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A set of sufficient conditions is obtained for the global attractivity of the following two-species discrete mutualism model with
infinite deviating arguments: x, (k+1) = x, (k) exp{r, [(K, +«, Z::g I,(s)x,(k-s))/(1 +Z::§ L(8)x,(k—s))—x,(k)]} and x,(k+1) =
x, (k) exp{r, [(K; + «, Z::g Ji(8)x (k= $))/(1 + Z:fg J1(8)x,(k — 5)) — x,(k)]}, where r;, K;,e;, i = 1,2, are all positive constants,
Z;:f J:(n) = 1, and «; > K;. Our results generalize the main result of Yang et al. (2014).

1. Introduction Liand Xu [1] studied the following two-species integrod-
ifferential model of mutualism:

The aim of this paper is to investigate the stability property )

of the following two-species discrete mutualism model with Ny () =r (N, (1)

infinite deviating arguments: i~

Ky (0 + 0, () [ T, (5) N, (¢ = ) ds

1+ jooo J, ()N, (t —s)ds

x; (k+1) = x, (k)

.exp{r [Kwalzzfa’fz(s)xz(k—s)_x (k)”’ —N(t-0,(®) |,
' 1+Z::(<)) Jo (s) x, (k=) ! | 3)
x, (k+1) = x, (k) W N; (£) = 1, (£) N, (8)

.exp{r [szzZZ_";’h(s)xl(k—s)_X (k)”
’ 1+Z::08I1 (s)x; (k=) 2 ’

Ky () + oy (8) [T, (5) Ny (¢ - 5)ds
L+ [Ty (5) Ny (¢ = 5)ds

together with the initial conditions N, (t-0, () |-

Under the assumption K;(t), «;(¢), i = 1,2, are all positive

x;(s) =¢;(s) 20, periodic functionsand ; > K;, i = 1,2, by applying the coin-
(2)  cidence degree theory, they showed that system (3) admits

x0)>0, s=---,-k,—-k+1,...,-2,-1, i =1,2. at least one positive w-periodic solution. Chen and You [2]
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argued that a general nonautonomous nonperiodic system is
more appropriate, and for the general nonautonomous case,
by using the differential inequality theory, they showed that
the system is permanent. It brings to our attention that both
[1, 2] did not consider the stability property of the system,
and in [3], under the assumption 7;, K;,«¢;, i = 1,2, are all
positive constants, g;(t) = 0, we investigated the stability
property of the system, and we showed that the system admits
aunique globally attractive positive equilibrium. At the end of
the paper, we pointed out “whether some parallel result could
be established for the discrete type mutualism system is still
unknown, we leave this for future investigation.”

Previously, corresponding to system (3), Li and Yang [4]
and Li [5] proposed the following two-species discrete model
of mutualism with infinite deviating arguments:

x; (k+1) = x, (k) exp {rl (k)

) [K1 (k) + oy (k) Z::g 5 (8) %, (k—s)
1+ Y5 T, (s) %y (k—s)

~x (k- (k))”,

x; (k+1) = x, (k) exp {7’2 (k)

) [Kz (k) + a, (k) Z::O(? J1(s)x; (k=)
1+ Y55 T, () xp (k=)

—xz(k—62<k>>”,

where x;(k), i = 1,2, is the density of mutualism species i
at the kth generation and {r;(k)}, {K;(k)}, {«;(k)}, {J;(k)}, and
{6;(k)}, i = 1,2, are bounded nonnegative sequences such
that

!
0<r;<r,

0<af

<a,
1
0<K <K

0<d <5 ()
+00
Z]i (n) = 1)
j=1

o > K.

1 1

They showed that, under the above assumption, system (4) is
permanent. Again, none of the papers [4, 5] considered the
stability property of the system. To make an intensive study
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on this direction, in [6], we investigated the dynamic behav-
iors of the following autonomous mutualism system:

x; (k+1)

e
—x Wexp{n | L - 0] |
2 T®
x, (k+1)
e
—x, Wexp {r, | S 0] |
1 ]

where x;(k) (i = 1,2) are the population density of the ith
species at k-generation. We showed that if

(Hy) 1, K, o (i = 1,2) are all positive constants and «; >
Ki (l = 1) 2))
(Hy)) rie; <1, (i=1,2)
hold, system (6) admits a unique positive equilibrium (x;,
x, ), which is globally asymptotically stable. Our result shows
that the dynamic behavior of the discrete type mutualism
model is more complicated, and one could not expect to
establish parallel result as that of continuous ones. Also, at
the end of the paper, we pointed out “it seems interesting to
incorporate the time delay to the system (6) and investigate
the dynamic behaviors of the system, we leave this for future
study.” However, to this day, we still did not study the corre-
spondence topic on this area. For more background of system
(3), (4), and (6) one could refer to [1-24] and the references
cited therein. We mention here that, with o;(k) # 0, i = 1,2,
and all the coeflicients being time-dependent, system (4) is a
nonautonomous pure-delay system, and it is not an easy thing
to investigate the stability property of the system. This moti-
vated us to discuss the simple one, that is, the autonomous
simple non-pure-delay system (1).
Concerned with the stability property of system (1)-(2),
we have the following result.

Theorem 1. Assume that (H,) and (H,) hold, and then system
(1)-(2) admits a unique positive equilibrium (xy, x5 ), which is
globally attractive.

Remark 2. Obviously, Theorem 1 generalizes the main results
of Yang et al. [6] to the infinite deviating arguments case. The-
orem 1 can also be seen as the parallel result of the continuous
one in [3]. Thus, we push on the study of the mutualism
model.

2. Existence and Uniqueness of
Positive Equilibrium

This section focuses on the existence and uniqueness of
positive equilibrium of system (1). More precisely, we will
prove the following result.

Theorem 3. Under the assumption of Theorem 1, system (1)-(2)
admits a unique positive equilibrium.
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Proof. The positive equilibrium of system (1) satisfies

K| +a;x,
1+x,

7)

K, +a,x,
1+x;

which is equivalent to

Axt+ Ayx, + Ay =0,
(8)

Byx + Byx, + B, = 0,
where

Al =, +1,

A, =-aa, - K, +K, +1,

Az = -Kya - Ky,

)

B =a; +1,

B, = -, + K| - K, + 1,

B; = -K |, — K,.
Now let us consider the function
F (x)) = Axs + Ay, + A, (10)

and since A, > 0, A; < 0, it follows that F|(-c0) =
+00, F(0) = 0, Fj(+00) = +00, and, hence, from the
continuity of F,, there exist two points x;* and x;, x;" <
0 < x7, such that F, (x,*) = F;(x]) = 0, and since F,(x;) = 0
has at most two solutions, it means that F,(x;) = 0 admits
unique positive solution x; . Similarly, from B, > 0, B; < 0,
one could prove F,(x,) = leg + B,x, + B; = 0 admits
unique positive solution x,. By simple computation, system
(7) admits a unique positive solution E, (x}, x; ), where

A, +\[A} - 44,4,

x| = ,
2A,
(11)
-B, + \|B? — 4B, B,
x, = ’ .
2B,
This ends the proof of Theorem 3. O

3. Proof of Theorem 1

Now we state several lemmas which will be useful in the proof
of Theorem 1.

Lemma 4 (see [25]). Let f(u) = uexp(a— fPu), where o and 3
are positive constants, and then f(u) is nondecreasing for u €

(0,1/B].

3
Lemma 5 (see [25]). Assume that sequence {u(k)} satisfies
uk+1)=uk)exp(a-pPuk)), k=12,..., (12)
where o and [3 are positive constants and u(0) > 0. Then
(i) Ifa < 2, then limy_,,  u(k) = /.
(ii) fa < 1, thenu(k) < 1/B, k=2,3,....
Lemma 6 (see [26]). Suppose that functions f,g : Z, x

[0,00) — [0, 00) satisfy f(k,x) < gk, x)(f(k,x) = g(k,x))
fork € Z, and x € [0,00) and g(k, x) is nondecreasing with
respect to x. If {x(k)} and {u(k)} are the nonnegative solutions
of the following difference equations:

x(k+1)= f(kx(k)),

(13)
u(k+1)=g(kuk)),
respectively, and x(0) < u(0)(x(0) = u(0)), then
x (k) <u((k) (x (k) 2u(k)), Vk=0. (14)

Lemma 7 (see [27]). Let x : Z — R be nonnegative bounded
sequences, and let H : N — R be nonnegative sequences such
that Y2, H(n) = 1. Then

liminf x (1) < lim inf Z H(n-s)x(s)
n—+00 n—+00 S=—00

< lim sup Zn: Hn-s)x(s) (15)

n—+00 ¢=_oo

< limsup x (n).
n—+0o

Lemma 8. Let g;(x) = (K; + o;x)/(1 + x), i = 1,2, assume
that «; > K, and then g;(x) are the strictly increasing function

of x.

Proof. Since

’ (Ki - “i) .
(x)=—"—>0, i=1,2, 16
9 () 1+ x)* 1o
the conclusion of Lemma 8 immediately follows. O

Now we are in the position to prove the main result of this
paper.

Proof of Theorem 1. Let (x,(k), x,(k)) be arbitrary solution of
system (1) with initial condition (2). Denote

U; = limsup x; (k),

k—+00

V; = liminf x; (k), (17)

k—+00

i=1,2.

We claim that U; = V; = x{ and U, =V, = x;.



From the first equation of system (1), we obtain

x) (k+ 1) = x, (k)

ex {r [Kwoclz::(?h(s)xz(k—s)
A AR TSV PASP TS

- X (k):| <X (k)

-exp{

- X (k):| < x, (k) exp 7"1“1 Xy (k)} >

(18)

[ +06125 5T, (s)xy (k=)
Yo T, () xy (k—s)

k=0,1,2,...,
considering the auxiliary equation as follows:

u(k+1) =u(k)exp{ro; — ryu(k)},
(19)

k=0,1,2,....

Because of 0 < r;&; < 1, according to (ii) of Lemma 5, we
can obtain u(k) < 1/r, for all k > 2, where u(k) is arbitrary
positive solution of (18) with initial value u(0) > 0. From
Lemma 4, f(u) = uexp(r,«, — r;u) is nondecreasing for u €
(0, 1/r,]. According to Lemma 6 we can obtain x, (k) < u(k)
for all k > 2, where u(k) is the solution of (19) with the initial
value u(2) = x,(2). According to (i) of Lemma 5, we can
obtain

U, =limsup x, (k) < hm u((k) = (20)

k—+00

From (20) and Lemma 7 we have

lim supZ]1 s)x; (k—5s)
k—+00 =0
(21)
= lim sup Z Ji (k—3s)x,(s) < hm sup x (k)
n—+00 ¢=_g
< ay.
From the second equation of system (1), we obtain
x, (k+1) < x, (k) exp {r,a, — 1,x, (k)},
(22)
k=0,1,2,....
Similar to the above analysis, we have
U, = limsup x, (k) < a,. (23)
k—+00
From (23) and Lemma 7 we have
lim supZ]2 (s) x, (k—s)
k—+00 5=
(24)

= lim sup Z I, (k—s)x,(s) = hm sup x, (k)

n—+00 ¢=_og

<«
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For ¢ > 0 enough small, without loss of generality, we may
assume that € < (1/2) min{K,, K, }, and it follows from (20)-
(24) that there is an integer k; > 2 such that, forall k > k;,

def
x; (k) <oy +¢€ = Mfl,

(25)
X, (k) <oy +e &« M2,

X def o
Z]l ()x; (k—s) <) +e = M},
s=0
(26)

g def
ZIZ(S)xz(k—s) <a,te = Mfz.
s=0

For k > k;, according to the first equation of system (1) we
can obtain

x (k+1) = x, (k)

{ [K1+“1Z::§]2($)xz(k—$)
-exp{r =
L+ Y50 T2 (s) %y (k= s)

- X, (k)”» > x, (k)

(27)
{ [K + K Y50 T, () x, (k—s)
-exp i1
1+ZS 0 J2(8)x,y (k=)
- X, (k)] ]» > x, (k) exp {r, Ky — r1x; (k)},
considering the auxiliary equation as follows:
u(k+1) =u(k)exp{r,K, —ru(k)}. (28)

According to (ii) of Lemma 5, we can obtain u(k) < 1/r
for all k > k,, where u(k) is arbitrary positive solution
of (28) with initial value u(k,) > 0. From Lemma 4,
f(u) = uexp(r,K; — ryu) is nondecreasing for u € (0, 1/r].
According to Lemma 6 we can obtain x; (k) > u(k) for all
k > 2, where u(k) is the solution of (28) with the initial value
u(k,) = x,(k,). According to (i) of Lemma 5, we have

Vi =liminf x, (k) > lim u (k) = K;. (29)
k—+o00 k—+o00
From (29) and Lemma 7 we can obtain
+00
likm ian]1 (s)x; (k—s) > llicm inf x, (k) > K;. (30)
—+00 I3 —+00

From the second equation of system (1), we obtain
%, (k)}. (31

Similar to the analysis of (27)-(30), we have

x, (k+1) = x, (k) exp {r,K, -

V, = liminf x, (k) > K,,
k—+0co

+o0 (32)
lim Egof;) I, (s) x, (k= s) > K,.
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Then, for the above € > 0, there is an integer k, > k, such
that, for all k > k,,

x; (k) > Ky —¢ Efml ,

x, (k) > K, —¢ Efm1 ;

ZII(S)xl(k $)> K, —¢ def m®, (33)
s=0

YL (-9 > Ky—e S

s=0

Noting that, from Lemma 8, g;(x) = (K; + o;x)/(1 + x) (o; >
K;) is a strictly increasing function, then, from the first and
second equations of system (1) and (26), we have

x (k+1) = x, (k)

. ex {r [K1+“1Z:f§12(5)x2(k—s)
T s nom k-9

—m(@]}sxlwnmp{n[ﬁiifﬁ%ﬁ

1+ M>
)

1
x, (k+1) = x, (k)

{ [KﬁalZ?gh(S)xl(k—S)
-expqr =
L+ Y50 T, (s) x) (k—s)

(34)

X1
K, + o, M;

1+ M}

- X, (k)“» < x, (k) exp {rz [

~x]}

From (34), similarly to the analysis of (18)-(24), we can finally
obtain

lim supz J, (s) x, (k — 5) < limsup x, (k)
k—+00 5=0 k—+00

S K, + o, M;?

1+ M)
(35)

lim supZ]2 (s) x, (k —s) <lim sup x, (k)
k—+00 =0 k—

- K, + o, M}

T+ M

For the above ¢ > 0, it follows from (35) that there exists an
integer k; > k, such that, for all k > k;,

K +0¢1M1 € def

x, (k) < — L 4 == M0,
1 (k) 1+ M2 2 2
K, + o, M
xy (k) < =22 2 ey
1+ M; 2
(36)
K1+oc1M1 € def |
S)X k—S <—+—:M1,
Zh<)1( < TaEtr M
ocle € def , x
s)x, (k—s < —_ = M.
Zh()ﬂ ) +M? +s
It then follows from (25), (26), and (36) that
My <My, i=12. (37)

For k > k;, from the strictly increasing function g;(x) = (K;+
a;x)/(1+x), a; > K;, i =1,2,and (33), we can obtain

x; (k+1)

X2
Ky + oymj

1+mp?

> x, (k) exp {rl [ - x; (k)

(38)
x, (k+1)

K N
> x, (k) exp {rz [% - X, (k)]}.
1

From (38), similar to the analysis of (27)-(32), we can obtain

. K, +oymy?
Vi =liminf x, (k) > ——F—,
2
k—+00 1+mj

>

ey Ky +oymy?
lim inf k- > 1 1771
minf 210 k=92 =0

(39)
K, + aymy!

1+my

>

= liminf x, (k) >
k—+00

hm 1nfz T, (s) x, (k—s) =

For the above € > 0, it follows from (39) that there is an integer
k, > k5 such that, for all k > k,,

K, + (xlmi‘z € def
x () > AT
1 +mi? 2

X
K, +aymit ¢ def

x, (k) > — — = = m,,
1 +mi! 2 (w0)
40
K1+oc1ml € def
ZIl(s)xl(k—s)>—x - =m,
1+mi? 2
K, +a,m)! € def
ZJZ(S)XZ —s)>—2xll—§ = mgz.
1 +mj
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Noting that
K, +o;m)?
1+ %> Ky
m
K, + aymy! (41)
o > K,
1
i=1,2.
Then from (33) and (40) we have
m, >m)’, i=1,2. (42)

Continuing the above steps, we can get four sequences {M;(Cl |
{M;?}, {m;*}, and {m,} such that

)
Mxl _ Kl +(X1Mk—l N f
k 1+ M2 Kk’
X1
sz B K2 +(X2Mk—1 N f
- bl
k 1+ M k
(43)
X2
I e LS
Kk~ X >
L+m?, k
X1
e K, +aym’, e
kK~ X1 :
L+m,
Clearly, we have
m' <V, <U, <M,
2 <V, <U, < M? (44)
my 2=, k>

k=0,1,2,....

Now, we will prove {M;{C"}(i = 1,2) is monotonically
decreasing and {7;"}(i = 1,2) is monotonically increasing by
means of inductive method.

First of all, from (37) and (42) we have M;" < Mf", mf" >
mf"(i = 1,2). For k > 2, we assume that M,f" < M,fil
and m > m;’ |, i = 1,2, holds, and then from the strictly
increasing of function g;(x) = (K; + o;x)/(1 + x), i = 1,2, it
immediately follows that

)
Ky +o M2,

MY = K Jr"ﬁM;cC2 € . £
MLOO1e M k+1 0 1+ M,k
X
= Mkl;
e Kt oM e Ky+aM!, L€
ML+ M k+1 0 1+ MYk

= szz’
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. Kt o m,? € K +am?, ¢
M = X, > x -7
1+m;? k+1 1+m2 k
k k-1
X
=M.
X X
x K, + oczmk1 € K, + ‘szkl,l P
Mg = X > x 7
1+m! k+1 1+m! k
-1
- ME.

(45)

Equations of (45) show that {M;Cc"}(i = 1,2) is monotonically
decreasing and {m,f”}(i = 1,2) is monotonically increasing.

Consequently, lim; . {M;"} and lim_,, . {m'} (i = 1,2)
both exist. Let

lim M]f" = Yl-,
k—+00
lim mf = X, (46)
—+00
i=1,2.

From (43), we have

Y1=K1+02X2;
1+ X,
?2=K2+02X1‘

1+X,
CKito X,
=+ x,
_K2+oc2§1.
= 1+X,

>

(47)

Here, (47) shows that (yl,?z) and (X, X,) are all solutions
of system (7). However, system (7) has unique positive
solution (x}, x5 ). Therefore

U; =V, = lim x,-(k)zx:, i=1,2; (48)
k—+o0
that is, E,(x},x;) is globally attractive. The proof of the
theorem is completed. O
4. Examples

In this section we shall give an example to illustrate the
feasibility of the main result.

Example 1. Consider the following example:
x; (k+1) =x; (k)

1 [ 02+03Y 2> ((e—1)/e)e x, (n—ys)
TP 1452 (e~ 1) fe)ex, (n—s)

o
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x, (k+1) =x, (k)

{0 s [0.5 +15Y7 (e—1)/e)e*x; (n—s)
T IS (e- D e (- 9)
) (k)”’

Corresponding to system (1), we haver, =3, K; =0.2, «; =
0.3, r, =0.5, K, =0.5, «, = 1.5, and hence

(49)

o> K, i=1,2. (50)

Also,

roa, =09 <1,
(51)
ryo, = 0.75 < 1.

Hence, all the conditions of Theorem 1 hold, and it follows
from Theorem 1 that system (49) admits a unique globally
attractive positive equilibrium. Figure 1 supports this asser-
tion.

Example 2. Consider the following example:

x) (k+ 1) = x, (k)

. { [0.2 +03Y 2 (e—1)/e)e“x, (n—3s)
Xp 1+ Y2 ((e—1)/e)e~x, (n—s)

)

x, (k+1) = x, (k)

{ [o.s +1.5Y2 ((e—1)/e)e*x; (n—s)
-expil = ~
1+ Y2 ((e—1)/e)e*x; (n—s)

~x ]}

Corresponding to system (1), we haver, =5, K; =0.2, «; =
0.3, r, =1, K, =0.5, a, = 1.5, and, obviously,

(52)

o >K, i=12. (53)

However,

ro, =15>1,
(54)
ryo, = 1.5 > 1.

Hence, condition (H,) in Theorem 1 could not be satisfied,
and Theorem 1 could not be applied to this example. However,
numeric simulation (Figure 2) also shows that system (52)
admits a unique globally attractive positive equilibrium.

1.5
1
<
<
0.5
0 1
0 10 20 30 40 50 60
Time n
—¥— xl
—%— X,

FIGURE 1: Dynamic behaviors of the solution (x, (1), x,(n)) of system
(49), with the initial conditions (x,(s), x,(s)) = (0.8,0.4), (0.5,0.5),

and (1.5,1.5),s =+ ,—n,—n+ 1,...,-1,0, respectively.
1.5 T T T T T
1
o
<
0.5
E
0 g
0 10 20 30 40 50 60
Time n
—¥— xl
—*— X

FIGURE 2: Dynamic behaviors of the solution (x, (1), x,(n)) of system
(52), with the initial conditions (x;(s), x,(s)) = (0.8,0.4), (0.5,0.5),
and (1.5,1.5),s =--- ,-n,-n+ 1,...,-1,0, respectively.

5. Discussion

In [6], Yang et al. proposed system (6); under the assumption
a; > K;, i = 1,2, they showed that if r;a; < 1, then the
mutualism model admits a unique globally asymptotically
stable positive equilibrium.

In this paper, we try to incorporate the infinite deviating
arguments, and, by developing the analysis technique of Yang
et al. [6] and using the difference inequality of Chen [7], we
also obtain the sufficient conditions which ensure the global
attractivity of the positive equilibrium. Example 1 shows the
feasibility of our main result.



Since condition (H,) is the most important restriction on
the coefficients of the system, one interesting issue is whether
the result of Theorem 3 could hold if (H,) is not satisfied.
Example 2 shows that our result (Theorem 3) still have room
to improve. We leave this for future investigation.
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