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We introduce the concept of a discrete weighted pseudo almost automorphic function and prove some basic results. Further, we
investigate the nonautonomous linear and semilinear difference equations and obtain the weighted pseudo almost automorphic
solutions of both these kinds of difference equations, respectively. Our results generalize the ones by Lizama and Mesquita (2013).

1. Introduction

The almost automorphic functions that were introduced
initially by Bochner [1] are significant and related to some
aspects of differential geometry. From then on, the almost
automorphic solutions for deterministic differential systems
were extensively investigated [2-5]. One can refer to the
monograph [6]. Later, the concept of the pseudo almost
automorphic function was proposed by N°'Guérékata in [6],
which seems to be more generalization of the pseudo almost
periodic function [7, 8]. In 2009, Blot et al. introduced the
concept of the weighted pseudo almost automorphic function
[9], which generalized the one of the weighted pseudo almost
periodicity proposed in [10]. At present, there are many
literatures to study the weighted pseudo almost automorphic
function in other types of dynamics. For example, Chang et
al. in [11] obtained the weighted pseudo almost automorphic
solution for fractional differential equations. Besides, the
weighted pseudo almost automorphic solution for stochastic
partial differential equations has been discussed in [12, 13].
However, as far as we know, no author has studied
the weighted pseudo almost automorphic solution for the
nonautonomous difference equation as follows:

uk+1)=AMk)ulk) + fk), keZz, @

where A(k) is specified later. Now, few authors investigated
the properties of the solution to system (1). In 2013, Lizama

and Mesquita have obtained almost automorphic solutions
of (1); see [14]. But they did not deeply study the weighted
pseudo almost automorphic solution of (1). This paper mainly
discusses this problem and generalizes the result in [14].

The plan of the paper is as follows. In Section 2, some
necessary definitions and results are stated. In Section 3, we
discuss the weighted pseudo almost automorphic solutions of
the linear nonautonomous difference equation. In Section 4,
we obtain the weighted pseudo almost automorphic solutions
of semilinear nonautonomous difference equation.

2. Preliminaries

In this section, we present some basic concepts and results.
Let X be any Banach space with the norm | - ||. BS(Z, X) is
the space of all bounded sequences from Z to X with the sup
norm. To begin this paper, we recall some primary definitions
of almost automorphy.

Definition 1. Consider

(i) Let X be a (real or complex) Banach space. A function
u: Z — X is said to be discrete almost automorphic if for
every integer sequence (k) there exists a subsequence (k,,)
such that

Jim (K + k,) = 7 (K) @



is well defined for each k € Z and

r}LngOﬂ (k-k,) =u(k) 3)

for each k € Z.

(ii) A function f: ZxX — X is said to be discrete almost
automorphicif f(k, x) isalmost automorphicin k € Z for any
x.

Denote by AA;(Z, X) (resp., AA4(Z x X, X)) the set of
all discrete almost automorphic function f : Z — X, (resp.,
f:ZxX — X). With the sup norm sup,.., [lu(k)|, this space
is Banach spaces.

Theorem 2 (see [14]). Ifu,v: Z x X — X are discrete almost
automorphic functions in k for each x in X, then the following
assertions are true:

(1) u + v is discrete almost automorphic in k for each x in
X.

(2) cu is discrete almost automorphic in k for each x in X,
where c is an arbitrary scalar.

(3) supyezllulk, x)I = M, < oo for each x in X.
(4) supiezllulk, x)| = N, < oo, for each x in X.

The following result can be found in [15, Theorem 2.10].

Theorem 3. Let u Z x X — X be discrete almost
automorphic in k for each x in X, satisfying a Lipschitz
condition in x uniformly in k; that is,

fuk,x) —u(k, y)| <L|x-y||, Vx.yeX.  (4)
Suppose ¢ : Z — X is discrete almost automorphic; then the
functionU : Z — X defined by U(k) = u(k, p(k)) is discrete
almost automorphic.

Let % be the set of all functions p : Z — (0, 00) which are
positive and locally summable over Z. For a given K € Z,,
set

K
my (K, p) =) p (k) )
K
for each p € %. Define

U = {p € % : lim my (K, p) =oo},
K—oo

(6)
Uy = {p € %, : p is bounded and ]i(ngp(k) > 0}.
(S
Obviously, %, ¢ %, C %.Now for p € %, define
BSy (Z.p) = {f
(7)

€ BS(Z,X): hm

)Z If ol p ) = }
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Similarly, we define BSZ(Z x X, p) as the collection of all
functions f : Z x X — X is bounded and f(:, x) is bounded
for each x € X, and

lim Z If (k. x)|| p (k) = (8)

K—+oomy (K
uniformly in x € X.

Definition 4. A bounded-sequence set 9 is said to be transla-
tion invariant if, for any f(k) € 9, f(k+71) € D fork,7 € Z.

For simplicity, denote %™ = {p € U,
BSY(Z, p) is translation invariant}. We are now ready to
introduce the spaces WPAA;(Z, p) and WPAA,(Z x X, p)
of discrete weighted pseudo almost automorphic functions:

WPAA, (Z,p)={f=g+¢€BS(Z,X): g

€ AA,(Z,X), ¢ € BSY(Z.p)},
)
WPAA, (ZxX,p)={f=g+¢eBS(ZxX,X): g

€ AA;(Zx X, X), ¢ € BSS(Zx X, p)}.

Lemma 5. Assume that g : Z — X is an almost automorphic
function. Fixky € Z, € > 0, and write

B.={reZ:|g(ky+7)-g(ko)| <e}. (10)

Then, there exist ky, ..., k,, € Z such that

U (k;+B.)=Z. )
i=1
Proof. It is analogous to Lemma 2.1.1 in [16]. O
Lemma 6. If f = g+ ¢ with g € AA (Z,X) and ¢ ¢

BSd(Z p), where p € U™ | then g9(Z) c f(Z)

Proof. If this is not true, then there are k, € Z, € > 0 such
that

lg (ko) = f ()] = 26, k ez (12)
Letk,,...,k,, beasin Lemma 5 and write
ki=ki—k, (1<i<m),
_ (13)
1= max [k
For k* € Z, with k* > #, we put
BSL* = [—k* +n—k,k* —n- Ei] N (k, +B.),
(14)
1<i<m,

where B, is defined in Lemma 5. Using Lemma 5 gives that

Lmj (ki +n+BY.) = [-k" k"] nz (15)

i=1
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Foranyk € k, + B,,

o () = || f (k) - g (K|

(16)
> |lg (ko) = f )] = g (k) = g (k)| > €
Thus, one yields
&
—— ) ¢ (K&)| p (k) = me — me
e
as k* — oo.
This is a contradiction and this proof is completed. O

Theorem 7. The decomposition of a discrete weighted pseudo
almost automorphic function defined on Z is unique for any
p c %mv.

Proof. Assume that f = g, + ¢; and f = g, + ¢, and then
0=1(g9,—-9,) + (¢, —¢,). Since g, — g, € AA,(Z, X) and
¢, — ¢, € BSY(Z, p), we deduce that g, — g, = 0 by Lemma 6.
Consequently, ¢, — ¢, = 0; that is, ¢, = ¢,, which proves the
uniqueness of the decomposition of f. O

Theorem 8. If p € %,
Banach space.

then (WPAA(Z,p), |l - ) is a

Proof. Assume that (f,) is a Cauchy sequence in
WPAA,(Z, p). We can write uniquely f, = g, + ¢,. In
view of Lemma 6, we see that g, — gilles < If, = fylloos
from which we deduce that (g,,) is a Cauchy sequence in the
Banach space AA4(Z, X). So, ¢, = f,, — g, is also a Cauchy
sequence in the Banach space BS d(Z p). We can deduce that
gn — g € AA(Z,X), ¢, — ¢ € BS? 4(Z, p), and finally
f.— g+¢ € WPAA(Z, p). O

Lemma9. Let ¢ € BS(Z, X). Then ¢ € BSY(Z, p), where p €
U, if and only if, for any € > 0,

1
lim ——— p (k) =0,
K—>oomd (K> P) kEA/IZK,e(‘!’) (18)

where
My, (¢) ={ke Zin [-K,K] | |p(K)| = e}  (19)

forKeZ,.

3
Proof.
Necessity. For any € > 0, we have
(K )kZ ¢ Gl p (k)
=k | X Iewlew
ma (K> p) | ienic
(20)
€
v sl pk) | = ——
P
ke[-K.KI\Mg . (¢)
Y. pk).
keMg (¢)
Noticing ¢ € BS}(Z, p), we thus know that
Jm ) (k )kZ ¢ Gl p (k) = ()
which implies
dm, 2 p(9=0. (22)

Sufficiency. From ¢ € BS}(Z, X), we know there exists a
number M > 0 such that ||¢(k)|| < M for all k € Z. Since
limg_, 0o (1/my(K, p)) Ykenm, o) P(K) = 0, foranye > 0 there
exists a number K, € Z, such that, for K > K,

K] 2 PR (23)
my (K,p)keMKﬁ(fp) M+1

This gives

1 K
— Kl p(k
() 2 e Pl ®

1
= N (k)| p (k)
o (K p) kEMZw) l¢ ()]l p
M (24)
k |l < ——
* kZ lo®lp )| <~
ke[-K,K]\My..(9)
(k) + ———
kEMzK,e«b)P my (K, p)
Me
kezz) ||‘/5(k)||P(k)S Ml +€<2e.

ke[-K.KN\Mg . (¢)

Thus ¢ € BSZ(Z, p). This proof is finished. O



Theorem 10. Suppose p € %™, f(k,x) € WPAA 4(Z x X, p),
and there exists a number L > 0 such that, for any x, y € X,

|f x) = f ey <Llx=yl, kez. (25

Then, for any x € WPAA,(Z,p), one has f(-,x()) €
WPAA (Z, p).

Proof. Since f(k,x) € WPAA,(Z x X, p), there exist two
functions g(k, x) € AA;(Z x X, X) and ¢(Z, x) € BSg(Z X
X, p) such that f = g+¢. Also, since x € WPAA;(Z, p), there
existaw € AA,(Z,X)and f3 € BSS(Z, p) such that x = o + f3.
Hence,

f e x (k) = g (ko (k) + f (k, x (k) = g (k, & (K))

=gk, a (k) + f (k,x (k)) - f (k, « (k))  (26)
+ ¢ (ko (k).

Let G(k) = g(k,a(k)) and W(k) = f(k,x(k)) — f(k, a(k)) +
¢(k, a(k)). Now, we are in a position to prove G € AA,(Z, X)
and W € BSY(Z, p).

First, for any x, y € X,

fkx) = f(ky) =gk x)+¢(kx)-g(ky)
- ¢ (k. y)
(27)
=gk, x) = g(k y)+ ¢k x)
-¢(k.y).

Since f(k,x) — f(k,y) € WPAA,(Z, p), from Lemma 6, it
follows that

{9 (k,x)— g (k,x) | k € Z}

(28)
c{fkx)-fley) Tkez},

so that

lgGx)-gCo)e < 1f GO - FED0- (29

Thus,

lg (k) =g (kY < g %)= g (9o

(30)
<Llx-yl

forallk € Z.Inview of & € AA4(Z, X) and from Theorem 3,
it therefore follows that G(k) = g(k, a(k)) € AA,(Z, X).

Second, in order to prove W € BS}(Z, p), we only need
to prove f(k, x(k)) - f(k,a(k)) € BSS(Z, p), and ¢(k, a(k)) €
BSS(Z, p). In fact, according to

If (k,x (k) = f (ke (k)| < Llx (k) — a (R
<L|B )|
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and p(k) € BSZ(Z, X), we have

(K )kZ 1 e, x (K)) = f Gk (k)] p (K)

L
(K P)k

(32)
Z 1B p k) — o,

as K — +o0.

Thus, £(k, x(K)) - f(k,«(k)) € BSY(Z, p).

Since o : Z — X, the set {oc(k)} fork € Z, k € [-K,K]
and some K € Z, are finite. Its elements are denoted by
X1, X, .., X,k. Hence, we have

{keZ|ke[-KK],|p(a)=el

2K (33)
c|JikeZ ke [-K,K],||¢ (k. x;)| = e} .

i=1
Further, we have
1

— p (k)
my (K p) ke My ($(k.a(k)))

2K (34)

1
<Y——— Y p).
Smy (K, p) ke My ($(krx,))
Notice ¢(k, x;) € BSg(Z x X, p). Then, by virtue of Lemma 9,
we obtain

1
lim ——— p(k)=0 35
K=roomy (K, P)keMK,E%(k,x,-)) *

fori =1,2,...,2K, which consequently gives

1
K=+oomy (K, p) keMK,e(Z,s(:k,a(k») (36)
Therefore, according to Lemma 9 again, we know ¢(k, a(k)) €

BSSZ(Z, p). From the above discussion, we obtain that
f(k,x(k)) € WPAA (Z, p), and this completes proof. O

3. Weighted Pseudo Almost
Automorphic Solutions of Nonautonomous
Line Difference Equation

In this section, consider the following nonautonomous linear
difference equation:

uk+l)=AMkuk)+ fk), keZz, (37)

where A(k) are given nonsingular nx» matrices with elements
a;k), 1 < i, j < n f: Z — E"isgivenn x 1
vector function, and u(k) is an unknown #n x 1 vector with
components u;(k), 1 < i < n. Its associated homogeneous
linear difference equation is given by

uk+ ) =AKuk), kez (38)
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Definition 11. The matrix U(k, k,) which satisfies (38) and
U(ky, ko) = 1 is called principal fundamental matrix. One
will denote U(k, k,) by U(k)U ™ (k).

From [14], the following holds:
UK U (k)

k-1
[[A(ky+k-1-1), Vk-0<keZ,
I=k,

ko-1
[[a" o,
I=k

Definition 12 (see [14]). A matrix function A(k) is said to be
discrete almost automorphic if each entry of the matrix is
discrete almost automorphic function; that is,

lim A (k +k,) = A (K) (40)

(39)

Vky 2k e Z.

is well defined for each k € Z and
lim A (k ~k,) = A (k) (41
foreach k € Z.

Lemma 13 (see [14]). Suppose A(k) is discrete almost auto-
morphic and a nonsingular matrix on Z. Also, suppose that
the set {A_l(k)}kEZ is bounded. Then A™Y(k) is almost auto-
morphic on Z; that is, for every sequence of integer numbers
(k,'q), there exists a subsequence (k,,) such that

lim A™ (k +k,) = a7 ) (42)
is well defined for each k € Z and
Im A (k—k,)= A7 (k) (43)

foreachk € Z.

Definition 14. Let U(k) be the principal fundamental matrix
of (38). System (38) is said to possess an exponential
dichotomy if there exist a projection P, which commutes with
U(k), and positive constants #, v, «, and f3 such that, for all
k,1 € Z, one has

[V PU ()] < e, k21

vt a-PyuT 0 <P, 12k o

Specially, for « = 8 = 0, system (44) is said to possess an
ordinary dichotomy.

According to Theorem 2.12 in [14], if system (38) pos-
sesses an exponential dichotomy and the function f : Z —
E" is bounded, then system (37) has a bounded solution
which is given by

k-1
u(k)="Y UKPU(j+1)f())

j==00

N (45)
YUk I-PYU (j+1)f(j),

=

where U(k) is a fundamental matrix of (38).

We start by proving a result concerning existence of a
discrete weighted pseudo almost automorphic solution of
(37).

Theorem15. Suppose A(k) is discrete almost automorphic and
nonsingular matrix and the set {Ail(k)}kez is bounded. Also,
suppose the function f € WPAA ,(Z, p), where p € U™, and
(38) admits an exponential dichotomy with positive constants
v, , B, and o. Then system (37) has a discrete weighted pseudo
almost automorphic solution.

Proof. Since f : Z — E" is a discrete weighted pseudo
almost automorphic function, we have f = g + ¢, where g €
AA4(Z,E")and ¢ € BSS(Z, p), which is unique according to
Theorem 7. In the help of (45), the solution of the system (37)
is

W)= Y URPU (1) [90)+ 4 ()

j=—00

SSUmE-PU G+ 1) [90) + ¢ ()]

j=k

= Y U®PUT(+1)g())

e (46)
=2 URI-PUT (j+1)g(j)
j=k
k-1
+ Y UKPU (j+1)¢())
j=—00
QUK T-P)U " (j+1)¢()).
j=k
Let
k-1
k)= Y URPU(j+1)g())
o (47)
~QURUI-PU " (j+1)g(j),
j=k
k-1
Yk = Y URPU(j+1)¢())
o (48)

_iu(k)(I—P)U’l(j+l)</>(J')-
=k

By using proof method of Theorem 3.1 in [14], one can know
that @ in (47) is almost automorphic on Z. Thus, we only need
to prove that ¥ € BS}(Z, p). Next, we pass to prove

K

P——— 1 0 R 2T

li
K—oomy (K’ P) k=K
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Since p € %™ and ¢ € BS(Z, p), we can know that, for any

In fact, we have
jeZ,
. Z 1% ()l p (k) < —— |
mg (K, p) my (K, p) Z lé (k= j- 1) pt) — 0,
my (K, p) S
K | k1 D0 (52)
. UM(k)PU  (j+1 ) p (k) 1
k:Z—:K j;oo Jrhele Z l¢ (j+k=-1)]pk) — 0o,
my (K, p) S
1
my (K, p) as K — +00. Define two functions as follows
K || co
D URT-PYUT (j+1)¢ ()| p k) ffK) (x)
K ||j=k
§ 1 (K P)kZ ¢ (k= 1) p(K), x €[0,1),
my (K, p) »
‘o ’ " e [ (kazKuwk o], xet,
- URPU (419 ()] p®) :
k:Z_Kj:ZOO“ Z |¢(k—3)||p(k)], x €[3,4),
1 (50)
+ S
my (K, p) (53)
K oo fZ(K) (x’K)
Y Yuma-ryuT(j+1)¢ ()| e LK
k=—K j=k ﬁ[ (k)||P(k)], €[L,2),
K
~a(k=j-1) e 2P ¢ (k+1)p( ] x €[2,3),
- md (K P kZK]Zoo “¢ (J “P(k) = (K p)kz " "
e‘3ﬁ[ Z I (k +2)|| p (k ] x €[3,4),
v —B(j+1-k) ) a4 (K, P)k
7 p)kZKZ le ()l o
( K. Z Ze_a] ||</5 (k—j- 1)" p (k) for any fixed K € Z,. Obviously, the sequences f(K) Z(K) are
md P) k=-K j=0 measurable on R and
> St lp+k-Dlp®.
K, o
AR S | iz 2 WDl
From the well-known Tonelli theorem, it follows that _ J-mo 1(K) (x) dx,
(54)
K oo )
g (k= j-1)] p(k eﬁ[ ¢(j+k-1)]pk)
) L 2 G Dl 2 i, Y
=Y (k - ) |, = 2 ()dx.
Sy & tote- i 0l )
51
K oo Gl Besides, in view of (52), one knows that
- (K 72 Qe e k=nlp
1 (Cp)iE A lim I(K)—>O,
K—+co
(55)
lim % —o.
K—+co

zie—m[ . Z I i+ - 1)||p(k)]
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Then by the Lebesgue dominated convergence theorem, we
have

lim Z Ze T (k-j-1)pk)

K—+oomy (K p)k ~x =0
—gggze [ P z|ww -l

+00
. = i (K) =
p(k)] dim [ A0 e = o

K oo

Y lpGek-n] 69

-zn¢o+k—mwm@
k=—K

= lim
K—+00

Jm fZ(K) (x)dx = 0.
1

Thus, one obtains that

Z ¥ (o)l p (k) = (57)

im —————
Kaoomd K )k

and this proof is completed. O

4. Weighted Pseudo Almost Automorphic
Solutions for Semilinear Nonautonomous
Difference Equation

In this section, we consider the following difference equation:

uk+1)=AKuk) + fkuk), kezZ  (58)

where A(k) is described as in (37); besides f : Z x E" — E"
is a given n x 1 vector function.

Definition 16. One says that u : Z — E" is solution of (58), if
it satisfies

k-1
uk)= Y UG PU (j+1) f (jou()))
e (59)

- OZO:U(k) I-P)YU(j+1) f(Gou()),

=k
for every k € Z.

Now, the following result shows the existence and unique-
ness of a weighted pseudo almost automorphic solution of
(58).

Theorem 17. Suppose A(k) is discrete almost automorphic
and nonsingular matrix and the set {A™ (k)};c, is bounded.
Also, assume that (38) admits an exponential dichotomy with
positive constants v, 1, B, and «. Assume the function f €
WPAA 4(Z x E", p), satisfying the following condition: there
exists a constant 0 < L < (n/(1—e %) + ve P)(1-eP)) " such
that

||f (k,u) - f (k, v)” < Liu-v| (60)

foreveryu,v € E", and k € Z. Then system (58) has a discrete
weighted pseudo almost automorphic solution.

Proof. Since the function f satisfies the global Lipschitz-
type condition, we obtain by Theorem 10 that f(:,u(:)) is in
WPAA,(Z, p) for any u € WPAA ;(Z, p). Define an operator
T as follows:

S Uk PU (j+1) £ ()

j=—c0

(Tu) (k) =
(61)
QU UI-PU (j+1) f (ju(f)
j=k

for all u € WPAA,(Z, p) and U is the fundamental matrix
of (38). By Theorem 15, one can know the operator T :
WPAA,(Z, p) — WPAA,(Z, p). Thus we only need to prove
that the operator T' is contraction in WPAA ;(Z, p). In fact,

k-1
ITu =Tl <L Y e T ju—v|,
j=—00

+00 X
+ LY e P -y,
=

+00
< nLZe_“] e = vl oo (62)
=0

+00 X
+ vLZe_ﬁ] e =Vl

=1
-B
n ve
SL(I—e“" +1 _ﬁ)llu—vlloo.

Since L < (y/(1—e™%) + ve /(1 -e7P))™!, we obtain that T is
a contraction. Then, T has a unique fixed point. Thus, system
(58) has a unique solution which is discrete weighted pseudo
almost automorphic one. O
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