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We use the Floquet theory to analyze the stability of periodic solutions of Lienard type equations under the asymptotic linear
growth of restoring force in this paper. We find that the existence and the stability of periodic solutions are determined primarily by
asymptotic behavior of damping term. For special type of Lienard equation, the uniqueness and stability of periodic solutions are
obtained. Furthermore, the sharp rate of exponential decay of the stable periodic solutions is determined under suitable conditions
imposed on restoring force.

1. Introduction These tend to keep away the combinational effects of the quo-
tients g(t, x)/x and f(t, x)/x from the spectrum of the linear

This paper is devoted to the stability of large periodic solu- operator Lx = —x" as |x| — co. However, the sign condition
tions of the following Lienard type equation: on damping term on solvability of (1) seems to be ignored.
" d The aim of the paper is to show that sign condition plays

x () + Ef (tx@®)+g(x(@®)=h(t), ¢y dominate role on the existence of periodic solutions of (1)

under the condition that g is asymptotically linear. Resonance
where (d/dt) f(t, x(t)) = f,(t,x(t)) + f.(¢, x(0)x' (1), g(x) phenomenon may appear when lim,_, (f(f,x)/x) = 0. In
is a continuous function and h(t) is a T-periodic function. this case, the Landesman-Lazer type solvability condition
The existence and multiplicity of periodic solutions of (1)  should be imposed. In this paper, the following hypotheses
or more general types of nonlinear second-order differential ~ on f and g are imposed:

equations
d .gx)
O+ fExO)+gtx®)=h® @ A = =c#l,
(4)
have been investigated extensively by many authors. For lim ftx) —a(t)>0
details, we refer the reader to [1-4]. One can mention, for x—00  x
example, the papers by Fonda and Habets [5] or more recent
papers by Qian [6] and the literature therein. In these papers, ~ or
the asymptotic behavior of restoring force and damping term
are controlled by the inequalities e 9 (x) < o )2
im =—— = —,
t, t, x>0 x T
a(t) < lim infM < lim supM <b(t), (5)
Ix|—c0 X |x|—00 X . f (£, x)
3) Jim—, =0
t, t,
c(t) < llmll infM < lim supM <d(t).
x|—00 pe

oo X where the second limit converges uniformly for t € [0, T].
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When the hypotheses

lim —f (%)

xX—00  x

0:

< 2nm )2

== )

are satisfied, which can be treated as the resonance condi-
tions, (1) does not exist with T-periodic solution in general,
even if f,(¢,x) does not change sign for all x € R. A
counterexample will be given at the end of Section 2. In this
case, an additional condition should be imposed to guarantee
the existence.

The related results about the stability of periodic solutions
were less extensively studied. In [7], Lazer and Mckenna
established stability results by converting the equation to a
fixed point problem. Recently, more complete results con-
cerning the stability and the sharpness of the rate of decay
of periodic solutions were obtained by Chen and Li in [8, 9].

The following notations will be used throughout the rest
of the paper:

(6)

) Ll}: T-periodic function u € LP[0,T] with flull, for
1< p<o0;

(2) C’}: T-periodic function u € Cck[0,T], k > 0 with
Ck—norm;

(3) a(t) > P(t):if a(t) = B(t) on [0,T] and «(t) > P(t)
on some positive measure subset.

The main results of this paper are the following.
Theorem 1. Assume g(x) € C(R x R), f(t,x) € C'(R x R),
and T-periodic in t, satisfying (4) or (5). Then (1) has at least

one T-periodic solution.

Let us introduce the following symbols:
a, (t) = lim+infq (t, x),

B, (t) =lim supq(t,x),

X—+00 (7)
a(t) = xlillqu (t, x),

b(t) = xgrpmf (t, x),

where a(t), b(t) € CIT.

Theorem 2. Assume that q(t,x), f(t,x) is bounded, where
gt,x) = (nr/T)* + q(t, x) and (6). Then (2) has a T-periodic
solution provided that either

T
j hzdt+J a'zdt+J
0 z>0 z<0

<J 0c+zdt+J B zdt,
z>0 z<0

b'zdt
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or

T
J hzdt+J a'zdt+J bz dt
0 z>0 z<0

< J a_zdt+J B,z dt,
z<0 z>0

for any z(t) € [sin(2nm/T)t, cos(2nm/T)t].

€)

Remark 3. When a(t) and b(t) are continuous, the conclusion
of Theorem 2 still holds if the second and third term in (8) or
(9) are replaced by _[.[z>0 az'dt + L<O bZ'dt].

In particular, by Theorem 2, we see that the following well
known Landesman-Lazer type solvability conditions hold, if
both a(t) and b(t) are all constants.

Theorem 4. Under the same conditions of Theorem 2, where
a(t) and b(t) are constants, then (1) has a T-periodic solution
if either

T
J hzdt < J o,z dt + J B_z dt, (10)
0 z>0 z<0

or

T
J hzdt<J a,zdt+j B.zdt. (1)
0 z<0 z>0

When g(x) is a linear function, more refined results can
be obtained. Concerning uniqueness and stability as well as
the rate of decay to the unique periodic solution, we have the
following.

Theorem 5. Assume that g(x) = cx where ¢ > 0 and f(t,
x) € CHR x R), such that

fa(t,x () >0,
lim f &%) =

n—oo  x

(H1)

a(t) > 0.

Then

(1) (1) has a unique T-periodic solution;

(2) the unique T-periodic solution is locally exponential
asymptotically stable;

(3) the unique T-periodic solution is globally asymptoti-
cally stable.

Furthermore, if the conditions,

SRR+ 3 X O) %' (O~ 12 (6x 0)

2 2 (H2)
+c> —E:E—,
1 " 1 " ! 1 12
Eft" (t,x (t)) + Ef"" (tx (@) x (t) - fo (t, x(t))
(H3)
(n+ 1>
c K ———jfa————,
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hold for some n > 1, then every solution to (1) that is near the
unique T-periodic solution decays uniformly at the exponential

rate of (1/2) [ f1(t xo(t))dt.

2. Preliminaries

In this section we shall recall some basic results about
topological methods.
Consider the periodic boundary value problem

x =F(x),
(12)
x(0) =x(T),

where F : [0,T] x R” — R" is a continuous function and T-
periodic in t. In order to use a homotopic method to compute
the degree, we assume that & : [0, T] x R" x [0,1] - R"isa
continuous function such that

h(t,x,1)=F (t,x),
(13)
h(t,x,0) = G(x),

where G(x) is continuous. The following continuation theo-
rem is due to Mawhin [10].

Lemma 6. Let Q C Cp be an open bounded set such that the
following conditions are satisfied.

(1) There is no x € 0Q such that x'(t) = h(t,x, ), VA €
[0, 1).

(2) deg(G, @ NR",0) # 0.

Then (12) has at least one solution.
Next, we consider the homogeneous periodic equation
£ () + (@) x (1) +cx(t) =0, (14)

where ¢ # 0 is constant and «(t) € L7.
The following Lemma is crucial to the argument for
existence of periodic solutions.

Lemma 7. Assume that a(t) € LY satisfies either a(t) > 0 or
a(t) < 0. Then (14) does not admit any nontrivial T-periodic
solutions.

Proof. Suppose on the contrary that there exists a nontrivial
T-periodic solution x(t). Multiplying both sides of (14) by
x'(t) and a(t)x(t), respectively, integrating by parts, and
applying the boundary condition, we get

T
J () at)xt)dt =0,
’ (15)
T T
J x"(t)oc(t)x(t)dt+cj a () 2 (1) dt = 0;
0 0

then

T
c J o (t) x> (t)dt = 0. (16)
0

This implies we have x(¢) = 0 on positive measure subset
of [0, T]. It follows from Rolle’s theorem that the derivative
x'(t) has a zero, between two zeros of x(¢). Let t, be an accu-
mulation point of zero of x(t), such that ¢, exists. Otherwise,
the zeros of x(t) are isolated; hence the set consisting of zeros
of x(t) is a zero measure set. Evidently, at such point x(t,) =
x'(t,) = 0. According to a theorem concerning the unique-
ness of initial value problem, we have x(f) =0 on [0,T]. [

Let us give a counterexample, which demonstrates that (1)
does not possess any periodic solutions under condition (6).
Consider the following equation:

"
X +

12 x +n*x = acosnt, (17)

where f(t,x) = arctanx and T = 27 satisfies condition (6)
but (17) does not admit any 27r-periodic solutions for |a| >
nit.

Indeed, if x(¢) is a 2-periodic solution of (17), multiply-
ing both sides of (17) by cos nt and integrating over a period,
we obtain

2 2
cosnt
an = J acos’nt dt = J x'dt

0 o 1+ x2
(18)
2
=n J sin nit arctan x dt,
0
which means that
T
la|m < 2 x 1 % 5= n. (19)

Thus, the equation does not have any 27-periodic solu-
tions for |a| > nm. Moreover, according to Massera’s theorem
[11], we obtain that any solutions of (17) are unbounded for
la| > nm.

For convenience, we begin with a definition.

Definition 8. Let p(t) be a T-periodic solution of x'(t) =
f(x,t), where f(x,t) € C'(RxR). Then p is stable if for each
€ > 0 there exists a § > 0, such that if y(t) is any solution of
x'(t) = f(x,t) for which

ly (to) - p(to)| <& (20)
at some t,, then

ly @) -p@)| <e (21)
forany t > t,.

And next, we shall recall a principle of linearized stability
for periodic systems.

Let x, be a T-periodic solution of (12); then we associate
the T-periodic solution x, with the linearized equation

y = F,(t,x,) y. (22)

Let M(t) be the fundamental matrix of (22) and g,
and y, the eigenvalues of the matrix M(T). Then x(t, x,)
is exponential asymptotically stable if and only if ;] < 1,



i = 1,2. Otherwise, if there exists an eigenvalue of M (T") with
modulus greater than one, then x(t, x,) is unstable.
In order to show that every solution of the nonlinear

equation (1) locally decays at the rate of (1/2) JOT f;(t, xo(t))dt

to the unique T-periodic solution, we need the following C'
version of the Hartman-Grobman theorem [12].

Lemma 9. Let U be an open neighborhood of 0 and f : U C
R" — R"beaC' function such that £(0) : R* — R"isa con-
traction mapping. Then f is C' conjugate equivalent to f.(0).

Consider the following boundary value problem:
£ (1) +q ) x(t) = 0,
x(@=x@E+T)=0, (23)
sgnx’ () =sgnx' (E+T);

we have the following lemma which is given by the author in
(9]
Lemma10. Let g(t) € L(0, T) such that

[2n7)?

= (24)

2
<q(t) < —[2 (n +21)n]

T
for some n € N. Then (23) does not admit any nontrivial
solution.

Proof. Consider the eigenvalue problem
X (1) + Ax(t) =0,
x(=xE+T)=0;

we have A, = (nm)?/T?, the nth eigenvalue of the above equa-
tion. If x is a nontrivial solution of (23), then x is an eigen-
function associated with eigenvalue . (q(¢)) = 0 for some k
of the eigenvalue problem

(25)

X" () +q(t) x () + px (£) = 0,
xE)=xE+T)=0.

Since A,, < q(t) < Ayp4), it follows from the com-
parison principle that

Ak = Aaniny = e (Aaguiny) < i (g (1)) = 0

< Yk (AZn) = /\k - A2n'

Thus2n < k < 2(n+1), k = 2n+ 1. On the other hand, it fol-
lows from Sturm theory that the eigenfunction correspond-
ing to the eigenvalue p,,,,, of (26) has exact 2n zeros in (£, & +
T), which indicates that sgn x'(£) = — sgn x" (£ + T). Together
with the boundary condition of (23), we have X&) =x"(E+
T) = 0. This is a contradiction. O

(26)

(27)

Now we consider the homogeneous periodic equation

Y O+ 5 (L% 0)y©) sy =0 @9

We have the following.
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Lemmall. Assume that there exists an integer n € N such that

IO+ f X O)F ©)— 2 0% 1)

(H4)
[2nm)?
+c> T2 ,
1 " 1 " ! 1 2
Ef”‘ (t,x (£) + Ef"x (t,x (D) x () - fo (t, x (1))
(H5)

2
+c K —[2(n+1)rr] .
TZ

Then (28) does not admit any positive Floquet multipliers. In
particular, (28) does not admit any nontrivial T-periodic solu-
tions.

Proof. Suppose that there is a nontrivial T-periodic solution
of (28) such that y(t + T') = ay(t) with « > 0.
Set

—-1 (¢
y(t) = exp [7 J f; (5, (5)) ds] u(t); (29)
0
then u(t) solves the following equation:

U (b) + [c N % (8%, (8) X (1) + % £ (8% (1)
(30)

- }Lff (t, %, (t))] u(t) =0,

with the Floquet multiplier f = «exp[(1/2) jOT f;(s,

x0(8))ds].
Claim. There exists some & € [0, T] such that
y (@) =0. (31)

Assume, by way of contradiction, that (31) does not hold.
Then u(t) # 0 for all t € [0,T]. Dividing (30) by u(¢) and
integrating from 0 to T by parts, noticing that u'(0)/u(0) =
u'(T)/u(T), we obtain

T d 2 T
[(58) e bmins

o \u(®) (32)

L 1,
2L (X (0) - Zf,f (t, x, (t))] dt =0,

which contradicts condition (H4). This implies that the claim
(31) holds.

Since y(E+T) = ay(§) = 0, we see that u(t) is a nontrivial
solution of the Dirichlet boundary value problem

W' () +q)ut) =0,
u@=ul+7T)=0, (33)

sgn u' (&) = sgn W E+T),
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where q(t) = [c+ (1/2)f;;(t, xo(t))x(')(t) + (1/2)f;:(t, xo(t) —
(1/4) ff(t, xo(t))]. Multiplying (33) by u(t) and integrating
from & and & + T, we have, by (H5)

E+T , E+T 1 ,
L umwwL [e+ S f0 (6 )% )

PR @) - (R e O] 0dr 60

2 (E+T

< w J- u? () dt,
T £

which contradicts the poincaré inequality. O

Similarly, consider the following Dirichlet boundary
value problem:

X" (1) +q(t) x (t) = 0;
x@)=x@E+T)=0, (35)
sgnx’ (§) = —sgnx’ (§+ 1),
we can derive the following lemma.
Lemma 12 (see [9]). Let q(t) € L*(0,T) such that

[(2n-1)7)? [(2n+ 1) 7)?
T? T?
for some n € N. Then (35) does not admit any nontrivial solu-
tion.

<q(t) < (36)

Lemma 13. Suppose that there is an integer n € N such that

IR E) + 2 f X O)F () - 20,5 0)

(Ho)
[@n-1)n]
+c> T,
1 " 1 " ! 1 2
Effx (£, x (1) + Efxx (tx@®)x (t) - fo (t, x (1))
(H7)

[(2n+ 1) 7]
T? '
Then (28) does not admit any negative Floquet multipliers. In

particular, (28) does not admit any nontrivial subharmonic
periodic solution of order 2.

+ce K

Combining Lemmas 11 and 13, under the condition of
Theorem 5, we can prove that (1) does not admit any real
Floquet multiplier.

3. Proof of Main Results

Now we are ready to prove our main results.

3.1. Proof of Theorem 1

Proof. Without loss of generality, we may assume that g(0) =
0; otherwise, we can subtract g(0) from both sides of (1).

Consider the parametrized equation,

X (1) + /\if (tx(0) + (1= V)" (1) + g (x (1)
dt 37)

=hy (1),

where ki, (t) = Ah(t) + (1 - A)(1/T) jOT h(t)dt.

First, we claim that there isan R > 0 which is independent
of A € [0, 1] such that |lx||,, < R for any solution x of (37).

If there is not such an R, let x,, be a sequence such that
lx, I = ocoand A, € [0,1], and denote by z,, the ratio x,,/
llx, |Il. Dividing (37) by [Ix,, [, multiplying by ¢(t) € C%-, and
integrating from 0 to T gives

JT z,9" — ¢’ [Anf (tx,) | (1-1,) zn]

<.

T oh
+(p—g(x”)dt:J Py,
<l

0 "xn
The condition of Theorem 1 implies that (A, f(¢, x,) +
(1 - A,)x,)/llx,|l is bounded. It is precompact in the weak”
topology in L'[0, T]. Thus there are subsequences such that
f(t, x,)/x, — a(t) and A,, — A. Passing to the limit in (38),
we get

(38)

T
J {zgo” —w(t)ze' + C(pZ} dt =0, (39)
0
where w(t) = Aa(t) + (1 - A).

If (4) holds, then w(t) = Aa(t)+(1-A) > 0, which satisfies
the condition of Lemma 7. Since z(t) is a T-periodic solution
of

'+ w®)z) +cz=0, (40)

it follows from Lemma 7 that z(t) = 0, which contradicts the
fact that [ z(¢)| = 1. This completes the boundedness of || x]|,
under condition (4).

Next, we show that || x|, is bounded which is indepen-
dent of A € [0, 1] under condition (5).

If A < 1, then z satisfies

Z'+(1-0Z +cz=0. (41)

It follows from Lemma 7 that z(t) = 0, which contradicts

lz@®)| = 1.
If A = 1, then z satisfies

2" +cz=0. (42)

By assumption, ¢ is not the eigenvalue of Lx = —x"'. Obvi-
ously, z(t) = 0; we reach a contradiction. This shows that the
solution of (1) is bounded.

Evidently, the periodic solution of (37) is equivalent to the
planar system

x =y-Af(t,x)-(1-1)x,

y =ht)-gx).

(43)



A natural choice for the homotopy in applying Lemma 6
is to take

h(t,x, y,A) ={y = Af (t,x) = (1 = A) x, hy (¢)
—Ag(x)— (1 -A)cx}.

(44)

Let (x(t), y(t)) be the T-periodic solution of (43); in order to
apply Continuation Theorem to (43), we have to show that
¥(t) is bounded. Directly from the first equation of (43) and
the periodic condition, we see that thereis 7 € [0, T'] such that
x'(7) = 0 which implies that y(7) is bounded which is inde-
pendent of A. Integrating the second equation of (43) yields

t
yO=y@+ | In©-g@lds  @3)
which is bounded.
Let r, and r, be sufficiently large, and set
Q={(xy) llIxl <7y, [y] <7} (46)

It follows from the estimates obtained above that the equi-
valent planar system defined in (43)

x =h (t,x, y, 1) (47)
has no solutions on 9() for A € [0, 1]. Since
h(t,x,y,O)={y—x,ljt—cx}:G(x,y), (48)
then condition (2) in Lemma 6 reduces to
deg (G, an [R{Z,O) =sgnc # 0. (49)

By applying Lemma 6, we see that (1) has at least one
T-periodic solution. O

3.2. Proof of Theorem 2

Proof. The idea of the proof of Theorem 2 is essentially the
same as above, so here we just outline the proof and explain
how to use the resonance conditions and (8)-(9) to get desired
a priori estimates.

Consider the parametrized equation

() + Aif tx @)+ (1 -N)x"(t) + gt x(1)
dt 50)

=Ah(t).

First, we will show that there is R > 0 which is inde-
pendent of A € [0, 1] such that | x|, < R for any solutions x
of (50).

If not, let x,, be a sequence of T-periodic solutions such
that [|x, — oo and A, € [0,1] be the corresponding
sequence. Let z, = x,,/|x, . Noting the resonance condition
(6), the same procedure of the proof of Theorem 1 gives that
there exists some subsequences such that z, (t) — z(t) weakly
and A,, — A. Passing to the limit, one obtains that z(¢) satisfies

jT [zgo" ~(1-MN)zo' + (%)2 goz] dt=0. (51

0
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Namely,

2
z”+(1—/\)z'+(2nTﬂ> z=0. (52)

If A < 1, it follows from Lemma 7 that z(t) = 0, which
contradicts ||z(t)|| = 1. Hence it remains to focus on the case
that A, — 1 and z € [sin(2n/T)t, cos(2nm/T)t].

In W,*, we introduce the following symbol:

. 2km 2km
a sin ——t + b, cos —t |,
T T

x(t)=ag+ )

k=1

2k 2k (53)
%’ (t) = a; sin AL b, cos —ﬂt,
T T

) =x@)-x" ().

Since z,, — z(t) € [sin(2nm/T)t, cos(2nm/T)t], we have that
(xy + x,) /1, = z(8).

That is to say, ||x2||/||xn|| — land ||xi||/||xn|| — 0. Then
IIxi /xg | — 0. Thus, the sign of x,, is the same as that of z for n
large enough. Taking inner product of (50) with z and noting
that g(t, x) = nr/T)* + q(t, x), where A is replaced by A,
and x by x,,, we have

T T
AnJ hzdt = —j Aof (650 +x1) 2'de
0 0 (54)

+JTq(t,x2+xi)zdt.

0

Taking the limits in the above equation, we obtain

T T
J hzdt < lim inf [—J F6a0+x2) 2t
0 n—00 0

+ JTq(t,x2+xi)zdtj| <- Hz

0

a'zdt
>0

. J bz dt] +lim infj q(tx)zdt (59
z<0 n—0eo z>0

a'zdt
>0

+J b'zdt]+J oc+zdt+J B zdt,
z<0 z>0 z<0

which contradicts (9). This shows the boundedness of the
periodic solutions of (50).

Similarly, by taking lim sup one can prove that periodic
solutions of (50) are bounded under condition (10).

The rest is along the same line as the proof of Theorem 1;
we omit the detail. O

+lim ian- q(t,x,)zdt < - U
=00 Jzco z

3.3. Proof of Theorem 5

Proof. Firstly, we will show that there exists a unique T-
periodic solution.
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The existence of T-periodic solution of (1) has been
obtained in the proof of Theorem 1. Hence it suffices to
investigate the uniqueness of (1).

Let x(¢) and y(t) be two distinct T-periodic solutions of
(1), and v(t) = x(t) — y(¢). Then v(t) is a nontrivial T-periodic
solution of the following equation:

X+ % (q(t) x (t)) + cx (t) = 0, (56)

where g(t) = JOI f;(x(t) + s(y(t) — x(t)), t)ds.

We claim that, under the assumption of the theorem,
there exists no nontrivial T-periodic solution of the linearized
equation (28) associated with (1).

Supposing the opposite of the previous claim, multiplying
(28) by y'(t) and integrating from 0 to T, we have

0= ITy' (t)

0
. [y” (1) + % (f): (x(t),t)y(t)) +cy(t)] dt
T
- | Y 0d(fx0.0y0)
' ' T r '
=Aumﬁﬂmw%—Lﬂuwﬁﬂﬂ
" T !
‘y(ﬂm=—LfAﬂﬂﬂym

. [—cy(t) - % (1. (x(t),t)y(t))] dt

d, T
E(fx(x(t),t)y(t))dtqjo £ x(0),0)

Sy dt,
(57)

which contradicts the fact that both ¢ and f;(x(t),t) are
positive. In the same manner, we can demonstrate that there
exists no nontrivial 2T-periodic solutions.

By the similar argument as above, multiplying (56) by
v/ (t) and integrating by parts, a contradiction will be reached
directly. Therefore, v = 0.

Secondly, we will show that the unique T-periodic solu-
tion is locally asymptotically stable.

For each s with 0 < s < 1, we have

s[e+ fre (bxg (8) xg (8) + for (%0 ()] + (1= 9)
> 0.

(58)

Therefore, from the above conclusion, for each s € [0,1],
there exists a unique periodic solution of period 2T of the
linear homogeneous differential equation

u" + fl(tx (1) '
+ (s [c + (£ x0 (1) x) () + fo (£ %, (t))] (59)

+(1—s))u=0.

Under the hypothesis of theorem, we can conclude that
there exists no nontrivial 2T -periodic solution of (59) for all

T T
0<s<1.
- [ Ao oas | a0y s
( 0 1 ) (60)
P(t,s) = , 60
—s[c+ fli (620 () x5 (8) + fry (620 ()] = (1=5) —fr (tx, (1)

then y = col(y,, y,) is a 2T-periodic solution of then y(t) = Y(t, s)v is a solution of system (61) which satisfies
, y(t) = —y(0). So by the fact that —y(¢) and y(t + T) are both
y (&) =P(ts)y(t) (6D Solutions of (61) which are equal at t = 0 and the uniqueness

if and only if y, = uand y, = u', where u is a nontrivial
2T-periodic solution of (59). Therefore, system (61) has no
nontrivial 2T-periodic solution for 0 < s < 1.

Let Y (¢, s) denote the fundamental matrix associated with
system (61) for 0 < s < 1; we have

Y'(t,s) = P(t,s)Y (£, 5),

(62)
Y (0,s) =1,
where I is the 2 x 2 identity.
If for some v # 0
Y (T,s)v=-v, (63)

theorem, it follows that y(t + T) = —y(t). Hence, y(t) is a
nontrivial 2T-periodic solution. So y(¢#) = 0, and therefore
v=0.

It follows that —1 is not an eigenvalue of Y(T, s) for all 0 <
s<1

A similar argument as above shows that if Y(T,s)v = v,
then y(t) = Y(¢,s)v is a T-periodic solution, and hence a 2T-
periodic solution of (61). Therefore, for 0 < s < 1, 1 is not an
eigenvalue of Y(T, s).

For each s with 0 < s < 1, let p;(s) and p,(s) denote the
eigenvalues of Y(T,s). By standard results concerning con-
tinuous dependence of solutions of differential equations on
parameters and Rouche’s theorem of complex analysis, the



moduli |p,(s)| and |p,(s)| depend continuously on s. We will
show that

lp(9)) <1, i=120<s<1, (64)

and since X(T) = Y(T,1), where X(t) is the fundamental
matrix for the linear system

X (t)=AM)x(@), (65)
and A(t) is the matrix function

A(t)

) 0 1 (66)
) ( [e+ £k (620 ) x4 (8) + f1 (1.0 ()] =1 (8. (r))) '

Since the trace of P(t, s) is equal to — f;(t, xo(t)), applying
Liouville’s theorem, we have

P (8)py () = e [y trace (PNt _ - fy fiboO0dt _ | (67)

Fors =0, P(t,s) is equal to the matrix

L= ( 0 ! > (68)
-\ _f;(xo(f)’t) )

50 Y(t,0) = e and p,(0) = €M7, i = 1,2, where A, and A,
are the eigenvalues of L. Since f;(t, xo(t)) > 0, it is easy to
verify that both A, and A, have negative real parts. Therefore,
|p;(0)] < 1fori=1,2.

If (64) were not true for 0 < s < 1, then, by continuity,
there exists a s with 0 <'s < 1 such that |p;(5)| = 1, for either
i=1lori=2.

p,(s) and p,(5) can not be complex conjugates, for this
means |p;(s)| = |p,(s)| = 1, which contradicts with (67).
Therefore, both p, (s) and p,(5) would be real, so p;(s) = +1
for either i = 1 or i = 2. This contradicts the fact that Y (T, s)
can not have +1 as an eigenvalue for all s € [0, 1].

Hence, the eigenvalues of Y(T, s) have moduli less than 1
for 0 < s < 1. In other words, the unique T-periodic solution
is locally asymptotically stable.

Thirdly, we will show that the unique T-periodic solution
is globally asymptotically stable.

We choose as a Lyapunov function

V=[x O+ fx®.0)- (¢ O+ fp®.0)]
+e(x () - 1),

69)

where ¢(t) is the unique T-periodic solution satisfying the
following equation:

£ (1) + % fx(t),t) +cx(t) =h(t). (70)
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A direct computation, by (H1), yields

v
dt

- [x” O-¢"®+ L (f&.0-f (H, t))]

=2[x' () -¢' O+ fx®).0) - f(P(1).1)]

+2c[x(®) - O] [x ) - ¢ (®)]

= -2c[x(t) - ¢ (1)]

(X ®-¢' O+ fFx®,.0-f($0),1)]
+2c[x () - ¢ )] [x' () - ¢' ()]

= ~2c[x (1) - ¢ ()]

(71)

-Jlf;(x(t)+s(</>(t)—x(t)),t)ds<o.
0

Thus we display that the periodic solution is globally asymp-
totically stable.

Finally, we are in a position to prove the rate of
decay of the solution to the unique T-periodic solution is

(1/2) [ fL(t (D).

Consider the planar system associated with (1),

x':y—f(x,t),

(72)
y' =h(t) —cx.

Let Xo(t) = (x4(t), y,(t)) be the unique T-periodic
solution determined by the initial condition X,(0) = (x,, ¥;)-
Then X, corresponds to the unique fixed point of the poincaré
mapping PX = U(T, X), where U(t, X) is the initial value
solution of (72) with U(0, X) = X.

Let M(t) be the fundamental matrix solution of the
linearization (61) of (72), and by the differentiability of X(¢)
with respect to the initial value, the poincaré mapping can be
expressed in terms of the initial value X by

PX-Xo=M(T)(X-Xp)+0(X-X,). (73)

By virtue of Lemmas 11 and 13, we see that M (T') has a pair

of conjugate eigenvalue p, and p,. Thus P(X) is a contract-
ing mapping. According to Lemma 9, thereisa C' diffeomor-
phism ¢ which is near enough to the identity that PX — X is

conjugate equivalent to M(T). There is an invertible constant
matrix B such that

B™M () B = (Pl 0) =D, (74)
0 p
and we may suppose that
1
§|X_Xo|<|¢(X)_¢(X0)|<2|X_Xo|’ (75)

for X — X, small, since ¢ is near the identity.
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So, the Lyapunov exponent is given by
= 1imi1n|P“X—X | = lim —
K= n—oonT o= n—oonT
‘Infpo M(T)" 0 ¢™ (X) = po M(T)" o ¢ (X))
(76)

JilgoniT In|D" B~ [¢7 (X) - ¢7" (X)]|

T
2, A @)

Hence, the rate of decay of the solution to the unique
T-periodic solution is (1/2) JOT f;(t, x,o(t))dt, independent
of the initial value X. This completes the proof of Theo-
rem 5. O
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