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We improve some results on the existence and multiplicity of solutions for the (p,(x),...

, P,(x))-biharmonic system. Our main

results are new. Our approach is based on general variational principle and the theory of the variable exponent Sobolev spaces.

1. Introduction

In this paper, we consider the existence of solutions for the
following system:

A (|Aui|p"(x)_2 Aui) = AF, (x,up,ty,...ou,)  in Q,
@
u; =Au; =0 on 0Q,

for1 < i < n where Q ¢ RY (N > 2) is a bounded
domain with smooth boundary 0Q. A is a positive parameter
and F : O x R" — R is a function such that the mapping
(tteeest,) = F(x,tl,tz,...,tn)isinC1 inR" forallx € Q,
F, denotes the partial derivative of F with respect to ;, and
F, is continuous in Q) X R" fori = 1,2,...,n p(x) €
C(Q) (i=1,2,...,n) with N/2 < p; = inf 5 p;i(x) < p/ =
sup,..g pi(x) < +oo.

In recent years, many authors considered the existence
and multiplicity of solutions for some fourth order problems
[1-10]. In [4], based on critical point theory, the existence
of infinitely many solutions has been established for a class
of nonlinear elliptic equations involving the p-biharmonic
operator and under Navier boundary value conditions. The
p(x)-Laplacian operator is more complicated nonlinearities
than p-Laplacian; it is inhomogeneous and usually it does
not have the so-called first eigenvalue, since the infimum
of its principle eigenvalue is zero. In [11], based on vari-
ational methods, the authors established the existence of
an unbounded sequence of weak solutions for a class of

differential equations with p(x)-Laplacian. In [12], when the
nonlinearity f has the subcritical growth and via variational
methods [13], the authors obtained the existence of at least
one, two, or three weak solutions for a class of differential
equations with p(x)-Laplacian whenever the parameter A
belongs to a precise positive interval. Recently, the p(x)-
biharmonic problems have attracted more and more atten-
tion; we refer the reader to [11, 14-21]. In [16], El Amrouss and
Ourraoui studied the p(x)-biharmonic equation with Navier
and Neumann boundary condition; the technical approach is
based on Ricceri’s variational principle and local mountain
pass theorem, without Palais-Smale condition. In [20], the
authors established the existence of at least three solutions for
elliptic systems involving the (p(x), g(x))-biharmonic opera-
tor. In [15], Allaoui et al. considered the existence of infinitely
many solutions for the (p(x), g(x))-biharmonic problem by a
general Ricceri’s variational principle. However, there are rare
results on (p, (x),..., p,(x))-biharmonic problem.

Inspired by the aforementioned papers, our objective is to
prove the existence and multiplicity solutions for problem (1);
we study problem (1) by using the results as follows.

Theorem A (see [13, 22]). Let X be a reflexive real Banach
space; @ : X — Ris a continuously Gateaux differentiable and
sequentially weakly lower semicontinuous functional whose
Gateaux derivative admits a continuous inverse on X*; ¥ :
X — R is a continuously Gateaux differentiable functional
whose Gateaux derivative is compact such that

@ (0) =¥ (0) =0. (2)



Assume that there exist v > 0 and u € X, withr < ®(u), such
that

(1) supg <, ¥ W) /r < ¥(w)/®(u);
(ii) foreach A € A, = (d)(ﬁ)/‘P(ﬁ),r/supq,(u)g‘lf(u)), the

functional ® — AY is coercive.

Then, for each compact interval [a, B] € A,, there exists
p > 0 with the following property: for every A € [a, 3], the
equation

' () - A (u) =0 (3)
has at least three solutions in X whose norms are less than p.

Theorem B (see [23]). Let X be a reflexive real Banach space;
O,¥ : X — R are two Gateaux differentiable functionals
such that ® is sequentially weakly lower semicontinuous and
coercive and Y is sequentially weakly upper semicontinuous.
For every r > inf @, let one put

SUP, e (—cor)) ¥ ) =¥ (u)

r) = inf >
¢ ) ued1((~00,r)) r— O (u)
y = liminf o (r), (4)

6= hmmf (p(r)

r—(infy ®
Then, one has the following:

(a) For every r > infy @ and every A € (0,1/¢(r)),
the restriction of the functional I, = ® — AY to
O ((~00,7)) admits a global minimum, which is a
critical point (local minimum) of I, in X.

(b) If y < +00, then, for each A € (0,1/y), the following
alternative holds: either

(bl) I, possesses a global minimum, or

(b2) there is a sequence {u,} of critical points (local
minima) of I, such that lim D (u,) = +00.

n—+00

(c) If § < +o0o0, then, for each A € (0,1/9), the following
alternative holds: either

(cl) there is a global minimum of ® which is a local
minimum of I, or

(c2) there is a sequence of pairwise distinct critical
points local minima of I, which weakly converges
to a global minimum of .

This paper is organized as follows. In Section 2, we recall
some basic facts about the variable exponent Lebesgue and
Sobolev spaces, some important properties of the p(x)-
biharmonic operator. In Section 3, we establish the main
results.
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2. Preliminaries

In order to deal with the p(x)-biharmonic problem, we need
some theories on spaces LF®(Q), W™?™)(Q) and introduce
some notations used in the following.

Denote

C,(Q)={nec(Q); h(x)>1, vxeQ},

PY Q) = {u
(5)

u is a measurable real-valued function,

J [ulP® dx < oo}

Q

We introduce a norm on L? (x)(Q)'
p(x)

|14|P(x)=inf{/\>0:jQ M del}. (6)

Then (L™ (Q), | - | P(X)) becomes a Banach space; we call it a
generalized Lebesgue space.

Proposition 1 (see [24]). The conjugate space of LF™(()
is L'®(Q), where 1/p(x) + 1/p’(x) = L. For any u ¢

LFY(Q) and v € Lpo(x)(Q), one has the following Holder-type
inequality:

1 1
”Q uvdx| < (1? + W) |u|p(x) |V|P0(x) : 7)

The variable exponent Sobolev space W™P™)(Q) is defined
by
Wm’P(X) (Q)
(8)
={u e L' (Q) | D*u e I’V (), |of < m},

where « is the multi-index and |«| is the order, m is a positive
integer, and it can be equipped with the norm

lellmpiy = ), 1D ul - )
|a|<m

From [24], we know that spaces LP™(Q) and W™P*)(Q)) are
separable, reflexive, and uniform convex Banach spaces.

We denote by Wom’p(x)(Q) the closure of C°(Q) in
WP (@),

Let X = H?:l(Wz’Pf(x)(Q) n Wol’p"(x)(Q)) endow with the
norm

n
(s v, = Z ”“i"p,.(x)’ (10)
i=1

where

bl = o {2

oL (%

(11)

Vi, pi(x) | |p,(x)
1 .

A

A pr(x

A
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Remark 2. According to [25], the norm || - ||, p(x) 18 equivalent

to the norm |A - | p(x) I the space w2P (x)(Q) n WO1 P (x)(Q).
Consequently, the norms || - "2,p(x)’ |A - Ip(x), and | - IIP(X) are
equivalent.

Proposition 3 (see [24]). Put p(u) =
WP (Q) N W, P (Q); then
M lullyy < 1(=1>1) © pu) < 1(= 1;> 1);

JQ |AulPPdx, Yu €

(2) Nl 2 1 =l < p(w) < Bl

) llullpy < 1= IIMIIP o) S p(u) < IIuIIP(x ;

Proposition 4 (see [20, 26]). The embedding WOI’P"(’C) N

WP s C(Q) is compact whenever p; > N/2, i = 1,2,
.., 1. So there is a constant C > 0 such that

ma‘xxeﬁ Iui (x)l

C := max su
b [ lw | a2

weW2B0 Q)W PP ()\ {0}

< +00.

3. Main Results

Definition 5. One says that u = (u, u,, ...
solution to the system (1) if u = (u;, u,, ...

,u,) € X is a weak
,u,) € X and

n

L Z (|Aui (x)|P"(X)72 Au; (x) Av; (x)) dx

i=1

n
—AJQ ZFu,- (%, 0y, Uy, .5 Uy,

i=1

(13)
)v; (x)dx =0

for every v = (vy,v,,...,v,) € X.
Let p = min{p;; i = 1,2,...,n}, p = max{p;;i = 1,2,
...,n}. For o > 0, one denotes the set

Q(o) = <|(t1,t2,...,tn)elR", Z|ti|30]’- (14)
i=1

Define the function I; : X — R by
L (u) = D (u) - AY (u) (15)
forall u = (uy,u,,...,u,) € X, where

n

D (u) = Z — |Au 1P dx,

¥ (u) = JQF(x,ul,...,un)dx.

Then the operator @' : X — X*, where X* is the dual space

of X, is defined by

' (1) (v) = Z JQ |AL£,-|P"(X)_2 Au;Av, dx, 17)

i=1

forv=(v;,v,,...,v,) € X.

g ! . . . .
Proposition 6. @' is continuous, coercive, and strictly mono-
! . . .
tone. (') admits a continuous inverse on X .

Proof. Since

n

' (u) (u) = ZJ |Au,~|P"(x) dx

i=1 7 Q

(18)
> Y min {7l
i=1
and p; > 1, then @' is coercive.
Using the elementary inequalities
(P2 x =y y, x - y)
1
Sl p22 (19)
> 2
- [~
5 P<2
"Il + )"
We deduce that
<CD' w) - (v), u- v> >0, (20)

which means that @' is strictly monotone. The inverse
operator (®')" of @' exists and the continuity of (@) can
be proved essentially by the same way as the latter part of the
proof of [16, Proposition 2.5]; we omit the details. O

From Proposition 6, we see that ® € C 1(X,R). Since X is
compactly embedded in C(Q) x --- x C(Q), we can see that
® : X — R are sequentially weakly lower semicontinuous.

The functional ¥ : X — R is Gateaux differentiable
functional and

¥ (1) (v) = J ZF (6, up, gy oo uy) v (x)dx,  (21)

forv = (v;,v,...,v,) € X. V¥ is sequentially weakly upper
semicontinuous. Furthermore, ¥ : X — X* is a compact
operator. Indeed, it is enough to show that ¥’ is strongly
continuous on X. For this, for fixed (u,u,,...,u,) € X, let
(U Ugger -+ > Upg) — (U, Uy, ... u,) weakly in X as k —
+00. Then we have (1, ty, . . ., U,y) converges uniformly to
(uy,uy,...,u,)onQask — +oo [27]. Since F(x,-,...,") is C*
in R" forevery x € Q,sofor 1 <i <m, F, (X, Uy, ..., Uy) =
F, (x,uy,...,u,) strongly as k — +0co, from which follows
V(X Uy s thg) — (X, 1y, ..., 1) strongly as k — +0o0.
Thus we have that ¥’ is strongly continuous on X, which
implies that ¥’ is a compact operator by [27, Proposition
26.2].

Theorem 7. Assume the following:
(Al) F(x,0,0,...,0) =0 for x € Q.

(A2) There exist a(x) € LY(Q) and n positive constants [3;
with B; < p; for 1 <i < n, such that

OsF(x,tl,...,tn)S(x(x)<1+i|t,-|ﬁ"> (22)
i=1



for ae x € Q, (t,....t,) € R}, where R} =
(tptyseeont,) €RYL 20, fori=1,2,...,n

t,)dx <
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(A3) There exist x, € Q, 0 < R, < Ry, M; > 0, and
8 € Rwithd > (R, — R})/2N and (20N/(R; -

RO (N1 (1 + N/2))(RY = RY) > 1 such that

min{(l/p;r) (bi/C)p"+ (1<i< n}

J sup  F(x,ftp,...,
Q Jt,I<bylt,|<b,

Y1 (1/p7) (26N/ (R2 = R2))P (rN2/T (1 + N/2)) (RY - RY) (23)

J F(x,0,....8)dx,
B(xy,R;

where b, = min{C, M} for 1 <i < n.

Z?:l (I/P;) (ZSN/ (R% -

R (N2 (14 Np2) (RY - RY) - min {(1/p7) (B/C)

Then, setting

-1<i§n}

F(x,0,...,0)dx

IB(XO’RI)

for each compact interval [, ] C A, there exists a positive
real number p with the following property: for every A € [a, 8],
problem (1) admits at least three weak solutions whose norms
are less than p.

, (24)

_[Q SUP|¢ 1<yt 1<t F (x,t,...,t,)dx

Proof. To apply Theorem A to our problem, the functionals
@, ¥ satisfy the conditions of Theorem A. Now, we show that
the hypotheses of Theorem A are fulfilled.

Now we set u, = (0,...,0); from (Al), we have ®(u,) =

W(uy) = 0. Let x, € Q,0 < R, < R,, and take
0, x € O\ B(xp,Ry),
S, x € B(xg,R,),
w(x) = 1
N
\R ( ;('x _x) )’ 'xEB('xO’RZ)\B('xO’Rl)’ (25)
N 52 0, x € Q\ B(xy,R,) UB(x0,R;),
D w(x) 20N
& ox? L R2 R2’ x € B(xp,Ry) \ B(x(,R;) .
Letu = (w(x),...,w(x)),and r = min{(l/p;')(bi/C)p"+ 1 1< On the other way, when ®(u) < r, we have
i < n}. Clearly, u € X, and we have .,
Y | laufdx<r. (27)
n 1 i=1 pi Q
O @) = ZJ —JAw () dx
= Ja p; (x) So, by Proposition 3, we have
. 1
S Z%J Aw]P dx Emm{”“ " (x) s "p,(x)} r. (28)
1:1pi Q (26)
We deduce that
& 1 WN \P N2 N N { N1/} \1/p;
>y — R -R il oy < maxi(rp;) L (rp;) } (29)
;p:—(RZ RZ) r(1+N/2)( 2 1) " "Pt()

Forr = min{(1/117z'+)(bi/c)pi+

1 <i < n}, we have |y, ) <
b/Cforl<i<n.
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From (12) we have max|u;(x)| < CIIuillpi(x); we obtain for
allx € Q,

|y, (x)|<b, 1<i<n (30)
It follows that, for every u = (u,u,,...,u,) € X,
sup ¥ (u) = sup J- F(x,uy,...,u,)dx
D(u)<r JQ

O(u)<r
(31

< J sup  F(xty,...,t,)dx.
Q |t,1<by,.slt,|<h

Since
O @) = I —— |Aw (%) [P dx
2 )5
n P N/2
Zi 26N T (RN _ RN) X (32)
< p; -R¥) T(@+N/2) 2 1
W@>J F(x9,...,8)dx,
B(xq,Ry)
therefore, from (A3), we have
SupCD(u)sr\Ij (M)
r
33
IQ SUPy; (<py, 1t <t F (x,t1,...,t,)dx . ¥ (i) (33)
(@)

min {(l/pl*) (b,»/C)p; :1<i< n}

and the assumption (i) of Theorem A is satisfied.
From Proposition 3, we know that if [|u]| o <L then

1 - 1 1 (x)

S bl = [ o ol <l o
letk; > 0, such thatk; > (1/p)lu 1, )~ (1/p)lwll? ), and
then

1 P g s Loy g
ap (x) | ui' x 2 p+ ”ui”pi(x) - M (35)
If "ui”pi(x) >1, then
1 ; 1 (x)

S bl = [ o 1wl <l o
From (A2), (12), (35), and (36), we have

D (u) - AY (u J Aw, [P dx

(=M= | 5 1

—/\J F(xuy,...,u,)dx
Q
2i(i|| |p,(x) ki)
i=1 Pz b
—AJ oc(x)<1+Z|u,-|ﬂ‘>dx,
Q i=1

(37)

noting that p; > f3;; therefore for A > 0, we see that
Iim @ (w)+AY (u) = (38)

[l >+oc0
in particular, for every A € A. Then the assumption (ii) of
Theorem A holds.

Then all the assumptions of Theorem A are fulfilled. By
Theorem A, we know that there exist an open interval A <
[0,00) and a positive constant p such that, for any A € A,
problem (1) has at least three weak solutions whose norms
are less than p. O

Remark 8. Graef et al. [5] studied the problem and estab-
lished the existence of at least three solutions in the particular
case when p;(x) = p;(> 1).

Theorem 9. Assume the following:

(A4) F(x,t,t,,...,t,) 20, for each (x,t,,t,,...,t,) € QA x
R
(A5) There exist x; € Q, 0 < Ry < R, such that, if one puts
su F(x,t,ty,...,t,)dx
o i lim inf JQ Pt ty0t,)€QE) (.11t n) ’
E—+00 Eg
P (39)
. jB(xl’RS) F(x,t),ty,...,t,)dx
= lim sup . >
(15t gemnsty) = (4005100 +00) Z?:l (t;,p" /pl‘)
one has
a < Lf, (40)
where L == min{Lpf,i =1,2,...,n}
L I'(l1+N/2)
p =
o4 (Z ( +)1/P, ) aN/2
(41)

1 R2-R2\P
RY-RY\ 2N

Then, for every

AeA=

1 ( 1 1 )
t(xp (o) A W)
problem (1) admits an unbounded sequence of weak solutions.

Proof. To apply Theorem B to our problem, the functionals
O,V satisty the conditions of Theorem B. Now, let us verify
that y < +00. Let {£;} be a real sequence such that §;, — +co
as k — +oo and

. _fQ SUP, 1.t yeaE F (.t t,) dx
lim
k—+0co Ef
o IQ SUP( 1, yeae) F (x,t1,ty, ..o t,) dx (43)
= liminf
E—+0c0 EB
= < 00.



Putr, = fkg/cg(z,tl(pf)l/p;)g forall k € N,

@™ ((~00, 7))

={u=(u,u,...

c {u €X; Zn:J -tx) |Aui|P1~(x> dx < rk} (44)

Ju,) € X5 ©(u) <r}

So, by Proposition 3, we have

1
p—mm{llu Iy Tl } < i (45)

i

Hence for k large enough (1, > 1),

"u “p (x) < (pz rk) /Pt (46)

From (12) we have max|u;(x)| < Cllu pi(x)> We obtain for all
x € Q,

|u; (x)| < C(p]'r, )l/p’ (47)

Thus Y, lu;(x)] < Y72, C(pi*rk)l/p; < &,.. Then we have

@! (o0, 7)) € {u eX; i |u; (x)] < Ek} ) (48)

i=1

Uy () = Hije>
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Note that ©(0,...,0) = 0, ¥(0,...,0) > 0; then

SUP e (—ooyr) ¥ (V) — ¥ (1)
- @ (u)

o(r) = inf

ued®1((—o0o,ry))

sup,, oy ¥ (V) L p 2
< e ((- ) <cP (Z (Pi )I/Px > (49)
i=1

Tk

. JQ SUP(, 1t yea) F (.t ty. .00 t,)dx
5 .
5

Therefore, from (A5), we have

p
y< hm mf(p ()< CE <Z (r) l/pl )

i=1

. JQ SUP( 1t e F (x,ty,...,t,)dx (50)
k—+00 gk
< +00.

It is clear that A € (0, 1/y).
For the fixed A € A, the other step is to show that the
functional I; has no global minimum. Arguing as in [15],

since 1/A < CE(YL, (p1)"/P)2LB, we can consider 1 positive
real sequences {#; i, and 6 > 0 such that \[}_, 777, — +00
as k — +oo and

n P
1 U\~
)—L<6<LCP<;(pi+) )
fB(X1)R3) F (x, Mk ”1n,k) dx
Y (’lfk /Pi_>

Let {u(x) = (uypo iy ---
defined by

,U,)} be a sequence in X

x € Q\ B(x,R,),

x € B(x;,R;), 52)

R2’71k < Z(x - x; ) ) x € B(x;,R,) \ B(x1,R;),

i=1

for 1 <i < n. For any fixed k € N, it is to see that 1, € X, and

iazulk(x)
i=1 axi
0, x € Q\B(x,R,)UB(x;,R;), ©3
=1 2N
-—=—, x€B(x,R)\B(x,R;).
R R 11y 11

Then

A PO g
i=1 Pz( ) | ulk (x)l

< Zi J | vy (x)|P’(x) dx
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I |Auik (x)|P"(x) dx
iZ1Pi JB(x,R)O\B(x;,Rs)

N/2
pld

N N
T R

+

Pi

- ’7i,k
z;c 2 (¥ 1( SRORATE

(54)
By (Al), we have
V() = L F (%, tyjer s Uy ) dx
(55)
2 JB( . F (5,1 o - > M) A,
X153
and combining (51), (54), and (55), we obtain
L () = @ () = AY ()
no P
< 1 1/ p Z rl’[’f‘
(Zz l(pz) pt )7‘= pl Px+
- A JB( ) F (oo ) dx
n P
1 Zi/lik (56)
et (g, (p) ) A P
-A JB( . F (5,1 oo ) A
X1R3
< 1-10 " e
e (si, ()" ) E P
for k large enough, so
IA (l/lk) = —0Q. (57)

Hence, our claim is proved. Since all assumptions of The-
orem B case (b) are satisfied, the functional I, admits an
unbounded sequence {u, = (uy,...,u,)} ¢ X of critical
points. This completes the proof of Theorem 9. O

Theorem 10. Assume that (Al), (A4) hold and consider the

following:

(A6) There exist x; € Q, 0 < Ry < R, such that, if one puts

0

«
i IQ SUP( 1, tn)EQ(E)FA(x’ tiotyseesty) dx’
-0 &r (58)
. IB(XI’RS) F(x,t),ty...,t,)dx
B = limsup = >
A
one has
(XO < Llﬁo, (59)
where L, = min{LP;, i=12,...,n}
Ly
T(1+N/2) 1 R -R2\" (60)
2N '

- NP N_ RN
(C3z, ()7 ) v RY — Ry
Then, for every
1

AeA:= 3 <
<C Y (P?)I/Pi )

1 1 )
LB a° (61)

problem (1) admits a sequence of weak solutions which con-
verges to 0.

Proof. From condition (Al), we have miny ® = ®(0,...,0) =
0,¥(0,...,0)=0

Let {&,} be a real sequence such that & — 0" as k — +o0
and

i JQ SUP(:, 1,y F (%, t1,ty, .00 t,) dx .

k—+00 Ek (62)

0

< Q.

Putr, = EE/(C Z?;l(p;’)l/f’:)f7 for all k € N. Therefore, from
(A6), we have

n P
8 < hm 1nf(p(rk (CZ /P’ ) o’ < +00.  (63)
i=1

It is clear that A < (0, 1/6).
For the fixed A € A, the other step is to show that the
functional I, has not a local minimum at zero. Arguing as

in [15], since 1/A < (C Z:‘:l(p;)l/P:)i’LI/}O, we can consider



n positive real sequences {r;;}_; and 6 > 0 such that

n2
Yo M — 0ask — +ooand

~

P
Too<r, <CZ(p, ”"*)

i=1
(64)
. jB(xl,Rg) F(x, Mk >’1n,k) dx
Y (’7;01; /P;)

,U)} be a sequence in X

Let {uk(x) = (ulk’ Uppes + «
defined by (52):

M:

(1) <, L J |Auy (x)|p’(x) dx

p; Ja

I
—

1

J‘ | Avyy (x)|p"(x) dx
1p1 B(x;,Ry)\B(x; R3

IA
M:

< 1 2’7sz)
< i
;p, ( (65)
N N N
'I“(1+N/2)( -Ry)
1 )

I
™M=

1]
—_

i

(Cxp (o)) Pite

F(xl,xz,x3,t1,t2,t3)
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Combining (55), (64), and (65), for k large enough, we
have

I (wy) = @ () — AY (1)
-0 i
— Zn—k<0 (66)
Ly (Cxp, (p) ) P
=1,(0,...,0).

The alternative of Theorem B case (c) ensures the existence
of sequence (u;) of pairwise distinct critical points (local
minima) of I; which weakly converges to 0. This completes
the proof of Theorem 10. O

Example 11. Let Q = ((-1, 1)?, with p>q,r being three
functions defined on Q by p(x;, x,,Xx3) = X7 + x5 + x5 + 3,
q(x, x5, %3) = xf + x% + x§ +4, and r(x,, x5, x3) = xf + x% +
x3 + 5, and consider the increasing sequence of positive real
numbers given by

a,., =nl(a,)’ +2 (67)

Define the function F : QO x R* — R by

(an+1)9 el_l/(l_z’il(t"_a"+1)2)+x%+x§+x§’ if (X1, %5 %3, 11,1y, 1) € Q% U S (@115 Ot i) > 1) 5 (68)

n=>1

0, otherwise,

where S((a,,,1>9,,,1>9,,,1)> 1) denotes the open unit ball with
center at (a,,;,d,,1>d,,1)- It is easy to verify that F is
nonnegative function such that F(, -, -, t,, t,, t3) is continuous
in Q for all (t,t,,t;) € R’ F(x;,%,,%5,5-) is C' in R’

for every (x;,x,,x3) € Q. F(x;,x,,%3,0,0,0) = 0 for all
(%1, %5, x3) € Q, for every p > 0:
sup (|Ft1 (xl,xz,x3,t1,t2,t3)|
[(tt50t5)|<p
(69)

+ .th (%1%, X35t ta)'

+ |E, (020 5,11, 1, 15)]) € L' (Q)

The restriction of F on S((a,,1>,.1>a,.1),1) attains
its maximum in S((a,,1> 441> Gye1)> 1) and F(xq, x5, X5, 0,41

(an+1 )96)(1 +x5+x5 )

Apt1> an+1) =

Hence

F(x,,x,,%5,a0,,.1,4,.1,0
limsup (61’ 2> 3’7 n+1> n+;’ n+1) = +00. (70)
noco  ap . [3+a, /4+a, /5

Therefore
B
F (X1, x5, X3, b1, 1y, £5) dx dxydoxy
19/3 + /4 +18/5 (71)

.[B(xl,R3)

= lim sup
£, 5400, —+00,3 > +00

i F(xl,xz,x3,t1,t2,t3) _
im sup G = 5 = +00.
t;—+00,t, —+00,f3—+00 t1/3 + t2/4 + t3/5

= |B(x1,R3)|

Moreover, by choosing §,, = a,,,, — 1, for every n € N, we have
sup F(x1, %3 X3, 11, 0 13)
[ty 1+t 1 +E5]<a,,, -1

(72)

( )9 xl +x2+x3
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then
sup L F (x5 %5, 3, 1,85, 15)
ngrpoo [ty [+t [+t ]<a,,y - =0, (73)
(an+1 - 1)
and so
sup F(xp, %0, %3, t1, £y, 1)
lém inf [ty [+]E,]+]E51<E 63 =0. (74)
—+00
Then,
o
o suP i< F (1 %0 X0 1, 1, 1) dxy dxydix
=1 f Q 1t I+t
ey 2
(75)
su F (%1, x5, X3, 1, 15, t
— 10 lim inf Pt |41t |+1t;1<E (31 2 X3 bt ts) ~0<1B
E—+00 f
= +00.
Hence, from Theorem 9, for each A > 0, the problem
AlIA xf+x§+x§+1 =
|Au Au) = AF, (xy, x5, X3, 4, vV, W)
in Q,
AlIA xf+x§+x§+2A _ /\
|Av] v) = AF, (x,, X5, X3, U, v, W)
in Q,
(76)

A (|A11)|x§+x§+xng3 Aw) = AF,, (x}, %y, X3, U, v, W)
in Q,
u=v=w=~Au=Av=Aw=0
on 0Q),

admits an unbounded sequence of weak solutions.
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