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We investigate the step-type contrast structure for high dimensional Tikhonov system with Neumann boundary conditions. We
not only propose a key condition with the existence of the number of mutually independent first integrals under which there exists
a step-type contrast structure, but also determine where an internal transition time is. Using the method of boundary function,
we construct the formal asymptotic solution and give the analytical expression for the higher order terms. At the same time, the
uniformly valid asymptotic expansion and the existence of such an available step-type contrast structure are obtained by sewing

connection method.

1. Introduction

The fundamental characteristic of contrast structure is that
there is t* (or multiple ¢*) within the domain of interest,
which is called an internal transition point. The position of
t* which is unknown in advance needs to be determined
thereafter. In the neighborhood of t*, the genuine solution
will have an abrupt structure change and in the different
side of ¢*, it will approach different reduced solutions when
the small parameter ¢ — 0. The contrast structure in
singularly perturbed problems is classified as a step-type
contrast structure [1-6] or a spike-type contrast structure [7-
9]. In the West, the study on this issue is mainly by the method
of dynamic systems or geometric method [10-12]. In recent
years, the study on contrast structures is still a hot but difficult
research topic in the theory of singularly perturbed problem,
especially for high dimensional singularly perturbed system
[13]. In fact, the existence of a step-type contrast structure is
closely related to the existence of a heteroclinic orbit of its
auxiliary system in its corresponding phase space. However,
how to find and construct such an orbit in a high dimensional
dynamic is itself difficult in general in the theory of qualitative
analysis. This is why it is nontrivial in extending to high
dimensional case from the contrast structures in plane. Using

the method of boundary function and sewing connection, Ni
and Wang [14] investigate the step-type contrast structure for
the following singular perturbed system:

dy B )
b = f(t);
Ay (0,u) = Ay, M

By (1,p4) = By,
where y, f are n-dimensional vectors. In this paper, we extend
the existence of step-type contrast structure to the following:

dz
uo = f @),
dy 2
=5~ 9@, @
0<t<1;
AZ' (0,p) + BZ' (1,u) = 2°,
3)

Cy (0,1) + Dy (1) = 5,
where ¢ > 0 is a small parameter, z, f are M-dimensional

vectors, y, g are m-dimensional vectors, A = (%"g ,



B= ( 8 El\g—k ) are M x M matrixes, E, is an k x k unit matrix,
and Ej;  is an (M - k) x (M — k) unit matrix. C = (%0
D= (8 Eyg—h ) are m X m matrixes, Ej, is an h x h unit matrix,
and E,,,_j, is an (m — h) x (m — h) unit matrix.

2. Assumptions

The following assumptions are fundamental in theory for the
problem in question.

(H,) Suppose that f(z, y,t) and g(z, y,t) are sufficiently
smooth on the domain D = {(z, y,t) : |z| < a;, |yl < a,, 0 <
t < 1}, where a,, a, are real numbers.

The reduced system of (2) is given by

fzyt)=0,

dy _
- = 5 at .
5 = 9@

(4)

(H,) Suppose that the reduced subsystem of (2) given
by f(Z,7.t) = 0 has two isolated solutions on D : z =
a(y,t) and z = fB(3,t), where « = (ocl,(xz,...,ocM)T, B =
(BiBos- - B

(H;) For0 < t < 1,suppose that £, (a«(77(£),1), 77 (£), 1)
and f,(B (3P (1), 1), ¥P(t), t) have characteristic roots Xll 03]

and Xf(t), (i=1,2,..., M), respectively, which satisty

ReXl (£) <0, i=1,2,...k<M;
. (5)
Red (£) >0, i=k+Lk+2...,M,
where j = 1,2.

(H;) shows that, for fixed t € [0, 1], the auxiliary system
given by

dz I
— =f(z,y(t),t 6
o fEy@.D ©)
has two equilibriums Z = «(3'7(#),1) and Z = SGF(?),7)
which are all hyperbolic saddle points.

3. Construction of the Asymptotic Expansion
Let t* € (0, 1) be the transition point and it is given by
=ty oty + el (7)

with t; (k =0, 1,...) which will be given in the following.
Suppose that the asymptotic solution is composed of two
parts.
The left problem (0 < ¢ < t*):

() O
o _F( 4 t)
(8)
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Az (0,u) = AZ",

©)
Bz") (", u) = Bz",
&7 (0w =0,
(10)
Dy (¢",u) = Dy".
The right problem (t* <t < 1):
dz"
u—— =E (27",
o 1)
dy™ @ ®
T = f( >y ,t);
Az (t%, ) = Az”,
, (12)
Bz" (1,u) = BZ',
S () =y
(13)

Dy™ (1,u) = Dy,

where x* = (z%, y*)" are parameters which will be deter-
mined in the following but related to ¢*. For convenience, let
x* = x5+ uxy +

To obtain the step-type solution, we need

(7, w) = X (£, ). (14)

Let x = (y, 2)". Suppose the formal asymptotic solutions
for the left and the right problem are

O (1) zy( DO+ Lx(r)+Q7x @), (5)

9 (6, ) Z/" #? 0 +Qx (@ +Rx (1)), (6)
respectively, where 7, = t/u > 0,7 = (t — t")/y, and
T, =(@-1)/u<0O. Egi)(t) are coeflicients of regular terms;
L ;x(,) are coefficients of the boundary layer terms at t = 0;
R;x(t,) are coefficients of the boundary layer terms at ¢ =
1; Q(i) (1) are the left and the right coefficients of internal
transmon terms att = t*. Furthermore, lim, ., Lx(7y) =

0, lim, ,Q' i x(t) =

0,1,...).

0, and lim, _,_,R;x(7) = 0 (j

3.1. Construction of the Zero-Order Terms. Substituting (15),
(16) into (8)-(10) and (11)-(13), respectively, by the boundary
function method [15], we have

fEZ®.95 @),t)=0 )
By (H,) and the assumed solution type, we know
zy) () =a(35 (0),1),
(18)

2 (1) = B35 (1).1),
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while )’o 7 (t) satisfy the following problems:

d—( )( t) o O
=g (a0 0,1).5 0.0); 19

Cyy” (0) = G,

(20)

D?(()_) (to) = D)/g,

d—(+) ( ) _ B

o= =g(BOY 0.1).55 @) @D
Cyf)ﬂ (to) = Cyp> -
22

Dy’ (1) = DY,

respectively.

(H,) Suppose the solution of (19), (20) and the solution of
(21), (22) are transversal at y,, where y; = y; (t,).
Next, we give the equations and their conditions for

determining the zero-order coefficient of fo)x(r) as follows:

dQé_)z
= f(a(to) + Q2 (1), 375 (t) + Q) y (1) 14),

)
4Q y = 0; (24)
dr
B(2\ (ty) + Q)2 (0)) = Bz;,
(25)
Q) x (~00) =0,
dQ(+)
dr (26)
= F(Bte) + QP2 (1), 75 (1) + Q7 y (1) 1),
(+)
Qv = 0; (27)
dr
A(Z () + QP2 (0)) = Az,
(28)
((]”x (+00) = 0.
Let a(ty) + Q) 2(r) = 27(1), Bty) + Q\Pz(r) = 27 ().
Then we have
dz" _ f(ZH —(-) (t,).t )
dr » Yo \to)>to )5
Bz (0) = Bz, (29)

77 (~00) = « (t),

3
d~(+)
g —f( ’)/o)(to) to)
_ . (30)
AZW (0) = Az,

2% (+00) = B (1)

Obviously, M_(«(t), 7 N (to)) is a hyperbolic saddle point of
(29) and M, (B(ty),y 7 (t)) is a hyperbolic saddle point of
(30).

The existence of the solutions for (23)-(28) will be given
in the following. If they are used in the following calculation
process, we think that they are known. Obviously, they are
associated with t,. Moreover, by the boundary conditions
Lyz(0) = 0, Ryz(0) = 0 and Lyx(+00) = 0, Ryx(—00) = 0,
we have L,z(1,) = 0, Ryz(1;) = 0.

3.2. Construction of the Higher Order Terms. For x x (1), we
have the equations and their boundary conditions as follows:

dz7) (1)
dr a1
=70z 0+ 1, 03 0+ £,
dy? (®)
dt (32)
=30 w27 0+, O ©+ g0 @)
COHYO+LyO)=0,
(33)
D (737) (to)t; + YO+ Q;f))’ (0)) = D)’;,
dz") (1)
dt (34)
=700+ F, 070 0+ £,
dy.” (1)
dt (35)
=970z 0 +g7 O 0+ 47 @)
CTY (to)t; +v +QVy (@) = Cy;,
(36)

D37 (1) +R;y(0)) =0,

where 7 (1), f (t) take Value at (al(t), yé )(t) t) and
(B@®), y0+)(t) t), respectively. f (t) _(+ (t),and g _(+ () have
the same significance. ff')(t), g j+)(t) are known functions

and y](.i) are determined.



4
L ;x(7,) satisty the following problems:
dliz o =) !
dTJO =f. ()Liz+f, (To)Lj}’+H](~)(To)> (37)
dL;y
77 .
dr, Li.g (7o) (38)
A(F3 @ +Lz0) =0,
(39)
Lx (+00) =0,
~0
where f (1)) = fx(oc(O)+L0z, 7(0),0). H(l)(To) L 19(%)

are determined functions.
By (38) and L;y(+00) = 0, we know that L;y(7y) =
T, 0
LZO L;_,g(s)ds. Then, L;y(0) = _LOO L;_,g(s)ds. So we have

30 = ~CLy©) = | CLag@ds 60

The equations to determine R;x(7;) are given by

dR;z ~<f (r)

dT (Tl)RZ+f (Tl)Rj)""Hj (r), (4

dR.y

dT] = Rj—lg(Tl); (42)
1

B <25f)1, (1) +Rjz (0)) = )
R;x (-00) =0,

where Jy (1)) = f(B(1) + Ryz, 757(1), 1), while H"(z)),
R;_;g(t,) are known functions.
By (42) and Rjy(—oo) = 0, we know that Rjy(‘rl) =

o Ri- 19(s)ds. Then, R]y(O)

T

foo R;_1g(s)ds. So we have
75” (1) = -DR;y (0) = L DR;_,g(s)ds. (44)

And then Egi)(t) can be obtained.
(Hs) Suppose that the solution of (31), (32) and the
solution of (34), (35) are transversal at y; (j=12,...).

The equations to determine Qﬁ_)x(r) are given by

dQ = f0@Q 2+ £ (M QfY
(45)
G @),
aQ’y (46)
- Qi19(™;
BQ\ 'z (0) = Bz} ~ B2y (1) t; + Bp!”,
(47)

QE._)x (—00) =0

Discrete Dynamics in Nature and Society

Here
6P (1) = (A2 @ (1) + A1 (@) (557 (8))
+Af0 @) 4G, (@), (48)

f( (7) = ( (to) + Qo z(1),y (to) to)
While
Afi_) (1) = fi (a(ty) + Quz. ¥y (t) - 1)

— fi (e (to) Yo (to) to)

(49)

A ft(_) (1) has the same significance. éﬁ_) (1), QE:)l g(1),and pj(._)
are determined, excluding ¢ ;.

By Q(f)y( 00) = 0 and (46) we have Q(f)y(f) =
J Q( )lg(s)ds Substituting them into (45) we obtain

QS z(7) under the initial condition (47). Moreover, Q§ )Z(T)
are related to t i+

As for Q§+)x(r), it satisfies the following boundary value
problem:

dQtz
2 0 70y
G (@),
dQ(+) “
+ . (51)
——= =g @;
AQ§+)Z (0)=A AEE)”, (to)t; + Apj”
(52)
Q§.+)x (+00) =0
Here
G @ = (A @ B (1) + A7 0 (37 (1))
+Af0 @) +G (@), (53)
@ = £ (Blte) + QP2 (0,757 (1) 1) -
While
AFSD (1) = £ (B (t) + Qo2 7y (to) - to)
(54)

— f (B(to), ¥, (to) o)

Af, () has the same significance. EE.H (1), Qit)l g(1), and
p](+) are determined, excluding ¢ ;.

By Q(+)y(+oo) = 0 and (45) we have Q§.+>y(r) =
LOO Q i1 g(s)ds Substituting it into (28), we get a first-order
linear equation, so y(+)(t) exists under the initial condition
(47). And then z§+ (t) exists. Substituting Q;J') y(1) into
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(46) we obtain Q;Jr)z(‘r) under the initial condition (46).
Moreover, QE._)Z(T) are related to t i

In the following, we will give the analytical expression for
Qf)z(r). Because Qf’) y(7) are solved, we rewrite (45), (50) as
follows:

de)z
dr

T k= ~(¥)
=P 0QPz+G," (1), (55)
where

&= @y + (A7 @B (1)
D
+AFP @ T (1) + A7 @)t + G .
Writing it into block structure given by
dQ?)u
dr (F“) (7) Fy (r)) QPu(z)
dQ'(f)V (F) (T) Fz(;r) (T) Q§+ v (T)

dr (57)
; <w§+) (r))
@)

Qu=H @ (a5)" 0 () (07 @)

we obtain

+H" )(T)J. o (1) (@ (s)) [ FD (s)
. Jj \P(—) (1) (\_Ij(_) (E))_l
(WP ®©-HY @y ©)dE
e (s)] ds+ J ¥ (1) (¥ (5))
- (58)
(D) -HO (9957 (9)) ds,
Qv =(2%)" 0 () (0 (@) + LT o (1)
(09 (9) " [F;’ (s) j ¥O () (¥ ©)
(W ®O-HO © v ©)de

+ ‘//é_) (s)] ds,

where (A% = Bz} - BzS) (to)t; + Bp(x), HO(7) =
0o, /E)Q;._)v, while @ (1) and w)(7) are the solutions of

dQ(()_)u
dr

o7 (0) = E,,

= (B @ H (1) + By (1) Q4w 0

dQ((;)v
dr

¥ (0) = Eypo

= (Fu (7) - HY (7) By (T)) Qé_)% (60)

respectively. Consider
Q= ()" 0" ) (0 @)+ [ 0¥ (0
j i 0
. (®(+) (S)) [F(+) (s) J ) (1) (\P(+) (6))71

(WP @) - HY @yl () de

+ wf*) (s)] ds,
=i (@) o)
+HY (1) LT o (1) (0 () [Ff? (s)

[ @ @)

(57 © -HY @yl (©)dE

0 ©dse [ ¥ @ (0 0)”
(137 () - H (9) 91" () ds,

where (A% = Az - 4707 (t,)t; + Ap{(2), HO(2) =
agbv/aQ;”u, while @ (1) and Y™ () are solutions of

dQ\ u
dr

o7 (0) = B,

= (Fy (@ + Fiy @ HY (1) Q" .

dQ((;r)v
dr

¥ (0) = By

= (Fy (M -HY (1) F (1) QP .

respectively. The system to determine L jx(‘ro), R jx(‘rl) is
similar to the system to determine Qf)x(r), S0 we can obtain
ij(TO) and ij('rl) using the same method.



4. The Existence of the Heteroclinic Orbit
We consider the associated system

@R ), (64)

for (25), (26), which coincide with the auxiliary system
(6) when t = t,. Obviously, there are two equilibriums
M_(a(ty), 7 7(t) t,) and M, (B(t,), 7 (t,),t,) for (64).
Whether the step-type solution from «(t) to 5(t) for problem
(2), (3) exists or not largely depends on the existence of the
heteroclinic orbit I, , for system (64) which connects M_
to M,.

The following assumptions ensure the existence of such
heteroclinic orbit.

(Hg) For fixed t, € (0,1), suppose that there exist M — 1
linearly independent first integrals for system (64) given by

@ (2,2, Zapty) =Cjy (j=1,2,...,M~1), (65)
where C; (j = 1,2,...,M - 1) are independent arbitrary
parameters.

Then, the orbit passing through M_(t,) is given by

@, (27,250,250 1) = @, (M_ (1) o),

(66)
(j=1....,M-1).
The orbit passing through M, (t,) is given by
0, (27,27,...,20) 1) = ©; (M, (t) - t,),
(67)
(j=1,....M-1).
It is noted that
@; (M_(ty).to) = ©; (M, (to).to),
(68)
(j=12,...,.M-1).

If (68) hold, a heteroclinic orbit connecting M_(¢,) and
M, (t,) can be obtained. Meanwhile, f, will be determined
through (68) under the following assumption.

(H,) Suppose that (68) are compatible and have a solution
ty =t

Under condition (Hy), there exists a heteroclinic orbit
which connects M_(t,) and M_ (¢,).

Let 77 = (z§+,...,z,§+>)T, EAKE T AUV I
H(T) = (/)u(v )(‘r)) are M — k dimensional unstable

manifolds which pass M_(t,) and 7¥7(r) = ¢,@" (1))
are k dimensional stable manifolds which pass M, (t,).
Then, Z7(0) = ¢, 7(0)). By (66), we know 77(0) =

(Ztops--zi)’. S0 @0) = (277,...,2¢7)". Similarly,
7(0) = ¢,@(0)), while @7(0) = (2,...,2)" by (67).
So7(0) = (z,m,...,z]*\,;r T

Takez =z~ (i = 1,2,...,k),and then @™ (0) = @(0).

Because of the existence of the heteroclinic orbit, we have

720 =7 (0) = ¢, (4. (77 (@)). (69)
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In (69), the coefficient matrix for z;,,,2;,,,...,2y; is as

follows:

of, 04, _, 09 0a"(0)
o, o) (0) T a0 o (0)  (70)

M-k —
= Ey . -H (0)HY (0).

(H,) Suppose that det(E,, , - H*(0)H™(0)) # 0.

According to (Hy), we know that the solutions for the left
and the right problem satisfy condition (14). So the federated
system for (50)

£Qe=£.0Qz+ ;@ ()

has a solution which satisfies sz(—oo) =0, sz(+oo) =0,
where

aj (1)
=f, (1) Q;y
, , (72)
+(Af @B (1) + Af, (1) (5 (1)) + A, (@) 1
+G; (1).
By [16], system (71) has an exponential dichotomy in R~ and
R'. (FQ;z)(r) = (d/dr)Q;z ~ f,(1)Q,z is Fredholm with
index zero [17]. Because (d/d7)Qyz(t) € KerF, there exist

y(7) which satisfy yw(7) € Ker F*. If the solution for (71)
exists, the necessary and sufficient condition is given by

+00

foo y' ()G, (1) dr = j v O1{f, ©Qy

+ (A, (@ B (k) + AF, @) (5 (1) + Af, (D)t P
+ é]- (T)} dr =0.

We rewrite (73) as follows:

tj f: v () (A, (1) B (1) + Af, (1) (7, (o))

can@)ae=- [Ty olnoey 9

+Gj (T)} dr

(Hy) Suppose that ["“y*()(Af(MP' (L) +
Af, (D) (T, (to)) + Afy(1))dr # 0.

Under this assumption, ¢ jis completely determined. So
far, we have already determined all coeflicients of the formal
asymptotic solution.



Discrete Dynamics in Nature and Society

5. Existence of a Step-Type Solution

The formal asymptotic solution of x7(t, ) is given by

X9 (t,p)

—ZM(

and the formal asymptotic solution of x(t, ) is given by

X (t,p)

(75)
t)+L x(T0)+Q( ) (T))+O(P‘ )

L (76)
= ZM] (E§+) t) + Q§.+)x (1) + R;x (Tl)) +0(u").
=)

Substituting (75), (76) into the left problem and the right
problem, respectively, completely similar to the previous
calculation process, we can obtain the systems to determine
all the coefficients of the asymptotic expansions. It is noted
that ¢* is given by

t =ty +pt, + @ty o+l (8, +6,), (77)
while

x, () = x50+ pxpy + o+ (x,, +6)
P PO pl (P ) (78)

p=k+1L,k+2,...,M.
Obviously, the system to determine Qf)x(r) (j=0,1,...,n)
is the same as the front. When j = », we only need to change
x, into x;, + &, in (47), (52).
Let
Ut ) = > (6 0) = < (), (79)
where U = (U, U,,...,Uy). Since L;x(1y) and R;x(t;) at

t =t are both exponentially small quantities, without loss of
generality, we can regard U(t", p) as follows:

n

W =Y [(&7 () +Q7x ()

j=0 (80)
- (ZV () + QMx0)] + o (u).
In terms of the boundary value conditions of the left and right

associated problems, we have Az(+)(t*,‘u) = Az(_)(t*,y).
Then (80) yields

U, (£ u)

In the same time,

U, (¢ 1) = YW [(Z () + Q77 (0)
j=0

0 (™) = (5 (¢

( *) (82)

U (th,

=Uy (5 p) = = U () = 0. (81)

-z (1) +Q7z, )] +
)Zp (0)) - (Zz(;;)

+0O (MnJrl)

+Qf (") +Q\z, (0)

When p takes its value from k + 1 to M, (82) can be written
as

6Z+1
_ H(+) (0)

(Bve - HY @ HT 0)

Sy

0 _
j (¥ )" (15 ) -HO 9y (9)ds  (3)

-0

_JO (¥ ©) " (v5) () - HO () yy) (5)) ds

+0 (”rﬁl)

where 1//;)(1) and 1//;(;)(1) are the first k components and the
t t
rest of components of

(t) + A (@)

(a7 @ (1) + 817 (0 (75
(84)

'6t

respectively. 1// (T) and 1//25)(1) are the first k components
and the rest of the components of

(A @B (1) + £ 0 G (1) + 417 (@)

-5,

85)

respectively.

By (Hj), there exist 8, ,, 0y, ,, 8y such that (83) is equal
to zero. Namely, (82) is equal to zero. Then, we obtain a step-
type contrast structure at the neighborhood of ¢*. Similarly,
we can prove y 7 (t*, 1) = (", u). In summary, we have
the following result.

Theorem 1. Suppose that (H,)-(H,) hold. Problem (2), (3) has
a step-type contrast structure solution x(t,u). Moreover, the
following asymptotic expansion holds:

x(tp)
2 (87 0+ Lix(r) + Q7x @) + O (), 0512t (g5

Zﬂ( o

t"<t<1.

1) +Q"x (1) + Rx (1)) + O ("),
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