0, 1]% R is divided into square cells of
size s, x s,, where 1/s, is an integer. Let the center of square
cell be the center of the circle cell and let the diagonal line of
the square cell be the diameter of the circle cell. In this way, R
is entirely covered by the circle cells. Also we let 7, = /2s,;
this means that two nodes in the same circle cell are within
communicating range of each other.

Recall that na, = d,,, where a,, = nr>,d,, = w(logn) and
d, = o(n"P1=) 1n order to complete the proof, we show
the following two lemmas.

Lemma 3. (i) Every circle cell is dense; specifically, whp every
circle cell has @(nrﬁ) nodes in it.
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(ii) The overlapping structure of any two adjacent circle cells
whp has @(nsi) nodes.

Proof. (i) First, we analyze the denseness of every circle cell;
let N; denote the number of nodes in circle cell i, 1 <i < 1/s..
Obviously, N; is a binomial random variable with parameters
(n, (ﬂ/Z)Si). Let W; denote the event that the circle cell 7 is
not dense, in other words, for any 0 < §, < 1/2, 68, < 6§,
IN; — (ﬂ/2)nsfl| > 6, (n/Z)nsfl. Using Chernoff’s inequalities
on N;, we have

Pr (Ni <(1-9)) gnsi) < exp (—gnsfﬁf) ,

(24)
Pr (Ni >(1+6,) gnsi> < exp (—gnsi8f> .
Consequently
22
9
Pr(W,;=1) <2exp (—Tm;" L )
d,5:
= ZeXp(— ;61 ),
(25)
1/s} 2
T 1 d,é
Pr<iL_J1Wi = 1) < gPr(Wi: 1) < exp<— ;‘21 )
—0

which implies that every circle cell is dense.

(i) Now we consider the nodes in the overlapping
structure of any two adjacent circle cells. Let N’ denote the
number of nodes in the overlapping structure of any two
adjacent circle cells. Clearly N' is a binomial random variable
with parameters (1, ((m —2) /4)si). Forany0 < §, < 1, wealso
use Chernoff’s inequalities on N':

Pr<N’§(l—82)n_

n

2 -2
nsﬁ) < exp <—ﬂ p n528§) ,

-2 -2
Pr <N' >(1+6,) ﬂ4 nsﬁ) < exp <_n16 nsi6§>

From the two above inequalities we may easily get

-2 -2
Pr(lN’—7T ns. 262ﬂ4 nsi)
T=2 50 T-2 . 9 27
S2€xp<— T nsn82>=2exp<—mdn62> (27)
— 0.

The above expression implies that N” is very likely close to its
expectation ((7 — 2)/ 4)nsfl. So we get our result that whp the
overlapping structure of any two adjacent circle cells has at
least one common node.

Lemma 4. The nodes in any circle cell form a connected
subgraph; that is, for any fixed 1 < i < 1/s’ circle cell i contains
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no components of size l, 1 <1 < N,/2, where Nj is the number
of nodes in circle cell i.

Proof. This part takes a slightly different approach; we con-
sider the subgraph formed by the nodes in circle cell i; denote
this subgraph by G;. We will show that for any circle cell i there
are no components of size 1,2,...,N;/2 in G,.

Consider any fixed circle cell i, 1 < i < 1/s%, for any
nonempty subset L of nodes in circle cell i; that is, L <
{1,2,...,N;}, with 1 < |L| < N;/2; define the following
events.

C;(L): a subgraph induced by nodes in L is connected.

B;(L): Lisisolated in circle cell i; that is, there are no edges
between the nodes in L and the nodes in the complement

={1,2,...,N;} — L. Consider

A;(L) = B;(L)nC; (L),

[N;/2] (28)
o= Jaw.
I=1 L|L|=l

Further, let C;; and A;; denote C;(L) and A;(L) with |L| = [,
respectively. Then the sufficient condition for every circle cell
a.a.s. containing no components of size I (1 < < N,/2) is to
have Pr(D;)/ 53; — 0. Conditioned on W;, we have

Y. Pr(D; | W= j)Pr(W; = )
je{o0,1} (29)
<Pr(D;|W;=0)+Pr(W,=1).

Pr(D;) =

The above inequality uses bounds on the factorial, Pr(W; =
0) < land Pr(D; | W; = 1) < 1; from Lemma 3, we get
Pr(W, = 1)/sﬁ — 0; thus we focus on showing that Pr(D; |
W, = 0)/531 — 0. Note that

[N;/2]
Pr(D, | W, =0) = Pr( U U Au)

=1 L=l
(30)

<

[N;/2] < N,

l )Pr (Ai).

I=1

We let U;; denote the number of distinct keys in the
component of size | in G;. Adapting [5], for any x =
K,,...,min{IK,, P}, we have

K2
Pr(A;;) <Pr(U;; < x)exp (— (N;=1) ﬁ)

n

(31)

+Pr(C,y) exp (— (N, -1) K, (x+ 1))

From [5], we know that

Pn X K
Pr(UiJSX)S(x)(E) 32)

PI'(CZ) llZ ll

First we use the standard Poissonization technique [7, 15]
to show the probability of having isolated nodes in any of the
circle cells. Denote the circle i by Aj; let I; = 1 be the event
that node i is isolated in A;, and let D, (¥;) be the intersection
of A; and the disk centered at position ¥; € A; with radius
r,» where node i is at position ;. Similar to the discussion in
[16], the number of nodes within D, (¥;) follows a Poisson
distribution with mean nD, (?) and to have an edge with
i, a node not only has to be within a D, (v;) but also has
to share at least a key with node i, so the ‘number of nodes
neighboring to i follows a Poisson distribution with mean
nf,D, (v;). Integrating v; over A, the probability that node
iis isolated in A, is given by

Pr(f;=1)= J e PP Ol g (33)

i

The probability that there are no isolated nodes in any of the
circle cells is bounded below:

11+6 _ o
_NPr (I=1)< . Luiks W L AP

n i

L exp (—nﬂngsf‘) |A,|

1+6

IN

210gn+cn> T2 (34)
4 2"

21
1+817rdnexp<— 0gn+cn>
8 4

1+6,; (
< 5 nwexp | —

IN

1+6

IN

L exp <—% logn + log dn> .

The second step and the third step are obtained since
ID,n(?,»)I = (71/2)si and [A;] = (7T/2)Si, respectively. Since
d, = o(n/M1=9) \ye get

1
S—le.Pr (I,=1) —o. (35)

n

Next we prove that every circle cell i contains no compo-
nent of size [, 2 < I < N,;/2. The sum term in (30) is evaluated
in following three cases based on the size of the component
L.

Case I (2 <1< R). In the case, fewer than (1 — €)IK,, keys are
assigned to the component L, where 0 < §,/(1 - §;) <e <1,
and R is an integer. Note that

K2
Pr(A;;) <Pr(U;; <x)exp (— (N;-1) P—")

’ (36)
K, (x+ 1))

n

+Pr(C)exp (- (N, =)



6
First, we will give an upper bound on Pr(U;; < x) because
Pr(U;; <x)=Pr(U;<(1-¢)IK,)
B ( P, )((1 —e)lKn>lK"
“\(1-9¢IK, P,
eP, =9k, /(1 - e)IK, \ K (37)
<(—=r LT
(aom)  (557)
eK,1
< & (ZK—"> .
Pn
Since P, > n and nnrﬁ = d,, where d, = w(logn), d,
o(nV/P1=9)) \ve have
K, P,(2logn+c,) 1 1
Sk [ En L08R TG) PP
Pn \/ dn Pn - dn o8 (38)

< R(logn) .

Since K,, — o0 we have ¢K,, — 00 and thus for sufficiently
large n

Pr(U;,; <x)=Pr(U;<(1-¢)IK,)

el/sKl EKn ! (39)
< ( B ”) <n’.

Then we have

1 K2
S—ZZP (Ui,l < X) exp| — (Nl - l) P_
n L n

1 & /N, K2
< — < : —l =
223 (ci )
R /N.
< Slzz < lz) n—ln—(l—él)/2+2R/dn
ni=2 (40)

1 - - -
< —p~(1=80)/2+2R/d, (Nizn 2 +---+NiRn R)

IA

2
1 _q-s)2+2rid, (1 +6 2\ 2
—n V/2+2R]d, —Lnrsl ) n2(1+0(1))
s, 2
r(1+8,) _
< ( ; 1) dn (1-8))/2+2R/d, =1 __ ()
The second inequality is true since N; > ((1-6,)/ 2)n7rsfl and
2nms? = d,. Thelast step holds since d,, satisfies d,, = w(log 1)
and d, = o(n1/M179))
. .

Discrete Dynamics in Nature and Society

The following term satisfies

1 K 1
ggpr (Ci,l) €xp <— (N;-1) n(;—:)>
R /N (41)
=25 (Ve e (~ov-p KB,
Snl:z l n
Because |N; — (n/2)nsfl| < (71/2)7153,, we also have
K 1 1
n;Pr i exp< (N;-1) %) < 2
R ‘ K2
‘ - 2< )
;( )i (5
l(N I) K,N;
R 1 2\ -1
z(e(l +fl)/2) nﬂSfl( ﬂsi&)
= I P,
llKi nms,
ol )
(42)
(e

R(e(1+8,)/2) 2logn+c¢,\*
SZ - ( ogn c>

2

i

(1—6)(1—6)1( i —1)2logn +c,
B 2 N, 2
(e

(§ o)),

.WPQLJM%(Eﬁgi&)

1-4,)(1
- l#logn+logn>.

Since 6,/(1 - 98,) <€, we get (1 -38,)(1 +¢€) > 1. Then for
sufficiently large », from above discussion, we have

(e (-ov-p D)

nlz n
— 0.

Hence the probability that the subgraph G; has a compo-
nentof size[,2 < < Ris

1R
)

=2

( )Pr (4;) —o0. (44)
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Case2(R+1 <1< L,(n)).Here L,(n) = min{P,/K,, N;/2}.In
this case, we assume that the component L is assigned at most
(1/4)K, I keys. The probability that the subgraph G; contains
a component of size [, R + 1 <[ < min{P,/K,,, N;/2}, is

ZPr (Ay)
<ZPr( < X) (45)

+ ZPr(CL,) exp (— (N;-1) Ky G U).

Vl

The above bound is true since the expression exp(—(N; —
l)Kﬁ /P,) < 1, where we are summing over all subsets of nodes
of sizel, R+ 1 <1 < min{P,/K,, N;/2}. We wish to prove that
this sum tends to 0 asn — ©o0.

Now we prove that ), Pr(U;; < x) — Oasn — oo.
Similar to the argument in the proof of case 1, we get

L /N, P, K \Ko
CIERE S ()0 ) (G5)
I=R+1 ! ZlKn 4P”

(46)

The summand in this last expression may be written in the
form (y”)", where y = eK,l/4P, and t = 2P,/e. Since y’
has no internal maximal value, our summand is maximized
at the extremes of its range. Let ¢ denote the maximum of the
summand; here

{( eK, >Kn/2 ( e )Pn/z ( e )N,.Kn/z;}
U = max = =
4P, 4 4 (47)

As K, — 00, we have

L,(n)
1 & (N 1 (N,
- Pr(U;; < s—(—’+1>
Szl 17;_1 ( ] ) r ( il X) Szl ) u ( )
- 48
11496 1)
<t L Si < 1mr‘u:o(l).

- 2
Sh

7
Now consider the second term in (45)
L (N-DK, (x+1)/P, _ 1
TN n(Xt n
52 Z ( )PI’ (C ) < 5—2
1 ]=R+1 n
Ly(n) N) ZKZ 1
: Cirst exp(—(N. =) ) <=
lgﬂ ( ! " T4p ) T8
R ((1+81)e)l n o\(7 LK, o
K809 (7m0 (7K
iyt ) 2 2 P, (49)
IK2
exp (-0 )
<L1(") 1+8 11(210gn+cn>l1
- I=R+1 2 4
(I-1)logn
~exp(—<1—61—7m$2> S
Rewrite the above using the notation
146 21 +
Ve (18)eClognrs) o)

dexp ((1 -8, - 2l/nns?)logn/8)’

and then

L‘Z('f) ((1+ 81)e)l n (210gn +c, )l_l
2

2
I=R+1 ! 4

21 (I-1)logn m
'exp<—(l—61— nnsﬁ) g < (51)

R
. Zan (l)lfl < @ A (l)

& 2 1-a,()

The last step is true since 1 — 8, — 2I/zns> > 0, so for some
appropriate a > 0,

K,(x+1)
Pr(Cy)exp (- (N; - 1) —"——
521;1( ) : ( Pn > (52)
1

na

Case 3 (L{(n) <1< N;/2: L{(n) = min{P,/K,,, N;/2}). In this
case, the component L of circle cell i is assigned at most P, /4
keys; we have that

ZPT (Ai,l)
T
< ZPr( < x) (53)

+§,Pr(ci,l)exp<_(N )K (x + 1))

Tl



Now we first show(l/sfl)ZL Pr(U;; <x) — O0asn — oo:

N;/2 P, I,
1 1 N; n 1\ Kn
SYPr(Uy<x)<= ) ( l) 1 (—)
s - l -p, ) \4

4

N./2
1 N N; _ 1
<= Y o)t < S
y\ S

n

P
2N ex <—"
P 4

1+3,
4

3
d,log2 - =P, log2
n 108 2n0g (54)

log(d,/2m) logn
T e ))

n n

N;/2 N; N; ¢
I:Ll(n)( ) ) < 2", Since P, >

n,d, =o(n )), the final expression tends to 0.
The term (l/sfl) 2. Pr(C;)) exp(=(N; = DK, (x + 1)/P,) is
bounded as follows.

1 LN, K, (x+1
L3 (T)rrcen(-ov-n Kb h)

The third inequality uses )
(1/4)(1-8

ni=L,(n)
N,/2
1 & (N K,N; 1
33 ()on(- 521 s,
S 1=L(n) I 8 8
1-6 K
+Nilog2—logsﬁ>3exp<— 3 lnnsfl(?"

—10g2> —log<j—”>+logn> < exp (—% (1 (55)
m

Kn dn
-4) (? —10g2> —10g<5> +logn>
Sexp(—dn(l_al <&_
4 8

logn
)

The first inequality uses Pr(C;;) < 1and [ < N;/2. Since d,, =
w(logn)and d, = o(n(1/4)(1_8)), then for any K, > 8log 2, the
last expression tends to 0.

Therefore the probability that the subgraph G; has a
component of size I, L;(n) < I < N,;/2, Ly(n) =
min{P,/K,, N;/2} is

N;/2
1 & (N
3 Y (ll)Pr(Ai)l)—>0. (56)
”l:L1(”)

1 2
log2> _ log (Zn/ )

n

From the above discussions, we have shown that for every
circle cell i, 1 < i < 1/s., the probability for the existence
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of component of size [, 1 <[ < N;/2, tends to 0 as n tends to
infinity, which concludes Lemma 4.

We have proved that the overlapping structure of two
adjacent circle cells contains at least one node and every
circle cell is connected. The above two conditions ensure that
G(P,,K,,1,)is connected. Combining Lemma 3 with Lemma
4, the statement (ii) of Theorem 1 is established. O

4. Conclusion and Future Work

Connectivity in G(P,,K,,,1,) is the core subject of our
paper. We obtain the zero-one law for graph connectivity in
G(P,, K,,r,) under the given conditions. In order to get zero-
one law for graph connectivity, we initially use the second
moment method to get the 0-statement; then we show that
any two adjacent circle cells share at least one common node
and prove that any circle cell is connected to get the 1-
statement.

We conjecture that it is possible to prove a sharper con-
nectivity threshold for random graph G(P,, K,,,r,). Indeed,
we believe that the following conjecture is true.

Conjecture 5. Let K, > 2, K,, P, — o0, K./P, — 0, P, >
n, and
K2
ri_n _ logn+cn. (57)
P, n
(i) If ¢, — —o0, then whp G(P,,K,,,1,) is disconnected.
(ii) If ¢, — c, then the probability that G(P,,K,,,r,) is
connected tends to e™® "
(iil) If ¢, — oo, then whp G(P,, K,,,r,) is connected.

The results in this paper hold under the condition that
d, = w(logn) and d, = o(n"""*). It would be interesting
to see whether such results could be established under the
condition that d,, = w(logn) and d,, = o(n), which remains
an open research challenge.
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